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FOREWORD i

\
K The First Conference on the Degign of Experiments in Army Research,
k’ Development and Testing was held on October 19-21, 1955 at the Diamond -
" Ordnance Puze lLaboratories and the National Bureau of Standards and its
" Proceedings have been published. On the basis of the success of this

) Conference the Army Mathematics Steering Committee of the Research and

) Development Office of the Department of the Army decided that a similar
B Conference should be organized and held during the fall of 1956,

Accordingly, the Second Conference was held on October 17-19, 1956
at the Diamond Fuze laboratories and the National Bureauw of Standards,
The organization of the Second Conference was similar to that of the First
Conference. There were three categories of sessions. The first category
consisted of invited papers by well=known authorities in the design of
experiments. The seocond consisted of technical papers sontributed by
research workers from the - clous Army research, development and testing
facilities, The third category was compoaed of olinical sessions devoted

b to presentation and discussion of partially solved or unsolved problems
@ which had arisen in these facilities. The program of the three=day con-
. ference appears on the next few pagee of these Prpooedingu.

The Second Conference was attended by 181 reglatrants and participants
- from 67 organizations. Speakers and other participants came from the
Bell Telephone Laboratories, General Electric Company, National Bureau of
) Standards, National Institute of Health, Princeton Univeraity, University
. of North Carolina, Virginia Polytechnio Institute, and 17 Army facilities.
¥

The present volume of Proceedings contains 26 pspers and an appendix
: which containa 3 classified papers, all of whioh were presented at the
! Conference, The papars are being made available in this form es a con-
] tribution to wider dissemination and use of modern statistical principles
g of the deaipgn of experiments in research, development, and testing work of
concern to the Army.

o The members of the Army Mathematics Steering Committee take this oppor=
[ tunity to express their thanks to those research werkers in the various

by Army reseusrch, development, and testing facilities who ; rtioipated in the

N Conference; to Lt. Colonel J., A. Ulrich, the Commanding Officer of the

,‘ Diamond Ordnance Fuze Laboratories and to Dr. A, V. Astin, the Director of

- the National Bureau of Standards, for making available the excellent
facilities of thelr two organizations for the Conferénce; to Mr. John A.
Wheeler who handled the details of the local arrangements for the Conference

" at both installations; and to Dr. F. 3. Dressel of the Office of Ordnance
N Research who carried through the details, including sll correspondence
& , involved in organizing the Conference and in preparing these Proceedings.

S, 8. Wilks

Professor of Mathematics
Princeton University
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xﬁé& SECOND CONFERENCE ON THE DESIGN OF EXPERIMENTS IN ARMY RESEARCH '
, DEVELOPMENT AND TESTING
L2y 17-19 October 1956
.o Diamond Ordnance Fuze Laboratories
i and
bl National Bureau of Standarda
Y
0 17 October 1956
? &' On Wedneaday all sessions of the Conference will take place in the
o $¥ East Building Conference Room of the National Bureau of Standards,
[\
}ﬁ‘,e STRATION: 0900 = 0920 (Eastern Standard Time)
"‘. [ '
£, MORNING SESSION: 0930 = 1215
[T
'% , Chairman: Professor S. S, Wilks

Princeton University

y Introductory Remarks: Dr, Robert D. Humtoon, '

Associate Director for Physics,
National Bureau of Standerdas

The Planning of Experiments in the Presence of Variation

Professor George E. Nicholson, Jr., University of
North Carolina -

The Predesign Phase of Large Sample Experimenta
- Dr, Oarl A, Bennett, General Electric Company
{

LUNCH s 1215 - 1345
AFTERNOON SESSIONt 1345 - 1615

Chairman: Colonel @. F, Leist, Ordnance Corps

Commanding Officer of the Office of
Ordnance Ressarch

Recent Research on Statistical Problems in Subjective
Testing

Professor Ralph A. Bradley, Virginia Polytechnic
Institute

Applications of Order Statistiocs in Medical Experiments
Drs. Bernard G. Greenberg and A. E, Sarhan,
The University of North Carolina

4
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1730 ( South Room, Shoreham Hotel)
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iHi AN EXAMPLE OF DESIGN OF EXPERIMENTS AT

i;% THE NATIONAL BUREAU OF STANDARDS
AS
*{ R. D. Huntoon

The National Bureau of Standards

I wish to extend a dual welcome to the members of the Second Joint
Conference on the Dezign of Experiments in Army Research, Development and
Testing. You are hereby welcomed to the laboratories of the National Bureau
of Standards and to the Diamond Ordnance Fuze Laboratories. We both wish
you every success in this your second conference.

To some of you, it may scem a little confusing that you came to DOFL
for the conference and find your meeting starting off in NBS. It may help
if I explain that NOFL was, until 1953, a part of NBS. At that time, the
ordnance activities of NBS were transferred to the Department of Defense
and DOFL was established as a facility of the 0ffice of the Chief of Ordnance,
Department of the Army. This was in some respects merely a change of title,
since essentially the same people are doing the same work in the same labora-
tories, and we still work closely and harmoniously together as we did earlier.

' The reason for this separation is interesting and worth discussing
briefly, for it gives an insight into the aims and missions of the two insti-
tutions. The statutory functions of NBS, as authorized by the Congress, are
six in number. They fall into two groups which I like to call direct and
indirect. Stated briefly, the direct functions are:

1., Development and custody of the national 'standards and their
dissemination via calibrations.

2. Determination of physical constents and critical properties of
materials,

3, Development of methods of testing materials, mechanisms and stmoctures, X

An institution which is properly staffed and equipped to fulfill these
functions in all the fields of the physical eciences is in a unique position
in the Government to perform additional functions which derive from these
three. The derived functions are:

L. Cooperation with other government agencles and private organiza-
tions in the development of codes and specifications.,

5. Sclentific and technical advice and consultation service to other
government agencles,

6, Invention and development of devices to serve the special needs of

[ ] the government.

1

Hj Before proceeding with the discussion, it is appropriate to pause here
&; and emphasize the fact, which should be clear from the statement of the

ﬁj functions, that NBS is not a consumer testing organization as is sometimes
N mistakenly believed. IT 18 an institution devoted to the science of

i measurement as a service to the country's scientimsts and enginesrs.,

u::,
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2 Design of Experiments

The advent of the last war naturally brought great emphasis on the
third number of the trilogy of derived functions, i.e., the invention and
development of devices to serve the special needs of the government. During
the war and the years immediately following, there grew up within NBS an
institution within an institution whose mission was to perform research and ‘
development leading to end item hardware for military use., In fact, this
institution already known as the Diamond Ordnance Laboratories had grown to
the point where 1t= program was larger than that of the rest of NBS. A
careful study of the situation in 1953 led to the rccommendation that the
"Diamond Laboratories" should become a separate institution, and the reconm-
mendation was implemented. We now work together compatibly, each toward
ite own objectives with mitual assistance and sharing of facilities.

The importance of design of experiment 1s well recognized in both
institutions and in fact we consult and collaborate from time to time in
the desgign of experiment in the full technical sense of the term, We are,
therefore, pleased to have this conference assemble here for we fesl that
our staffe will benefit from the stimulating new information and points of
view which should emerge from these meetings.

And now it is interesting to turn for a few moments from tlie general
to the specific and take a brief look at an example of design of experiment
in progress in the physical conatante work at NBS., '

We, along with the other national standardizing laboratories of the
world, are engaged in devising new axperiments for a precise determination
of the accelsration of gravity, g. Strictly speaking, g is not a physical
constant; although it is commonly referred to as one. It varies from place
to place over the surface of the earth and very slightly from time to time
at any one place. However, it is sssentially a constant at any one place
and the changes between locations can be very precisely determined. The
problem is to measure its absolute magnitude at some one selected place.

Our interest in the problem arises this way. In order to have a
consistent set of units and standards in the various fields of science, each
must be appropriately related to the arbitrary prototype standards of mass,
length, time and temperature through an unbroken chain of measurement. The
determination of g provides the tranasfer from these to force measurements
and thence, for example, to the electrical standards and via them to our
knowledge of the fundamental atomic constants, e, h; m, etc.

The unit of force follows from Newton's law

f ma

as that force which will impart unit acceleration to unit mams. Now the
attraction of the earth provides a convenient reproducible force acting

upon every mass. Unfortunately, this force at the surface of the earth, et
where we are interested in i1t, is not unity on unit masa. If a mams ims -ﬁ“}r
allowed to fall (accelerate), it does not accelerate with unit acceleration vy
but with an acceleration g. However, if we measure carefully the accel- L
eration g, we can then measure a force by means of a balance. We let the

-—h-- -----
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Design of Experiments 3

force pull one arm of the balance and hang weights from the other arm until
true balance is indicated. If m is the mass of the weights added, then the
uniknown force is given by

f =ng.

We thus see that g is a transfer constant enabling us to make force measure-
ments in terms of our standards of mass, length and time, for the measurement
of g is essentially a precise determination of how long (time) it takes a
body to fall a given distance (length).

You may be thinking that it should be possible to arrange a force which
would give unit acceleration to unit mass and use it for our standard, This
could, of course, be cdone but no one has devised a system which will do it
as preciﬁexy and reporducibly as the scheme which uses the attraction of
the earth.

Now, our electrical standards are based upon the ampere and the ohm,
To determine the ampere, in absolute units, we measure the force between
two conductors carrying a current. Thus, g gets into the ampere. The
ohm does not involve it, so we drop it from consideration here, Our
neasurements of many constants and in particular the atomic constants are
done by means of electric and magnetic fields and hence involve the ampere,
also unavoidably g.

It is indeed surprising to find that our presently accepted value of
this important transfer constant g depends upon three "independent!
measurements all using the method of the Kater reversible pendulum,

The results of these determinations are referred, by means of very
precise transfer measurements, to one specific location Potsdam, Germany.
They are shown in the table

Potsdam 1906 Kuhnen & Furtwangler 980,100
Dryden Revision 1542  Dryden (NBS) $80.088
Washington (NBS) 1936 Heyl & Cook 980,080
Teddington, BEngland (NPL) 1939 Clark 980.08Y
Mean of last three 980,084

P.E. of mean 2 in 106

This looks like very good agreement but attention should be called to
the 1942 revision of the 1906 measurement. This shows that a later look

at the same data brings a change of about 12 parts per million, Also, all ﬁ}'~3
the mearsurements are subject to the same possible systematic errors and so Lot
the measurements are not truly independent. In fact, study shows that a ;y=
systematic error estimated to be as large as 15 ppm could be present. 4
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L Design of Experiments

Thus, the experiments show that the probable error for measurements of
g by reversible pendulums is about 2 ppm, There is already some preliminary
evidence based upon measurements by other methods that these measurements do
in fact have an error of about 10 parts per million from the true value.

Here at NBS two of our scientists C. H. Page and D, R. Tate are now
designing new experiments to get at the answer by methods which differ in
principle from the older onés. .

They will use a quite different typs of pendulum and also will time a
freely falling object, falling in vacuum. They are making every effort to
deaign the experiment to eliminate known sources of error, to have edch error
subject to experimental estimation or below the desired limit of accuracy
(about 1 part per million) and to take advantage of the use of statistical
variation of perameters in the experiment itself. They are working closely
in their work with our Statistical Engineering Section to get the benefit
of their advice in the desigzn phases of the experiment instead of waiting
until the data is in as is all too often done. '

Unlese one has had an opportunity to participate in one of these
precision measurements, it is difficult to understand the coiplexities
that arise. In pendulums, the motions cause bending and stretching,
minute temperature changes cause changes of length, wear changes the
form of the bearings, even stray electric and magnetic fields cause eigni-
finant perturbations. In the free fall experiment, mention of only one of
many difficulties indicates the kind of factors that mist be considered.
One assumes that the laboratory is at rest on the earth during the time the
object falls. This is not strictly true. Due to minor earthquakes, mioro-
selems, the laboratory does not stay at rest with the precision needed. It
is, therefore, necessary to set up a seismograph and record the microseisms.
The free fall can then be made during quiet periods and correctiéns can be
made for the motion of the laboratory during the fall. These motions may
be as small as 4O millionths of an inch tut they are still significant.

