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FOREWORD

Professor 5, S, Wilks outlined the form of the first conference on the
Design of Expsriments in Army Research, Development and Tcosting,
Basgically, this meeting was composed of three parte: an invited speaker
phase in which experts were invited to discuss recent developmeuts and
applications in the field of design of experiments; tho second phase con-
sisted of technical papers presented with Army parsonnel discussing
recen’ successes in handling their problems, and [inally the taird phase
consisted of wo-called clinical sessions, 'Lhe vpeskers for these sessions
were also Army personnel, but now they were presenting unsolved problems.
Nationally known acientists served as panelists, These individuals, ns well
as members of the audience, discussed the unsolved design problems and
suggested meathods of attack on them. Professcr Wilks agreed to serve
a8 chalrman of the first conference, It ‘was such & succoss that the Army
has continued the meetings on a yearly basis, Dx, Wilks served as their
chairman until his recent untimely death, The Army Mathematics Steering
Committee, sponsors of the design symposis, fully realige the debt they
owe to Professor Samuel 8, Wilks of Princeton University and have asked
that the next conference, the tenth in this sericw, be dedicated to him,

At the Ninth Conference on the Denigh of Expariments, Drs. Lavid
Duncan, Churchill Eisenhart, H, ©, Hartley Solomon Kullback wnd Frank
Proschan delivered invited addresses. HEastimation of missile trajectories,
procision and accuracy, non-linear estimation, communication theory,
and inonotone hazard rates in systems rellability wure, respectively, the
t+ sien treated by these specialists, Dr, Craig Crenshaw was invited Ly ¢
the host to be the Aiter Dinner Speaker, Boyd Harshbusgnr served as
the Chairman «f the Panel Liiscussion on what types of Statisticlans are
neaded in Reseurch and Davelopmueut Laboratories, Ile agkad the follow-
iny perdons to serve on this panel and discuss various uspects of the
topler E. L. Cox, Churchill Eirenhart, Donald Gurdner, Frank L. Grahba,
John L. McDanisl, Paul 1. Rider, ard Wiiliam Wolman, In sddition to
those phases of the program, six papers were given in the Clinical
Scasions and twenty-aix papers in the Technicul Sewsions.

In order to contribute to & wide dissemination of knowledge and une
of modern statistical principles in the design of experimeants, the
AMSC is making these procesdings available to all internsted Army
personnel. Tho present volumn contains twenty-nine of the paper s which
were presented at this meeting,




i

Two hundred and twenty -nine registrants and participants from
over seventy different organizations attended the Ninth Confervence,
Spuakerns and panelists came from the Atlantic Missile Range; Atomic
Encrgy Commission; Blometrical Servicna, Agricultural Resnarch
Services, Plant Industry Station; Boeing Scientific Research Laboratories,
Brigham Young University; C-E-1-R, Inc,; George Washington University;
Goddard Space Flight Centey; Johne Hopking University; NASA Marshall
Spuce Flight Genter (George C. Marshall Space Flight Center); National
Bureau of Standards; National Institutes of Health; North Carolina
State University of the University of North Carolina at Raleigh;
Oakridge Nutional Laboratorica; Pan Amorican World Alrways;
Pairick Aix Force Base; Pratt and Whitney Aircraft; Princeton;
Renearch Analysis Corporvation; Research Triangle Inatitute; Sandia
Corporation; Texas A-M University; Univerusity of Wisconsin; War
Office, United Kingdom; Wright Patterson Air Force Base; and ten
Army facilities,

The membars of the Army Mathematics Steering Committee take
this opportunity to express their thanke to the many speakers and
othor research workers who participated in the conference; to
Migudier General John Zierdt for having the U, 8. Array Miasile
Command serve as host and for making available the facilitios under
hia command at Redatone Arsenal for the meeting; and to W, H, Ewart
who asrved as Chairmun on Loecal Arrangements. Those in attendance
ere andeed indebted to him fur the excellent handling of the many details
needed to make such 4 meeting nrofitable and enjoyable, Mxr. Dwart
was ably avsiotod in luewe taskn by members of hic committes: E, L.
Boibara, Bleanor Colbert, Ha»»y A, Dihm, Don Fulton, Siegfried H,
Lelnigk, and Clyde R, Ward,

A complete history of the U, S. Army Mlssile Command or detatls
of the work in progress at Redstone Arsenal wili not be given here, Lut
the following information about the host of the Minth Conierence on the
Design «f Experiments shuuld prove very interesting to those in atten.-
ance. These remarks and the {olluwing plcture were taken from the
pamphlet entitled U. 8, Army Missiles and Rockets,
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"Redstone Arsenal, Ala,, 18 the home of U, 5. Army missiles and
rockets where a dedicated military~civilian team of highly trained
specialists see to it that American nroldiers heve missile and rocket
wezpons ready for use, wherever and whenuver they may br needed
in the defense uf (reedom,

The U, 8, Army Miassile Command, which is a major commodity
command of the U, 8, Army Materiel Commaund, directs world wide
frmy missile activities from its haadquarters here. Also located
at Redstone Arsunal is the Army Ordnance Guided Missile Sahool
where troops of the U, 8, Army, the Army's sister services, und
allied countries, learn to be missilemen. The Natiun's top priority
program of perfecting an effective defense against attack by inters
coutinental ballistic missiles is directed from Redstone Arsenal by
the Nike Zeus Project Office, In logistical support of ull those org-
anizations iv the Ariny Missile Support Command, which {s a major
element of the Army Missile Command.

U, 8. Army missilen are the proud products of the paople who
stand behind them «- inore than 12, 000 men and women in and out
of uniform who are engaged in this vital work at Redstone Arsenal,
They are responsible for managing, developing and supporting the
Free World's most versatile misgsile systems. The American
soldier depends on the loug experiunce and know-how of these
seluntiste, technlcians, engineers, socretiries and shopmen to
being o misnile system successfully to life. They work in partnez«
ship with detenss contruciucs acrosn the nation to form a true Army-
Industry team,

It tukes money to provide up-to-date weapons for your mod..n
Army. Orno of the major responsibilities of the Army misnile team
1t to make sure that the taxpayer getr a fair return for the vortiun
of his tax dollar allotted Ariny missilcs., ‘I'his means a billion
dollar a yeer investment which is split among vdversitivy, private
rasnzarch insiitutions and American industry and which involves o,
than 40 prime contractors, 300 first tier subcontractors and mnre
than %, 400 subcontractors in almost every state in tho anion.
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Much of the work at Redstone ic done behind closed Joors under
tight security wraps. In the Missile Command's eight major reseaxrcl
and development laboratories, tomorrow's micsiles are today's work.
The Army calls it "in-house" research, It ranges across the entire
spectrum of missile tochnology including such activities as experi-
mentation with new high energy rocket fuels, investigation of new
means nf steering minsiles and advanced work in metals, chemicals,
and the physical sclences, The tools of the trade include massive
captive test stands where missiles aro held firmly to eaxth as their
rocket motors roar, lightning fast computers analyzing miler of
test duta In their electronic braine, and ever present slide rule in
the hands of engineers. The single word facilities is used to
describe land, buildings, improvements uand spuecialized equipment.
The Army invostment 1n "facilities" at Redstone is approximately
$300 million dollars,

Missile hardware iy the end product of our resources of people,
knowshow, money und {ucilities. These resources combine to form
the Army team at Redatone, which turns out superior missiles und
their supporting equipmont that do & varicty of jobs for the soldier,

This missile hardware covers the entira spectrum of the Soldier's
needs from a shoulder fired, two-pound, tank killes to the two-stage
Pershing ballistic missiie with a range of several hundred miles. It
includes missiles like Sergeant, a quick reacting, solid fuel nuclear
punch for the fleld Army, and the Nike Hercules and Hawk, which
geard Army unite cuverpesa and American citles av home from air.
craft attack.

Their shapes may differ but their pedigree is the same. "
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"THE ARMY'S MISSILE FAMILY -« Here stands the end

products of the Army's rerearch, development, and
teasting in missile weapons. The larger missiles, left

to right, are: Nike Hercules, Sergeant, Nike Zeus,
Parshing, and Nike Ajax. In the background is Lucrobue,
In the foreground is Hawk., Soldiers in the foreground
hold, left to right, the M-72 Rocket Grenade, the Redeye,
and the ENTAC, "
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NINTH CONFERENGE ON THE DESIGN OF EXPERIMENTS
ARMY RESEARCH, DEVELOPMENT AND TESTING -
23-25 Qctobar 1963

U, 5. Army Missila Command
Redstone Arasnal, Alabama

Wednesdey, 23 October 1963

0815 REGISTRATION Bidg. 7120, Lobby of
Rockat Auditorium

090 CALLING OF CONFERENCE TO ORDER Rocket Auditorium
Colonel Daniel F, Shephsrd
Director, Research and Development
U. 8. Army Missile Command

WELCOME
Brigadier Ganeral John Q. Zisrdt
Commanding General
U. 8, Army Missile Command

MOVIE
"This is Redstone'

ANNOUNCEMAENTS
Wade H, Ewart, Chairman
lLocal Arrangements Committes

0930 GENERAL S£SSIOM 4
Clairmant Colonel Nilw M, Bengston
Commanding Qfficer, Army Renearch
Office, Durham, N. C.

"COMMUNICATION THEORY"
Solomon Kullback, Dept. of Statistics,
The George Washington University

(1040-1115 COFFEE BREAK - Lobby of Rocket Auditorium)

VPHE CONCEPT OF MONOTONE HAZARD RATE.
IN SYSTEMS RELIABILITY"
Frank Proschan, Mathematice
Research Laboratory, Boeing
Scientific Reseurch Labaoratories




X

1230 LUNCH Bidg. 710l, Cafeteria

1330 TECHNICAL SESSION 1 Bidg, 710l
Control Room

Chairman: Kenneth H, Abbott, Army
Materials Research Agency, Watertown
Arsenal, Watertown, Mass.

"UNBIASED ESTIMATES OF RFVLIABILITY WHEN

TESTING AT ONE EXTREME $TRESS LEVEL"
A, Bulfinch, Quality Assurance
Directorate, Picatinny Arsenal

"THE COLLECTION, PROCESSING, AND STORAGE OF DATA
ON SERIALIZED NUCLEAR WEAPONS ITEMS"
Manfred W. Krimmer Statisticsand Analysis
Section, Reliabllity Branch, QAD,
Picatinny Arsonal

1330 TECHNICAL SESSION I Bldg., 710!
Conference Room

Chairman: Slegfried H, Lehnigk, W
Physical Sciences Laboratory
Army Missile Command

"PROBABILITY THAT STRESS 18 1.758 THAN
STRENGTH AT PRESCRIBED CONFIDENCE LF.VELS,
FOR NOPMALLY DISTRIBUTED DATA"

F. L. Bombars. Prupulsion and Vehicle
Engineering Division, NASA Marshall
Space Flight Center

"STATISTICAL TESTING TECHNIQUES USED IN THE
DEVELOPMENT OF THE RLI0 ROCKET ENQINE"
Harold J, Tiedemann, Pratt & Whitney Aircraft,
representing NASA Marshall Spuce Flight Center

"COMPUTER SIMULATION STUDY OF BRUCETON AND
PROBIT METHODS OF SENSITIVITY TESTING"
J. B, Gayle, Propuision and Vehicle Engineering
Division, NASA Marshall Space Flight Center
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xi

1330 CLINICAL SLSSION A Rocket Auditorium '
Chairman: Bertram W, Ha'nes, ’
Biometrics Division, Army Biological
Warfare Laboratories, Fort Detrick,
Frederick, Md.

Panualists;

Dr, Walter D, Foster, lomathematics
Division, Army Blological Warfare
Labotatories

Profassor H, O, Hartley, Insti ate of Statistics,
Agriculturat and Mechanical College of Texas

Professor H. L. Lucas, Jr., Institute of
Statistics, North Carolina State College

Dr. Clifford J. Maloney, Division of Biologics
Standards, National Institute of Health

"THE IMPACT OF ADMINSTRATIVE LIMITATIONS
ON THE DESIGN OF EXPERIMENTS"
Gerhard J, [sasc, Army Medical Ressarch and
Nutrition Laboratory, Denver, Coloradoe

'"USE OF THE MITCHERLICH EQUATION IN THE THREE.
PHASE EXPERIMENTAL DEGIN"

Ardle Lubin, Dapt. of Clintcal and Social

Psychology, Neuropsychiatry Div., Walter Reed

Army Institute of Resaarch, Walter Reed Army

Medical Center

(1450-1530 COFFEE BREAK - Liobby, Rocket Auditorium

and Cafeteria, Bldg. 7101)

1849 TECHNICAIL SESSION III Bidg. Tl
Contral Roouin

Chairman: Alan 8. CGalbraith,
Army Research Office, Durham, N, G,

"VERIFICATION OF PRODUCT ACCEPTANCE
INSFECTION BY VARIABLES"
Henry Eliner, Directorate for Quality
Awssurance, Edgewood Arsenal, Md,
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"VERIFICATION OF PRODUCT ACCEPTANCE
INSPECTION BY ATTRIBUTES"
Joseph Mandeleon, Directorate fur Quality
Assurance, Edgewaood Arsena!, lMd,

1330 TECHICAL SESSION IV Bldg. 7101
Conference Ruom

Chairman; Frank L, Carr, Army
Muterials Reseazch Agency, Watertown
Arsenal, Watertawn, Mass.

"ADDITIONAL ANALYSIS OF MISSILE TRAJECTORY
MEASURING SYSTEMS'!
Oliver Les Kingsiey and Bernie R, Free,
Range Instrumaentation Systems Office,
White Sunds Missile Range, New Maxico

"ASPECTS TO CONTROL LIQUID PROPELLANT
SLOSHING BASED UPON EXISTING THEORY'
Werner R, Eulitz, Propulsion and Vahicle
Engineering Division, NASA Marshall Space
Flight Center

"BASIC CONSIDERATIONS FOR THE FRELIMINARY
DESIGN OF A SHOCK TUBE FOR THE EXPERIMENTAL
INVESTICATION OF THE ACTION OF A NUCLEAR WAVE
UPON A MISSILE"

Dietrich E. Qudeen., Structures and Mechanics
Laboratory, Army iviise!la Command

1530 GLINICAL SESSION B Rocket Auditorium

Chairman: Henry A, Dihm, Advanced
Systems Laboratory, Army Missile Command

Panel'sts:

Proiessor David B, Duncan, Johns Hopkins Univ,
and Atlantic Missile Range

Professor Solumon Kullback, Dept, of
Statistics, The George Washington Univ,

Dr. Frank Proschan, Boeing Scientific
Regsearch Laboratories

Profemsor G. S, Watson, Dept. of
S.atistice, Johns Hopkins Univeraity
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"RELIABILITY CONCEPTS FFOR MISSILE BATTERIES"
Nicholas Wilburn, Army Electronics Research and
Devalopment Laboratory Fort Monmouth, N, J.

"MONTE CARLO APPLICATION FOR DEVELOPING A DESIGN
RELIABILITY GOA). COMPATIBLE WITH SMALL SAMPLE
REQUIREMENTS!

Hay Heathcock and Dale L, Burrows, Propulsion and
Vehicle Engineering Division. NASA Marshall Space Flight Center

Thuteday, 24 October 1963

0830 TECHNICAL SESSION V Bldg. 710]1, Confer. Rm,

Chalrman: Lt, Colonel Stefano Vivona, Division of
Communicable Diseanes, Walter Read Army Institute
of Research

"BXACT MULTIPLE CONTINGENCY TABLE ANALYSIS"
Dorothy Barg, Morley Leyton, and Clifford Maloney,
Division of Blologics Standards, National Instituce of Health

'"MICROSPEC TROSCOPY OF TISSUES"
CGoorge 1. Lavin, Army Ballistics Research Laboratories,
Aberdeen Proving Oround, Md,

(09%0-1000 SHORT BREAK)

"RELATIONSHIP OF AEROSOL STABILILY TO VIRULENCE IN
MICRO-ORGANISMS!
[luwaiu U, Nleleon, Dugway Field Qffice, C-E-I-R, INC., and
Lrigham Young "'nlv.. rep. Dugway Proving Ground

otan TECHNICAL SESSION V1 Rocket Auditorium
Chairn.an: Badrig Kurkjian, Harry Disuiond Laboratorics
"DESIGN FOR THE SEQUENTIAL APPLICATION OF FACTONS'

Sidney Addelman, Research Triangle Inst., rep, Army
Research Office, Durham

2P FACTORIAL EY.PERIMENTS WITH THE FACTORS APPLIED
SEQUENTIALLY"
R. R, Prairie and W. J. Zimmer, Sandia Corp,, rep,
Atumic Energy Commission




xiv
(0950-1000 SHORT BREAK)

"ESTIMA'TION OF ERROR-SPECTRA FROM THE CROSS-
COVARIANCE FUNCTIONS OF DIFFERENCES"
D. B, Duacan, Jehns Hopkine Univ,, and W, T.
Wells, Pan American World Airwavs, Guided
Minsile Range Div,, PAFR, Fia,

0830 TECHNICAL SESSION VIl Bidg. 7101, Control Rm,
Senurity Cluasification: CONFIDENTIAL

Chairman: John Purtell, Waterviiet
Arsenal, Watervilet, N, Y.

"A COMPARISON OF DIFFERENT METHODS OF
WEAPONS EVALUATION"!
Andrew J, Eckles, IIl, Research Analysis Corp,

"DESIGN OF A DATA GATHERING MODEL FOR
EVALUATING SURFAGE.TO-AIR MISSILE
SYSTEM SUPPORT REQUIRMMENTS"

Leon Miiler, Research Analysis Corporation,
prenented by N. Ray Sumner

{0950«1000 SHORT BREAK)

“AN ANALYSIS OF HELICOPTER RECONNAISSANCE
TECHNIQUES"
Arthur P, Woods, Reusearch Analysis Corp.

(10401120 COFFEE BREAK - Lobby of Rocket Audit~vium)

1120 CGENERAL SKSSION 2 Rocket Auditorium

Chairman: Dr, Walter D. Foster,
Biometrics Div., Army Biological
Warfare Laba, Fort Detrick, Md,

"REALISTIC EVALUATION OF THE PRECISION
AND ACCURACY OF INSTRUMENT CALIBRATION
SYSTEMS"
Churchill E{senhart, National Bureau of Standards,
Washington, D. C,
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1230  LWUNCH Bldg. 7101, Cafeteria

1330 TECHNICAL SESSION VII1 Bldg. 7101, Control Rm,
Security Classification: CONFIDENTIAL

Chairman: Harold Fassberyg, Research
Analysis Corporation :

"STATISTICAL STUDY OF RELIABILITY AND
ACCURACY OF SURFACE-TO-AIR MISSILES"
Bruce Sterner, Surveillance Group,
Army Ballistios Rescarch Laboratcries,
Aberdeen Proving CGround, Md,

1330 TECHNICAL SESSION IX Bldg. 7101, Confer. Rm,

Chairman: Miss Arla Weinert,
Research Analysis Corporation

'"NOTES ON FLEET HOMOGENEITY AND HETEROGENEITY"
G, E. Cooper, Research Analysis Corporation
1330 TECHNICAL SESSION X Rocket Auditorium

Chairman: E, L. Bombara, Propulsion
and Vehicle Engineering Division, NASA
Marshall Space Flight Centar

"STATISTICAL DECISION THEORY!
Tione! Wuise, Army Mathematies Rcasarch
Guater, University of Wiaconsin

(1413 -1450 COFFEE BREAK - Lobby of Rocket Auditorium)

1450 GENERAL SESSION 3 Rocket Auditorium

PANEL DISCUSSION ON WHAT TYPE OF STATISTICIANS
ARE NEEDED IN RESEARCH AND DEVELOPMENT
LABORATORIES

Chairmun: Profeasor Boyd Harshbargaer,
Virginia Polyterhnic Institute




xvi

Paneliots:

Dr, E. L, Cox, Biometrical S8ervices, ARS, Plunt
Industry Station

Dr, Churchill Eisenhart, National Bursau of Standards

Dy, Frank E, Grubbs, Army Ballistice Reseaarch
Laboratories, Aberdeern, Md,

Mr, Jolin L, McDunlel, Diréctorate of R&D,
Army Misasile Command

Dr. Paul R, Rider, Office of Aero-Space
Rewearch, Wright-Patteraon AFB

Dr. Willlam Wolman, Uoddard Space Flight
Center, NASA

Dr. Donald A, Gardiner, Mathematics Div,,
Onkridge National Laboratories

1900 SOCIAL HOUR AND DINNER Redstons Arsenal
Ofticers' Opsn Mess

Eveaing Session Chairman:
Mr, John L. McDaniel, Technical
Director of R&D, Army Minssile Command

Aftey Dinner Speaker!: o

Dr, Craig M, Crenshaw, Chief Scientist,
U, 8, Army Mateariel Command

Friday, 28 Oatober 1963

0830 TECHNICAL SESSION X! Rocket Auditorium

Chairmen: Erwin Biser, System Division,
Surveillance Department, Army Electronics
Research and Development Laboratory,
Fart Monmouth, N, J.

""AN ANALYSIS OF FACTORIAL EXPERIMENTAL DESIONS '
L. W. Kesting, Praopulsion Laboratory, Army Missile
Command

"SOME ASPECTS OF ANALYSIS OF PARTIALLY FACTORIAL
EXPERIMENTS"
Scott A, Krane, Dugway Field Office,
C-E-I-R, INC,, representing Dugway Proving Ground
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0830 TLCHNICAL SESSION XII Bldg. 710!
Control Room

Chalrman: Robert £, Weigle, Waterviiet,
Arsenal, Watervliiet, N, Y,

"RELIABILITY ESTIMATION FOR MULTI-COMPONENT
BYSTEMS"
James R, Kniss, Surveillance Group, Army
Ballistics Ressarch Laboratories,
Aberdeen Proving Ground, Md,

"STATISTICAL STUDY OF AGING CHARACGTERISTICS
OF ARTILLERY MISSILES!
Raymond Bell, Surveillance Group, Army
Ballistic Ressarch Laboratories,
Aberdeen Proving Ground, Md.

0830 CLINICAL SESSION C Bldg, 7101
Confersnce Room

The papor by D, H. Chaddock carries a wecurity
tinwsification of CONFIDENTIAL; the paper by
Lester Kate {s not olassifiad,

Chairman: Fred Frishman, U. 8, Army
Research Oftice, Washington, D. C,

Fanelists:

Dr, O P, Bruno, Surveillance Group, Army
Bailistics Research Laboratories

Dr, F, E, Grubbs, Army Ballisticse Research
Laboratories

Dr. Lionel Weiss, Army Mathematics Research
Center, University of Wisconuln

Professor 5, 8, Wilks, Princeton University

YTHE MEASUREMENT OF THE MORALE AND SUPPRESSIVE
EFFECTS OF WEAPONS"
D. H, Chaddock, Esq., C. B, E,, Diractor of Artillery
Research and Deavelopment, The War Office, United
Kingdom (prenented by Q. F. Kornlosy, preasently attached
to the Rewearch Analysis Corpcration)
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"THE DESIGN OF AN EXPERIMEN'TAL PROGRAM TO
INVESTICGATE BUCKLING IN THE HOOP DIRECTION
OF PRATIALLY FILLED BULKHEADS UNDER LOADING"
Liester Katz, Propulsion and Vehicle Engineering
Divislon, NASA Marshall Spaco Flight Center

(09% <1020 COFFEE BREAK - Lobby of Rocket Auditorium)

1020 CENERAL SESSION 4 Rocket Auditorium

Chairman: Profesor S, 8. Wilks,
Princeton University

'"NONLINEAR ESTIMATION!
H. O. Hartlay, Inatitute of Statistics,
Agricultural and Mechanical College
of Texas

"ON THE SIMULTANEOUS ESTIMATION OF A MISSILE
TRAJECTORY AND THE ERRCR VARIANCE COMPONENTS
INCLUDING THE ERROR POWER SPECTRA OF SEVERAL
TRACKING SYSTEMS"

David B, Duncan, Professor of Statietics and Bio-
statintics, Johne Hopkins University, and Statistical
Consultant, Atlantic Missile Raage

1230  LUNCH Bldg. 7101,
Cafeteria

1330-1530 TOUR OF ARSENAL FACLILITIES

Bl QS ERRGFL . ot




COMMUNICATION THEORY

Solomon Kullhack
Department of Statistics
The George Wasliington University

This presentation will cover one aspect of communication theosy and
1 shall try to relate some of the concepts of interest to the communication
engineer with the general subject of this confurence. In particular 1 shall
talk about certain facets of information theory, an important field of con-
temporary probability theory and statistics.

1 shall not take the time necessary to enguge in & detailed discunsion
motivating the technical definitions of measures of information and informa-
tlon theory, except to remark that among the various definitions which have
been given is one that states "information is & measure of time or cont of
a sort, which is of particular une to the engineer in his role of designer
of an expevriment”.

Suppose & system (or information source) has ¢ different possible

¢vents or categories or messages Al' Az. ...Ac with respective
probabilities of occurrence Py Py XRND El P - i,
(i) o (Al' Az""'Ac)

L R

The expression

(&) H(6) = -pjlogp; - Pylogp, - ... - plogp,
= E (h)
where h is a random variable which takes on the values log ;1—- L ng p—l- ,
2

., log pl , is called the entropy of the system ¢, by analogy with

a similar con%ept and mathematical expression in statistical mechanics.
The entropy is interpreted as the mean uncertainty about ¢ prior to an
obmcrvation, or the mean information about ¢ provided by an observation,

The base of the logarithm is quite arbitrary and is just a unit of measvrement.
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'T'he fact that

(3) nab = a¥, x = logy n, y = log, n, leg, n = log, & logy n

permits ready change {rom one logarithmic base to another. The following
Table 1 indicates the unit in which H (}) is measured for the more cornmon
bases of logerithran

Table 1
" Base Unit
b2 ‘ bit
| e nat, nit
10 dit, Hastley

where tlie unit name Hartley is to honor the communication enginesr R, V. L,
Hartley who in 1928 introduced a logarithrnic measure of information for
uee in communication enginecring,

Liet uo consider some of the properties of H (4).

(1) The value of H (¢) is independent of the numerical value, name,
qualitv category, ur ulther disignation of the events “‘5' hut depends only
on the probabilities of their occuvrence.

(2) H (9) is a symmetric funrtion of the probabilities

(3) H(¢) > 0, with equality if and only if soma P, = 1 and all other

Py o= 0, Y e {we define 0 log 0 = 0),

{4) For two events, that is ¢ = 2, with By " \/e = Py H (&) = log 2
= 1 bii, cthat is
one bit of information is the capability of resclving the uncorteinty

in & choice between two equally likely alternatives,

(5) H (¢) is a maximurn if all the p. are equal to 1/c in which cane
H (9) = log ¢, Hartley's measure, 1 ,
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The maximum value of H (Q) correaponds to the resolution of the
greatest uncertainty and the zero value of H () corresponds to no un-
certainty. From this we may infer an important principle, The
dete rmination of one of A group of objects by & sequence of selections
Wil by most eificiently accomplished in the sense of minimum mean
effort if ench selection is made from equally probable groupings, that
is, with maximum information, or maximum urcertainty resolved for
each selection,

Suppoee one of k objects is to be determined by the answers to m
questione as to which group contains the object in question, The maxi-
mum information {s provided by an anawer if the objacts are groupsd
into r groups of equal size ylelding log,r bits of information per
answer. The answers to m independent questions may be considered
as the analogue of & communication channel of capacity € « m log,r
bits, The maximum uncertainty in & source of k objects is H - log,k

bits. If H ¢ C, a predetermined object can be uniquely identifled with-
out error, that is, the uncertainty can be completely resolved, However,
it H> C, the identification cannot be made without some ponsibility of
error, that is, the uncertainty cannot be completely resovlved, ' For
example, suppose there are 27 coins of equal value of which 26 are of
the same weight and one, a false coin, is heavier thian the othors, How
many welghings on a two pan balance, without waights, are necessary
always to detarmine the false coin? The uncertainty that muet be ra-
solved is H = log 27. Therc are 3 possible outcomes &t a weighing,
the left pan is heavier, the right pan is heavier, both pans balance.
Thus each weighing provides information of measure ot mast log 3. To
be sure iu uslesinlne tl-e frtze coin at least thrae weighinge are there-
fore necessary since 3 log ? = loyg 27. We leave it to you to develap

{he apprapriate sequence of operationa. What if thevs are 45 inlna?

-

Clozcly related to the preceding ideas is the goding theoyn:o which
states that given & source of mean information of H bits per observation
it is poesible to encode or trauslate sequer~as of vhuarvetions into
sequences of two elements only, say the binary digite 0 and §, ruch Lhat
on the average, & sequence of N original oLservations (information
conteut NH and information content NH bits. We note this as a law
of conservation of information,
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Suppose there are k possible observations with probabilities of
k
occurrence p,, pz, AN pk, 12'-'1 P, " 1. Each of the k ponaible

observations could be reprasented by a aequence of r binary digits,

where k ¢ 27 or r 2 logyk, A sequence of N obassrvations would thus
be translated into & sequence of ¥N * N log,k binary digits. The coding

theorem says in effoct, that by taking advantage of the Jdillurent probabll«
itiew of occurrence of the observations since « plmgzp1 - pz'l.crgzpz -

- Pk l.ogzpk ® He, logzk there exists & more economical translation, NH« N»

log,k ¥ xN, and that it is the best possible translation, A similar nation

underlies the technique of sequentiul analysis in statistics which achieves
a toat of & certaln strength with a mean number of observations » naller
than a fixed sized sample of similar strength,

In pasticular, suppose there are four possible observations, u/y
A, B, C, D, with respective probabilities of occurrence p (A) = 1/2,

p(B; 2 1/4, p(C)=1/8, p(D) = 1/8, For this source it is found that
H = <)1/2logl/2 - 1/41eg1/1 - 1/8logl/8 «1/8log /8

(4) = 1/2log2 + 1/2log2 + 3/Blog2 + 3/8log2
« 1,75 log2 = 1,75 bits

A coding that will achiscve a ieun of 1,75 Linary digite pas original
observation is glveu by the Funo coding

(8)

"

TCCwp»

S W
Lol =Y
- O

Q
1

Note that this coding ie derived by & sequence of groupings into two equally
prubable groups, identifying the elements remaining in each group in each
step by tho binary diglt 0 or 1: first into the grouping (A), (B, C, D); then
into the grouping (B}, (C,D); and finally into the grouping (C), (D). This
Fano roding will uniquely convert a sequence of A, B, C, D'sincu
wequence of binary digits and back to the A, B, G, D's,
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As an example,

() 10110101001310100011130110. ..

is grouped uniquely according to the given Fano coding into

(7) 1o0/110/10/10/0/1122/0f10/¢0/0 v 0/0/00 0/, .,
and converted to

(8) BCBBADABAADAC, ..

The mean number of btmiy digita per original ohservation is

(9) 1 x 1/2 + 2x)/4 + 3x1/8 + 3x1/8 = 1.75
of which
(10) bxl/2 + 1z 1/4 +1 x /8w 7/8 % 0,878

ara "O", and 0,875 are "1,

For the pinary coding

(i)

oaw>
5 4 0 H
- 0O C
-0 -0

The convirted binary sequence corresponding to N original
obrervations would conwsint of 2 N binary digits rather than 1,75 N
hiaary digits.

This sort of idea is clearly of importance in conmidarations of
affizlency and economy not only in communicitions but the atoray= vnd
rapid scanning and retrieval of large volumes of data,

The facsimile transmission of typewritten material by two signal
levels, white or black, may be accomplished by dividing the typewritten
material into elements by rows and columns 100 to the inch. A particular
small sample of typewritten text yielded the following data on the four

___

» T i
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possible pairs of consecutive elements;

Table 2

Frequency Probability Binary Coding Fano Coding

White White 14,38l 0. 8204 00 0
Black Black 1,786 0.1020 11 10
Black White 709 0,040% 10 110
White Black 642 0.0366 01 111

17, 518 1, 0000

The number of binary digits required to record the sampla in binary
coding, 2 digits for each pair of elaments ia 2 % 17518 = 35,036; for Fano
coding the numbar of binary digits required is

{(12) 1 ox 14,380 + 2 x 1,786 + 3 x (709 + 642) = 22,006

The number of binary digits given by the theoretical H is still
smaller, 16, 320, obtained {rom

(13) NH = 17518 (-0.8209 log, 0.8209 - 0,1020 log, 0,1020 -
0. 040% log, 0. 0405 - - 0.0366 log, 0.0366)

» 17518 (0,233% 4+ 0.233%9 + 0.187% + 0,1747)
2 17818 (0 931¢) = )6, 320,

For a grouping of the elemunts into the sixteen sete ol four
consacutive elements, the data gave:
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Table 3
Fano
Frequency Probability Binary Coding Coding  -p logyp

WWwWW 6, %86 0,782 0000 0 0. 3092
BBBB 387 044 1111 1000 11983
WWBR 295 . 034 0011 1001 1659
BWWW 283 032 1000 1010 1589
BBWW 282 032 1100 1011 1589
WWWB 264 , 030 0001 1100 1818
BBBW 211 024 1110 1101 1291
WBBB 17 . 020 0111 11100 JA129
WBBW 108 012 o110 11101 0766
WWBW 54 . 006 colLo 111100 ° 0443
BEWB 34 . 004 1101 11110l 0319
BWWB 3l , 004 1001 1111100 .,039
wBww 3 . 004 o100 1111101 ,0819
BWBB 19 . 002 1011 i1t11110 ,0179
WBWR 3 . 000 o101l ,11111110,0000
BWBW 3 , 000 1010 11131111)1.,0000

8,759 1, 0000 [oerss

The number of binary digits required to record the sample L binary
coding, 4 digite for each of the sixteen ponsible yroupss of elemunts is
4 x 87%9 = 35 036, For Fano coding the number of binary digits roquired {(«

(14) 1 x 0586 + 4 x (3A7 + 295 + 2B3 + 2B2 + 264 + 211) + 8x (17! +108)
d b x (54 4 34) + 7T x (31 431 +19)+8x(3+3).18 997

The number of digits given by the theoretical H la 8759 x 1, 6178 = 14,100,

For s grouping of the picture slements iulc the 25b sets of eight consecu-
ti-e elements binary coding would still require 35036 digits, but ann coding
requires only 132581 digits, a figure that more nearly approacher the thaoretic-
sl NH for this situation, 12869 digits, Clearly, as the number of elements
grouped increases, the results of the Fano coding approach the theoretical
value determined by H. Thin is true because grouping into equally likely
groups can be more nearly accomplished with the smaller probabilities, To

P

[ ]
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achleve the resultant saving in transmission, unfortunately requires extra
complexity in the equipment for storage, scanning, and reconversion,

In transmitting sequencen of binary digite whether in a communication
channel or a computer, errors do occur and it is therefore of intereat to
be able to detect and carract much arvors and most desirably by the squip-
ment itmelf, The basic principle iu to limit the number of possible signals
that may be transmitted by the use of particular patterns or various kinds
of check or parity digits, The following problem is mathematically equiva-
lent with an error detecting and correcting code. Suppose that no more than
one of seven electrical compunents say a resistor may be defective, say
shorted, How can the possible defective one always be detected it a
minimum number of teuts ? Hare there are eight possibilities, none defective
or Ry, R, +.+s Ry defective, We thus need log 8 = 3 bits of information,

The test can be accomplished by three circuits with resistors in series and
testing each for operability.

Ry, My Ry, Ry A
(15) Ry, Ry Ry, Ry 1 G,
R, Ry R, R, ' G,

Tha defective resistor, if any, is deduced in accordance with the
following table:

Table 4
Nanoperuble Defeact, e
o R5
C?. Rl’)
C3 Rl
C, and G, R,
Cl and C3 lil3
C, and 03 34
c, ﬁmt:lC2 and C3 Rl
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Of course if all the circuits are operable then thare is no defective resintor.

Liet us return to the c-category system ¢ ., Clearly H : -bpilog Py is.

s parameter of this system of probabllities or of thy correaponding multi-
nomial distribution were we {0 take & random sample of n observations from
the c.category population. A messure of the mean divergence par observa-.

tivn of the diatribution (p‘. pz,' ey pc) from the uniferm distribution
(1/e, Ve, v, 1/¢) or the radundancy of the communication engineer in the
signals Ay ey A : o

e e
(16) log.c - H = log c + T plog p = I plog p/(1/e),
and for n indepandant observations it is
' 1 z 1/
(17) lp = 0 2 plog By ¢).,

We may veriiy this as follows, There are ¢® possible samples, The
entropy for the sample distribution from the populution (Pl' Py e Pe) '

is
(18) Hﬂ = « X P“"‘P,‘nlog Du."'p‘tn
- -3 - al Pn\ .. [ nl, , "c
L A P."log 3 P,
=-n (p,log Pyt ... tplogp ) = nH
where in the first summation (4, , ..., 1n) varies over all poasible
permutations of (1,2, ..., c) taken n at & tline and n, +n, E

+n, e n with n, the number of occurunces of categery | ina sumple,

The entropy for the sample distribution for the uniform population is
log ¢® = nlogce

R

ey L
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Given a sample of n observatians, with ny nz, oy nc occurrences

c
respectively in each of the ¢ categeries, n = T T, we may astimate the
p'sand 1 in (17) above by =1

A hY
(19) Pown/n, I = n B B log B /(1/e),

It turne out that 2 fn' using natural logarithms, asymptotically has &

chi-uquare distribution with ¢-1 dogrees of freedom under the null hypothesis
of & uniform distribution, If the sampie werc drawn from the population

(Pl. very Pc) then 2 I\n asymptotically has a noncentral chi-square distribution :
with c-1 degrees of freedom and noncentrality parameter 2 I . i

Lot us now consider the case of the system ¢ in whldh aath event !
corresponds to the joint cccurrence of a pair of values say A, = (a;, ﬁj)

i= L, ..., § =1, ,, ¢, with the corresponding joint probabilities
play, By), with

' a
(20, ?zj P( it ﬂj) = 1,

Therce now enter into consideration the marginal probabilitios

(, - ' " ) n
(21) Pl = 7onlen, By n(B) = F play, 8)
and the conditional probabilities
@20 pey| B = pley Bp/pia) o (B lay) = play 2/ b))

We dofine the entropy for each of thu sets of joint, marginel and
conditional probabilities by
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H {a, B) "? fp(ﬂi.ﬁl) IOIP(QP Bj)‘ .
H (a) “pplag) logplay) 5 R = - zp () logp Ay,
(23) H‘ﬁ"ﬁi) - zi P(ai I Hj) 10‘?(&‘1 | Bj)

umM)-fp@)mﬂﬂ>
BB lag)n - ; pi8 | @) tog p @ | ay
BiBla) = ppla) BB ap

It may be shown that

(24) Hie, B) » H(e) + H(B]| &)
« H({B) + K (a | B

that is, the mean uncertainty about (he pair (@, 8 ) is the mean uncertuinty
about @ plus the mean uncertainty about 8 given a, with a similar interpreta-
tiwn for the sscond equution. It may also be shown that

(22) H@B|a) ¢ HPB) ; Ha | B ¢ Ria)
with equality if and only if @ and  are independent, thatis p{ @y ﬂj )=
pley) p (ﬁj) . Note that (25) means that the mean uncertainty about B  iven

« is less than the mean uncertainty wbout B and tho two are nqual if and
only if @ ia independent of B and contributes no information,

From (24) and (25) we sec that

(26) H(a, B) ¢ H(a) + H(B)

with equality if and only If @ and 3 are independent.
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If @ is the input to a communication channel and # is the output, then

(21 H) -Hla | B) » Ia, B) ® 0

is a measure of the information transmitted via the channel or of the
statistical dependence betwean oulput and input. It may be seen that

(28) I(e, B) » Hla) + H(B) - H(a,B)
" play) log ple,) - Jﬂ P(Bj) log p(B

+ f:g. p(a‘. B) log p(ai. Bj)

(ﬂ’ i ﬁ)
“ rr p(ai.BHoz(-P i Py )
by J P ey p By

Mathematically, the channel is characterized by the conditional
probabilities p (Bj l a-i) . We note that

j)

p (B l Gi)
(29) I(u.B) = gple) £ p@]|a,log _._T_Ti Pl

and ti.o capacity of the channel in defined as

(30) C = sup Ia,f)
whero the sup is over all pouib(e inputs ip(a‘)] given jp (Bj | ai}J' and
we recall that p (BJ) "1 plﬁJ ay) pley).