« It 1s the consideration of the whole array of such errors and the
design of experiment to take account of them that makes precision measure-
ment such a fascinating sclence and one which depends very strongly upon
proper design of experiment.
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RECENT RESEARCH IN STATIS TICAL PROBLEMS
IN SUBJECTIVE TESTINGL»2

Ralph Allan Bradley
Virginia Agricultural Experiment Station
of the Virginia Polytechnic Institute

1. INTRODUCTION. There is widespread interest in the design, conduet,
and analyels ol experiments involving the subjective opinions of samples
and panels of individuals. Appllcations arise in fcod processing, photo-
graphy, distilling and brewing, textile research, wood technology,
petroloum products research, and in a host of other areas of research.

Problems, many of which at least have statistical aspects, arise in
the sslection of consumer samples and expert taste panels, in the training
of panel members, in the design of experiments, in the development of
scoring scales, and in the analysis und interpretation of experimental
data, We shall present the results of recent research and illustrative
examplas on techniques that desl with the sensitivities of scoring scales,
the variabilities of judges using scoring scales, the design of experi-
ments with scoring scales, and the deaign of ranking experiments.

We shall not here discuss in any detall the selection or training of
& taste panel, the selection of a consumer panel, or the development of a
scoring scele. Some general discussion of the problems involved are
given in the reference (Bradley £1953] ) which has a large classified
bibliography including papers on these subjects, Expert taste panels are
usually selected through use of a system of triangle tests (a triangle
test involves the selection ¢of the odd sample from three samples of which
two are identical)., In the cited reference, we illustrate the use of
sequential triangle tests. Hopkins and Oridgeman (1955) compare the
sengitivities of paired and triad flavor intensity difference tests.
Kramer (1955, 1956) has provided tables and discussions on the use of
multiple matching systems for the selection of judges as an alternative
to use of triangle tests. Procedures for the selsction of a consumer
panel should basically depend on sampling survey techniques and those
used in opinion polls. In such studies it is well to keep the techniques
simple and paired-sample preference tests are usually used along with a
supplementary questionnaire. Ranking techniques in paired comparisons
mey be used in these surveys and the method is summar<‘zed in a subsequent
section. There are many psychological aspects to the development of a
scoring scale and we shall not discuss them here. When a scale is
developed, the distributions of scores on the scale should be examined.
Hopkins (1950) considered such distributionsa.

-,

P =

1. Iresented at the 1956 Gordon Conference on Statistics in Chemistry
and Chemical Engineering, New Hampton, N. H., August 23, 1956.

2, A report based largely on research sponsored by the Agricultural
Research Service, U. S. D. A.,, under a Research and Marketing Act
Contract, No. 12211,-100-126(20).
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o 6 Design of Experiments o
N b
;ﬁ?} In the following sections we shall use the notation of the various gt \
o basic reference papers rather than maintain a more uniform notation in G v
03‘, this paper. This should pernit the reader to more easily associate cur }4%0,,:
e examples with the theory in the references. '
_su‘}z‘;n‘ 2, SENSITIVITY COMPARISONS. In the development of scoring scales and . g;”"ﬁ: ',
;. other experimental techniques, it is often desirable that two alternative oaw.;
\,\g methods be compared. Cochran (1943) discussed the comparison of different ,,;.' o
ey swcales of measurement for experimental results and indicated where further :) A
g research was required. We have provided means of comparing the sensitivi- el
ties of sifilar experiments in two recent papers (Schumann and Bradley ,';"*:z

i W
et ;

! test on the equality of the parameters of non-centrality of Fedistribu- g%
%f tions assoclated with tests of treatment equality in two independent but

v parallel experiments containing the same set of treatments in identical gﬁn
e experimental designs. The experiments may differ in the scoring scale .
used or in some other criterion of messurement that does not interact i
with treatments. Good experimental data to illustrate the method N
appeared as this paper was in preparation. A .

'ai%; {19561, Bradley and Schumann [1956])., This recent research permits a
\h

AN
-4
-]

22

-o
N a
— A
.

Kauman, Qottstein, and lantican (1956) were interesied in the g
e quality evaluation of dried veneer., Twe schemes were used to evaluate R
e quality of sheets of veneer and they are designated as "numerical' and N e
gt "subjective" although both were somewhat subjective, In the rumerical Ik
Al schemo various types of degrade were listed with numerical scores for e i
d 1 the severity of the degrade and weights were given for use in combining i de
¢ .: degrade scores to obtain a quality mcore. A quality rating of 50 in %.n}(;\\\.
Ap. . A,
- the numerical scheme was very bad and the maximum possible score; a e
v quality reting of O was excellent and indicates a sheet f{ree from . ey
e degrade, In the subjective acheme "quality ratings" were assigned on a *,’,?';;*"
iig@ 0-8 soale with O, excellent and 8, very bad. Iwenty selected sheets of e
b veneer were evaluated by three observers, twice with each schems, and b o
Bl repeat observations were spaced by several days with the order of ':M’?;‘
joa presentation of the sheets changed. The complete tables of scores ’::'.r
';‘. are given in the reference; we repeat the analyses of variance in
l:“:l' T&ble 1,
l‘.’.
o Table 1 s

Analyses of Variance for Quality Ratings®

) n-_‘xl
nxq
"‘,(\.j ] Numerical scheme Subjective scheme
'--.{\; Factor Dey.aes of | Sum of Mean | Sum of Mean
freedom squares | square|{ squares | square Lo
48 Bheets (S) 19 12626.16 | 675.1 [ 336.90 | 17.73 "
0% DPboervers (0) 2 170.72 | 65.36| " 3.70 | ~1.652 - t\.
.'. epetitions (R) 3 168.13 56,04 0.61 0.2042 A
.,g | |Interaction (S0) 38 823.61 | 21.47| 30.12 0.7928 >
bie rror (SR) 57 595,37 | 10.45| 22.13 | 0.388Y Ly
‘ "% R reproduction of nart of Table &, Kauman, Gottstein, and lLantican (1956), bk
4 35 LN
iy]  page 1LS. b
R o
¥ :’ - 0 ",r"\“'1“-!l" oW .".’." ‘\.~“:~_'.r"' .)_ % - -:' '4.»4:,'-'.‘_-(;_..1:..-".::. “;, -:""':'J“.“"' R '\:.F\.' "F;A‘\.-_'.E-ﬂ_-, =N LR 1-': \
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Design of Experiments 7

While the authors of the cited reference properly considered Model II
of the analysis of variance and estimated variance components, we shall
1llustrate how to apply a test of the sensitivities of the two experiments
conditional on the obmervers and samples actually used in the experiments
and assume Model I of analysis of variance with "fixed" effects, Under
these conditions, the expected value of the mean square for sheets is

(1.2) EM.8.(8)1= o2 + kigl‘rf/(t-l)

is general for t sheets and k observations on each sheet. T 1'13 the
"effect" of sheet 1, 1 = 1, .4s,ts In the examples,

20
(2.2) EDM,8,(8)]= @ + 6&1{/19.

02 1s the expectation of the error mean square in both (1.2) and (2.2).
The parameter of non-centrality of the F-test for sheets is, in general,

t

(3.2) A =k 720
i=]

and, in the examples,
20

(b.2) A - 6izl«§/za2

when the F=density is written

(5.2)  £(F) = (a/5)2[B(s,b)] Lo ¥ (1eak/p) (8*D)
o 1Py [a+b, &, aMF/b (1+aF/b)] , 04 F £ oo

where F has 2a and 2b degrees of freedom, 1 F, is the confluent hyper-
geometric series, and B represents the beta }unction. It im seen at
once that A, 18 a parameter expressing the magnitudes of treatment
effects in a scale in terms of the experimental error associated with
the scale. A 1s the appropriate parameter to measure the sensitivity of
a scale. We shall test the hypothesis, Hot A g =A,, against the alter-
native, Hot A FAp, using the subscripts 1, for the numerical schenme,
and 2, for the subjective scheme.,

To apply the test, we compute the two F-ratios with 19 and 57
degrees of freedom (Now a = 9.5, b = 28,5.) and obtain

Fl - 6)4.60 and F2 = h5c650
The statistic used is
(6.2) W= Fl/F2 - 611060/,45.65 - 10)42.
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8 Design of Experiments

unknown. In practice it is clear that the test™is not very sensitive to

"2‘ The distribution of w under H, depends on ) =A =A, which in general is
1 small changes in A and we in fact estimate A from the data using.

| () Nima(m-1), 1 -1, 2, -
E}i‘; In the exanples,
‘;:“Q Ny = 9.5(64.60-1) = 60L.2
"""5;
_ and ‘ o .
v 3
;;‘ g Ao = 9.5(L5.65-1) = L2).2.
o A
I:\*;‘: We take A tc be the average of 21 and ﬁz,
. \—.‘;m B A . .
(8.2) A = #(604.2 + L2k.2) = 514,2. o
" f".‘ N
A table of values wy such that P(w> wolH,) = 0,05 is given by Bradley and A
“‘.* Schumann in the cited references. To enter this table, one requires Ly
oy Moy
RN (9,2) at = (a+A)2/(at2A) = (9.5+51L.2)2/(9.5+1028.L) - "ﬁ%
é‘;l - 26)4.2 : . ! :/ é'j‘
L) Weih
{%gﬂ' and b = 26,5, The table is symmetric in the sense that wo(a',b) = w,(b,a') i ‘%;
;ﬁ and we obtain w, 231,85 by consulting the table, Now H,, as poatula%ed, T
s is two-gided and hence the significance level being used is 0,10, w in
. (642) does not exceed %, and consequently we do not reject’H, at the 105 o
L% level of significance. We are in accord with the authors (Kauman et al.) ;T
P who state "the present experiment has shown that the subjective evaluation ey
‘ oan yleld results of an accuracy approaching that of the numerical schenms, R
f.:, although the accuracy of the latter was slightly superior", '
;_o ‘.. B b
’ The theory of the test of sensitivity is given in detail by Schumann E,Iw
o and Bradley (1956) and other applications are given by Bradley and Schumann X

Y (1956). As a somewhat different application, the method may also be used E
" to compare values of RS, the square of the multiple correlation coefficient, I

1 \!

N for two similar but independent regression studies based on the usual K ."5;_‘
Yy regression model. The theory involves an approximation which appears to -
. be good. The distribution of w should come from the joint distribution of

two non-central variance-ratios with equal pairs of degrees of freedom and 4 N
’.2‘3- equal parameters of non-centrality. What wes done was to approximate to "
K the non-central F-distributiona using centrsl Fedistributions and to obtein i
,,1 the distribution of w taking w to be the ratio of two independent central N
A Fuvariates. B
_‘?ék ; SO\
«: ‘ Applications are limited since a table is only available for a one- U\V.
:‘\ sided 5% level test, Schumann is preparing additional tables. 4}‘
Jt:' ;tﬂ.' J
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< SR
'f?j 3. JUDGE VARIABILITY AND JUDGE COMPARISONS. When items are scored in Qﬁi“
"E* . subjective experimentation, there is no knowledge of the "true worth" of \ .
" the sample in the units of the scoring scale., It is then difficult to L3
assess the judging ability of a judge. Russell and Bradley (1956) have _—
provided means of estimating the variabllity of a Judge in terms of the sy
{ deviations of his scores for an item from those of the remaining judges .'{-j.’\,“'.
% but permitting a judge a possible constant bias in his assignment. of T@R %
'%3 scores, Similar procedures were considered by Grubbs (1943) and Ehrenberg ROaGRY
(1550) and they obtained the same eatimators from somewhat different AV
demonstrations but did not develop the teat procedures illustrated below, Ry
L
% Consider a two way classification with t items or treatments and r .
Judges. The model with fixed effects is R
{ | .
e
g (1.3) yid -)1+1’1 "'ﬂd *&id, L m 1,000ty J ™ lyeee,r w
g where yi4 is the score assigned by the Jth judge to the i'h item, B is .
w the grand mean, the average level of judging, 74 is the effect of “the ith (i
P item, B4 i the effect (or blas) of the J¥h judge, and £13 are independent NN
X normal variates with zero means. Contrary to the usual model of analyels bl M‘Cf‘
e of variance, we admit the possibility of heterogeneous error variances in R
- the sense that '
& (2.3) B(€y42) = &, : B
A 'y '
k% oﬁ is the variance of the Jth judge and is to be estimated, A o
o o '
' The estimator of uﬁ to be used is
) rG i L
X \ L ] Q - " - E Dn
&: (3.3) 3 rrﬂr“i')'~ T~ (B=-D{r-I1r=2) ;g
n A%V AL:
N \ where . 5;\_ I}. %
- (L.3) Oy = 3 (yigevio-y.sv..)?
L i=] Lrelvd
1‘.'5 and L
1 L 2 sy
% (5.3) E=§ f_ (yig=y1,¥.3%..0% Y
1=], =]
' the latter being the error sum of squares from the analysis of wvgriance '.;' e,
e of the two-way classification. is an unbiased estimator oi"ei but, RS
o like an estimate of a variance colponent, may occasionally be nefative. Y
o In (4.3) and (5.3), yi. is the average of scores for treatment i, y, j is g
> the average of scores sssigned by the :jt Judge, and y,, is the average et
> of all scores. The requirement that Ei in (1,3) be normal is only met
u approximately ip use of a discrete acor;.ng scale but does not affect the
o estimation of o%. In later pswragraphs of this section, we shall assume
-4::: that departures“from non-normality do not smeriously affect our test
procedures. st

'
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. 10 Design of Experiments )
We shall again illustrate this work using the data of Kauman et al. :.':,Q"-'-‘: '
e The detailed example is for Test 1 using the subjective scheme. Scores N
N are listed in Table 2, In Table 3 we show values of (yi, + y,j=y..) ob~ BN
w8 tained by first writing down the marginal entries and then computing the axtal
A required table entries. In Table L we have the residuals, (yid-yi..y.iq.y“)’ i
o obtained by subtracting entrles in Table 3 from corresponding entries in RN
\‘f Table 2, Values of (4 and E are given in the lower margin of Table L4 and ;Z\ : \
ﬂ are obtained by accumilating the squares of entries in the columns abovs as NRAVRY
\4 required in view of (4.3). r 0 was so obtained, The values of 3 QR
- o ﬁl J .l ‘,
[Hd computed using (3.3) are listed in Table 5 along with those for the other RN
! three tests of Kauman et al. To illustrate the computations, we use (AN 0.&'
‘Z"j observer A and obtain b o
4 ; \3
'.' g - é_&_&% - 22. 0 - 0.72. “
| 6§ 9 19 fm,
o Certain checks on the computation are possible, The residuals in A
o Table L have row and column totals that are zero except for rounding. RN
b Also, as already noted, ir a 7 and E will usually have been obtained ':'\»; '-«;,;(r
h ' - Al ‘V Uy o
R foy e
i direstly from the analysis of variance. A final check follows from the R i
L fact that t"
X t-)(r1) & 42 VT
o (6.3) E = d=mss . AR
K. r - J Pl
L 3= AN
In the example, R

i 19) (2 o
}‘i {=1)(r-3) J‘sifl’&g 2 16y 4 (0.53) + (0,830 = 2255, “ﬁ%

Y RN
)' A test of homogeneity of varlances 1s possible only when r = 3, -y
The only situation wherein the estimatore QE of ¢ are maximum likeli- R
o hood estimators is when r = 3 and then an a proxiﬁate test may be made. .;.k-\.;-
‘.'{f: Consider the hypothesis, ' :‘\.jt
5 Hos dg - “g - 52: )
Ko snd the alternative, ey
o : . "":'\." &
( Hyt o'g ¥ 62k for some J and k, J, k=1, 2, 3. \‘,'{-5
! Tha likelihood ratio test statistic, distributed approximately ams ' "'-",:\.“-‘.f\"
{ ] -~variate with 2 degrees of freedom for large samples, is
i (7.3) ¥3 = ~(2.3026) (+-1)[2 log(t~1)+10g(8585+ G203+ 28%) NN
74 P ,
v 1'- ﬂ’t.".\\;.'l
! S‘:‘_- ~21log E+log L/3] o
o) = -(2.3026)(19)[2 log 19+log [(0.72)(0.53)+(0.72)(0.53)+(0,53)(0.53) ] e
4
ko -2 log 22.50+log L/3] = 0.14, SO
:::L' AR '-4.".'-' ‘1',“!' ‘n'.‘"-.\‘ L ) -'.".'."-"'J'"'.".'..'.' VSRR . ‘ .4"‘-. "roah K YA . ! A l \
SHv e - :'»-"'} DA PN l—“:'%‘\ wr&.‘-ﬁiiﬁ*ﬁ‘o ‘:."\\'T}&:'E‘": Celdnd i e e 1
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| S
N,
Table 2 Table 3 i
Quality Ratings for the Values of (yy. { é ) fop the [
Subjective Qualigy Evaluation Subjective buati fvaluation ? 3
Test Tes i
AW AN
,  Observers T % : Observers ; e %5‘,,.
Bheet ! ¥ Reet ! 1 s
A B 0 3 A B ¢ o |
- RO ey
1 3 3 .3 3.ooH 1 2.8 3.09 3.09! 3,00 u;%;t
pAS
t 6. ' . ! 6. RN
2 ' 7 5 7 163 2 16k 6z 62 ) 6.33 Had
3+ 6 5 5 153300 1 3 ! 5.0k 5.2 B2 5.33 g‘ﬁj
bor o7 8 7 1 7.33 b7k Tek2 7.2 1 7.3 3
“n‘: i)
, 5 ' 1 2 3 12,00 5 ! 1.81 2,09 2,09 ! 2,00 oo
o 6! 5 5 5 1 5.00 6 ! 481 5,09 5.09 ! 5,00 F
i 705 6 5 s |7 1Sk Sz 52! 53)
D 81 3 5 4 ) ka0 8 13,81 409 409 ! 40O o
o 9 ! kS 5 5 1 483 9 ! bublh hi92 k92! o 8))
g 101 6 7 7 1667 | 10 ! 6uE 676 6.76 ) 6.67
R 12 ' 8 7 B ' 7.67] | 12 ' 7B 7,76 7.76 ' 7.67 NG
o) ' ' ' ' oo
b1 130 5 7 5 567l | 13 !5 576 50761 5.6 &.:5‘:
e. ] . . ' v'.“\;o.:'\:‘*
G W o'l 2 2 1167 L ' 18 176 1.76 1 1.6 o
5 15 ' 7 7 7 1 7.00 15 ' 6.81 7.09 7.09 ! 7, L]
rr e
g8 16 ' 13 b '267 | 16 1208 2.76 2.76 ! 2,67 Rt
i 17 0 433 1333 |17 30k 342 2.2 ) 3433 R
03 18 ' 6 6 5 1 5,67 18 ' 5,48 5.76 5.76 ' 5.67 nx
N ' g ' ' t ‘JA e
R 19 ' 5 5 17 15670 | 19 158 576 5.76 ! 5,87 iy
= 20 ' 33 2 12,67 | 20 1248 2.76 2,76 ' 2,67 iy
;A Y.y . be62 4,90° “‘90'_X1QL Yoy o 4062 4SO 490 X'Ell R

\\Iq\\‘l'{ u‘{ _\ . \ {

.f 1-"‘ e,
. k“.x m.,,.\ N




o S UV T e P S

2Lo 7 3 Raa e £

> | 50 ‘W,r:‘“‘

Preceding Page Blank

Design of Hxveriments 13
RETTCEE
Jalues of (3§ g-vqe=Vej*¥es), for the
Subjective Gualiby “ubLu tien, Test 1
: Qbservers

} : - 0.19 -0,09 -0.09

2 : 0.86 -1.42 0.58

3 : 0.86 0,42 -0.42

4 : ~0.14 N .0.58 =042

5 ' -0.81 -0.09 - =0.91

6 : 0,19 -0,09 -0.09 |
7 : -0.14 0.58 ~0.42

8 : -0.81 0.91 -0.,09

9 : 014 0.08 0,08
10 ; -0.48 - 024 0.24
11 : 0.86 ~0.42 -0.42
12 : 0.52 -0.76 0.24
13 : - =0e48 1.24 -0.76
14 : ~0.48 0.24 024
15 : " 0419 -0,09 ~0.09
16 : ~1.48 0424 1.2
17 : 0.86 0,42 -0.42
18 : 0.52 0.24 ~0.76
19 : -0.48 -0.76 1l.24
20 ! 0.52 0.2, -0,76
a4 ' 836 707 | 7407

E = 22,50

- - grﬂ(‘v“v""q'ﬁ’w‘j
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Design of Experiments 15

The multiplier, 2.3026, in (?.3% is included so that common logarithms may
be used in the computation of £<. The small value of 12 indicates that the
observers may be taken to have hocmogeneous variances.

In Table 5, we have included values of Zg for all four tests and show
also values of 2, the error mean square from the analysis of variance,
Note that only in one of the numerical tests was,ZE significant at the 5%
level of significance. The estimates of variance in the numerical scheme
are considerably larger than in the subjective scheme. This does not of
course suggest a preference for the subjective scheme but is merely a
result of the scales used in the scoring methods. The appropriate method
of comparing the scales is the one given in the preceding section.

Table 5
2
Estimates of Variance and 2(2 to Test for
Homogeneity of Observer Variances for All
Four Tests of Kauman et al.

Observer ., Error Mean ;(2
Tests Variances, o 1 Square, ’6? 2
A B C
Subjective Test 1 0.72 0.53 0.53 0.59 0.14
Subjective Test 2 0.46 0.58 .74 0.59 0.26
Numerical Test 1 L.58 10.79 33.02 16.13 6. 2%
Numerical Test 2 2,19 - 26.4,0 21,69 16.84 L1

Observer A was the only observer with previous experience in judging
veneer except for brief training sessions before the experiment began.
Another test, and this is an exact test, is possible. Consider the null

hypothesis
H : 02.= 02 given 02 = = 02 = 02
oo l ] 2 LN ] r [
and the alternative,
2 2 . 2 2 2
Ha: oy <o, given Op = ese =0 =0,
the statistic used is
(2.3) p = F(r-2)G
(r-l)E—rGl

with (t-1) and (t-1)}r-2) degrees of freedom. H may have either of the
possible one-sided forms or be two-sided. For “the form of H_ shown,
small values of F are significant. In the example, there is no point in
testing H_ versus H_in this test in view of the homogeneity of variances
demonstrafed above,® However, we shall proceed in order to illustrate the
method.

Preceding Page Blank



Design of lxvperiments 17
"adaption", the effect of the presence of one treatment on another in the
same incomplete block. A doubly balanced incomplete block design is one,
which in addition to being balanced, has all triplets of treatments appear-
ing in incomplete blocks an equal number of times. The use of doubly
balanced incomplete block designs permitted easy evaluation of the addi-
tional parameters inserted in the linear model. Calvin's model is

e

n .m, .q, . + ahi)

(2.4) Yni © Pni (u+ By + 7y hj'ijij

1

.

where
Thi is an observation on treatment i in block h,
ns = 1 if treatment i occurs in block h
=0 otherﬁise, |
R represents the averéée level bf scoring,

B, represents the effect of block h (perhaps due to the taster doing
the scoring, the time of day, ete.),

7. is the effect of trextmenc i,

5
mij =1ifi<j
=~1if j<i,
aij is the effect of-the nresence of treatment j on treétment
i (aij = -aJl) and
e,; is equivalent to e; ik in (1.4) above.

Calvin called the effects measu:ed by a, ., the correlation effects. We
shall not give examoles of analrses using either the Scheffé or the Calvin
designs here but instezd refer the reader tc the references for such
examples.

Factorial treatment combinaitions are often required in subjective test-
ing, for food samples may rasult {rom a variety of process changes in their
manufacture as may nhotosranhic samnles, dye samples and the like., Means of
incorvorating factorial treztments in incomplete bleck designs are then re-
quired. That this mar be donc it balanced incomplete block designs seems to
be well knovm although we nh:ve ot found a direct reference. Kramer and
Bradley (1955, 1956a) have sho'm how to use factorials in group-divisible,
two-associate class, nertinlly hnalanced, incomplete block designs. We shall
give an exarple here and rote t'at addltlondl cxamples are given in the
references alon~ with the theorr. We use only aon intra-block analysis of
variance; ‘Jalpole at the Vireinia Polytechnic Institute is considering inter-
blocxk anilyses. Kramer is also considering extensions to other types of two-
associnte class, nartially balanced, incomplete block designs.