The exprassion for 1{a,B) an written in (28) {g 4 cpacial case of
the mor« general result

(1) LY« f iy log S ar () dmly)

which i {tself a special cane of

[y @)
(32) 1(1:2) = ! fl (8) log WT da (&)
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whete !‘ (&) and iz (&) are the generalized densities curresponding

to tha distribution of the random variable § under the hypotheses H

and Hy . Inthe expression for 1(X,Y), H1 is the hypotheais that the
comporient random variables in § 3 (X, Y) are dependent and H2 is the
hypothesis of independence. We note that § may be a random vactor of

1 components or even a wtochhstic process and the same remark holds for
X and Y in (31).

In the remainder of the discussion we limit curselves to natural
logarithms, We mention two interesting purticular cases of (31),

(1) if X and Y are normally distributed, then it is found that
(32) 1(X,Y) = «1/2 log (1 - p3)

where p is the correlation coefficient of X and Y and we note that (33)
doen not depend on the means or variunces,

{2) Let Y be aparameter & ranging over a space @ , so that
{(x,0) is the Joint probability density of x and &, hW {# ) is the prior
probability density of 8, g (xil 8 io the conditional probability denasity
of % given 0, and the marginal probability density of x in g (x)

n',_{ g(x | 8) h (6)d8., An experiment is the ordered triple (x, @,

g lx | #)Y =2 8 und the infurmation provided by the »aporiment £
with prior knowledge h(0) iu

(1) 1(8) = [f [(x,0) log %) dx d@,

We shall not consider the many interesting and yuaful properties of
1(1:2) in (32).

We shall now give a simple illustration of the additive analyais of
the information measures and its application in tests of hypotheses. It
may be easily shown that

W - SRR B .
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(38) 1(X,Y,2) = 1(X,(y,2}) + 1(Y,2)

whers

(36)  1(X,Y,2) = ff(*»%')‘°’ :(Qt(wf(ﬂ

d A(x) duly) av ()
and

f‘ A !
(31 LXAN2)) =) 0y e) 10§ Tlarrtyrs 42 %) duuly) d9(s)

that is, the measure of the mutual independence of X, ¥, and Z is analyned
into & measure of the independence of X and the pair (Y, Z) and the measuras
ol the independance of ¥ and 2,

For samples of size n {rom normal populations the estimatos uf the
valing in (35) lead to the analysis ol information table

Jable 8
_Inxorrﬁation (_?o;_ngo_xlgx.\t D. F, /‘,Z
)
- {n-1) log (1-:;. ) 1 3/2M
2
- (nl) log (l-rx' ym) 2 8/2M
’ ) |
en 1Ylog 1 r"y rynl
ryx 1 r . 3 ll/ZN

- -

Tex  Tuy
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whera the degrees of freedom are those of the noncentral chi-square
distribution with noncentrality parameter ¢ undex the null hypothesis of
indspendence.

For a three-wiy r x ¢ x d contingency table the corresponding
analysis hecomes that in table 6,

Table 6
Information Component D, F,
2L L  log Piik (c-1) (d-1)
[ S
ijc an
n iy
2E DI log——ibin (re1) (ca1)
i § k ik £t )
Lo oo
nz £
2 %" f E !Uk log }i f]!lﬂj - :_ red=r-ced+2

where f is the frequoncy of occurrence in the cell at the i-th row,
-t 7 I, - d = f f .
j==n zolumn, and keth depth wich ‘.jk f fijk v £ = 2' E 1k

n - :f f E fﬁk eta,, and the degruc< of treedom are those of the

asymptoti : chi-square distribution under the null hypothasis of ind~pendencs,

We remark that there ore many othor applications of thuse last
concepta but we lin.it curselves tn these two because of vime Also thal
more axienvive tables of the noncentral chi-syuaie distribution have
rreuntly hewn comnputed than those flrst published by R. A, Fishe: 1t
rnay he noted vhat all the expressions in the continganey table analysic
may be expanded into sums and difterences of terms of the fuorm 2nlog n,
Tables uf 2nlog n are avallable for n = 1 {1) 10,000 so that the arithmastic
is one of table look-up additior. and subtraction.

I koo 7hat this exposition has stimuluted sume of you to look further
into theve mutiz+r ae pousibly useful in your nrons of application.

l
!

¢




THE CONCEPT OF MONOTONE FAILURE RATE
IN RELIABILITY THEORY

Frank Proschan
Boeing Sciantific Research Laboratories

1. INTRODUCTION, Most analyses of reliabllity problems assume
that the form of the underlying failure distribution(s) is known; the para-
mater may be assumed either known or unknown. Popular familias of
failure distributions are tha exponential, Weibull, gamma, normal, and
lmgnormal.

The wukncn of suth analyses h that the conclusions seached may
" v grossly in error if the assumption as to underlying failure distritutions
is incorrect. In fact, the arror in the original assumption may be greatly
corpounded in arriving at the final conclusion, espaaially {f the conclusion
concerns a tail probability or if the system snalysed is complex. A good
exaraple of the pitfalla of an erronecus assumption as to the form of the
underlying fuilure tiatribition is fuvnished by Zelen and Dannemiller (1961).
Thaey investigated tha robustness of four represantative scceptance sampling
precedures derived from the axponential distribution when in fact the
failure times followad a Weibull distributlon with tha some mean life,
'Tnis was done by constructing the opurating characteristic (O, C.) curves
fur these proceduras wnen the parent dlstribution of failure times was
the Waibull distribution with survivul probability expl-tP/€) for valu.s
of ths shape parameter p= 3/2, 2, and 3, To illustrate how thoroughly
er . onuous & conclusion can be when based on-an incorreat assumption
a# to the form of the underlyiug fallure distribuiion, we (oproduce the
©O. G, curves for a censored non~replureinent plan (n = 28, ¥ » 14) based
nn the exponential distribution wheu the parent distribution {» sctually
Weibull with survival probability exp(-tF/8), A censored non-repiuccreant
plar consists of placing n iterns on test simultansously and stopping the
test after the vth failure.

Note that while the probability of acceptance assuming an exponantisl
distribution with mean 500 is only .10, the corresponding probupility
assuming a Weibull distritution with the same mean is assentially 1.
Thus if a mean lile of 500 hours wers unacceptable, "bad" lots would
always be accepted under the sampling plan if the distribution were
Weibull with shape parameter 3, instsad of being rejected 90% of the time
as they should be i[ the distribution were uxponential with the same mean,
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A further embarrassment may face the rellability analyst who attempts
to make specific arsumptions as to the form of the underlying fallure
distributions. He just may not have gufficlent rolevant information, since
in general many observations are required lo make reasouable inferences
about the form of a distribution, as compared to the number reguirad to
estimate a parameter, such as the mean. "‘As an example, we summarise
the results of an investigation undertaken by Zelen and Dannemillar {1961)
to see how well two wintistical testa described by Epatein (1960) would ’
distinguish betweun the exponentianl and the Walbull distributions, Consider
a non-replacoment venvorud ultuation whare the lite test stants with n
items and ends as soon an tha first r fallures occur.. Assuming failures

accur kt times T ¢ T, €. .« €T, the totul time on test up to the it 4
failure in ) - !
mo-'rn. CoRT, ek DT, el
. fei p i
Then tha conditional distributisn of T(T ) '1‘(1‘2) PR 'r('r )in:uni- b
form over [N, T(Tr] for fixed T(T ) Hence _‘ o f
' pul . ’
r-1 .
™) - Foo )
z
P2 i}

e

T, \[(r-0)/12 ;

is an approximate normai devialc, Epntein's Teat 3 calls fov rejection
at leveld it |2] > 2, where %, 1isthe100(1- &/2) parca.iage
point ui the standard normal distribution,

Epstein's Test 8 usas the Barlett statistic

T, ,
", zrln__!_. .= [Ln T(T ) + An {T(Tz) T(I‘l)} toot Ln(q(ztl)-T(Tr_li}
1+ Sl
6r




Tt

. “Exemagad *T “off *€ "ToA ‘SoRneecIpoel ‘IeTImeumt] "D "M

pue WEE N AN WSOTINGEINIP Terimeacdn 9§ 3017 reAlisp
%gﬂu&ﬁ«ogoﬁ.gﬁ% 1°¢ sandhd

19

(SUNOH) SIUNTIVE NIIMIIE IWLL NVIW

IONVLIADDV 4O AllIgveOud

oSzl 0001 (1,74 00% 0sZ 0
LI T 71 ¢ 0
- \ -
. —0Z
e e LV 4
- -
— -
= Z=d -—08
o0t




Design of Experiments 2\

neymprotically disteibutid as a 'ﬁz variable with 7 « 1 degraes of frae~
dom, The tent procedure is to reject at lavel ol if W) AKalr = 1L

To determine the proportion of times the tests would distinguish be. -
tween the expunential and Weibull distributions, Zelen and Dannamiller
ran an empirical sampling study on a computer, Samples wars drawn
from each of the Weibull distributions with shape paramater ps 3/2, 2,
and 3 and frown the exponantial distribution, all having mean ons, Thae two
tests were applied at level of significance ¢_ # .05, The results were:

¥ Proportion of thines exponential assumption rejected
at . 05 level of significance .

Test B neild, rnid “hw 28, r=id Amil, ©u i

3 1 L0587 , 080
3/2 , 340 , 253
2 . B3 , 643
k) 1,000 . 983

8 i , 04 3% , 063 - , O48%

3/2 ,063% , 0RO . 120%

2 L 178%» 137 . 328w

' 3 -Ya.1) . 420 RTYE ]

*Shrred values are based on 600 samples or simulation.. All other
values are based on 300 samples,

f Reproduced from M. Zelen and M, C, Dannamiller, '"The robusines”
of life testing procedures derived from thc cvponaential distribution,"
Tuchnometrics, Vol. 3, No. 1, February 1961,

The conclusion seemas clear that for small sample sises it {8 difficult
to distinguish between the Welbull and the sxponential,
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What {s necded then in reliabiiity are anaiysss based not on apecific
families of underlying failure distributions, but rather on bread assump-
tions concerning failure corresponding to the actual physical situation, One
very natural assumption of this type is that corresponding to a failure dia-
tribution P with density { and survival probability ¥ » 1.F, the condition»
al failure rate

{1.1) f(t)'f_——‘-ﬂ-

Fit)

defined for F(t) » 0 is Increasing (decreasing) with time t, 0 £t < 00,
Fhysically, r{t)dtis the conditional probtability of failure in ¢, thdt,
given survival until time & Wae may verify by differentiation, that
under the assumption of increasing (decreasing) {sllure rate the quantity
In F(t) is concave (convex) on [0,50), More generally, whather &
denaity exiuts or not, we shail say a distribuiion has an incressing
failure rate (IPR) if An P(t) is concave on {0, v}, and & decreasing
failure rate (DFR) if {n F(t) is convex on [0, o),

Examples of IFR and DEFR distributionn aret
(1) The exponential

f{t) »  Aexpl-At), t>0
Both [F'R and DFR,

(11) The gammuai

i(t) N?xt)“'l expl - At4 ), ol >0, t >0,
IFR for ¢ »1, DFR for (< 1.

(114) The Weibullt
o 0 AR " axp(- At ), >0, t 30,
IFR for oL 21, DFR for (< 1,
{iv) The truncated normal:
2
f(t) w e ] axp {. E—:—UL—} >0, 0 tlony
s V2w 2o ? =

where a is & nurmalizing constant,
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Physlcally, IFR might correspond to wearout, e that the older the
itam gets, the greater its chance of fallure, Examples are rubber tives,
human beings past some initial period, and many maechanical parts which
gradually wear out, Physically, DFR might correspond to work hardening,
8o that the older the Ltemn getu the tougher it gets, and henca the less chance
it has of failing, Certain matals act in this fashion. In Proschan (1963)
in discussed another commonly oceurring process producing DFR
distributions,

How far can we get in reliabllity analysens assuming IFR (DFR)? In
the following sections we hope to show that a rathar surprising number of
useful results and methods {ollow from this modest and natural assumption,

2, BOUNDS ON QUANTITIEZS OF INTEREST IN RELIABILITY THEORY
ASSUMING IFR ]DERS. A number of interesting and Informative bounds
can be obiained on quantities arising frequently in »uliability problems
if we assumae ¥R (DFR) distributions, In this section we survey some of
the more simple and useful bounds, The reader is raferred to Barlow
and Marshall {1963a and b), Barlow and Proschan (1963), and Barlow
and Proschan (1964), for details and further bounds, :

Since the exponential distribution Mth cci\lunt failure rate is boundary
dlntribution between IFR and DFR distributions, it provides sniatural
bounds on the survival probability of IFR and D¥'R diatributions.

Theorem 2,1, If F is IFR(DFR)and F( g ) s p L0, £ i
————— . E——  ——— — [ ;p 'P----

p' percentile, then

(2. 1) U 1Y
<
(1)
S,"‘t , tz gp .
(2
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whatre
S e

[ -LJ-——EL nl -
&p '

Proof, Since 4n F(t) is concave (convex) and F(t) is decreasing:

then An E(tL- 4n F(0") is decreasing (increasing)., Consequently
t-0

ij"tt)}”' is decreasing (increusing), Thus F(e)”té) {1 p)”EP for

¢

'S gy and Fo' g 0 e p' PR tor 0z uy |

Thus {f we know a percentile of an IFR (DFR) distribution we immaeadi-
ately have one-sided bounds on the survivel probability corresponding to
each instant of time, What if we know the mean of an IFR distribution?
Then Theorem 2,2. provides a lower bound on survival probability,

LTheorem 2.2, 1f F is IFR with mean W, then

(2.2) -t/
Fou>
0 t> Ml'

The nogquality is shurp.

See Barlow and Marshall (1963a) or Barlow and Proachan (1964),
Chapter II, for the proof. Note that the exponential distribution with maar,
[A, attains the lower tound for t< Ky while the degenerate distribution

concentrating at K attains the lower bound for t 2 Py
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An obviouns application ol Theorem 2,2 is to a system consisting of n
independant components in series with distributions F|(IFR) with means

[-ll(l =1, 2,...,n) Then using (2,2) the system survival probability is
n
n oxpi=t ¥ ) t<m£n(p.1. v #‘n)
;n;ri“) > im]
0 eslsewhare,

The bound is sharp. ‘This indicates why system reliability is oftun better
than predicted on a parts count basis, Likewlss for a parallel system

with component distributions F; with means “‘1“ wl, 2, ../ n)
ot/ My
) ﬁ (1 -~ 8 t<mh‘( ﬁLl' Y ‘*h)
-|DTI"i(t) < in :
{w) .
1 tlmewhers.

v fact, the application of Theorem 2.2 can be extended to so-called monos
tonle structurss, (See Barlow and Proschar {1964), Chapter VIl, Theorem
3 1,) To dafine » manstonle structure wa lat %, vepiwment the state of

the 1th component of the stri~tute, with x; =1 {f the &"h component {3

functioning and x; = 0 if the {th component is not functioning, 1 v ', 2, ,,

. no Let O(xl. X3) + + 14 Xy) represent the corresponding state of the
structure, with § o 1 if the structure is functioning and & = ) {1 the
structure is not functioning, The structure is sn'd to Le moyotonic it
Q(xl, Xyi v o0 x,) is monotonic increasing in each argument with

0, 0, .. ., 0)w0 and (1, 1, .. ., 1) s 1. Intuitively, a monotonic
structure is one that performe at least as ‘vell if failed components are
replaced by functioning components. Most reasonable styuctures ocourring
in practice will, of courve, Lw monotonic, See Birnbaum, Eeary, and
Saunders (1961) for a discussion of monotonic atructures (called by them
"coharent').
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Nuxi suppose stochastically independent components wita the ralia.
bllity of the ith component Piv 1, 2, . . ., n. Then the reliability of
the system will be rapresented by hip, P+« 1) pn). In the special
casep, ®p, %, . . mp, "p we will write for convenience h{p).

Barlow and Praschan (1964), Chaptar VI, show thut for monotonic
structures hipy, Pai + + o Py ls mionotonic in each argumaeat,

Using this fact we may obluin the follewing lower bound on aystem
reliability for monntonic atructures,

Theorem 2.3 Let F,, IFR with mean 4y, i®1, 2, . . ., n bathe

fallure distributions of the components of u monotonic structure, Then
for te<min( f& ,.‘q. Lo By the system rellablllly WEQD, . . .. T (0)

=t/ pty -t/
>hle b e 1), the corresponding aystom raliability when
the components are sxponentinlly distributed with corresponding means,

Proof, Since n(pl. v+ 1 Py) I8 monotonia increasing in each argu.
mont and by Theorem 2,2 for t<min{fy,. .\ ., y.n) o B Eo't P"l,

belyo o vy ny then it follows that fur t<min{f,, . . ...p.h).

- - -t/ “t/
MBIt Fn(t”-:fh(“ F"ll v @ H“n" “

We may apply Theorem 2. 2 to the n-fold convolution F(n)(t). where
T ls IFR with mean My o ahiain

n.io (e 'u,l)J

A W<ie e oxpl = t/ )
{20

for t< "*1‘ Therefore, L[ N{t) is the numbar of rcnciwals in [O.t] ol a
rencwal process basedon F,

(t/ )}
F[N(t)?n] < E -_]T—L- exp( -t/ #-1)
fan
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for t« M,. Thus we have tha slemantary but important result that under
the IFR u{umpuon the Polsson distribution provides e conservative estie
mate of the probability of n or more failures in [O t] for t lens than the
mean life of a single compenent.

This result has application in the following spare parts situation,
Assume that we have ons type of tube in n sockets which is replaced
immaediately upon failure, Let NJ(tJ) denote the number of fallures
ocourring inthe {th sacket bafore time ¢, the time the j'h sacket

is to remain in opevation, If the uockct_i srastochastically indepandent
and the life distributions are exponential with parameter N\, then

Nl(t\) “ v o4 Nylty) is s Poisson random variable with parameter
§s X t, wnd
jgl ff

p[N,(el) o +Nn<@n)-5N] . ’EQ

Ceamer (1949), puge 293, If all we can assume 1o that F is IFR with
mean /), znd each t <1/}, then .

| T
PIN(t) +. o +N“(en)5N]? 1 -J'l_‘ .