PR N IR I Preceding Page Blank
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18 Design of Experiments

A group-divisible, two-associate class, partlially balanced, incomplete
block design has design parameters as follows:

v: the number of treatments or varieties,

r: the number of observations on each treatment,
k: the number of units in an incomplets block,
b: the number of incomplete blocks,

m: the number of groups,

n: the number of treatments in a group, v = mn,

where treatments in the same group are first associates and treatments are
not in the same group are second associates,

¢ the number of times two first assoclate treatments appear together
in in%omplete blocks, and

t the number of times two second associate treatments appear together
in inGomplete blocks, For these designs, the treatments may be given in an m
by n rectangular associstion scheme, Bose, Clatworthy, and Shrikhande (1954)
have catalogued all known designe of this olass with block size, 3 < k < 10
and » € 10, We consider an example with v=8, r = 3, k = 3, b =8, mw 4,
nw2, = 0, A, = 1 designated as Design R5 of the cataloguo. This is &
mado-up anple El no dota were available,

For the example, we have the basic association scheme of Table 6 where
treatments in the same row are firat associates and we use a double sub-
soript notation to designate treatments and the symbol V. In Table 7 we
show the assoclation scheme for a L by 2 factorial with an A=~factor at four
levels and a C-factor at two levels. The design lay-out, observations,
block totals B_ and grand total G, are given in Table 8., The treatments in
Table 8 are asfociated with the ractoriall through the correspondences of items
in Tebles 6 and 7.

\. \' ..




Design of Experiments 19

Table 6 Table 7

Association Scheme for
the 4x2 Factorial

Assoclation Scheme for
8 Treatments

1 12 MOy MO,
Ya Va2 A% i)
Y3 V32 A0y A0,
Va P .! A0, A,
Table 8

Design and Observatlons for the Eight Treatments

Elocks Observations B' R

35 21, 39

2 Va T T 135 W W

L2 L5 L8 W

..l\ 3

3 Vi Vo T L5 B

13 15 17 b

4 b T2 T 66 o ™

19 22 25 S

’ iz Va2 Yy 89 tf& s

28 30 31 "

§ Ve V32 Vi 157 s

51 52 54 ;:"“ "

4 Va2 Y2 ; 192 n

60 65 67 Nty

8 e ' Ty 269 Rty

\:.:'._- ‘

Total G = 951 iy

Im‘ .

L
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Design of Fxperiments 2l
The basic analysis of variance without consideration of the factorial
effects is straight-forward. The total sum of squares and the block sum of
squares are computed in the usual way. We find it useful to compute the
adjusted treatment sum of squares from the estimates of treatment effects.

The linear model is

(3.4) Tige P * Ty * By * Cige

where y. is the observation on V, , if that treatment is in block s, u is
the ove}Jill average,-zi is the eiéect of V B is the effect of block s,

and €, , is the error vitdate as described atfer R1.4). 1If tij is the
estimi3r of 7, ,, in general,

i3’
(4.4) by " [kvhz'ri J-k(xz-xl):;Ti VALB; j°+(A2-A1)§Bi jj/vkz(klwk-r)

and, in the example,

=

. t, 1T, . -1 ST, - s+ 1 BB .
(5.4) i3 3 il T jrlJ %B}j. N iB].J.

Ti is the total for Vi ; B'j is the total of block totals of those blocks
coﬂtaining V.., Valuesvof TJ° o7, s B:s 5 EB. .,
ij i}, j ij* 1ij. j ij.
and tij are given in Table 9 in positions corresponding to the array of
Table 6. In addition, in Table 9, we show the totals, t. =%t.., t .=It,,
i. 371§ 7.3 3 1d»
=t /n and t 5=t J/m. The adjusted treatment sum

&l

and the averages, ti

of squares may in general be written as
(6.4) Adj.Treat.s.s. = (*TkT) g2 |, (A-A)) 4,2
————en— lj — T,
k iJ k i

and here becomes

(7.4) Adj.Treat.s.S. = 252, + 1 Zti = 19.54.

iyt 3 4
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Table 9 g
Values of Tij, }‘Z;T 5, i.j ) '3313 , and t’i.j ‘u %
%) d
- _ Gttt
T o7 B £8 t Totals | Averages & °§g !
i i) 1. iJ. i3 - PR
J J by, Y. %
Y
U6 98 | 2u 424 290 74|l 1.958 0.292 [ 2.250 | 1.125 gk
133 98 | 231 425 291 |  716[[ -3.854 0.979 | -2.875 | -1.438 ig5es
116 137 | 253 349 K15 764|| -0.063 <0.562 | =0,625 -0,313
73 150 | 223 209 450 659 1.458 =-0,208 1.250 0.625 3
Totals t 3 =0,501 0.501 0.000 0.000 "v‘f@.
' Aedon
Averages t j =0,125 0,125 -‘ ,3
_— RS
To complete the basic analysis, we have )
(8.4) Unadj.Block 5.8, = zlaﬁ/k - G%/rv = 638495, A
sm ,* -
- 2 a2/ . Ly
(9.4) Total 8.8. xindz';:yu s =~ @°/rv = 6593,62, K
and the error sum of squares is obtained by subtraction, f}zig
' ' b
. : SO
(10.4) Error 8,S. = Total. 8,8, - Unadj.Block 8.5,
- Adj.Treat, 8.5, e
= 159,13, iy
b
Degrees of fraedom_are: Treatments, (v-l) = 7; Blocks, (b~l) = 7; ih.:“{‘.:‘:Q
Error, [v(r-1)-b+1] = 9; Total, (rv-l) = 23, The analysis of variance is NN
given in Table 13. m
To consider the analysis for the 4 by 2 factorial of Table 7, we need '\.
only partition the adjusted treatment sum of squares into adjusted sums of \‘ ‘
squares for A-factor, C-factor, and AC-interaction, This is easily done and E”,% i
the basic formulas are i:j,;_.lv
(11.4) Adj. A-fastor 8.8. = (nK,+n“K))ZE: | ot
s s
2 .
(12.4) Adj. C-factor S.S. = mK zt .3
J [
-‘:_ T Je R e --,"\.J‘:.-u‘l,"".'- " !l.‘.'\‘..{‘._}.u‘-“-.;‘._.-'lp,-.._“-,_'-,_..‘...:,._;. ".;l7'-_\;"?'.’1‘.:'-‘:".:' S -
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.;,n - _ ‘ o) v
}:, (13.4) Adj. AC-Interaction 5.5, = K m(tij—ti -t )2 .% .k‘
" 13 *e RNRhY
v rier) k, Ky = (hoh)/ke U -
i where K, = (A.l*rk-r, k, Ky = (A,~A,)/k. Usually we compute —
%g:: Adj. AC-Interaction S.S. = Adj.Treat.3.S, - Adj. A-factor 8.8. ‘ U';fa_
;*%' . - hd3. C-factor 8.8, ey
w' I;l
,'fg:m.g In the exa.mple Kl - 2, K - 1/3, mw A, and n =2, Then, ' B i
V . o 1WORS e
._4 (L4es) - Add. A~factor .8, ;_g_ 8""1.‘ 20.37, ; o F
o , | o . : o
L)X . ' ot , . i i
;;&.:;; (15.4) AdJ. C-factor 5.8, " 82t g =0, s
i . 3 ' . . '
kL | L
VA ' P . 2 ' 4-;;
;;3?‘; (16.4) AdJ. AC-Intersction 8.5, = Z:B(t“-ti.—t )% = 28,92, %gwq;,
e Single degree of f{reedom comparisons may be used, OConsider linear, . K w‘{
‘3'.| quadratic, and cubic trends over the levels of the A-factor and their inter- e e,.’%;‘
' actions with the C-factor., This is done in much the usual way exoept that i
i additional and different multipliers are required for components of'the .M
\:‘;'" A-factor, C~factor and AC~interaction sums of squares, The method will be s, #
jg;g- evident from Table 10 but to illustrite we consider the linear A-domponent, b
’:R The linear contrast for Linear A is St
At - - B
' ‘ L(lin.” L ‘3(1.958)"3(00292) * 400 * 3("00208) - -00750'0 m
. e
J.; The sum of squared coefficients is ' ‘%2
(N 3
LA
%:i. a(inA) = (+3)2 + (3)% + Lou ¢ (32 = s0,
O o bt
i The multiplier ie, in general for a component of the A-factor, fusrosiod
;‘)!J'.. 2 . ,‘ - |
| “3' ¥(1in.A) = (K +n K,)/n = 8/3; ' 4::‘:.'
\J,{ the adjusted sum of squares for the linear A-factor component is W l.' 5;
oy 2 . 2 v
B 0cs.0.8. (Linaa) - RLRALLTL yeyp g) @ SO2500(8/) | o0y, e
e A(lin.A 40 N
% In general, the multiplier for a component of the C-factor and for a . :\'J:\
i component of the AC-interaction is K, itself. R
. AN
LY vt
.‘ X Now we are not restricted to a two-factor factorial but in general A ;&3}3_
1  may have several factors with levels Mygers .mp and T
e bk
NS R
) My yeesshl, 80 long as ) ( m o=m and 5 ( ny R Suppose the A-factor BANNYE .
oo il A
it were in fact & 2x2 factorial itself. If we designate these new factors N .-:}-.
2! a8 N and P and associate them with the assoclation schemes of Tagles 6
Ao and 7 as given in Table 11, we can analyze th: nxperiment as a 2<x2 i
-Z-\}a factorial subdividing the adjusted treatment swn of squares as in Table 12, ;-;C;“
RV W
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Design of Experiments

Table 11

Associ%tion Scheme for the
2”7 x 2 Factorial

NPC NG
NPG NG,
NP0 WRG
NoPoGy NPl

The analysis of variance for the various breakdowns of the experimental
data considered is given in Table 13.

We believe that these designs with factorial treatment combinations
offer a useful aid in subjective experimentation. The analyses are
reasonably simple and straight-forward and out of the many such designs
catalogued it should be easy to select one appropriate for the planned
research., Other applications in many fields of experimentation should be
forthcoming.
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Design of Experiments. 51
Table 13

Intra-Block Analysis of Variance for the Illustrative Experiment

Source d.f. S.S. M.S.
Treat.(adj.) 7 19.5L 7.08
Subdivision for 4 by 2 Factorial
A-factor(adj.) 3 20,37 6.79
C-factor(adj.) 1 0.25 0.25
AC-interaction(adi.) -3 28,92 9.6
Subtotals 7 L9.54
Subdivision for Trends in L by 2 Factorial
Linear A(adj.) 1 0.04 0.04
Quad. A(adj.) 1 16.33 16.33
Cubic A(adj.) 1 1,.00 4.00
C~factor(adj.) 1 0.25 0.25
Linear A by C(adj.) 1 1.42 1.2
Quad. A by C(adj.) 1 14.69 14.69
Cubic A by C(adi.) 1 12,80 12,80
Subtotals 7 49.53
Subdivision for 22 by 2 Factorial
N (adj.) 1 0.52 0.52
P {adj.) 1 3.52 3.52
NP (adj.) 1 16,33 16,33
C (adj.) 1 0.25 0.25
NC (adj.) 1 7,11 7,11
PC (adj.) 1 7.11 7.11
NPC (adi.) 1 14,69 14,69
Subtotals 7 49.53
Blocks (unadj.) 7 6384.95 912,14
Error 9 159.13 17.68
Total 23 6593.62
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Design of Experiments 33

5. RANKING METHODS FOR SUBJECTIVE TESTING., We have discussed statistical
methods for subjective testing for use with scoring scales up to this point.
It is our opinion, and one that is not easy to prove or disprove, that in
many experimental situations it is easier and more efficient to use ranking
methods rather than scoring methods. Any loss in efficiency due to ranking,
if indeed there is such loss of efficiency, may be offset by increased ease
and speed of experimentation which permits use of increased sample sizes for
the same time of experimentation. As we see it, the disadvantages of using
ranking methods is that such methods are not fully developed. Experimental
designs that pvermit use of factorials in incomplete blocks are not directly
available unless one is willing to use analysis of variance on ranks trans-
formed to scores through use of Table XX of Fisher and Yates (1948).
Similarly, except for the method of paired comparisons (which is widely
applicable), we do not have well developed ranking methods for use in in-
complete blocks unless transformation is again used., We shall briefly re-
view, but not discuss in detail, the method of paired comparisons intro-
duced by Bradley and Terry (1952) and Terry, Bradley and Davis (1952) and
the method of concordance for ranking in balanced incomplete block designs
presented by Durbin (1951).

Consider t treatments in n repetitions of the possible t{t-1)/2
paired treatment comparisons. The basic model for the method of paired

comparisons assumes the existence of parameters, Ty seeesTyy niZO, ?;-ni =1

such that, if Xi is an observation on treatment i and X, on treatment j,
the probability that X, < X_,, treatment i receives rankJl and treatment J
receives rank 2, treatfent é is preferred to treatment j, is

(1.5) P(X, < Xj) = ni/(ni+nj).

Methods of maximum likelihood are used to obtain estimators p, of m..
These estimators are obtained by solution of (t+1) simultaneodis (but not
independent) equations

(205) 3 - z n = 0, i = l,oeo,t )
j2F J P;*p
g
(3.5) Zp;= 1
i

where a, = 2n(t-1)-2ri, Zr; is the total sum of ranks for treatment i, and

a, is essentially the number of times treatment i was given first choice.,
DIfficulties in application stem from the problem of solving equations

(2.5) and (3.5). Iterative methods have been suggested and tables of
values of Zr. and p, are given in the first reference cited on this subject
ond by Bradldy (1954)., Recently Dykstra (1956) has provided easy means of
obtaining good approximations to the solutions of these equations and, if
his apnroximations are used as first estimates of the solution, at most one
or two iterations are remiired to obtain the solution with desired accuracy.
When the estimators sre obtained, a test of the hypothesis of trestment
enuality,

HO: T(i = l/t, i-= l,,,.,t, Preceding PageBlank
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o
3 - against the general alternative,
%ﬂ H&: Ty 7‘ l/t for some i,
[N
is based on the statistic,
W
R (4.5) B, = I log(p,+p,) - Ea, log p
x] 1 1<y 173 g i
wpﬂ
1 » and
-%;»gi (5.5) =2 1n A = (2.3026) [nt(t-1) log 2 - 28,] ,
iﬁéz', the latter of which has approximately the L2-distribution with (t=1)
f:gqgg degrees of freedom. '
. .
The method of paired comparisons has been further developed. The
Ty experiment maey be performed in groups of repetitions (by judges, days, etc.)
: ﬁngt);q and a test of group by treatment interaction is possible, A test for the
<o appropriateness of the model is discussed by Bradley (1954a) and tests on
K the model using extensive experimental data were made by Hopkins (1954).
» The properties of the method and power comparisons are the subject of a
, paper by Bradley (1955) and Abelsun and Bradley (1954) attempted to in-
Sl corporate factorial arrangements of treatments into palred comparisons,
Algebraic difficulties essentially prohibit the use of factorials in
gl practise, Wilkinson (1956) in a thesis considered the use of our model
e for paired comparisons in certain designs of Boss with blocks of size two,
. | Durbin generalized the method of concordance, previously available
.§$i for paired comparisons and rendomized block designs [Kendall (1948)].
-‘%o Durbin supposed that n objects are presented in blocks of sigze k with
oy each object ranked m times in the experiment., A is the number of blocks
‘- in which any particular pair of treatments or objects ocour,
e A = m(k=1)/(n-1). The coefficient of concordance, in the absence of
) tied ranks is
2
’k." 2 2 2
e (6s) Wa 2y Xy -dunlkel)
o 2.2
c‘:.l A n(n -1)
XY
o5 where x, is the total sum of ranks for the jth object, A test for indepen-
K j dence a.rﬂong the m rankings of an object, essentially a test for treatment
s effects, is made by computing
N
o [ xﬁﬂ% - 1] W
,. , (7.5) F m k"‘l
. l-w
'r% and teking this statistic to have epproximately the F-distribution of
-‘y. v analysis of variance with vy and v, degrees of freesdom where
.P‘uh‘
\l Py ‘4
£ o
o L
s A
A o
.Q' 1 vr "
3‘ T LRGP CR AR L LAY, o T LT LT R R e T T P O L T R R T R S .-‘{
R T R A S R e R
. B & @B @ - o & _ @ = @ oY, SO Sy

K.Y N Wi % . ) X R R 20 W D WD Uy wite W\ " 9 [ LY p [N ) Cy W LY e ’ sy
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, (8.5) Y . [l g ] - 2lkel)
i ’ Enm -k ] A(n+1)
N n-1) (k=1)

and

(9.5) | "\)2 - [’Akgeﬁ,z -1 i)l.

V& and 02 may not be integers but interpolation in F-tables is. possible,

A numerical example is given by Durbin and a somewhat large example is
given by Bradley (1955&?. .

i

6. DISCUSSION, We have illustrated some of our recent work on éﬁaﬁiaﬁical

methods for subjective testing and summarized and referred to new develop- SR,
ments by other authors. We believe that our discussions indicate the %@ i
direction of research and thinking on problems in subjective testing. We ¥

. have made one notable omission at least in referring to current research in VoM
this area and now note the work of Ferris (1956)., Ferris comments in detail Nl

on problems in subjective tesfting and reviews much of the literature of

: importance. His contributions deal with the construction and analysis of
statistical designes in the field of taste-testing, In the abstract of his
thesis, he notes ‘

"Three models of the analysis of variance are put forward
as appropriate, illustrating respectively

e (1) how classical latin square and incomplete blogl designs ﬁ‘
'{bﬁ mey bs modified to incorporate feature (f) above | the phenomenon

et to carry-over or residual effects ("after-taste")] , resommended

$ 1 especially when various food-samples are being tasted serially

i for flavor;

, (11) how the feature (e) Etho psychological phenomenon of —
- adaption:lmay be incorporated in Jjudging various samples of food
:zx set out simultaneously, for color, viscosity, or other visually
oW determinable physical characteristic; i
L (411) how one may find a suitable design even when physiocal :

considerations impose severe limitations on the choice of
statistical designs, as in the case of incomplete block designs

@ﬁ“ of two limits". B
{:.
20 We have further research in progress, Still is considering the RS
Yl correlation between the Fisher and Yates' scores for ranks and ranks )
’Q . and between the scores and variate values for various populations. Uy

Stuart (1954) had previously considered the correlation between variate
values and ranks. Ias is possible that this study may yield additional
light on the use of the transform of ranks to scores.

Pendorgrass has considered the use of discrete saoring scales and
the posaible loss in efficiency in using scores instead of actual
observaticns on a continuocus variable, on the assumption that such
observations could have been available. He is also working on the

N
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36 Design of Experiments

extensions of the model for paired comparisons to ranking in triple compari-
sons or in incomplete blocks of size three. In terms of paramesters and
notation similar to those disocussed in the section on paired ccmparisons,
the aporopriate model for tripls ranking seems to yleld the probabllity,

2
P(X, < X, < x) = TyTy

s— o

(niw3v+ nink + “3"1 + ngnk + nﬁni + ninj).

While it appears that the mathematics associated with this model may be
developed, it remains to be seen whether or not application will be simple
enough for applied use,

7. ACKNOWLEDGEMENTS, T, S. Russell and C, Y, Kramer generously contributed
their time to the preparation of the numerical examples in sectlons 3 and 4
of this paper respectively. We greatly appreciate this assiatance.
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APPLICATIONS OF ORDER STATISTICS IN MEDICAL EXPERIMENTS P

” R
! B, G. Greenberg and A, E. Sarhan e
L Department of Biostatistics .t'_\‘_\ N
- University of North Carolina Lt
§
1. . Introduction, The use of the term "order statistics" connotes various s
’ meanings and 1s here defined to assure understanding in its present usage. $% %¢_
# M,
% Order statistics is that body of knowledge utilizing the rank or order ﬁhf“f
i of an observation as well as its magnitude. In other words, it is a combina- B
k& tion of the techniques used in conventional statistics (which consider the :ﬁﬁﬁg%
) magnitude of the observation) with those of rank order statistics (which T
4 consider only the relative rank of the observation). fﬁgi -
o R
. A detailed bibliography of contributions to order statistics is not E.‘
o presented here but several liste may be found in Mosteller /13 /, David T
» and Johnson /6 7, and a recent doctoral dissertation by Lott/ 117, ———
R 2. Objective, The purpose of this paper is to illustrate for the applied \?@L i
7 statistician how to employ recent developments in order statistics for .gﬁ
i typical statistical problems, .f:ﬁ
‘ b

The first two examples will be selected to illustrate how order statistics ”ﬁﬁﬁﬁ
can be a powerful tool when observations are censored; that is, the exact ’
value of scme observations are unknown becauss a barrier has been imposed by
the ohserver or the measuring process,

et ¥

- ¥

oty

specific observations in the sample may be unknown., The number of censorad
observations in the sample is known and their rankings relative to some point
of censorship is also available.

The third example will be chosen to illustrate how the use of order oy
statistios can enable the experimenter to estimate the mean and standard rﬁiﬁﬁt
, deviation of a distribution with high efficiency without the tedium of using  ova ) o0
8 all observations in a sample. ﬁ?-‘f?
) The last illustration will be an application of order statistics to the AR
w problem of grouping observations into & frequency distribution, . }}A_,;;
’ The application of these techniques will arbitarily be restricted to the Ao
. normal end single exponential distributions since probably they are of most NS
' practical value., Order statistics have been applied, nevertheless, to other :}3%?
I distributions, (e.g. Sarhan /18/ , /197 ), and the problem of truncation o,
! and censorinp has been consldered in other distributions such as the chi- &}k
! distribution in Gohen/3 7, the Type III in Cohen/1 7, the Poisson in Y
Raj /16/ end Cohen/2 /,”and response-time distributfons in Sampford/17/ . o
8 A
b ! 3. Censored Obgervations, The word gensored is applied to instances where Etﬁv
Y- sampling is from an unrestricted population, but the exact magnitude of e
i SN
]
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) Censored is different from the term truncated vhich is applied to

N instances where sampling is from a restricted population so that the exact
numbers that would have occurred in the sample above and below the trunca-
tion noint are not known. Censored was first used in this context by
Hald [9_/'at the sugpestion of Kerrich.

X

e
ot
£

l:“” f *Jf .-' )‘."l.‘k l-.“‘l,'l-..‘-. n‘.u Ty

- II J

T

.' "'@” (M {M BN 3% t: ::L; 9 2.

e l%‘t‘\. ‘, '\ \'.. ARG,




W d AR (T VYWY N YR OTYNTAWT RN JETTROY W IRV TN FTWTE wwITRTT ES " FETE T Ve TR Tl ey myrwm wesm—rem—mrremmeememeymmyemmme—me—mesemem e e s e e

ziz
ko Design of Experiments

. This difference between censoring and truncated is best emphasized by an
S\ illustration. If one were to measure the heights of American military

"t personnel, the sample would be from a truncated population of heights because
members of that group have qualified by falling between certain minimum and
maximum allowable heights. In an industrial context, if one were to select
samples from lots that had undergone quality control checks to assure that
the mamifactured units fell within specifications, the sample would again be
from a truncated population, other than for those samples accepted but which
should have been rejected.

In measuring the incubation period of a disease, or in life-~testing, the
experimenter may not have sufficient time or facilities to await the develop-
meﬁt of the phenomenon in all cases, and might censor the observations on the
d*" day (Type I) or after p per cent of the observations had responded (Type II),
Censoring is usually practiced at the extremes of the distribution. This
illuatration of censoring observations in life-testing situations is vith the
exponential distribution.