Using this bound, N, the number uf spares to be stocked, car he chosen
su that wa will be protected with high probability aguinst a shortage o.
Aparan,

‘The best upper bound on F(c) when F is IFR in given by the
followinyg theorem.
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Theorem 2.4, If F is (PR with mean jy then

! b W

Mu<
- wt

] t> Ky

whetre ¢y, depesnding on t _I_ltllﬂ!n l - w,.;.l- . m'

Proof, Lwt

o WR x<Z e

Glx) »
x>t

Then £nG(x) (lnear on [0,8) crosnes '_-l;n"!'"(u) (concave qn'to.t)\i\
once for U<x<t. Thus G(x) orosses T (x) at most once for
0 <t See Figure 2.1 ' L

It t> 4y, we can always determins & 6o that f )
0

For this cholce of W, T (x) necesuarilycrosscs "% exactly o
from ahove for 0 x<t. Theretore T o’ @Y yntess ¥ coindl
identically with G, 8ince G 11 IFR, the bound s sharp =
For t< My the lnequality i3 ohvious, The degensrate distrijuslon
conzantrating at pb provides the upper bound for t€ n '

Note that a8 tejoo, W=l / Py It can be shown thay the uppsr Buund

in Theorern 2.4 is asymptotic to o"’P‘l. o

Figure 2. 2 illustratas the best upper and lower bounds on o -
when F is IFR and py= 1. Table I tabulates the upper bound.::.

We can alse
vice varaai

obtain bounds on percuntiles in terms of the mun';'t.,“
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TABLE. I
UPPFR BOUNDS ON 1 - F(t)

(-]
(F is IFR, By = § tar(t) = 1)
0

IFR Markov IFR Markov
Bound Bound t Bound Bound
(1/t) (1/¢)
1.000 1.000
0.820 0.909 3.1 0.053 0.323
C.5717 Q.769 3.3 0.042 0.303
0.488 0.714 3.4 0.038 0.294
0.416 0.667 3¢5 CeTo4 n_o"A
0.358 0.625 3.6 0.030 0.278
0.38 0.588 3.7 0.027 0.270
0.268 0.555 3.8 0.024 0.263
0.203 0.500 4G 0.020 0.250
0.178 0. 476 4ol v.018 0. 254,
0.156 0.455 he2 0.G16 C.238
0.138 0:435 43 0.014 0.233
0.121 C.417 hedy 0.013 0.227
0.107 0.400 4e5 0.012 0.222
0.095 0.385 beb .011 0.217
0.084 0.370 b7 0.010 0.213
0.075 0.757 4,8 C.X9 0.2C5
0.057 0.5 4.9 0.008 0.204
0-059 Olf 5-0 \)~OUI 0.200

Preceding Page Blank
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Theorem 2.5. Assume F is IFR. For p<l1 - e_l

[- An(1 - p)] TS £, [- .én(_;-_m_] oy

for p>1 -

where

§_=sup S.‘t 1 F(t) Sp}

The inequalities are sharp.

See Barlow and Marshall (1963a) or Barlow and Proschan {1964),
Chapter II, for a proof.

In life test samples, some items may not fuil at all during the course
of the test. Therefore the usual sample average cannot be used. However,
some percentile estimates will always be available. Note th..: asing
Theorem 2.5 we can obtain bounds on the mean oi IFR distributions in
t~rms of percentiles. For example if M is the median, then

M M
eLnz < M <T3

For ¥ DFR upper bounds on —f‘-(t) “anl bg given in terms of the mean
as shown in:
Theorem 2.6. If ¥ is DFR with muan F‘l' then

"tk
e << ’,(,

it
t

Preceding Page Blank
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The inequality ‘s sharp.

See Rarlow and Marshall{1963a) or Barlow and Proschan(1964), Chapterll,
for a prool.

The foliowing lemma will prowile us with useful moment inequiaiities and
further comparisons with the expo*‘.entir= i

Lemma 2. 7. If -x/
(a) F is IFR with mean M aix) = e )

(b) (1) (%) is increasing (decreasing),
_then

f¢(x)F(x)dx < fcb (x)G{x)
(Z)
Proof. Suppose (p 18 increasing and F is not identically equal to G.

qmce F is IFR and G is the exponential distribution with the same mean,
T crosges G exactly once from above at, say, tos r(to) qto) Then

[~ o0 oo
f04> (X)F( x)dx -focb (x)Qx)dx = j;[¢(x) - ¢ (to)]

L-f(x) -a(x)J de 0.
To obtain the conclusion for (b decreasing, replace (p by - ,b . ”
Note that a similar lemma is true for DFR distributions with all in-
equu.ities reversed. From Lemma 2.7 we obtain an immediate compari-

son retween the moments of an IFR distribution and the correspondiny
momcints of an exponential distribution with the same mean.

Theorem 2.8. If F is IFR(DFR) with rth moment L., then

( <f‘(r+1),u r7 1
)
Moy
_>_[“(r+1),u: 0{r (1.
L)

\

r-1

Proof. Choose Cb \x) = x in Lemma 2.7. Then
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o

o0
‘l,’., = rf xr'l}-(x)dxg rf xr'la(x)dx = r(r + 1)},1.;.
0 0

for r >1. Ford <r<l1, @(x) = xr-1 s decreasing, so that th- inequal-
ity is reversed.

In part'cular, for an IFR distribution }'L2<2I’L1 nio that the variance
o* < pu‘l’ and 8o the coefficient of variation 0’/,U.l<1 The inequalities

are reversed for DFR distribution!

Lemma 2.7 can also be used to show that the mean life of a series
system with IFR components whose means are i di=1,2, ..., n)

exceeds the mean life of a series system with exponential components
and means “’i (i=1,2,. .., n). Justthe reverse is true for a parallel

system.
"y

‘Ar}l’l

Theorem 2.9. If Fi(x) is IFR(DFR) with mean (. and G(x) =

(i=1,2,. .., n), then
(2) R F,(x)ax >
H x g T[G(x)dx_l/{, L
o i=
(b) r';‘: nk ) [n-o I
Pyl - F.(x)dx( << i - Gi(x) } ds
Jo _1]:'; JS é\"b < i= X} *

n

| G(x)} F, (x)dx) fo{'[‘[p (x) TT G} Gxax
j= -= i+1 i
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for 1<i< n, By recursion we obtain

son . o0,

Lmii (x)dxzfﬁ ’(x)d.xnllz ),/F,l‘

(b) The proaf is aimilar,

Upper and lower bounds on “Flt) when F ls IFR md "], P‘a are

given have been tubulatad by Barlow and Marshall (1963b), hon tables
are reproduced here us Tables I and Il respectively, Table IV, repro-
duced from Barlow and Marshall (1963b), tabulates the lower bound on
() whon JF {4 DFR and pywi, . P‘z-' 2{.1)4.

Many additional bnundi hm;re beet cbtained on the fallure rate r{x)
{teelf and on the density f(x) Sy Barlow and Marshall md will be presented
in a {orthooming report by them, .

We closs this saction by presenting bounds concerning renswal pro«
cesses based un underlying IFR(DFR) distributions, Mrug we givea
lower bound dn M(x), the expected .umber of renewals in go. t) true for
all venewal processas, and an uppsr (lower) bound un M({t) when the under-
lying dintribution of the renewal process is I¥R(DFR}), The proof may be
found in Barlow and Proschan {1963),

| -
Thoorem 2,19, (i) M(t) gtgl Flapds = 1 3¢/t - 1,
0
()  I£ P {a IFR(DFR), then

t -
M(t) ﬂ?‘(t)/f Fix)dx < ¢/ U,
0

<
&) &)

...
(=)
g
™
o
=
-

\Y)
o

i
!




TABLE II
UPPER BQUNDS ON 1 - K(t)

(F is IFR, b= {fdl‘(t} =1 gy g‘tzﬂ‘(t))

:" “2 1.1 1.2 103 1.4 1.8 106 1.9 1.8 1.9 2.0

1,000 1,000 1.000 1.000 1.000 1.000 0.953 0.905 i
1.000 1,000 1.000 1,000 0.965 0.911 0862 0.819 i
1,000 1,000 1.000 0,994 0.9%9 0.873 0.824 0.780 0.741 &
1.000 0,970 0.901 0.842 0,793 0.746 0,706 0.67
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2.3

2.4

2.5 0,004 0.017 0,035 0.m86 0. . 0.101 0,93 0.087 0.083

26 0,003 0.013 0,028 0,046 0.064 0.08) 0.092 0,084 0.0 0.u75

2.7 0.002 0,010 0,023 0,037 0,033 0.070 0.084 0.076 0.0 0.008
2.8 0.002 0.008 0.008 0.03) 0.045 0.059 0.074 0.069 0.065 0.061
; 2,9 0,001 0.006 0,015 0,026 0.037 0.050 0.063 0.063 0.0% 0.0%54
. 3.0 '0.001 0.005 0,012 0.021 0.031 0.043 0.054 0.037 0.053 0,050




TABLE L1
LOVER BOUNDS QN 1 - F(t)

[ ] ‘2
(F is IFK, uy = é tdi(t) w1, hy ™ g t4ar(t)
B
2190 L2 13 L4 15 16 LT 1B 19

0.9%% 0,941 0,930 0.922 0.916 0,912 0.908 0.906
0913 0,886 0.066 0.851 0.840 0.831 0.825 0.821
0872 0,83, 0.806 0.785 0.770 0.758 0.750 0.7k
0.833 0,785 0.750 0.724 0,705 0,891 0.681 0.67
0.863 0-"39 00736 00698 0.6& 006106 00630 01619 05611

0.8)9 0731 0,677 0,640 0.613 0.592 0.575 0.562 0,583
0747 0.65%5 0,605 0,53 0,551 0.534 0.521° 0510 0.5 -
0.640 0,861 0.524 0,501 0,486 0.475 0.466 0,459 0.483
0.501 0.459 0.441 0,430 0.423 0.418 0.414 0.411 0,408
0:367 D367 0,367 0.36% 0,367 0,267 0,367 0.367

0.367

0.269 0,294 0.306 0.314 0,319 0,323 0,226 0,329 0.330
0.000 0.23%5 0.25%5 0.268 0,277 0,284 0.89 0,294 0.297
0,188 0,213 0,229 0.240 0.249 0.257 0,263 0,287
0,000 0,177 0.19% 0.200 0.219 0.228 0,235 0.240
0,000 0,145 0,166 0,181 0.193 0.202 0,210 0.215

0.000 0,000 0.141 0,157 0.169 0.179 0,188 0.)93
0,000 0.000 0.117 0,136 0,149 0459 0,168 0.174
0,000 0,000 0,116 0.130 0.141 0.150 0.136
0,000 0.00N0 0,098 0,114 0,128 Q.13 0140
0.0 ©,000 0,078 0.068 N0.120 v.120 0.126

0,000 0.0 0.000 0.0%4 0.097 0.107 0.112
0.000 0.000 0,000 0.071 0.085 0,095 C..0?
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© TABLE 1V

LOWER BOUNDS ON 1 = ¥(t)

DFR, py = .g'tdi‘(t) By = g.tzdl‘(t))

2.3 2.4 2.5 2.4 R 28 29

R S A

0.869 0.833 0.800 0.769 0.740 0.714 0.689 0.

0787 0.754 0.724 0,696 0071 0,647 0.628
0,712 0.683 0.6%6 0.631 0.608 0,586 0,566
0,644 0.618 0,594 0,571 0.551 0.531 0.514
0,583 0,559 0,538 0,517 0,499 0.482 04466
0428 0,506 0,487 0.469 0,452 0,437 0D.422

0.478 0,458 0.441 0.425 0.410 0,396 0.383
0,432 0,415 0.399 0.285 0271 0.3%9 0.347
0.391 0.376 0.362 0.348 0,336 0.32) 0,215
0,354 0,340 0,327 0.316 0,305 0,295 0.286
0,321 0.308 0.297 0.286 0.276 0.267 0.2%9

0,290 0,279 0.269 0.2%9 0.250 0.242 0,238
0.%63 0.253 0.243 0.23%5 0.227 0,220 0,213
0,28 0,289 0,220 0.213 0.206 0,199 0.193
0,415 0,207 0.200 0,193 0,186 0.181 0.175
0 19’ O.IQ'? 0.181 OA""S' 0'169 0-16& 0!159

0.176 0.170 0.164, 0.158 0.1%3 0,149 0.144
0,160 0.154 0.148 0.)43 0,139 0.13%4 0.1%
Usddd 0,139 0013& 0,130 0,12 y.322 0,119
0.131 6.126 Q.22 018 0,114 0,111 Q.)08
0.8 0,14 0110 0107 004 0.100 G.owd

0.107 0.103 0.100 0.097 0.09{ 0.091 0.0”%
0.0)7 0.094 0,000 0.088 0.08% 0,083 0.Wl
0.088 0.085 0C.082 .09 0.017 0.075 0-0’73
0-073 00“9 0‘067 01“5 O.%) 0.062 0. “0
0.065 0,063 0.061 0,059 0.057 0,056 ©.083
0.059 0.057 0.085 0.054 0.0%2 0,051 0.0%0
0,053 0.052 0.050 0.049 0.047 0,046 0.04%
0.043 0.047 0,045 0.044 0.043 0,042 0.041
0.044 0,042 0.041 0.040 0,039 0.038 0,037

e ———————— T R

[ e e .
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TABLE IV {continued) ’

LOWER BOUNDS ON 1 - F(t)

(P 18 DFR, p, ® g.m(t) =1,y %.hzdi‘(b))

Ba .
3}1 R 33 34 k1Y 3.6 3 3.8 3.9 4O

0.645 0.625 0.606 0.588 0.571 0.5%5 0,540 0
0,531 0.514 0,499 0.485 0471 0.488 0.446 O
0.481 0,467 0.453 0440 0.428 0,417 0,406 O
0:437 0uh%h 0.411L 0,400 0,389 0.9 0,369 0
0,396 U385 0,374 0,363 0,354 0.344 0.33% 0

00360 0‘3‘9 01339 0'330 0.321 0.313 0«305 0-2* 09”1 '00&1‘
0326 0,317 0,308 0,300 0,292 0,285 0,278 0.271. 0i265 0.2%9
01296 0.288 0.280 0,272 0,265 0,259 0 253 0.247 0.2A 0,236
0,289 0,261 0.25, 0,248 0,241 0,235 0,250 0.22% 0,219 . 0,314
0,244 0,237 0,231 0,225 0.219 0.214 0200 0.204 0,200 0,195

0.222 0,215 0,310 0.204 €.199 0.19% 0,190 0.186 0,182 0.178.
0,201 0.196 0,191 0,186 0.i8) 0.177 0.173 0.1 0,166 0,162
0.183 0,178 0,173 0,169 0,168 0.161. 0,157 0,184 O\SL 0,48
0.166 0,161 0.157 0.:54 0130 0,047 0,142 0340 0,177 0,138
0.151 0,147 0,143 04140 0,136 0.133 0,120 .128 0.125 0.12)

0,137 0,133 0130 0,127 0124 0121 0,119 0116 0.4 0,12
0,124 MI2L 0.8 0,115 0,013 0,110 (odwd 0,108 0,104 0,102
0,113 0,110 0,107 0,105 0103 0100 0,098 V096 0.005 0.09)
0102 0,100 0.03 0,35 0,093 0.791 0.000 0.088 O0,(P6 0.088
0.93 0.1 0.G9 0,087 0.085 Q.83 0.082 0.0 2.0% 0.0M

0,084 0.M82 0.081 0.0 0.077 0.6 0.0, 0.U7 0.M2 0,070
Olmv 0.0'75 0.0?3 0.072 0.(170 O.Uz"} OQC“ OQ% 0.665 0-'.")4
0,070 0.068 0.067 0.065 0,064 0,063 0.062 0,060 0.C%9 0,058
0,063 0.062 0,061 0,059 0.058 0,057 0.056 0.05%5 0.04, 0,053
0,057 0.056 0,055 0.054 0.053 0,052 0,051 0,050 0.049 0.048

0.052 0,051 0.050 0.049 0.048 0,047 0,046 0.046 0,048 0.044
0.047 0.046 0,045 0.04% 0,044 0,043 0,042 0.042 0,041 0.040
0,043 0.042 0.041 0,041 0.040 0.039 0,03 0.038 0.037 0.037
0.039 0.022 0.038 0.037 0.0% 0.036 0.035 0.034, 0,034 0.03)
0.03¢ 0,035 0.034 0.03% 0.033 0,032 0.032 0,031 0.031 0.030
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Note that as & consequence, for an underlylng IFR distribution the
expucted numbar of renewals in known within an wrror of 1/2 for sach
momaent of time, Note alsn that in the DFR case. the insquality (ii}) {s an
improvement over inequality (i) since

¢ ¢ %, t
t!‘(t)/f Fla)dx _2_'-] ?(x)dxlfr(s)dx . t/f Fix)dx ~ 1,
0 0 0 0

Next we compare moments of N(t), the numbur of renewals in [O;e
when the underlying distribution F is IFR(DFR) with the corresponding
momaents of a Poisson prosess.

Theorem 2, 11. if ¥ is IFR(DFR) yith mean Moy then

"t““'l
A
L i

=0

(a) ENX(t)

A

A
v
[

(b) Var NI EN(O < ¢/ g
& 5 H’l

> >)

See Barlow and Prozchun (1963) for a proof.

3, QUALITATIVE COMCLUSIONS ASSUMING UNDERLYING DISTRL-
DUTION I8 IFR(DFR), In o number of relinbility models, th- Lssumption
ihat the underlying failure distributions are IFR(DFR) yiaslds veeful
yualitaiive relationships, and in optimisation problams, helpful infnr.
mation about the form of the solution. In this saction we ahall present a
nelaction of reliability models that {llustrate how the assumption of
wndarlying IFR(DFR) distributions simplifies the solution,

3.1 Allocation of Spares under Constraints, A system is required
to operats for the period |0,t5] . When a compunent faile, it in immaedi-
ately replaced by a spare component of the sams type if available, If no
spare ie available, system failure results. Only the apares originally
provided may be usad for replacements; i.e., no resipply of spares can
oceur during [O. t.o]. The cost of a single spare of the {*" typc is g,
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=1, .. ., ki the total cost for wparow is ci{n) = e4ny where n o=

»
{ng, v 0 vy nk). and n, = nimbar of epares of type | initlally provides,
iwl, o v 4y k.