Censoring with the normal distiribution might be for the same reasons or
for others as equally important. In certain industrisl applications, (o.g.
tensile strength) the cost of measuring an observation at the extreme of the
distribution is relatively higher than elsewhere. That is, the cost of an
observation might be functionally related to its distance from central
tendency, and extreme observations are uneconomical to Justify. Another
reason for censoring a normal distribution might be termed "precision censor-
ing." The measurement error at the extremes of a normally distributed variable
might be considerably greater than that of the observations toward the center
by having a flat-U-shaped distribution. This occurs in some situatione where
measurement of physiological functions of the body are involved, Counterparts
for precision censoring in industrial and other applications undoubtedly are
also available.

The first example in censoring is with the single exponential distribution,
and the data are taken from Sarhan and Greenberg /217 . The number of days
incubation period resulting from an inoculation is a measure of the amount and
potency of the inoculum as well as the individual susceptibility of the test
animal. Below are listed the unordgred responses from ten rabbits inoculated
with a solution containing (0.2) 10’ treponema pallidum:

Rabbit No. Incubation in days

<18
18
>L5
<18
25
21
18
25
25
21
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Design of Experiments 1

Estimates of the earliest possible incubation period (a), the mean (a + o),
and the standard deviation (o) are desired from the two-parameter single
exponential diat:ibution having the following functlion:

o

1 -
0 , otherwice .

'a.fysoo.

COfoioments from tables provided in the same paper from which these
data came make estimation of the two parameters possible despite the censoring
of three observations, The observations are rearranged in size order and the
coefficients written alongside as follows:

Ordered

gbservations « o (c + o)
< 18 - - | -
<18 - -

18 3007/2160 -1/6 487/2160
18 ~121/2160 1/6 239/2160
21 -121/2140 1/6 239/2160
21 ~121/2160 1/6 239/2160
© 28 ~121/2160 1/6 239/2160
25 -121,/2160 "1/6 239/2160
25 ~21,2/2160 2/6 478/2160
j&ﬁ hod — -

Egtimate 16,10 5,67 21,76

Variance in

terms of o%) 0,0567991 0 66 0.1114288 |

Efficiency rele-

tive to complete
sample 9,56 66,67 89.74

The calculations are as followsn:

a* = = [ (3007) (18) - 121(18) - 121(21) - ... - 242(25)/ = 16,10
w2 [ -7(18) +108) o+ @)+ ...+ 2A25)] = 5.67

(“ + G)* = 5“}6 [ L87 (18)"'239(18) + 239(21) * s0 e + “'78(25)] - 21.76 :?“‘}ﬁ
The variances of each estimate are found in the tables of the seme papar
and are also shown in the above table in terms of o, Below tne variances of
etsh estimate, the efficiency relative to the complete uncensored sample is
indicated., For example, the estimation of a is only 19,56 percent efficient
B St A T R M S E T e T T A TR Rt T e e T .;__-,.:‘.".!l‘ . . ".' “_.\:..\.,'- ,j-. .\_._._'..J:
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L2 Design of Experiments

because two obtservations were missing on the left and one on the right. The
most valuable observations in estimating the start of the distribution,

viz, &, should be expected to occur at the left hand side of the distribu-
tion., This is verified by the fact if all three missing observations had
occurred on the rizht hand side of the distribution instead of two on the
left and one on the right, the efficiency relative to the complete sample
would rise from 19.56 to 95,24 percent,

The censoring in this example was of the Type I variety, i.e. employing
fixed points on the abscissa, The coefficients used to estimate the para-
meters, howsver, were based upon the assumption of Type II censoring. This
raises an important question whether a possible bias exists and how much
lower the precision is because the known points of truncation, viz, 18 and
L5 days, are not utilized in the estimating process, '

Several suthors, e.g. Sampford / 17 /, have expressed the opinion that
the difference between the two is of no great import, The exact solution
of the loss in precision is a difficult problem, and work is in progress to
measure it. In the interim, we have conducted & sampling study to investi-
gate whether there is a hias, we well as the magnitude of the imprecision.
As a result of this investigation, we feel that thers is no bias and the
order of magnitude of the imprecision is small, particularly in large samples,

The sampling study consisted of LO samples of size 10, selegted from:
Rand's Table of 100,000 Normal Devistes (m = O, o = 1), and estimates of the
mean and standard deviation by both Type I and Type Il censoring were com-
pared in each sampie., For instance, below 1s a segment, chvsen at random,
from the sampling study,

Sample Censored* at -~ 0,253
No, 36 and ordered
0.088 b} (‘10729)
-0.331 (=1.075)
-1.729 (=0.067)
1,209 (=~0.331)
0.840 -0.118
-1.075 00082
0.894 0.088
~0,118 0.840
0.082 0.894
-'0014.67 lo 209

% The ( ) indicates that the value was censored,

A comparison of the estimates of the mean and standard deviation calcu-
lated from each sample included the following: The uncensored data; maximum
likelihood method of Cohen ZPL,J7 for Type I censoring; the method of Ipsen [iQ/
for Type I censoring; and the best linear estimate (BLE) with minimum variance
for Type 1l censoring.

The tabulution below glives some idea of the comparisons for the glven
sample No. 36, thus indicating why it is thought that there is no bias.
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{‘ Method of estimation Mean Standard deviation kiﬂ 8
Population . o 1,0000 R
Uncensored sample «0,0607 . 0.9520 w
Cohen g'l‘ype 1) -0,0283 0.8042 A
\ Ipaen Type 11% , -0,0362 0.8375 . o AR
B.L.E. (Type II) -0,0099 .  0.8527 - s
‘ databiy
Caloulaticn of the BIE of the mean eni mtandard devistion employed in w
the foregoing sample for the normal distribution can best be demoristrated Vg»ﬂ‘
by application to another example. The data are taken from Sarhan and ;g,gug;
Gresnberg / 20 / and represent Type I censoring at both extremes of the s
| sample, : ' } m
;@n; The observations consist of ten individual systolic blood presaurea o
! which were performed by persons learning to measure such readings. Owing
:\ to the relatively larger measurement error known to exist for beginners
':E:. ' at the extremes, the data thought to be less. than 105 mm. and greater than
! 125 mm, were censored. This resulted’ in oonaoring two observations on the
. . left and three on the right, : ,
{;J_q The data have been arranged in size ordar, and alongside of them &re
{, the coefficients to estimate the mean and standard deviation as follows:
;ﬁ Ordered : -*’L(, o
0 1, - 0 | 0
Y ' Qe = 0 -0
Ve 3. 108 20496319 -.88982266
K Le 111 10382533 -.11005067
5. 119 , 11220127 -,02620385
iy 6. 121 .11982080 05494871,
i k 7 ] 125 o h59189l&2 . 971128A2
" 8. - 0 0
‘v‘ J 90 had 0 0
v 101 - 0 0
N
ot ‘ Variance (in
N __terms of ¢4) 2 11795477 17132071 |
L) Efficiency rela=-
; tive to nomplete
>, —Sample 84,78 33.62
u‘P, W "
Q ' From the percentage efficiency given in the table, the sstimate of the B
A mean was 8/.78 percent relative to the complete sample despite the omission rj“”i

of 50 percent of the ohservations. The estimate of the standard deviation
does not fare as well, for its efficiency drops to 33,62 percent.

n'{R‘J' "‘n' e 4'.'»"'".,‘-‘ (% .& 'h ‘n* w™ l‘.-".!.. q-\l( |."
\\ g {E' "" 'vi ,dcfﬁa 7;_:1& ..-.w,f.lr. AR A




bl Design of Experiments

L. Simplified Statistics, In the foregoing paragraph, mention wes made of
the fact that the estimate of the mean from the sample was relatively efficient
although only 50 percent of the sample was used. The optimum combination of
half of the sample elements, if the estimation of the mean were to be maximally Ny
efficient, might not be the i’ive observations actually used, In fact, owing

to the impetus given by Mosteller / 13 /, a whole branch 6f linear systematic ,
statistics has recently developed in which the purpose is to make efficient .
estimates of the mean and standard deviation using 2, 3, 4, ses, k < n sample . o'“g ‘
elements, '

The most readily identified measure of linear systematic statistiocs is, %g?"“.
of course, the median as an estimate of location. An estimate of dispersion e
might be the range, semi-interquartile distance, and others, We shall explore Do
these riow in a little mors detail using data from the exponential distribution K
as en illustration, _ , U

W)

The date come from Table I of Maguire, Pearson and Wynn [ 12 ] , and g,ﬁét?ﬂ&f‘{

represent the time intervals in days between explosions in mines involving W

more than 10 men killed from December 6, 1875 to May 29, 1951. The 109
observations have been rearranged in eize order as followv

Teble 1, Time interval in days between explosions in mines )
dnvolving more than 10 men k;lled ~‘;; )

Opder Observation Order Observation Order Observation Order Observation .
1 1 31 59 61 188 91 35,
2 L 32 59 62 189 92 361
3 4 33 61 63 195 93 364
L 7 34 61 6l 203 9 . 369
5 11 35 66 65 208 95 78
6 13 36 n2 66 215 96 3%0
7 15 37 72 67 217 97 457
8 15 38 75 68 217 98 467
9 17 39 7% 69 27 % 498

10 18 L0 ng 70 224, 100 517

19 1 81 71 228 101 566

19 L2 93 72 233 102 CIAN

20 L3 96 73 255 103 743

20 L 99 T4 271 104 871

22 L5 108 75 _75 105 1205

23 L6 113 "6 275 106 1312

28 L7 114 7 275 107 1357

29 L8 120 78 286 108 1613 .

31 L9 120 79 291 109 1630 )

32 50 123 80 312 A

36 51 121, 81 312 o

37 52 129 82 315 LJ;‘.‘N

L7 53 131 83 326 O

L8 5L 137 8L 326 ;

49 55 145 85 329

50 56 151 86 330

54 57 156 87 336

54 58 171 88 338

H 59 %;g 89 2?5 ‘
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: j The single one-parameter exponential distribution represented by

W

13

AV - X

tx) =2/ "5 x>0

§$ \ 0 , otherwise

/ has been shown to fit these data quite nicely. If the two-perameter ex-
B ponential distribution must be used, a simple transformation of location
. can be used. ,

i?, The estimate of the standard deviation o, using all observations, is
P equal to 241 days. To estimate the value of o using k < n, tables for

b k=1, 2, .o0, 15 are avallable for exponential distribution in a recent
b paper by Ogaws 15_] For example, if k = 5 were seleoted, the relative
K efficiency to the complete sample estimate would be 94.76 percent., From

Ogawa's table of optimum spacings for k = 5, one also learns that the five
& sample observations which are best to use are as follows:

ky = (209)(.39347) + L = 43
ey = (209)(.67044) + L = 74
. k, = (209)(.84433) + 1 = 93
k, = (209)(.94387) + 1 =103
I kg = (109)(.98855) » 1 =108
The coefficients in the above forumation, viz. .39347, 6704k, «ev,

o5 +98855 were obtained from Ogawa's Table II and the calculations are rounded
A to the lowest whole integer, Uuinqtthat same table for the weighting co-

& efficients, the caloulations for o™ are as follows:

o Observation Observation Cosffiolent

;% Number (xn; (ay)

P

a% 43 96 «33051
‘ T4 271 .21896

& 93 364 13173

by 103 45 . 06668

R _108 1613 102286
3 + 5

: Then, 0 = 5gisr L) (x"i) (a,)

® 6'6%7‘6 (225.56662) = 238.0

L '

This compares favorably with the value of 241 caloulated from the complete
\ sample, If k = 10 were choaen the efficiency would have risen to 98,32 per-
- cent and the value of o ¥ m 2&2. .

ibﬁ
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k6 Design of Experiments

If the parameters of the normal distribution are to be estimated by
simplified statistics, an earlier paper by Ogawa [Plh_/ provides the optimum
spacings for that distribution, Although Ogawa's spacings are optimal, other
combinations of sample observations may be much more convenient to use with-
out any great saorif oe in precisi Such systematic statistics can be
found in Mosteller , Dixon [9 7, and Lott / 11 /.