We now describe the original systam beforc ary replacemaonts are
madeo, The system consists of d; "positions” or 'sockets' sach fillad
by a componentof lype i, 1 =2l, &, . . ., k. The various components
of a glven type may be usad at different levals of intensity and may be
subject 1o different environmantal sivesses, #0 that for full generality
we asbume the life of the ith component of type i (occupying porition
L, ], say) has prabability distribution Fip sl on vy dgy ie Lo o

Each replacement has the sama life distribition as its predecessor;
component lives are rauiually independent, Position i, j is not required
to be in constant operation throughout [0, to] ) but rather ls scheduled
to opurate for a peviod of duration ¢, <<ty =1, .. ., di. iwl, 00 K
Tris raodel is dincuued in detall in Proachan (1960},

We seek a fumkly of undominated spates allocations, A spares allos
cation n is undominated if Rin') > R(n) implies ofn') >c(n) while
Rin') » R(n) Trapiias c(nﬁ}c(n). where n' i uny other spares allocation,
and R(n) (culled gystem rellahility) is tha probebllity of no system shute
duwn during | O, '0] resulting from shortage of spares, That {a, & sparas
allocation 18 undominated if for its comt it achiaves masimum roliability,
A fauilly of undomlnated wllocations represents u tremandouy reduction
of puusibilitien that the decision makeor needs to conslder (n arriving at
an opilmal opazrca ullocation, Wa shall develop a mothud tor ganerating
anvcctBively lazger undominated spares allocations which depeads on
A R(n) being concave. Wu ahall vee below that An R(n) is cc=~ave
whew sach of the FU is IFR,

Plrst note that since shortage in any position cesults in sysmom
fulluve

{3.2) k.
Rin) = T| Ryln)
i}
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where Ri(m) is the probability of no shortage of unite of type |
sasuming m spares of type i arae Initially provided, Wae can convert
tne objective function R(n) bLeing maximized into a sum of terms esuch
depending on a single unknown anly by taking logarithmm

(3.9 k
AnRin) = F Ln Rylny)
1

Note that maximizing An R(n) is aquivalent to maximising R{n) since
£n x is a monotone increasing function of x,

Next we shall describe a procedure for genorating a family of undom-
innted allocations which i intuitively quite reasonable. The underlying
idea s that we will construct successively larger sparas aliocationns by
adding one apate at a time} the spare we ndd will be the one which pro-
vides greatest improvement in systemn reliabllity per doilar spent,

Procedure, Start with she cheapestallocation (0, 0, . . ., 0), Obtaln

successlvely mnre expennive allocations au follows, If the presantallo.
cation is n, determine the index, callit iy, for which

!
:—l{in Ryim, + 1) = 4n Rtu)}

iemaximumover { =], 2, , ., ki Thenadd a single unit of tie ‘ah

type to 0 to oblwin the nevwt larger wllocatinn (nl. Gy X n‘O +
on

|, nl0+1) ] nk).

Note that adding the most to.n R(n) per dollar spent i» eguivalent
to multiplying R(n) by the largest factor posuible per dollar spant. We
shall see in Thecrem 3.1 below that the Procedure generates only un-
dominated allocations if (n R(n) is concave,

Theorem 3.1, 1f {n R(n) is concave, than emch spures allocation
generatsd by the Procedure is undorainated.

Proof. Let n% be generoted by the Procedure, i, denote the index
of the last component type added in arriving ut n¥*by the Procedurs, and
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1
A ® .
o Un R‘o (nwi'_)’., in R‘o (n?o - x,} .

Let © ¢ any other allocation such that R(n) >Ri(n*). Designaite the zet

of indic~ + for which ﬁi>i‘|“r' by Il a2nd the sat of indices for which *\1<ni*

by 12. Then

¢ L
0<{n R(n) - Ln R(n*) 'xg I{l.!n R/iz) - £n Ri(nf‘)} ;8)‘1}1:\ R;(n¥} - ¢n Ritn)

S{ El:\ct(!\t . ﬂr) - i; 1‘ Mi(“'! v “t)'

since for { in ',:. and hel, 3, ,. tu‘ﬂ .itl\’ ¥ h) '!ﬁ Rt““**'“ v “SI\GP

whils for | in !z and hu(, ‘l 3' ooy ‘Ln: !t‘HT . “) » (("n ad“‘ = h M {)E\cg'
Thec: ars consequancas of £n R(p) being 20ncave, i & . of Adn I’i(h) &
Ar R4 1) » An Ryn) decreasing in n, Thus : »

o<)k'_. ' f 13
t'! cgnt .153 elﬂr '

Inc simllzr fashion, assuming R(z! s R we may prove that

T emzE
Ten Y cns,
R T

Thus r* is undominated, “

Note thot Theorem 1.1 requires thai £n K(ni be concave, It turns
out that {n R(n) s not concave for all corponent failure distvibutions
F .. butas shown in Theorem 3.2 helow, .5 concave if each rii is IR,

i
(As usunl, the very nasural IFR assumption simplifias the sclution

considavaoly. )
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First we must establish the relationship between system reliability
R(n) and the Fy;. The lives of the component in position i, | and ite

successive replacements constitute a renewal process (as long s»s spares
are available), Let Nj; = num{;er of failuren in position i, | during

[0:t5]. Then B{N;jw'n] « Fif () - FiF*U (4. Also Ry(n), the
probability that no shortage of spires of iype | occurs during j0,t,
assuming n spares of type | are stocked, is given by

Ryn) = B[N # N+ . 4 Njg€n].
ot expliaitly, by

(3. 4) 4
Ry(n) » T M P[Nu-ni].
n1+ [ c*‘ﬂdis'dll

Now we may state

Theorem 3.2, If esch F,, 18 IFR, then In R(n) is concave. The
proof may be found in Barluw and Proschan (1964), Chapter VI,

Exponential Failure Distributions. Suppose cach failure density is
oxponentialj specifically, suppose

1 -
[ —— et/ for t20

iy

I” (t) -
0 fur t<0,

1+ follow s that

X n
P[N . n] R AR WL
i P‘U I
t
u Poisson frequency function with parameter Mu (Arrow, Karlin, Soarf
(1958), puge 272), Hence
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i3 j .
(3. 5) R(n) =e )N THALE

where

since the convolution of Poisson frequency functions is a Poisson fre-
quency function with parameter given by the sum of the separate para-
meters (Cramer (1946), page 205.).

Using (3. 5), itis a relatively simple matter to apply the Procedure
above for generating undominated allocatione in the present case of
underlying exponential failure densities. See Proschan (1960) or Barlow
and Proschan (1964), Chapter VI, fcr worked examples.

3. 2 Comparison of Age and Block Replacement. Among the most
useful replacement policies currently in popular use are the age replace-
ment policy and ilie block replacement policy. Under an age replacement
policy a unit is replaced upon failure or at age T, a specified positive
constant, whichever comes first. Under a block replacement policy a
un:t i’ replaced upon failure and at times T, 2T, 3T, . . .. We assume .
tuct units fail permanently, independently, and that the time reguired to
perform replacement is negligibly small. Block replaccment is easier
to a *niinister since the planned replacements occur at regular intervals
and sv are readily scheduled. This type of policy is commonly used
with digital computere and sther complex electronic sveiems. On the
other hand, age riplacement seems more flexible since under this
policy planned replacement takes into account the age of the unit. Ttis
therefore of some interest to compare these two policies with respect
to th- number of failures, number of planned replacements, and numhber
of remnovals. ("Removal" refers to both failure replacement 2nd planned
replazement. )

piock replacement policies have been investigated by E. L. Welker
(1959), R. F. Drenick (1960), and B. J. Flehinger {1962). Age replace-
ment policies have been studied by G. Weiss (1956) and Barlow and Pro--
schan (1962) among others. The results presented below are based on
Barlow and Proschan (1 963),
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We stall compure block replacsmant with age replacement, both using
replacement interval T, Fbr example, block replacement is more wasteful
since, as we shall show, more unfailed components ure removed than under
a poliry hased on age, Likewiss, the total number of removals for both
falled and unfailed componants is greater, However, as ones would surpact,
" under the IFR assumption the expected number of fallures will be leas
under block replacement. Iinally, uxactly t/Tl planned replacaments will
be made in LO.T under block replacement, Whila no more than [t/TJ can
be made under dig® replacement. :

We shall donote tha number of removals in '0. T]undu.r a block policy
by Np(t) and the number of removals in [O. T‘ undef an dge policy by

NA(t). As we show in Theorem 3, 3, NB(t)A {s stochastically larger than
NA(t).

Theorem 3.3, P[NA(t) gnsP[NB(t) Z"‘] fornw0, 1, & . ..
Proof, Let {xk'}” denote u reallzation of the lives of successive com-
' k=l

ponents. We shall compute what would gwa occurred under an ige and under
& ‘block replacoment policy. Let T:(TB) denote the time of the nd removal

under an age (block) roplacement policy. Then

n n-1 n-1
'I‘A -min(TA + T, TA +Xn)

T = min (Th 14 o, Tp b 4 x)
whare A(0€ < T) ¢ thy remaining life to a scheduled replaces ~nt.
Since initially Tk . ’I‘lB , we have by induction Tx ?T% + Thus for any

reslization {X,} . Np(t) s smullor than Np(t).||
Next we shall use Theorem 3.3 to establish a lower brundon tk: ie-
n.wal function quite independent of replacement, Let Nx(t) (Ngy (t)

denotc the number of fallures in [0. t] under age (block) replacemant at
interval T. Theorem 3.4 below shows that the number of failuves per

unit of time under block replacemant at interval T is, in the limit, --L'
where M(T) is the rencwal function t F(k)(T)
k=l
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(3.6 NgY O mm)
: Theorem 3.4, lim = »a —F Y
: t=beo

Proof., Let N* (t) denote the numbar of failures in [u-m'. i’l‘].
Clearly the random variables Nmr) are indepandent, ldentically distri.

buted, and for kT<t<(k+ 1)T,

(3.1
kN‘Bi('l) (t) kﬁl N* (T)
K 5 * P "‘?r-

Letting t—eo, we have k-1ce, and

N& (1) | M(T)
e TR M,

tedea ¢
by the strong law of large numbers, ”
rom (3.7) we see that also

hoB)

lim ENR . M(T)
N

- el e X

Since the numper ot removals wi.i block replasament 19 stochastically
greater than the number of remuvals with age replacament by Theorem 3, 3,
we seo that

(:'. 9) ENB“) - lim ENA“)
lim =
t 200

W00 emsmmsatnns. wsee

But ueing (3. 8)

ENB(t) M(T) 1
——— R +T )

Him
t oo T
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and ) ‘
21 ¢ Wilinad L] .\
. ¥ t -T;-- L vl .
bre I Fix)dx B
. 0 _

by the elementary renewal %heoruh':. since for age replacument the-timaes
betwaun removals constitute & renewsl process, Substituting in (3, 9) we
have ; ' . ; : ) . .

v

M(E). , L i
MElsge2

|r N
j Flxydx
"
[~} )
(3, 10) S
MUT) 3 s .1
f‘?(x)'dt i
\

We ihus have the following lowsr bound on the renewal function, res
gnrdless of the undevlying distribution,

-1 for 0 €t Sw (3.1

Thearem 3.5: M(t) 2 ~z t -1

[ Fx dx
4o

Fle

Proof. The first inuquality has already been established in (3.10).

fom e
'‘*he second follows from f F(x) dxg f!‘(x)dx s “
0 0

Next we shall compare the numbaer of failures under the two policies
and as a consequence obtain an upper bound or the renewal function valid
when the underlying failure distribution is XIFR, First we obtain the long
run aversge timo between failures undar a block raplacement policy.

S PPN
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Let {Yﬂ denuie the nuccessive times between failures under a block
replacement pulicy having »eplacemant intsrval T,

Yli‘Yz"l'- . +YN1 )

Theaorem 3. 6. lim " -m-r“ [ Y T
—— " {00 N‘%“)

Proof. Note that

Y1+Yz .. Y1+Ya+« PR & YN*B (t)+1

+ YN"h(t) )
“

R S W S TNEm
? L ﬁ%ﬁy;r(N*B(eH 1)

Letting t -0 and applying Theorem 3. 1 we have the tdesired result, ”

Theorem 3.7 below shows that the number of failurau under an age
replacement policy is stochantically greater than the numbar of failures
under a block replacement policy,

Theorem 3.7, lf F is IFR, then

-

Plngo 2 n]2 p[ms(:) >n].
'The proof may be found in sarlow and Pruschan (1963).

Jeing Theorem 3.7 we obtain the [0llowing upper bounds for the "o«
newa! function M(t) when the underlying failure distribution is IFR.

Theoremn 3.8, 1f F is IFR,

Min< SR <
- t

f -IF( x)dx
0

-:z, foy 0< t<oo.

L

[
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Pros{ By Theorem 3.7

(3. 12) EN%&(1) EN® (¢

lim < lim A

t=re t t oo t '
By (3. 8)

ENG ()
MiT}

{3.13) m n .

tepwe

It {e readily verified that the mean time to an in-service failure under an
age raplacemunt policy with replacément intezval T is

) T
_!‘-(-‘i‘-rj; F(x)dx

{Sea Burlow and Proschan (1964), Chapter IIl,) It follows by the elemen~
tary renswal theorem that ’

{3, 14)
i S .

LT?(x)dx :

Combluing (3. 12}, (3.13), »nd (3.14), ws conulude

im
Lt 0o t

Mit) g G

t
fﬁna
0

the first nf the desired conclusions. For F IFR, itis readily verified
that the mean time to an in-service failure under an age replacement

policy with replacement interval T, 1 T , Is a decreasing
NT) 6 F{x)dx

*  m——————
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function of T. (See Barlow and Proschan (1964), Chapter III.) Hence

1240 < __tiF(es) _

t - t_ }.b '
f Flx)dx f P #)dx

0 0.

tha wecond of the desired conclusions, ”

Combining Theorems 3.5 and 3, 8, we obtsin vary close bounds.on
M(t) when the underlying failure distribution is IFR:

(3, 15) ¢
fa1g Mmgﬁ. , 0< t<o0.

f

Thus for all non-negative valuca of ¢, M(t) may be approximated with
an error of at most 1/2,

4. PRESERVATION OF MONOTONE FAILURE RATS, Nextwe con-
Giedeg opeutiom under which & monotone failure rate {s preserved, For
exampie, what structures have tho monotone failurc rate propuxty when
their individual componanis have this property? ls a monotons failure
rate preserved under convolution or under mixture of distributiona?

'Tiso results presentad in this section are based on Eeary and Proschan
(1163) and Baviow, Marshall, and Proschan {1963).

Lheorem 4. 1. If Fl and F arc IFR, then their convolution H,
izven by

on
Hit) f Fy (t ~ %)dFy(x)

- b0

is also IFR,

Proof, Assume F_ has density I F_has density £, ., For t<t,
1 2 2 1772
u<u ~form
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D-[H(q-uj)“ ju1,2" |[_1“1 .un(--uj)d.l IL | F F\lt, )||¢z<.k-uj>'d.2¢.1

'
by problem 6b, page 48, Pblya and Saego (1928), !ntqutlng the innor |
i

integral by parts, we obtain
£a(|1 ?u,) ‘1(” - uz)

t £t-")
ff l( 1<.1 .z d'zd'l‘

' <'z e, - 0 e, - %) Fyls, cup) Fyls, = u))

The wign of the first determinant is the same as that of

fle, = 0 Filty =) 4(t; = 0 ) Tyt~ up)

Fl(cz - 8) 'i'-l(tl - lx) 'i"'l(':1 - lz) 'fl(tl - ll)

shsumning non-zero denomin.tors. But

£ty - »)) >lt (8 - 83)
LSRRI R

by hypothesis, while

Fl(tz . 'z’> ?l(t1 -0,

Fife, - 9 - Flul -
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since, a# puinted out in Section 1, Fl is logerithmically concave. Thus

the first determinant is non-nagative, A similar argument holds for the
sacond determinant, so that D >0, But this implies H is logarithmically
concave, and therefors H is IFR,

If P and/or ¢ do not have dansitias, the theorsem may be proved
in a similar fashion using lmiting arguments,

It {s of intarest to note that the DFR proparty is not preserved
under convolution, A counterexample is obtained if we convolute densities

thel »%
:(x)-f(x).ﬁ—n—‘y“ for x>0,
1 2 7]

with 1/2K K1, Howevar, it is true that s mixture of DEFR distributions
is also DFR, us shown in

Theovem 4.2 I F(t) {aa DFR distzibutionin ¢ for.aach

1-1.2.....1150.1-1.2....._3E .i-l'w
iml]
o0
Gl » 3, wF (b
inl
is 4 DFR distribution,

Prouf, Firet suppose that Fi(t) has a differontinble density !l(t)
Sinc:a the density of any DFR distribution must be a decreasing funcuus,
we Lave by Schwarz's inequality that

& ' YT VL SRV} ¢
& ‘Hrtmg [-aey0)] ’2{?-‘1 1[”‘5(‘)] [-4 ] } '
Since Ii(‘)ﬁ;{(') is decremnsing in t, we must have

Fing - [Ii(t)] ¢

- —
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Henca.
F o= =
yFn) L 0] 2T agn]?
E, Fo Llwgo] 2 ago]
that is

@y s (0 g-[a]?

where g is tue density of G, so that & is DFR,

If each F, does not have a differentiable dcniuv. the same result
may be obiained by limiting ugumintl.w

Mixtures of PR distributions are not necessarily IPR. For sxample,
a mixture of two dirtinct exponentiails is not IFR since it is not exponential,
and by the ubove theorem it is DFR. ' Theorem 4. 2 togetiar with the tuit
for. DFR distributions in Bection 5 may be used-to piek up diffevenies-in the. .
parameters of pooled samples each coming from an exponentinily Alstributed
population, Ses Proschan (1963),

Theorem 4.1 proves that a synstem consisting of one unit anda.spare
has incressing failure rate if the components do. Ao one would expact,
tha failure rate of the system is evertywhere less than the fullure rate
t. aither component if both components have IFR failure distributions.

Theowoem 4,3, If F and l‘z‘n.dx_g IFR distributions with failare

patep r (t) andr,(t) reaubatively F denctes thels soqvzlution with
failute tate r(t), then

r() g min [2)(0), rp0].

Proof. By definition

ftlte-x) !z(x)dx
’y = =2 Bk I0) '
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’L Fl(t-x)fz(x)dx
Wt g oy {4 )

Thus

L l‘l(t) )

the equality being vlear from

- ”-Ql
F(t) -f Fl(t-x)d!‘z(x) '
Q

Similarly, r(t) <& rz(t). ”

Next we nhall obtain conditions under which an increasing failure rate
of like components implies an increasing failure rate for tho uystem..
Asnsurme then that the system consiste of independent like componenta,
with each component life distributed uccording to the common probability
distribution F(t_). At a given instant of time t each vumponent has
reliability p = ¥(t); the corresponding system reliability will be designated
by hi{p). 'Then we may prove

Theorum 4.4, Assume s structure with reliability function h(p) ,

with sach compr 1t life independently distributed according g_q_dllf.ribuﬂnn

F having denet ; f. Then

{a) R(t) . gh'ip)
r(t) h{p)

p = F(t)
whers r(t) = % » component failure rate at time t, and R{t) » system

fallure rate at time &

(b R )

an increasing function of ¢ if and only i{ Bh-‘( fa g
() === § — ilandonly il hip) fan.

ducreas.ng furction of pi

h'(p)

{c) if v(t) is an increaning function of t and o 2 1 decreasing

function of p, then R(t) is an increasing function of t.

Result {ct) yives o simple sutficient condition on a structure which
will pruverve a monotone failure rate when a structure is constructed out

T e et .
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of indepundent like components. We shall present an important clase of
structures which satisfy this sufficient condition,

To prove (a), let S(t) represent the probability of structure sur-
vival past time t; i.e., 8(t) = h(F(t)), By definition

R(t) » ._“.) » DUp) . #{t) = ph'{p)
8(t) k(p) - h(p) = v
p= F(t) p= Kt Wt

80 that

Ry, E_tfth'
{t) hip e

p=F(t)
sstablishing (w).
To prove (b), simply note that g = Fit) isa decreasing function of ¢,

Finally, {¢) is an immaeodiate consequence of (b) and tha fact that
pin a decreasing function of ¢

An important class of structures for which the condition E’.‘.% is

n decreasing function of p are the su-called k outcf n siruciures. A
K out of n structure is one that functions if and only if at least Rk com-
pouants function. To prove that a k out of n structure consisting of

hl
n independent components hes a ratin 'Lh'(%}) decreasing in p, write

P k) ne=k
h{p) 1 £ -
phi(p) . "f( P ( izt t) dt ,
pJ0 l-p

pinhce
t P

n
ny _{ Y SO L1 B nek,,
We)e & (VR 0-RN R ET o ew®

t
Mood (1950}, page 235. Letting u = —P , we have
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1 -
cocblpl , f1 ket Loupyik
ph'(p) 1-p
1-
Since —2B |, lucrausing in p, so is ..J#(RL)_ « Thusifa k outof n
1-p phiip

structure is composed of independent like components having an increasing
fatlure rate, thon the structurs itwolf has an increasing ﬁ“uu rate,

If we note that the time of fallure of a k outof n lymrn correns
ponds to the kth largest in a sumple of n obrervations, then an nle-rnm
statement of this result is the following

Corollery. Suppose X,& X <. .+ &KX are s sample of oider

‘-—-—

atatistics based on ndcgnndent oburvntiom from a distribution having

——-—-

ncru.sh\g fallure rato, Then the distribution of X, has p_a_m incrassing
fﬂilur. r.'. ‘. 1; 2, ooy nu

Actually we can generats new structurss which have the property
1!
that zﬂﬁl s a docreasing function, by composition of structures having

thir property., Under composition we form a superstructuru cach element
of which consists of coples of & glven structure. 1f h = fg) with |'(p)2-0.

than eincw
Phip) .
him '?" g(p) '

the pruperty i closed under composition.

Tho following example shows that a structure conaisting ot ind:-
pendent like compunants each having an exponential failure distribution
noed 1ot have an increasing faflure distribution,

Example, Consider a structure composed of two substructures in
parallel, the first having k components in series, the second consisting
uf a single component. Assuming independent components earh having
exponential distribution for failure

oo semndld
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Flyel-at

we compute tha probability S(t) of structure survival past time t to be

S(t) v 1 = (1-a"t)(1-a"kRYy,

Thus

iy | ot kekt . i )entktlt

R -
=50 b7 okt L gelkbLE

and so

sgn R'(t) = sgn [-(k-l)z + ﬁzc't + okt ] .

Note that for k™1, for t = 0 the sign is positive, while for t = o0
the sign is negative. Thus the structure fallure rate R(t) (s not monotonic
for k>1,

This is also » counterexample to the conjocture thut k out of n
struetures with unlike IFR componants are themselves necessarily IFR.
(Simply consider the serius substructure as a single component. )

5. STATISTICAL TEST FOR MONOTONE FAILURE RATE, W,
have sasn the impettant role that distyibutions with moretine fallure rate
pay in reliabilty theory, “nerefore it would be of great value to have a
tasl tu determine whether & sampic {or set of samples) comaes from a
pupulation with monotone failure rats, The test presented in this ..e*ion
{a bused on Proschan and Pyke,

Let xl. xz. s xn be a sample of independent vhisarvations

fiom the vomnmon distribution F with density {, where f{t) = 0 Jor t<X 0,
and failure rate r{t). We wish to choose betwean the following:

Null Hypotheals, HO: r is constant,

Alternative Hypothewis, H;: r is non-decreasing but not constant,
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< T

The test statistic is computed as follows. Lei T1< T2<. n

be the ordered observations, D =T1, D=7T-T,...,D=72.-T
' 1 2 2 ] ) 1n n n-1

the spacings, and D =nDl, f)2= (n-l)DZ, ..., D = Dn, the normalized

hal

1
spacings. Fori, j=1,2, .. ., n letV, =1 if -ﬁj>5,, 0 oiherwise.
The test statistic is )
)
Vo= \'
N T R W
i3

We reject the null hypothesis at the X level cf significance if Vn>'vn A
. . . ~ VL 1 i R
where v o~ is determined such that P[Vn vn,o(,‘ HOJ o (Itis

obvious how to modify the V., testif the alternative hypothesis in that r
is non-increasing rather than non-decreasing.)

Heuristically we may justify the test as follows. Under the null
hyrathesis it may be readily verified that ﬁl’ 52, c ey Dn are indepen-

dent exponential random variables with common pararneter, say A.
Heace PV, 1] =1/2 for i, j=1,2,...,n, i# j. However, as

shovwm below, under the alternative hypothesis, P [V,_ = 1] 172 for
ij 4

1€3, 3, j=1, 2, .. ., n. Infact, each Vi‘ and Vn tend to be larger

under the alternative hypothesic, so that rejéctinn of thie null hypothesis
occurs for large values of Vn. Cinre under the null hypothesis the dis-

tribation of V_ is known, we have available v .
n n’d—

Distribution under the Null Hypothesis. Since under Hg, Dl, 2
Xe” At a1l

Bn are independently distributed, each having density

orderings of D |, B,
1 2

Kendall {1938) provides tables for P{V < leO] , n< 10; more ccnvenient
a =

.+ D are equally likely. Using this prop. viv,

. 2
tables are available in Mann{1945). Mann shows thzt ,!Ln and v , the mean
n

and variance of \/n under H . are given by
0

RS LSRR b SO 50 5

¢

-
2 AN

BYII I

ST




Design of Experimnents €7
n{n-1) 2 _ (2n$5)(n-1)n
K = 4 Ty " 72 '

and that V, is asymptotically normal under Ho.

Unbiagedness of Test. We now show that Vn 18 uribinsed, i, e,

that
P[Vn‘Lvm“ M} 2w for 0l glinm2 3. .. .
Make the transformation

X! w - AnF(X) .
It follows that
JP[X‘1 > u] o e.u.

Thus each x; ls distributed according to the exponential distribution

with unit mean. Moreover, sincethe X , . . ., X_ are Independent, sc

ave the X!, . ., X', Nextlet T'¢ T} ¢. . ¢T! represent the rankad
1 n 1 2 n
A, XL, . X! w0 thw Ty« fnF(T), kw1, 2 ..., Further,
let
- [
bi '(n Hl)(Ti Ti‘l)' im ln 20 . ey

whure TEJ = 0 by definition. It is easy to ve.ily that the Bi are in-

dependently, identically distributed according to the exponentinl with unit
mean. See for example Epstein and Sobel (1953} or Rényi (1953).

Note that T/ ia an increasing function of Tt Moreover T;

is a vonvex function of T, as shuwn in Theorem 4.1, Chapter II of




68 Denign of Experirnents
Barlow and Proschan (1964). It follows that B; b4 D; implies B{?ﬁj

for 1< ). Thus Vyy2 Vi, where Vi =1 if 5@5' Hence Vv 2 V!,
n

J j J

iy %o that P[_Vnavn'xﬂ-ll]zﬂt for 0&o &1,

ne2 3, ..., implying that Vn is unbiased, as claimed,

where V'n-z v!
i<

Asymptotic Distribution under the Altarnative Hvpothosis., Under
the altsinative hypothesis, the asymptotic distributlon of V, is normal

under mild restivictions, It follows that V!,l is & consistent tost.

The asyiaptotic rolative efficiency of the Vn tost compared with

vurious possible competing tosts is studied in Proschan and Pyke, In
general, the Vn test compares quite favorably,
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UNBIASED ESTIMATES OF RELIABILITY WHEN TESTING
AT ONLY ONE EXTREME STRESS LEVEL

A, Bulfinch
Reliability Engineering Branch,
Nuclear Reliability Division
Quality Assurance Directorate
Picatinny Arsenal, Dover, New Jersey

ABSTRACT. Based on the stress-strength concept of reliability for
"one-shot! items, it is assumed that an item cannot (ail until the stress
equals or exceeds the strength, ¥ rom this premise and the following
additional assumptions, methods are givan for calculating unbiased
estimatad of non-time depandent reliability:

1. The relation between the stress and strength standard deviations
are known approsximately.

2. A single stress level in applied during testing at approximately
three standard deviations from the average strevs level,

3, The stress and strength distributions are normal.

Calculations are included to show the effect of errors in the sssumptions
soncerning the standard deviations, applied stress level, and rovnding-off
wrrors,

This approach further reduces the sample size required t» demonstrate
nigh nonstimec dependent reliability in lahoratery taating. It has the ud-lad
advantage of obtaining unbiased estimates of reliability with the mumplest
nt testing methods,

1, INTRODUCTION: The pressure of time and money in reliahility
testing requires a never ending quest for simpler methods and smaller
sample sizes. Recent work at Picutinny Arsenal has suggestcd another
contribution to this effort.

The upual interpretation of sampie results for the detarmination o
nonstire dependent reliability, when only attribute type data can be
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obtained, is basaed on the binomial distribution, The usual laboratory
method of testing is to apply a single level of straess to the sample.

Under these conditions very large dample sizes are required to demonatrate
reasonably high reliability values that may exist. Iu addition, thia appioach
results in data very insensitive to changes in reliability, Both of these
characteristice are costly shortcomings, However, the simple method

of taating is an asset, '

The purpose of this paper is to describe a procedure that retains
the simple testing method but requires ouly sinall sample sizes for any
reliabllity level and produces data that is sensitive to small chianges in
reliability, This is accomplished by changing the interpretation of the
data and supplementing this, in a quantitulive way, with knowledge grained
from tho axperience of working with an itemn bves a period of time.
However, the method presented hore in limitead to the laboratory
determination of non-time dependernt reliability when only success-
failure type of data can be obtained, This type of reliability is bascd
on stress-strength concept presanted in an eaxlier paper (Reference 1),

The procedures proposad are an out-growth of recent work on
whie evalustion of laboratory rethods by means of Monto Carlo sampling
teLhiniques, This work showed that when only attrilute data can be
obtained that:

1. The observed proportion of succensas ir. & sample
obtained at 2 sinple xtroas lavel is a Yiased entimziy of the
non-time dependent reliability definad by the stress-strength
concept.

2. A sample obtained at a single stress level cannot
measure thy average or standard deviation of the streaguh
distributlon.

3. The observed failure rate, obtalned at a single
stress level measures the area of the tail of the strength
curve to the left of (below) the applied stress ordinate.

From the above, it wan realized that sample results obtained at
a single stress level furnished information about the strength distribu-
tion., This suggested the poswsiblity of making use of this fact for

[,
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obtaining unbiased estimates of reliability, with the very simple method
of teating at & single stress leval, by changing the use made of sample
results,

. METHOD OF CALCULATION, The method of calevlation described
below is based on the normal deviate;

T = X - X
li + l;
Where: ?{1 2 Average stress expected in uwve
sz = Avorage strength
lf = Variance of the strass distribution
li = Variance of the strength distributien .

The previous work referred to above showa that precise and unbiased
estimates of the true non-time dapendent reliabllity can be ohtain.d

by entering a tabls of areas under the standard normal curve with this
calculated Twvalue. Thix is true of course only when the stress and
strongth distributionuy arc normally distributed. Th: seneitivity of this
function to deviations frurn normality is yel to e demonstrated.

Since testing at a single strans level cannot measure the w,.rne
and standard deviation of the strength distribution, the above formula
was \tansposed to au equivalent function aw follows:

Let X = Any applied stress leve! (n
ienting. Then: .
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s X - il (for the stress distribution)

T4

:”c'z - X
‘rﬁ E ] ¢ ————————

- .3
Tzlz = fz . X (for the strength dimtribution)
xz-x1=(x-x1)+(xz-x)
. Tx'l + Tys, {by substitution),
ms, * 5,
X, - % ~Th
Tl'l. + rn'I‘zsl

T = \;'!l! + (mwy)

L ('l’.'l + mTz)
[ &
11\/7-! m

"I‘L ¥ mTz

¥ \/1+m

ASSUMPTIONS, The last formula can be us

apsuniptions:

1. The stress snd strength distributions axe normal

2. Where ms, SR PY m is known

3. The testing ia done at

im known approximately.

T

ed under the foilowing

a stross of (Kl + Tlll). where T,

el

s e Tl
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1V, DISCUSSION OF ASSUMPTIONS.

1. 1f there is reason to question the assumption of nqrmality,
appropriate distribution free methods can be used, However, the form
of the distribution should be determined where possible.

2, Dxperience has shown that m is approximately two. The
examples given below show that the value of m can vary widuly befnre
seriously affecting the accuracy of the resulting reliability value,

3. (X + T,s ) can be defined as the maximum stress expected
in use. This level of *t ess is usually known by the development engineer
or is specified in the Military Characteristics, Such & maximum stress
can be defined statistically as the stress acourring only once in a thousand
or once in ten thousand times, As such, T, = 3,09 or T = 3,72
respectively, The examples given below show that T, can Mso vary widely
before seriously atfecting the accuracy of the ruultl.’tt raliability value,

vV, USE OF MODIFIED T - FORMULA. In the above formuls, 'I‘;.

is measurad by the observed failure rate of the sample tested at a single
strass level (X). Its numerical value can be obtained by entering z table
of arcans under the standard normal curve with the proportion of failures
in the sample. With this wlue determined and the values of T, and .u
known or ussigned, the alive formula can be used withe g knu&ling X
ors, the avarage and staudard deviation vf the atrangth dististribution,

The average and standard doviation of the stress distribution must *.»
tieparately determined. If thiz information is not available and ~annot be
determined, the determination of a numerical value for reliability io
imponsible,

Vi, ACCURACY AND SENSITIVITY The incentive for using the
proposed method of calculating reliabllity is that it can furnish consider-
ably more information about the existing reliability than the usual way of
using sample success-failure results. Tliw examples given in Table I
show this quite well. Obtaininy 50% sample failures in this method is
not as bad as it might seem. If the 50% point of the strength curve ia
at the three (3. 09) sigma point of the stress curve, the roliability equals
. 9162 (when m equals 2) - not %0%, the proportion of successens in the
sample.
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TABLE 1

ACCURACY AND SENSITIVITY

Sample Size; n = 22
Number of Sampls Failures: = b
Standard Deviations: .f".Sx ] 5Z i
Teanting Luvel: T, = 3.09 (P = .001)
3.09 Z'I‘2
T = et
1+ (2)8 |
SAMPLE T-FORMULA (1-b/n)

b b/n T2 T Relisbiilty Rellability  Diffeyence”
i1 . 5000 0,00 1,38 19162 , 3000 +.4162
10 , 4545 0.11 1,48 . 9306 . 5455 +. 198}

9 . 4092 0.23 1. %9 V9441 . 8908 +, 35313

8 . 3636 0,235 1.09 . 9545 , 6364 +.3181

7 . 3182 0.47 1,80 . 9641  uala +, 2823

6 . 2728 c.60 1.92 L9726 L1272 +.2454

5 .e272 0.75% 2, 0% . 9798 1128 4+ 2070

4 1818 0.91 2.19 . 9857 . 8182 +,1675

3 . 1364 1,10 2,36 . 9909 . 8636 +,1273

2 . 0909 1.3 2,58 . 9951 9091 +. 0865

1 . 0454 1,69 2. 90 9981 . 9546 +, 0435

" P .Formula reliability minus the obsurved propertion of successes in the

sample,
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The results in Table I show the sensitivity of the proposed method
to changes in reliability values, A decrease of, 03 in the reliability at
the upper end of the scale increases the numbdaer of failures in tha sample
of 22, from zeroc to aix, This is & significant difference at the 95%
confidence level,

The above sensitivity is to be compared with the insensitivity of the
method of using the observed proportion of successes in the sainple as
the point estimatn of "reliahility" . In this method, where the binomial
distribution pertains, the success probability ( "reliability") must
decrease approxiinately 0,23 (1,00 » ,77) before the obsarved number of
failures in the sample increasas a significant (0 to 5) amount at the 95%
level of confidence,

The above comparison of sensitivity shows that the proposed method
in senuitive to changes in reliability, That is, the proposed method can
detect relatively small changus in reliability with small sample sizes,
This {s an impoxtant property for a lahoratory method, It means that
small differences between design modifications and small changes ocourr-
ing during storage can be readily detected,

Vil, ERRORS DUE TO ASSUMPTIONS. The relative accuraciens of the
two methads for determining reliability are shown by the "differences"
given in Table I, These differences are to be compared with the arrors,
renulting from incorrect assumptions shown in Tabie II. The assumption
srrors made here are the maximum expectad in practice due to total
‘ynorance bvhout the system concerned, Any knowledge gained abuut &
component Ar 8 nyutalu through experience will Liuprove the accuracy of
ithe assumptliune and thorehv reduce the rosultant errors. This kind of
kiwowledge, from expevicnce, is always available and can be < fectively
ued in the proposed method ot calculation,
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TABLE Il

EFFECT OF ASSUMPTIONS AS FAILURE RATE INCREASES

‘W'est Level: U, + T, 8§
Standard Doviation: mf-"lx » Sz
FAILURE T P T PQINT
RATE (b/n) m 3 1 _2 X ESTIMATE
02 1 2.3 . 0100 2,08 3.10 . 99903
, 02 1 3.72 , 0001 2.08 4,08 1 99998
.02 2 3,09 L0010 2.08 2l 199934
, 02 3 2,33 , 0100 2.08 2. 68 . 99632
.02 3 .72 , 0001 ¢.05 .12 + 99910

Maimum Error;

Asxnuming the most favorable (highest reliability) condition when in fuct
the i1t unfavorable condilion actually exists; . 99998 - , 99632 = +, 00366,

Median Errorsr

Agouming the median (m = 2; 7T, < 3,09) condition when the mon
favorable (1) and Uniavorable (2) co}aditionl exint: (1) .99934 - . 99978
= «. 00064 (2) . 99934 - . 99632 = +,00302

Etfect of Assumptions (continued)

Test Level: U, + T.8

1 171

Stuudard Daviation: ms1 . Sz
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FAILURE - p 0 POINT
RATE (b/n) m 1 Y e T ESTIMATE
.05 1 2.33 ,0100  1.65 2,81 99752
.05 1 172 L0001 1.65 3,80  .99993
.05 2 3.09 L00l0  1.65 2,85 99781
.05 1 2.33 L0100 1,65 2,30 98927
.05 3 3.72 L0001 1,65 2,74 .99693

Maximum Error:

Apsuming the most favorable (highest reliability) condition when in
fuct the most unfavorable condition actually exists:

199993 - ,98927 = +, 01066

Median Erroras:

Assuming the modian {m = 2; T, = 3,09) cowdlition when the most
favorable (1) and unfavorable (2) conditions exist:

(1) .99781 - .99993 = 00212

(2) .99781 . ,98927 = +.00854

Fitfect of Assumptiona (certinued):
Test Leval: U, + T8

Standard Deviation: mS, = S.’,
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FAILURE POINT
RATE (b/n) m T, P, T, T ESTIMATE
.10 1 2,33 ,0100 1.28 2,55 + 99461
10 1 3.72 0001 1,28 3,83 99979
.10 3 3,09 0010 }.28 2,52 + 99413
.10 3 2.33  ,0100 1,28 1,95 . 97441
10 3 3,74 L0001  1.28 2,3 1991587

Maximum Error:

Assuming the most favorable (highest reliability) condition when in fact
the most unfavorable condition actually exists:

199979 ~ 97441 = +,02838
Median Errors:

Assuming the median (m = 2; 'I‘1 s 3,09) condition when the most
favorable (1) and unfavorable (2) conditions exists:

(1) .99413 - ,99979 = ., 00564
(2) .99413 - .9744) = +, 01972

Eiffnat of Asaumptions (continued):
Test Level: U, + T.§

Standard Devistion: mS, = §




¢
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FAILURE T p T POINT
RATE (b/u) m 1 1 2 1 _ESTIMATE
, 20 1 2,33 .0l00 0,084 2,24 ., 98745
., &0 1 3. 72 . 000) 0,84 3,22 99936
, &0 2 3,09 . 0010 0.84 2,13 98341
. 20 3 2,33 . 0100 0.84 1,583 . 93700
. 20 3 3.72 , 0001 0. 84 1.97 97888
Maximum Exror:
Asauming the most favorable (highest reliabllity) condition when in fact
the most unfavorable condition actually exists;
199936 - ,93700 = 06236
TABLE 11

lailure Rate

.02
.05
A0
.20

Rrrors Dus to Using
Sainple Proportion nf

SUMMARY OF ERRORS ?
]
i
Successes as Point }

Errors lJue to
Asawaptions

Estimate Maximun:  Mediau
+,019 +, 004 +,003 E
|
+. 048 . 011 L [
+.094 +, 025 +.020 :
+,183 +, 062 +. 046
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The sample errors in Table Il were obtained by subtracting {1 - b/n)
from the point estimates (in Table II) for M = 2 and Tl = 3,09 -~ the median
conditions, The assumption errors in Table Ill were obtained by rounding
off the corresponding erroxs in Table II.