5. Gprouping, The optimum spacings used in the previous asection for the best
linear estimate of the parameters have been shown recently to have another
most interesting property in application to a normal distribution. Suppose
there are availahle observations on a continuovs variasia, and it is desired

- to classify them, or the population from whiol “hey wore drawn, into k groups.

This might be done elther for purposes of converience in exposition, caloulaw
tion, or for simplification in the collecticr ot further observations, Thua,
if heights of individuals are to be olassif'.d as tall, medium and short, the
problem 18 to locdte the dividing lines to be drawn without restricting our-'
selves sither to equally-spaced groups or groups with equal expectation of
frequency of obaervationa. The oriterion for grouping is that if.the.observa=~
tions in a sroup are to be represented by a group central value, the loss in
efficlency by this procedure should be a minimum, Furthermore, if this classi-
fication is varried out, the loss of eff;cwency ink = 2 3, by «es groups is
also of interest. S

This same problem ocours wher there are measuraments on two oontinuoua
variables for & gliven sample, The experimenter, instesd of testing the
corrolation betwson the two variables, may prefer for reasons of .exposition
to group the x variable into k classifications so as to maximize the test of
the differences in the y vardable emong groups by an.analysis of variance,
Regardless of the corrolation between the two variables, D. R, Oox é’ 5 ] hes
recently shown that the solution for grouping the x variable comee. down.to the
problem of optimum spasings if the distribution is normal. Thus, if sample .
date were available on heights and weights, classification of the individuals
into tall, medium, and short could be accomplished optimally by dividing the
rangs of heiphts such that the tall and short groups each had 27,027 percent
of the observations and the medium group had the remaining 45.946 percent.
This means that the limits of the three intervals would be as follows in a
unit normal diastribution:

Short : - d to -.0,612
Medium: « 0,612 to + 0,612
Tall: + 0,612 to + 0

The loss of precision of this arrangement by substituting one group
value for the individual observation results in an efficlency of 80.98
percent., In fact, the optimum mroups md efficiencies can be obtained for
k=2,3, ..., 6 in Cox's paper and for k = 2, ,,, 11 in Ogawa's paper.
The former's values are more nearly precise in the last decimal place than
those of Ogawa, and.certain results of Cox are reproduced in Table 2 here
for convenience.
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'}}. Table 2, Optimum grouping intervals for unit normal distribution with v{}\
. ',‘j ‘ percentage distribution of observations and efficiency N \

' “Percentage dis- Percentage efficiency

k"‘ ’ k Group 1limits tribution relative to exact ob-

% sorvation

hoy 2 - to O 500 63.66

‘f‘n‘ m&%

JE 3 = 2 + '-M% 80,98

g\g > 2 + 2

88.25

94.20°
ko *+

_u" +* 0 'm + Q
s EWTCRTE
;’,lg I-Q &
‘3&:: The information in Table 2 indlcates that the substitution of a binomial u;ﬁ::ﬁ:f'
&) claasification (k = 2) for a normal variate results in an efficiency of 63.66 Wt

! percent. This particular figure of efficiency may be helpful in estimating m
-;ﬁ required sampis sizes in some experiments where there is no experience with a p}:;-i!-:«-}
) . variable te bo measured hut there is some information on a binomial plane, \'fvcsf:f-f'
A M
bl There are two points worth mentioning about the use of results in this {::?I e
K section. The first is that solution for optimum groupings is identical to s
. optimum spacings for the estimation problem in the case of the normal dis~ .
.‘ tribution, This does not appear to be trus in general, however, and the ) "}
£ rectangular distribution is a case in point, Runle
i NN
ﬁx Secondly, after grouping has been performed, whether by the methods out~ MWW
lined here or not, the eatimation of the mean and standard deviation will be AL

[ made by referring the observations in a group to some central value of that el
\". group, Ordinarily, Sheppard's correctione are applied during this step if N
W the groups are equidistant, These corrections may lead Lo inconsistent '\\{At.. ¥
H estimates for hotl the mean and standard deviation even when the grouping is ,"\\«
y equidistant, Consistent estimates for both the mean and standard deviation 1 \'

can be mads by imum likelihood according to the method outlined by !
G Jesddeback 87?(
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} 1 6. Summary, The uses of recent contributions to the techniques found in
e uvrder statistics have been applied in three instances. The first is in the

e cese of censored observations both with the normal and exponential distribu-
g tiens, The second application involves estimation of the parameters of the
. sare distributions using k < n of the sample elements. The final illustra-
o tion is of an application of grouping continuous date into frequency

»;'i classifications.
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PROBLEMS IN A PARTICULAR MILITARY FIELD EXPERIMENT

Kenneth L. Yudowitch
Operations Research Office

I should like to commence my remarks with the enunciation of the three
principles which I propose for guidance in the design of military field ex~
periments, the subject of this conference. The three principles are: (1) the
exploitation of ignorance; (2) the agglomeration of imponderables; and (3) the
balance of weights. In case these designations are not patently clear, I
shall attempt to illustrate each of the three principles.

I.

The first principle (Fig. 1)%* is rooted in the general technical ignor-
ance of our customer, the soldier, who might well quote from Sheridan's
Rivals: "Egad I think the interpreter is the hardest to be understood of
the two!" It is perhaps a horrid admission which should be classified, but
probably not one Lt. Col. per Pentagon ring can define a Graeco-Latin Square.
To illustrate the point, consider a simple statistical test which one might
apply to a soldier. We offer him a bet on the drawing of straws, demonstrat-
ing first a sample drawing of ten straws from a population of many hundreds.
The soldier is offered a fifty-fifty bet on the selection of a straw of his
choice — either long or short. lLet us suppose the demonstration drawing
yields six long straws and four short straws. As any of us here could tell
the soldier, all that he can reliably say about the probability of picking
a long straw is that it is significantly greater than 24 percent, This is
the customary acceptable lower 95 percent confidence limit on the probability
of picking a long straw. And yet our investigations show that the soldier
will accept the bet and select the long straw. What is further more dis-
couraging is that the soldier will take our money on such bets.

It is clear that the customer frequently ignores such refinements as
95 percent confidence limits. How to deal with such a barbarian? -- Search
out what his question really is before phrasing the objective of an investiga-
tion. Then design a test to answer only those objectives in the same language
in which the question was asked. If he is disinterested in the beauties of
symnetrically oriented test designs, let us exploit this ignorance (though
it pain our sensitivity) and make the crude minimum design required. In-
sistence upon revision of the customer's question to an extent which
eventually restricts our ability to answer his real-world question is
delusory of self-indulgence.

II.

The principle of the agglomeration of imponderables (Fig. 2) is perhaps
best clarified with an illustration from immediate experience: Some time
ago I was asked to design an experiment which entailed 180,224 sets of con-
ditions of measurement. The experiment requested had the objective of
measuring the relative hit probabilities of eight types of ammunition. Also
indicated was some interest in the particular effects of various related
parameters, such as qualifications of the subjects, positions of firing,
conditions of illumination, and a mass of variables associated with the targets.,

¥ Figures sppear at end of the articles.
Preceding Page Blank

.......
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‘q These target parameters are listed here (Fig. 3). Although obviocusly

3 in true context each of these parameters exists in a continuum, the range

X of variations must here be represented by a restricted few values, so we
begin agglomeration of these imponderables by arbitrarily selecting the

3~ numbers of values to be used for sach parameter. As indicated, the first

g four are represented by only two values each. The Justification for this

! limitation is that careful selection of two rather extreme values will

i permit recognition of the existence and general magnitude of effect of

' variation of any one of the paramsters, and probably permit rough interpola=-

tion.

o An immediate agglomeration is provided by the context for the last two

% of the half-dozen paremeters, when there is a marked interdependence in

iy these two. parameters. As both characteristios are presented in any one

S target, the number of the combinations of the two parameters is limited to
'+~ the number of targets.. A systematic attempt to.represent all of the oom-

. binstions of values indioated for each of the six (now. five) parsmeters,

f’ results in 352 combinations of parameters, which in this experiment would

A mean 352 different targets. It is clear, howsver, that the first four

n parameters, as well as the last two are also ultimately represented in each

P of the individual targets of the system, Our preliminary investigation also

revealed considerable. interdependence among all of these parameters. It is

N then perhaps the ultimate application of the principle of agglomeration of

ol {mponderables to dump the variations of all six parameters into one presenta-

b tion of the target system. As the facts of life limited us to 22 targets,.

b the application of the second principle results in & reduction of from six

o times infinity to 352 to 22 representations of these half-dozen parameters.

" Finelly then, all 22 targets appear in & single sequence which we call a run.

, In addition to the target characteristics, we are concerned also with

b characteristics of the subjents, the environmont and the test materiel.

N Grouped here are these several parameters (Fig. 4). The subjects come to
ue in four formal qualifications. From the variety of firing positions as

above, we selected two; similarly for the illumination, These three para~-

meters then yield a product of 16 combinations, Qualification varieties

o were cimply deleted from the experiment oroper, and four special runs pro-~
0N grammed for measurement of variation in this parameter.

o'.

D §

W The handling of the four possible combinations of position and illumi-

" nation is a nice illustration of a corollary of the second principle. The
1ittle block diagram (Fig. 5) represents the four possible combinations

(day and night, sitting and standing). If there is a degree of independerice
between variations in position and variations in illumination, it is quite
possible to infer the value for a fourth box of this square array, given
three. In this instance we elected to make measurements for both positions
in the daytime and for the sitting position at night. We thus obtained two
measures of score degradation, one for the shift of position from sitting
to stending, and the second for the shift of illumination from day to night.
Presumably the score for the unmeasured category (night standing) is deduced
by applying both degradation factors multiplicatively to the day=-sitting
scors., Thus we reduce 16 combinations of these three parameters to only

three.
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We come to the last two factors, the ammunition itself and variation in
subjects (Fig. 6). Our experiment has specified eight ammunitions. The
number of samples of subjects required depends on the anticipated variation
from sample to sample. As a compromise with practicality, four samples

. were agreed upon., This number seems sufficient to give a fairly reliable
Gl indication of the degres of variestion among samples: The average is meaning-  ..i\
) ful if the variations are small; and the opportunity for variation is adequate ;?' \
: to indinate whether a larger number of samples was required, There is no N
o simple means of agglomeration here, so that our smmunition and population '
parameters leave us with 32 separate experimentel oconditions,

number of combinations of each of the four samples with esach of the three A
position-illumination categories. In this case, instead of the twelve (i
, possible combinations, only eight of the combinations are selected so that ;§yz
Rl our ultimate number of rune is 3x32x8/12 or 64, In addition, the special ¥,
qualification runs consist of two ammunitions and two population samples, mﬁ!ﬁ
A meking a grand total of 68 runs (Fig. 7). We have reduced the number of Rt
f{ﬂ experimental conditions from a grand total of 16x16x32 or 8192 runs by a E
,Q& ‘ factor of 120, by application of the second principle, %

y é{ Finally, however, a further agglomeration is made by limiting the

. As a very heavy schedule permitted a maximum of & runs per day, the
gy achedule of 68 runs (1496 conditions) required 8 1/2 days in the field, .
e following preparational field work, It is of interest to note that if i
1! this same experiment were attempted without application of the second W
Y principle, whatever conclusions might have been reached concerning the N
ﬁ$§ . test materiel would be totally obsolete; as the 8192 runs (180,224 condi= ‘
B tions) would take four years of steady work to complete, =- This is based
on a five-dry week with Christmas, Independence Day, and Armed Forces Day

':I:‘ Off. &
b 111, ‘

Inherent in the illustration used for the second prinociple is the
‘) application of the third principle of experimentsl design, the balance of .
W weights (Fig. 8). Quite obviously among the 180, 22/, combinations of para- e,
SN meters possible in the illustrative experiment, there sre some combinations
- rather more important than others, It is essential that we consider not

o only the nicety of desipn for simplified analysis procedures, but that we "
'W conslder why we are doing the experiment in the first place. The customer Ll
i (who is the quite ignorant fellow we spoke of earlier) is unconcerned with —
statistical niceties, He is however very much ‘concerned in finding certain
answers which are vital for his daclsions, and somewhat less interested in
findirg certain other answers which will be of incidental utility in gulding
his decisions or activities. Thus, for example, it may be that the customer
is very vitally concerned with comparative capabilities of two of the eight
types of ammunition under study, and somewhat less concerned with compari-
sons involving the other six types. It is incumbent upon the experiment
designer to recognize this ditference in interest, and to respond to it

with appropriate distribution for weiehting of exnerimental effort.’ Any
refusal to conslder halanca’of weinhting &f exverdmental effort is patently o
Justified, as Justification for the noerlormance of Lhe emkire experiment e
sorinss-only from the interest of the customer. . Any waighting of dube <
enterories of Interecst nust in any honest exneriment he reflected in the '
exnerimental effort.,
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Sh Design of Experiments