The data in Table 11l show that both types of artors increase as the
observed proportion of failures (failure rate) increases, However, in
each case the assumption errors are less than the sampling errors., The
magnitude of the assumption errors up through a failure rate of 0,10 is
not great enough to seriously affact the reliability value, Some knowledge

of 'I‘1 ox 1 will greatly reduce thess errors in the calculated reliabality,

Vill, EFFECT OF ROUNDING OFF ERRORS, When sample sizes are
small, rounding off errors may be ltnportant, Thelr effects at various

failure rates are shown in Table IV and Table V.

S e ¥
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Test Level:

Standsrd Daviation:

10

=

2n

50

TABLE IV

EFFECT OF ROUNDING OFF ERRORS

(SAMPLE CALCULATIONS)

U+ 3098
2, = s,

b/n T P T,
.45 3,09 001 +13
, 50 3,09 001 .00
55 3,00 001 13
b/n Ty Py T,
20 1,09 001 84
2 1,09 001 56
30 3.0 ,001 . B3

LV W W 3
08 1.09 001 1,65
10 1,09 .00 1,29
15 1.09 .00l 1. 04

1. 50
1,38
1‘31

2,13
1.99
1.85%

2.85
2. 54
2.3

-~

8%

Point
Hstimate

19332

9162

. 8979

Point
Lstimate

L00a
. 9767
.9678

Point
Eatimate

. 9978
(9945
L9896
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Median Errors:

Assuming the median (m = 2; Tl = 3,09) condition when the moast

favorable (1) and unfavorable (2) conditions exist:

(1) 98341 - 99936 = », 01595
(2) .98341 - 93700 = +, 04641

TABLE V

SUMMARY OF EFFECT OF ROUNDING OFF ERROPRS

Test Leval: Ul + 3,09 Sl
! Standard Devistion 281 ] Sz
FAILURE RATE MAXIMUM ERROR
. 05 . 0006
10 . 0082
&0 0128
, 30 .0188
.40 0250
.50 , 0383

The errors shown in Table V are the differences between the max-
imum and minimum reliability values for each failure rate (b/n). The
method of calculating tha maximum and minimum values is based on the
assumption of rounding off errors of + 0, 0% in the fallure rate as shown
in Tabhle IV,
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Although the assumed rounding off error is the maximum expected,
its magnitude is not excessive below a failure rate of 0,30, As shown in
Table V, this typs of error also increases with the failure rate,

1X. USE OF CHEBYSHEV'S INFQUALITY, There is little or no
information available on the form of ctrengtﬁ dietributions of most missiles
and minsile components. Furthermore, it is costly to obtain. It would be
helpful if & distribution free procedure such as Chebyshev's irrequality
could be used, As shown in Table VI, the uase of Chebyshev's inequality
in the modified T-formula resulted in ridiculous values.

TABLE V1
CHEBYSHE V'S INEQUALITY

Tant Level; Ul + Tlsl

Standard Deviation: zsl = Sz

Failure Rate (b/n) T P T, T
0. 50 31, 62 , 00l 2 15,4

The T value of 15.4 chown in Tuble VI js to be compared with the
T.value of 1. 38 shown in Table L tor a failure rate of 0. 50, From this,
it 18 concluded that Chevyshev's inequality cannot be used in this
application.

X. EXAMPLES, Previous work (Raference 1) has shown that ths true
non-time dependent reliability of the set of conditions used in these
vaamples can be obtained by maans of the follawing forruula

Uz-U

i
2 £ ==
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Where:
UI. =  True maan aof the stress distrilation
512 =  True variance of tha ,tun distribution
U2 & Trus mean of the strength distribution
E‘ozz = I'rue variance of the strength distribution,

The reliability value obtuined by meann of the above formula wasz used
to determine the accuracy of the following two methods of using attribute
data obtained from the application of a single strese level:

1. Using the observed proportion of successes in the sample as
the reliabilily polnt autirante

2. Using the abserved proportion of failures in tha sample as
a menasure of the area of the strength distribution, bulow the appiied stress,
to obtain 'I‘z in tha T ~{formula.

Thre wrrors assoclated with the two maethods of using sample dats are to be
compared to show the practica) value of the method propouzed here.

The conditions used in {his example are:

Stress_ Strength
Ul = 10 U?. u 42
Sl e 8 oz = 10

The true non-time dependent reliability for this set of conditinnu can be
calculated as follows:

M o e T i N 2 NI S, S ST SRS B . . S TVEW B EAAASY Sn,
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2 42 - 190
z Voinanene NI PR
(o)? + (52 1z

Tha true reliability ussociated with this Z-value is 0,9979,

L. First Method
Using the obsavved proportion of succesnes as the point estimale;

1f it ia lll';ll'hﬁd that the tosting is done at U‘l * 3sl. than

the applied stress will be equal to 28 units, For the set of conditions des.
¢ribed above, the portion of the strength distribution below 25 unita can be
found as follows:

42 - 28
zz -] —-r‘-—-—- a 1. 70n

Entering a table of areas undey the standard normal curve with this 2

valua, the following value is obtained;

2

P = 0446

The earlier work referred to above shows that this iutter volue in the
vapscted [allure rate of the single-stress-level mathod, The complement
of thin value (, 9554) wouid be taken ss the "true" mean rallsbility of this
tnethod, The diffirence batwesn 0,.9979 and 0. 2554 (U, 04283) 1s connidered
the expected error nf the gsingle-atre :n<level method when ths proportion
of successes in the saraple i taken : a the point estimate,

2. Second Method

Using the observad proportion of successes as o saeasure of the
&red in the tail of the strength curva:

The practical value of the method proposed here can best
be demonstrated by calculating the magnitude of the errors dus to the
assumptions mide concerning m and Zl. Using the set of conditions

described above, the variations in m and Z; usod below sre the max-

mum considered likely in practica. Therefore, the arrore in tho reliabil
ity values caused by these variationa are tha maximum expected,
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TABLE VI
VARIATIONS DUE TO ASSUMPTION ERRORS
Failure T z P Point
Failure Rute 2 m ) 1 T _Eetimate
1/22 1.70 1 2,33 ,0100 2,85 9978
1/22 1,70 1 3.72 ,0001 3,83 . 9999
1/22 1,70 3 2,13 ,0100 2,38 . 9906
1/22 1,70 3 3,72 L0001 2,79 9974

The following errors were obtained by caiculating the differencus hotwesn
the true value and the point estimates shown in Table VII:

ERRORS
M ey Differonces
: 2.3 0001
! 572 0020
3 2.33 .0073
3 3. 72 0wl

Thewne ervors are to be compared with 0,0425, the error obtainnd when

the sampla result was used as the point estimate of wun-time dependent
reliability.
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XI. CONCLUSIONS,

1. The proposed use of attribute data to estiinate non~time dependent
reliability by the single-stress-level method is moxre accurate at all leveln of

reliability then the usual method of using the proportion of successes in the
sample as the reliability point estimate,

2, The proposed method is more sensitive to changes in reliability
than the usual method,

3, The proposed mathod parmits the knowledge gainod through the
uxperience of working with an item to he uusad in a quuntitative way and
thereby reduce the sample size required to obtain an unblaned estimate of
reliability,

4. When the true reliability of an item is in fact an high as 0,995
{the urual value of Military Characteristics requirements) and the stress
is applied at the three~sigma level, the expected error in the proponred
method in less than 1, 0%,
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COMMENTS ON THE STRENGTH OF REAL
STRUCTURAL MATERIALS

Kenneth H. Abbott
Army Materials Research Agency
Watertown Arsenal, Watertown, New York

LRamukr.:] Following the tolk by A. Bulfinch there wap a lively discuasion,
In th# light of the questions posed the folluwing comments should be of intereat
to those attending Session I,

The most common structural material.s for military squipment are
metals, As a result, the following commentr are specifically related to
atructural metals and alloys, althiough they are applicable in a generic senwse
to other structural materials.

The strangth of an engineering alloy, or more genarally, the strength
distribution for a specific' alloy and processing treatment, is normally
determined by tensile testing. During a tensile test to determine the
maximum stress that can be tulerated beforae failure occurs, the general
hehavior of the alloy is illustratad schematically in Figure 1, a typical
slress=strain curve. The enginearing vield strength iw defined as the
strans (load per initial area) nfter & predetermined amount of plastic flow
Lies taken place., The ultimate tensile strength is dofinnd as the streas ot
the maximum load, and norrmally occurs after an additional amount of
pleatic {low, After reaching the ultimate tensile strengili, the applied load
guncrally dsureacsc av local nacking develope, nddicional plastic flow accurs,
and finally the specimoen fractiren, Strength, then, is normally determined
by the plastic properties of the metal and, per ne, is not relateu v fracture,

ldeally, wstructures should behave in a similar faehion, §.¢., 1ia
sufficient load-carrying cross section is available, the structure should
yleld (undergo plastic flow) before it fractures. This simplc approach,
however, ia complicuted by the geometry of the structure and assc -iared
stress {jeld, an well as by falbrication and processing defects such as
small voids, inclusions, weld cracks, etc. In an actual structure, the
propagation of a crack from an existing defect can rewsult in fracture of
the metal before any appreciable general plastic flow takes place, As
indicated schematically in Figure 2, fracture can occur at a stress level
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below the engineering yield strength. This phenomenon of the occurrence
of fracture without uny general plastic flow is defined as "brittle fracture "

Hence, the assumption that component faflure always occurs when a
particular strength in exceeded (normally the yield strength} s invalid.
Numerous exampled are reported in technical literature of both military
and civilian structures that fajled by fracture at nominal stress levels well
bulaw the yleld atrength. Some instances are reported where such fracture
fallures oc nrrad at stress lovelr of only 20% of the yleld strength.

Minuto defects {rom which brittle fractures originate cannot be elimin-
ated by non-destructive testing techniques for two reasons. The firat is
that some auch defects are below the resolution lirnit of the non-destructive
testing equipment. The second is that muny defects can originate subsequent
to camponent manufacture by various time dependent processes such as cor-
rosion, hydrogen embrittiement, ete. Hence, the design of structures which
fail through plastic deformation rather than by fracture in a very difficult
and complex process.

The following references arc suggested for addiiivaal datail

L, American Society for Testing Materials, "Symposium on Effect of
Temperature on the Brittle Behavior of Metuls, " ASTM Mo, 158, June 1953,

2. "Conference on Brittle Fracture in Steel, " West of Scotland Iron
and St~el Institute, May 1953,

3. "Symposium on Preventic. of Brittle and Lew Temperature Failures

of Steel Components, " Watertow.. Ar=mnal Laboratories, May 1949,

4, Cottrell, A }l., "Theory of Britile Fracture in Steel and Similar
Metals, " Trausactions AIME, V 212, 1958,

&, WFracture of Structural Metals," WAL MS.48 Jju.e 1962,

Y
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THE COLLECTION, PROCESSING AND STORAGE OF DATA
ON SERIALIZED NW ITEMS

Manfred W, Krimmer#*
Statistics and Analysis Section, Reliability Branch, OAD
Picatinny Arvenal, Dover, New Jersey

The existence of 2 requirement for a standardined, usable rieans of
data collection and processing for Sexialized Nuclear Weapons items
necessitated the writing of a Quality Assurance Instruction (QAI-PA-})
and two major computer programs, namely, an Error Program and a
Summary Frogram., This paper will outline the application of QAI-PA-]
to Seriulized NW ltems, the fundamentals of the Error and Summary
Computer Programs, and the results obtained therefrom,

i, The Quality Assurance Instructioh standirdises the method of data
collection for those serialised nuclear munitions produced under the juris-
diction of the U. 5. Army Munitions Command. The automatic data pra«
cessing system Includes the standardisation of forms, recording methods,
and conversion of data to punch cards for transmission to Picatinny
Arsenal. Computation, analysie and interpretation of the data fox quality
and reliability evaluation then takes place, ' The information collacted -
for each itera includes scceptance data and performance results as wellas
atockpile test information,

2. The QAI has three primary purpoues,
a. The Reporting of Identitication luformation and Test Resv e,

h. The Napurting ~f Drawing Change Documents and Associated
Gerial Numbe e

c. The Reporting of Related Serial Numbera,

Following is a brief explanation of the above reports covering The
Reporting of Identification Information and Tcat Resules last, it being tha
primazry report of this system, and a discussion uf the computer : vogrems
and what is done with the results.

3. The reporting of Drawing Change Documents such as engineering
ordars and technical data change requasts and the serialised items pro-

*At the present time the authnr {s with the Ammunition Procuremaent
and Supply Agency, Joliet, Illinois.

B
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duced under each, was requested by the reliability engineers at Picatinny
Arsenal to ald them in more accurately evaluating the stockpile veliability,
This is done on reporting forms SMUPA N3-900 and NS-900A. The firast
form {Fig. 1) SMUPA N3-.900 is a 1ac0rd of all Drawing Numbers, re-
visions and/or EO's or TDCR numbers. At the start of production or pro-
duction under a new contract, the contractor will list all tie appropriate
documents under which proguction will begin, The sacond form (Fig, 2)
SMUPA NS-900A lists all the sexial numbers of the components produced
under the drawing, revisions and/or EO's or TDCR'a recorded on the first
form .

Upon reaceipt of one or more EQ's (or TDCR'n}, another primary card
form, SMUPA Form 900, is filled out listing these additional EO's (or
TDCR's), A listing of the component serial numbers for units produced
under the new EO's (or TDCR's) is then recorded on a new secondary card,
SMUPA Form 900A. Whon additional EO's (or TDCR ') are received,

another primary card form is completed listing only these sdditicns, Simiwrly,

a listing of the component sexial number, four units produced under these EQ's
{os TDCR's) is recorded on a new secondary card.

Thin procedure is continued until three months have slapsed. At a logi-
cal point in production (1. 6., prior to incorporation of a new EO (or TDCR))
all the preceding primary cards and their associuted secondary cords are
forwarded to Picatinny Arsenal in punch card formut, The abovs pro-
cediurs ig then repented, beginning with an initial primery card lsting all
the drawing numbers with their up-to-date revisions, end Englncering
Ordes Nurnbers (or Technical Data Change Requests) not yet associated wiil,
a drawing change, under whic. production will be continued, 7his process
is repeated contirususly every taree 1noull:s or until the end of production,
The information is then put nn punched cards and siibmitted by the producar,

4. The Reporting of Related Serial Numbers is necessary to mai-
tain an accurate up-to-date record of what assembly an item is & pert of
throughout ite life cycle and what items maks up a specific assembly,

This nlbrmation is required by MUCOM through direction of the Army
Matoriel Command., The information is reported on SMUPA N3-90}

(¥ig. 3) and lists the serial numbers of all the components making up a
specific assembly, This information is submistted by the contractor assem-
bling the iterr and by field petsonnel whenevar a component is removed or
replaced.

e MARE
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5. The last report, but most important, in the systetn, is the reporting
of Identification Information and Test Results, This information is reported
on SMUPA N8-902 (Fig. 4), This is the basic document for recording the
results of all the inspections for which information is required, It containe
al) information necessary to identify the item such as, contractor, contract
number, spec, number and date of inspection, [t also containg the variables
test results as valled for in the purchase description, it identifies the de-
fect, and gives the disposition of the item. Thiw information is recorded by
the itam contractor and submitted on punched cards,

6. To simplify the ldentification of the teasts called for in the purchiase
description, a six digit "test idantification code" was developed through
numerous conferences with engineers concerned. This code is contained
in the PD and is made up as follows, 8ince all the tests in the PD are
called out in paragraph 3 and are numbered, for example 3.10,1, 3, the
firat diglt signitying paragraph 3 is omitted and the code begins with the
next two digite signifying the first subparagraph. The next subparagraph
is then designated by a single digit and tha laat thrse digite of the code are
individual tests in numerical sequence, For example, 10/1/002 identifies
the above paragraph and the second test within that paragraph, The codes
are unique within PD'a but not among the various PD's,

7. During the gathering of this duta by the itein convrastor, monthly
ahipments of punched cards contsining Identification Information and Test
Resultes come into our office. These cards must be Lhecked for various
vorors in recording and/or key punching, This is ancomplished by means
o! an Error Program. The information on the cards iz put on moynetic
tupe and fed into *h> commputsr and the Ervor Prograin checks each card,
column by ¢olumn, for informatioa which does not belong, 1If all the enrds
are correct, analysation of the data takes place. If there are ¢>rory in the
cards, the computer wiil print cut what the errors are and where to fina
them. The caxds are then corrected by us {f the volume of vrrore in not
tan great or they are sent back to the contractor fur correction,

8, If tho data ls good, it is analysed, This is done ueing our Sanimary
Program which takes the data wnd computes the following:

a., Lists all readings which are out of specification limits,
b, Computes:

{1) Mean
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(2) Standard Deviation
(3) ()10, 20 and 3¢ limits,
c, Print; out the mex., and min. values and the range,
d. Lists all rendings ?\.\uldo of the sigma limits,
#. Prints out a lreguency distribution based on ? sigma limits,
f, Indicates skewness, which tests the normality of the curve.
@ snd indicates kurtosis which measures the flatnons of the onrve,

This summazy program ls run for sach lot of data received on a monthly
basis, '

9. A ascond type of Search and Summary Program, providing the same
output &8s the onw akiove is run for the entire production or for any special
canus where specific Informution. is required,

19, The resuits ohtained are then wtudied and interpreted and a report
iw written. The reports are issued and a follow up action is maintained
until replies to the reports recommendations are received indicating sorme
action being taken.

‘he data is then retainid nu master tapos and stored frv fluture use.

It is felt that this system is & goad one and it e intended to increase
1ts cavabilities and scope as future developments aripe,

Hagquensts tor copics ui QAI-PA-«1 or any further infurmation about this
system should be directed to!

Commanding Officer
Pieatinny Arsensl
ATTN: SMUPA-NR2
Dover, New Jerney

A 5
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PRODADILITY TIIAT STRIIGS IS LESS TIUIAN STRENGTH AT
PRESCRIBED CONFIDENCE LEVELS, FOR NORMALLY
DISTRIBUTED DATA

E, L. Bombara
Engine Projects Office, Marshall Space Flight Center

SUMMARY, Under cognizance of Marshall Space Flight Center, the
stress vs. strength concept is often employed in small-sample testing
during design of engine subsystems.

Under the arsumption 2f noiuwlly dissiivuicu data taken from samall
samples of expensive ltems, this papur presents methods for estimating
probability that stress does not exceed strergth, with s prescribed
lavel of confldence, Tables are provided to simplify caleulationu of
such probabilities.

Input data are the mean and standard deviation of operating stress
from ngy tests, and the mean and standard deviation uf strength from
ny, tests, Preclsion of these methods, based on upproximate resulte
by Welch and Aupin, is indicated v, sample slzes und ratios of vari.
ances, By examination of Tebles ] and I1, sample sizes required for
ltrgu and strength tests can be determined. Ao one rnight expect, il
o u‘/c’ ayr 1l it is bent to ulect nmi Nyy in order to achieve highest

precision, and convernely for 0" ./o’ thl (sew Figure III), Compari-

won of annlytical results with computer simulations (Table I) have been
inade to illustrate the amount of bias of the method when the number of
oute 18 very smalls say, 5,
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(taken from reference 7). The author would also like to express liis in-
debtcdness to Mr. William Mootre for Monte-Carlo programming, Miss
Deanna DeBerry for calculations and charts, and Miss Linda Dillard for

typing.