A second, more technical factor also affects appropriate weights of
portions of an experiment. For example, note the 8/12's of the possible
combinations of population sample with position illumination which were
selected., The diagram (Fig. 9§ illustrates the eight out of twelve possible
combinations selected. It is cloar that emphasis has arbitrerily been
placed on the day-sitting runs; half each of the day-stunding and night-
sitting runs having been deleted. The logical attempt to Jjustify such an
asymmetrical procedurs is as follows: In the first place the reduction
from twelve is strongly urged by practical limitations on the total experi-
mental effort, One might, however, expect & more symmetriocal or uniform
mode of reduction. But a uniform reduction of the experiment threatens
that the resultant measurements may border on statistical unreliability,
merely because of the small sample size, The selection made obviously
permits all four population samples to be used with one of the conditions
of firing, providing a reliable measure for that condition. ThHe other two
conditions (day~standing and night-sitting) are less reliably measured.
This is justified, because it is much more importsant to determine.whether
the ammunition differences sought exist under any condition than it is to
determine the variations of this difference with the several conditions of
firing. : o
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I should like to close my remarks with a carefully. éonsidered ctate-
ment: "My immsdiate point is that the questions involved can be dis-
sssociated from all that is technical in the-statistician's oraft, and
that when so detached are questions only of the right use of human rsascn-.
ing powers, with which all intelligent people, who hope to be intslligible,
are equally concerned, and on which the statistician ‘as such, speaks with
no special authority." '

SN
\,\.'At:;
sl iwanr oy
[T PRAF A LY Y A T TR
PSR ES ee A e e
U R, W .
PEASAE A TALA)



717

o

= X Iy

g

R R et

®
£ . - ' "~

v . N . t - . . M .' .‘; LY

Y AT . Wi s BT TR "

*

"1:: l:\ﬂ : .FI ¢ N
:‘:}%%;{:‘\.:ka ‘\-'h Lreeed ¢ ‘v."‘" :
bR TGO AR o)

e
LB

-

4
1

36N



of

tion
rables

9
£
S

lmpon

E
L <
M
=




il

& B
_?.

=
YRS

s
.

B

,
g
A

=

X

=«
S 5
= <

]

EXpOsU

e
AN v
i

- i

i,

t*? ﬂ‘:
e
oS

'
N



7 14

he

2

onrr
th 2

Parameters

Pos
[HHum

-
-,
3!

£

| Qualification 4
tion
ina

X,

el

ect and Env

)
3{

ere?

Sub

- ."-.é. T g

-,
e'.‘.

. {},& w%;.w ':ﬁi‘-‘. ) }," . -\).

ﬂ‘:n s 'W“;}' ) 2:" ;"‘?: V‘:" ; A
.2 u:l':ﬁii"%:ﬁw xab 3 :" %ﬁ $ _\.w )



77 77

by My A
%

011 N U VRN TN R ) .v . -y 0
A ‘f‘r.ovn'gﬂ ) ') ) “‘i YCh% Wiy 5

W ‘Vs‘)\"”"}m&d:"wﬂh(""‘? _))(“_.' ", }‘ : %(‘{ ' ” P ..'w-‘l‘n 'hh X

14 RN Y I \ i \"i v > o

-




c723

32

)

-
<

imon

Ammun
Sample

Moteriel and Subject Fa

E'U.‘ﬂ

‘ L ‘@ q Wty waleh \
u d. IR
urf" Tud \° : 4

. LA LTS -_- 4 A L T PRI IR o ARTERY A ey
mm\mmmm R S e

s ah -“ll\‘u‘n-o



..\

Vo724

68

+4

8

!
"v?.’«“nﬂ'a

:Q‘ h‘“h

'W i

Q‘lﬁng " l

IR



I

v, ‘.'N'\
e

N Y T ) o

g et
L

“B_' ¥

O
WY

- LRy
WiV h".‘ .'




A i, -
Vg Wy
1’”.‘ B‘ i .
P ot ,'..‘,v’
cn‘:gu v ‘kﬁ
Mot o i
LI ame : :
b !
N ‘
@
“.‘t,h 1\“7.'
i‘lﬂ ‘ ' By |‘ \ Y.‘l
Ay ! ‘\;\ 5
i c ) 00 P’
\ | M
-0 L‘
R Y
L h
K iy

5 i‘}"m&
‘."sﬂ (6"‘! Qyﬂ}
ugd7 4]

éw‘ :d&; s
Guog ' %h bgn
u“ud '{n& Ty Oy
ot L
¢ & :
i Sty
.9*,‘ ;:" ;'):3 e
\ 5‘ %l)hz;

bl ;

gl a

L)) q

] &

":‘r ‘o\

Day- Stand

9P

.
o
.n?. Q

LT SR A *zﬂmgh& 4
. " ‘ "‘ ; o

') . . -.,‘A. . el
o '4 ~, "‘- »".‘n,' : W L ..‘..~ ',.‘.". A
¥ . s ' T ~\0 J,p:r

e
\ :."t" % "’ ”"t" br"‘l 0" 1“:‘0' 3'::% w0 ° %, ;'l,, A ﬁi\‘ .QMN.:'U“'I« AN ﬁu\' l '5" s ﬁ g

1]
v
¥
~.
L,
t
ol

: .;’"'"-*—

S
S

I=

b




K

=~ i .
o o A

B
e

Rl

uie

!

O

CABITEE

i o ke
Dl i

_."‘_:"'—, 5 "E?;j‘_—_

b
e
g
: .

HUMAN ENGINEERING EXPERIMENT ON TUBE TESTER TV-2/U

Harcld Zweigbaum and Donald Donaldson
Signal Corps Engineeraing Laboratories

The axtensive use of electron tubes in military equipments has led to
a wideapread acceptance of the conventional tube tester as a maintenance
tool, In the early days of siectronics, when the multi-element electron
tube was coming into general use, the adequacy of the tube tester to deter-
‘mine the quality of the tube was quite satlafactory. Overating freqencies
were relatively low, and emission or transconductance tests were made under
conditions that rather closely approximated the actual operating conditions.

_ Now, however, not only have the number of tube types increased by
several orders of magnitude but the applications have become more complex.
Operating conditions vary widely. - The use of a conventional tester which
‘allows but ono walue of plate voltige and two values of screen voltage to.

" be applied to the respective elements has not proven to be of value in

military depots. There the need has been for a tube tester that will allow
the application of variable voltages to the tube elements, so that a reading
of quality can be compared with the manufacturer's original acceptance dats.

This requirement was stalsfied by the devalopment of the Electron Tube
Test Set TV-2/U; featuring continucusly variable and metered voltages to the
several elementas 'of the tube nunder test. While the flexibility thus attalned
permits tube testing within the requirements of MIL-E.l, this desirable
operational feature has created human engineering problems, '

After the tube tester was built and during its preliminary use at the
Signal Corps Engineering Lab, it became apparent that, even though the
front panel was laid out in a logical sequence, the number of manipulations
required to perform a test on a tube was conducive to error,

In order to amcertain whether or not the operation of the tube tester
nlased undue reliatility on &perator ocapability, a statistical experiment
was designed, using the tube tkster and actual operators. (See the plcture
of the front panel layout of the TV.2/U at the end of this paper.)

4

Am we cun readily see, the versatility of the ™-2/) wae obtained at
the expense of an increased rumber of controls, switches, and monitoring
meters, In the more conventional tube tester used for simple maintenance
applicatione, about twenty separate and distinct manual operations are
required in order to check the condition of an average receiving tube;
this same type of test in the TV.2/U requires that an operator go through
about thirty-four separate steps, or about a 75% increase. In order that
we might sse what effect, if any, in the performance of an operator was
due to the increased number of manual operations, an experiment was
devisaed to provide data pertinent to the precision of measurement obtained
by a normal clacs of operatora,

In planning the experiment, certain controlling conditlons were evident.
It was necessary to select individuals whose performance could be considered
representative of that group. Further, since individual variation among
operators is to be expected, more than one individual was required in order
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) nly Design of Experiments " } '
e 3%
) 4 el
i to permit a measure of the sampling variation. It was also necessary that : . %', AN
q the yquipment under consideration be tested across the range of 1ts intended L4
: operation in order to eliminate from the results any spurious homogeneity ' ‘.
N ocoasioned by too narrow a range of study. The standard for comparison . .
i;‘-! that was chosen was the set of measurements obtained by laboratory engineers X ’\\z (% ﬁ;'p;
& who Were familiar with the equipment and ite operation. i v§§
! ' . %
i The specific test schedules involved the cholce of twenty-five (25) §§‘;,\§.‘{_‘5§3§'
il electrun tubes, five (5) from each of five (5) generic groups, pentodes, il
triodes, voltage regulators, diodes and rectifiers, thus covering most of .':'-.; ‘
Kl the operating range for which the TV«2/U is designed. Thyratrons were v
i excluded from the schsdules. T™is group of tubes is one of the most diffi- IOt
i cult to test, and it was decided to utilise statistical data from other tube (;’Eﬁb‘;:%\;;?‘
o types in estimating operator precision. The premise of this decision was X
§-  that data from the thyratron tube type would be unnecessary should the results AR
from other types prove conclusive. : i
b . o . . o " A
;:e . The test procecure was established in three phames, First, the selected ?&f, '
3 tibes were measured by laboratory engineers (one of the two classes of opera= .
ﬂ-} tors) at Evans 8igral Laboratory on two test sets, and the data recorded. '
B Second, the test sets were transported to the Tobyhanna Signal Depot in .
i Pennaylvania. After the initial training of depot'personnel (the second of T
[\ the tWo classes of operators) in the use of the equipments, several weeks L e
4 were allowed for familiarization and actusl use, during which time these . e alu
[ personnel tested over LOOO electron tubes. The sample tubes were then M
”;f measured on each test set by the depot opsrators, on separate days and - - R %‘m
= under the observation of a laboratory engineer, Third, after completing mﬁ*
and recording these measursments, the tubes and test ssts wers returned to ol
.‘o';l ESL where the laboratory measurements were repeated and recorded, This ﬁ ]
i/ latter step insured against tube damage during the testing interval, We N
K should note that at no time were the depot operators aware that they were %
g,'. participating in the experiment. They were merely informed that the tube -‘f;‘ S
B testers were being checked for ruggedness under constant use. ~
'{E'&' In order to avold & possible influence of repetitious measurements on ) -:,}v:f'.'
& the data; ths measurements were performed by both classes of operators on 'é‘rf}“-éﬁnw
k- individual tubes, selected in a random fashion, 33&;:::::;
"X fiiet
% Analysis of the measurements involved an estimate of the sampling vari- %
e ance for operators within each of the classea, This estimate was to be b
iy derived from twenty-five pairs of measurements, the expected values of 'f sl
which were speclally chosen to cover the range of use of the tube tester. ' ;} ??‘
bl.J Each of these estimates of the sampling variance would then be used in an W” ¢
g F test to determine whether or not the ratio of estimate values was con- . }“,.?\55'
ek sistent with an expected ratioc derived from two random samples from the . A
= same population, The hypothesis tested by the F test is: there is no T
%Ss real difference between the use of the equipment by the laboratory engineers .': )
R3O and its use by the depot operators. After the depot data had been recorded, RN
K it appeared that the second depot operator possibly had received insuffi- %ﬂ " )
A clent training in the use of the tube tester. In approximately twenty-five {, Y]
B percent of his triale he waas unable to adjust the tube checker so as to ot
“ obtain a reading. Since the estimate of operator variability is obtained -"
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