112 Daaign of Experiments

INTRODUCTION, Under the concept promoted by Robert Lusser of
the Army Ordnance Missile Command (reference 1), a measure of sub-
aystem reliability can be estimaind through measurament of aafety margins
when data is normally distributed. I'or example, supposs that in develop-
ment tests of & space vehicle the yiald point (strength) of several prassure
vessels of the same design (e. g, fuel tanks, thrust chambers, etec,) is
measured and that the operating environmaental levels of these (stress)
are measured in actual flights or in etatic tents. Certainly it would be
comforting to know that all measurorments of the latter typs nre less than
all of the yield points, as shown in figure I, The bell-shaped cuzve indi-
cutes the assumption that stress and strength values are normally

distributed.
- e b —§ GO R \' ---------- I e B a4
5 10 18 P8I in thousands
® Ambient Lavel
(Strens)
A Yietd Level
{Btrangth)
Figure 1

Measurements of Stress and Strength

We might be contented with this situation, or, dependent on the vehiel-
mission, we might still fear the not~tov-remote chiance that stcess exceeds
strength on the next equipment to be tested, Certainly, if we observe over-
lap of the strouses and strengths we should ba concerned, On the other
hand, if all strengths excead all stressos by a lurge amount, the design
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might be relaxed (reference 2), We are tharefore intnrested in the prob-
ability that stress is less than strength in e single mission, We ahould also
be concerned with confidence lavel, due to the necessarily small sample
sizes,

Let us define the observed scatter of stresses and atrengths in terms
of their respective sample standard deviations, | and s, , with corres-
ponding observed meanw, X,, and ¥ The problbdlty thtt sttens in loss
than strength may be demonstrated at a given confidence level under the
assumption of normally distributed stresses and strengths, as & function of
s’ 8nd the respective sample sizes, ny, andn_ . For

brevity's suke, deflne probability that stress is lewn than streangth as
"atresw-strength reliability." As indicuted in the appendix, stress.
strength reliablility, R, uan be Jemonstrated (ox not) at a prescribed cons
fidence le vel, C, in terms of Ny 1y, and the statistic

*thl !l'". 'thl [ ]

(1) Q Ry = Mgy

0t é
]

"th +.' .

velutive to X, It ﬁ 2 K, R is demonstrated at confidence lovel C,

This papey deals primarily with methods of finding K as a function
st R, C, sample siren, and varhncu. o—th is the popnlation variance
of atrengtn, =rtimated by I from LN obaervations; G'"z is the

population variance of |twur catimated by »  from L nbservations,

ILLUSTRATIVE EXAMPLES,

Casg It ny=n, =n; be (.Tu? / O'"z nknown,
If the number of stross and wtrength measurements are the same, the pro-
Gudury is relatively simples

Itis desired that R » . 99 be domonstrated at 90% confidence. Data is
as followst
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Kgg = T.22 ¥y @ 13,28

ag = 1. 040 by, = 3.120

n_.*n = n =& 7,

13,28 - 7,22 a 1,843,

From (1), ﬁu
03. 120! + 1. 040!

Next calculate

Effective Sample Sire =~ {4+ ]

2
(2) (n=1){ug, + o2 )2 .
~ 1
o, ¢ 0t

613.120% + 1.040%% | | L g 32,
3.120% + 1, 0404

Enter table i1 using confidence = 90%, R = ,99, and conservatively,
effective sample size 8 to find K = 3,78,

Since Q ¢ K, .99 strera-otrength reliability is not d~nwnstrated
at the 90% confidance level. iteading to the tright in table III, we see
that for K 21,83, R =, 84, In Lhic case ﬁ)K' and , 84 stress-
strangth reliability is demonstrated at 90% confidence. The 50% cuu
fidence K-velue for effective sample sire 8 in table III of ), 83 gives
R ut 30% confidence = , 96,

Guse 20 nyghng,; b = G"t: / O'"z Unknown,

T the number of stress measurements, ng,,, and strength measure-
ments, ny., are not equal, in defined as in case 1, but the procedure

fur finding K is more complex:

e 0. R T A Tl D

o S S il i

[ T PR o o
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Uciag the data of figure I,

—

x w 7.22 X = 13.28
[ 1) xth
Bag = 1. 040 'th s 3,120
Nyg © 9 “th ¢ 3
From (1), ﬁ'w 1;‘28 - 1.22 = 1,843,

V3. 1202 + 1.040%

{Again, suppose we wish to determine whether R= .99 @ C =, 90).

From & table of the cumulative normal distribution le. g., reference 9)
find the one-sided value of Zp = 2.99 = 2,326

Calculate the parameter of nou-ventrality of the non-central t statistict
2 2

(3) 'th+ l.'
| ~ 5 -
§ 3] Sth "t -~
Mth Doy 3,i50¢% + 1, 040°
3. 1208 1, 0402
= 2,326 5 q
7 8, 320,

Calculate sftective degrees nf freedoni

{4)
2 2,2
(Ngpdgh + Ngasn’)
= 2 3 2 4
! BBy Dyatee
nth"l n.."l

™~ 5, 647

e ———————————— e T ST
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Calculate

ﬁ/xi'f'
(5) "
i 1+ §a/2¢

Find A in tablely for € = 1 ~ C s .10 as a function of 7, and f. Intarpolate
linearly on 7, , then interpolate on 12/Vf, unless £<¢9, in which case linear
interpolation on £ is sufficient (see retercnce 7). In this example, for { =

5. 643, two-way linear interpolation is sufficiont, giving A * 1,362,

Then gy St ANy G2t APja
2
-2 /mS/z

Note uwt 8 /[Zg is the radical in equation (3).

| 5320 4 1,362V1 + 8. 32012/11.29 - 1, 3628 /0 20 "
(1 - 1.3622/11,29) 8.320/2. 326

Since R < K, .99 stress-strength reliability is not demonstrated ul the 90%
confidunce level, By trial and error we may reduce Zp enough that R is
demonuntad ai 90% confidence; o. g let Zp = .8779, corrasponding i R =
0.81 § = 5.320(, 8779)/2.326 u 2,008, Then

1L = {2,008 AYTT 29)/ Vi + (2. VOBR/11. 29 = 5130

For € x 0.10, table IV gives A= 1,357, K= 1.824. Since 7K, 0.81
strese-strength reliability is demonstrated at the 90% confidence level,
Similar calculations show that at the 50% czonfidence level (use & = , 50,
table 1V), the demonstrated R is 0. 96,

!
i
{

i
|
|
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Iu the event that i > 9, the interpolation procedure for A may be
accomplished by intarpolating on 7 first, then on 12/VI For example,
suppose {215,0,7], 70,8251, For 90% confidence, find ¢ 20,10 in
table IV. Then interpolate (n table IV as follows:

12/V1] & 3,873 3

N\ f[ 9 15,0 16

0.81 1.3526 1. 3380
0.8254 1.3838 1,351 I,3395

0.9 | |1,3%40 1,3398

After linear interpolation based on 7),, the horizontal interpolation is
based on 12/¥1, resultingin A = 1,351,

Case 331 Equal or Unequal sample Sizes, b = a'ﬂf/cr"z Known,
1f the ratio of variances, O"thz/ O""z is known, but the level of each

varianco is unknown, the procedure for finding R is the same as in cases 1

& 2. Inother wordr, aquation (1) and the same sample values of ‘ﬁ". !th'

Sag: Bihs Ny And ngy give u 1, 843 as before,

1f wze also assume, however, that the ratio of pupulation variances,
ws Ty /O"MZ » 2.0, K may be detormincd” as follows:

) (e (U 0y (10 + @)

2

(bng )2 ngd 194 9

_;_3* n_ =1 K3 T
th [ 1

13, 82,

aen

* If ny =n_, =n, Kis more easily found by solving equation (2), sub-
stituting ¢y, for s, and O7,, for a_, then entering table III with

elfuctive sample size as explained in case 1.
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{8)

For R= .99, Zg =2 326 ,

1

0 rr—

4+
§m 2,326 )4, = 5,480,
)

L
5

Ueing equation (5),

5,450/ 27, 64
LAV 1 45 450 =01,
27. 64

Linear interpolation on 7], with interpolation on 12/V7 (since ¢ 7 9) in
table IV ( € u 0,10) gives:

K 2 4, 68

using >qeation (6), Aws before R« K. and R =, 99 is not demonstrated.
By tria: and error we may reduce R and the corresponding Zp wuffi-

iently to find ihai fur R = .85, Zp =1,036and K =i 766, Since
? K, R =, 85iv demonstrated »t the 9U% confidence level. Similarly,
R = .96 {s demonatrated at the 50% confidence level.

Casu 4. Egual or Unequal Sample Sizes, Both \.'-"thz and ‘5',,,,2 Wnown,

2

1f the level of each population variance, & ghz and 7U.¢ ia known separately,

samnplisng variation is due only to %ty and ®,, , the sample means, Thun

s USRS NI SoslnaaicanIENg - *

R S SIS
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{9

a

Ry « %
Q ] ]
: Tin * o
Assuming that O % = 4.00, &% » 2,00, Ry = 13,28, ¥, = 7. 22,

A M3.2B-7.22
K f4.no+ 2,00 247

' 2
Compute K from: O%h \ Cha
(10) K= 2,4+ 2g .'.'..'.‘i_.._f‘.‘.‘_._
*
o‘th' vil

(obtained by solving equation (15) after cubstituting d"lt: and C‘ﬁ
for s and n.i , respectively).

Where ZR and zc are gritical values of the standard normasl deviute

sxcoaded by 1 - Rand | - C, reaspectively, found in a table of the cuinulative
normal distribudon. Assuning Re .99 and C = .90, dien Zp = 2 326
und Z =~ 1,282 (found in u normal distribution table such as reference 9).

Then ,.._...__4

2+ 2
K= 2.326+1.282 [ % 9 a2 s10,
T

Since ﬁ( K, R 2,99 s not demonstrated at the 90% confidunce level.
Accordingly Z, (and therefore K) may be reduced to 1.925 (R = , 973},
using equation 50) such that X = R ¥ 2,46, Then R ».973 is demon-
strated at the 90% confidence level. In similar manuer, R =, 993 i¢
demonstrated at the 50% coufidence lawval,
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Appendix A

PRECISICN AND ACCURACY OF K, Precision in the critical value
of K is dependent on whether the ratio of variances (or standard deviations)
of stress and strength is known, If this ratio is unknown, as in cases | and
2 alove, the precision is largely dependent upon the sample sizes used in
estimating the variances of stress and strength, measured by the effactive
degrees of fresduom, {. If the ratio is known, precision is as good as the
error in tables Il and IV. Accuracy of the critical value of K {s a function
of effective dogrees of freedom, f, of the approximated X i.e., blas
decreases as f increases. It should be noted that K is a function of the
ratio of O“mzl 0““2 = b, not their levels,

If the levels of each population variance are alao known, equation (10),
cane 4 above showsn that K 4s precisely and accuratsly determined (no
error, within limits of the tabulated cumulative normal distribution). However,
such knowledge is rave in practice, The remaoinder of this discussion will
therefore be limited to cases 1, 2 (unknown ratios of varinnces), and case
3 (known ratio of variances) above,

ACCURACY FOR KNOWN RATIO OF VARIANCES (OR STANDARD
DEVIATIONS), Whan the ratio b = & €/ O 44* is known, bias in the
critical value of K, dus to blas in { andzz. may be found by comparing
aritical values of K as obtuined in case 3 above with the more accurate

value nf K obtained by Monte-Carle simulation of equation (1) (see referens
te o). Inilluatration, examine table I

E = - Y
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ACCURACY OF K,
(OR STANDARD DE VLA TIONS)

bn cruf/ 0""2 ng

) 5
1 !
1 9
1 an
1 5
1 9
3 5
3 7
3 9
3 20
9 5
9 ?
1 50

50

TABLE 1

R= .99

8.0
12,0
16
38,0
12.0
12,0

8, 7™

9.6
10. 5
30.4

56

7.5

98.0

C-.9OI%'.

3. 64 2,421

3,31 2,389

3. 14 2,372

2.83 2,238
1,47 2,40
3.47 2.40
3, 6702, 44%
3,563 2.4l
3,39 -2.40
2.87 2.0%
4.21 2.52
3.67 2,48

2,64 2.3

50

KNOWN RATIO OF VARIANCES

)

21

K, Monte-Carlo

2000 Simulations

C»n.90CHnx, 50

3.79,
3,48,
3. 22,
2. 8%,
3,48,
3.47,
3.178,
3. 48,
3. 5¢,
3.41,
2. 489,
4. 22,
3. 09,

2. 64,

2.40
2,40

2. 34

2,38

2. 406

2,408

2. 44

2.43}

2 44) (rep.)
2,42

2.3

2.53

2. 4%

2. 32

Compurisons with Monte-Carlo solutions indicates that when b > 9 sample
sizes for which £ > 5 give very high accuracy; when b>1, {20 gives
very high sccuracy of the analytical solutions;

2
% Thene results are based an data of figure I if 5 should happen to equal

ol
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PRECISION OF K FOR KNOWN RATIO OF VARIANCES (OR STANDARD
DEVIATIONS). Whon the ratio b= % /o 2 texnown, £ 6,7,  and

K in case 3 are uniguely determined, within the precision of table III and 1V,
This is readily sear by examination of equations (7). (8), (5), and (6),

PRECISION OF K FOR UNKNOWN OR ASSUMED RATIO OF VARIANCES

J{OR STANDARD DEVIATIONS), In the absence of knowledge of b in the
relationship a’mz * bor, O, lack of precision in K is due to the use of lia.

the sample estimates of o‘iz in equation (2) in case 1, Bnd (3) and (4) in

case &, K wun alco obtained through Monte=Carlo simulation of equationa
(2) through (6), obtaining 2000 eatimates of K as a function of 2000 random
values of both 84 and 85,4 where xi, and xgg were sampled randomly

from normal distributions with variances o!mz and O“'”z » respoatively,

Table II below {llustrates the over-all precision of the muthod fur the case
R=,99, C=x,90, Itis of interest to examine equation (7), Table II or
Figure III regarding £ ve, K. For ny, + ny, constant and the assumption

b7 1, fincreases as “th/“u decreassn, Convarsely, under the assumption
b1, [increasen as ngy/u,, incroases, Further, under all of these con-

ditions that increase f, K decrednes, permitiing denonsiration of reli«
ability at a higher confidence level (or higher reliability at fized confidence).

A3 I Pt A S




TABLE 11

PRECISTON FOR UNKNOWN VARIANCE RATIOS

© 2 2
G th T fth
9 1 5
9 1 7
k) 1 5
3 1 7
3 1 9
3 1 20
3 1 13
3 1 25
K] 1 30
1 l 5
! 1 7
1 1 3
1 1 20
1 1 15
i 1 25
1 1 30
1 1 50

W For Known o"r.hzl .g,-uz

20

is
10

(4]

3.6
7.5
8,679
94600

10.516
30.401
16,368
32,342
34,433
11,973
12,000
11.973
98,000
17.921
37.996
37.969
98.000

Cantyral 90
Porcantiles
of £

2 2

" 4a46,11.16

6432,10.53
3.26, 11,94
6.88,11.84

6,90,11.93 (rop)

8.52,11.98
24.,47,37.08
14,48,17.95
27.84,37,18
31,18,37, 64
7.87,12.00
7.96,12,00
8.00,12,00
32,22,3A.00
12.17,18.00
31.79,38.00
$1.53,38.00
90.96,98,00

central 90
Pexcentiles
ol K

oo
o, 3,96

3.46,3491
wivk, 3,98

3.39,3.80
3.38,3.81

3.40,3,%9
2.85,2.9¢
3.17,3.20
1.85,2.61
2,87,2,88
3439,3.70
3.38,3.08
3.39,3.67
2.83,2.38
3,17, 3448
2.85,2.90
2.87,2,9
2.63,2.64

wxFLfth parcentila of # below lower limit of £ = 6 in Table IV
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Table 1l indicates that in the absence of knowledge of b = o‘mz/ 0';,2, a

miniinum value of f of approximately 20 is required jor reasonuble pre-
cislon of the 90% confidence estimate of R, :

Figure III indicates what ratio of sumple alzes, & = ng {nge might be
selected to obtain large { and therefore high precision of K apsa function

of bu & z/ 0‘“2 and ng .. ‘The curves in figure Il wero plotted by
puiting equition (4) in the ?orm:

(ab + 1)2
(11) £ 2 (ab)® + 1 '
angg. nygnl

Examination of this squation shows the following limiting charactetistics
when n,, > Ut .

As h—0, fmeednyy = 1
b -~mb 00, fepny, =1
.,——’0, fﬂn'. - 1
)80, fomd oo |

Also, forasl, L&, ny, mn en, b= | gives A maximum vilue of
fu2n-1)

It is of interest to note that in figure III, if we can assume only thei
bu O’thz/ o;'z >1 than selaction of ny,/agy el gives fairly consiates!

levels of f, aud theesiuse consistent precision for specitied values of
ny, and n_| due to neas-ilatress of the curve in that region. Conversely

if o'“zl a"thz >1, it 1z advantageoud to select n"zlnmz 21

Tahls 1l shows the 5th and 95th percentiles of K for varlour com-

binations of 07,2, 0';.2. ny, and ng ., with corresponding £, For a
ratio lthzll..T. combinations of ny, and n,, may be selected on

the basis of small differences of the 5th and 95th percentiles.
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1f such sample sives are prohibitive, & poseible solution to the problemn
would be to detsrmine rutios of variances of strength and stressdn the basis
of experiance, Determination of levels of each variunce is unnecessary AL
the ratios are known precisely. Then dependent upon f, ny,, n .. and b,

table [ would indicate whether or not to use the Monte-Carlo of analytical
solution of K, as a functinn of the permissible amount of bias in the analyti~
cal method, As mentioned in reference {3), this bias vanishes if ono of the
variances {s overwhelmingly larger than the other,

Appendix B

DERIVATION OF THI METHOD, Dennta x,; a&s strength, and x_ &8

strens, For brevity's sake, define the probability that stress {s Jesu than
strangth ue "'stress-otrength rollability, "' R, Then

(12)
Rou P(x, < x‘h)

= Plxy ~ %, > 0}

Assuming that xy, i distributed normally with mean Min and standard
deviation Oy that x  is distributed normally with méesn Mg and

standard deviation 0Op,, and that x,, and x,, are independont, equation
(12) wnav ba written as (roference b):

(13) l [.ﬁ '["th""u"( “th- “ﬁl’l 2
, Z P
= 2 (e +
R=Vemiol + 0,,% %0 © 't o)

'd(*th - x").

This integral is shown in figure IV}
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R
1-R
- 2GR
T =
0 “'th'"l“"u Ry " Xaa
Figure 1V

Stress-Strength Rellability

In other words equation (13) states that x - x,, I8 normally diu-
tributed with mean My, = Mg, and standard deviation (J'ﬁ.‘ + O‘."" )
Actual stresu-strength reliability 1w a function of the number, 2p, of
such standard devintions betwsen 0 and the mean (M’th - /.b"). Cleaxly,
the more standard deviations by which gy, - 4, exceeds 0, the higher

thie stress-ptrangth reliability. When the population means and standard
deviations mre known, stresa-strength rellability is determined (100% con«
fidence) from

(i) I Py

in which case R is obtained from Zp (one-slded) using a table of the
normal distribution

Unfortunately, we seldom know the populntion means wud stundard
dovistions for use in equation (14). In such vases, we can only ¢t mate
from samples (but not less than, say, 8) of ¥ - ¥, ,, the sample entimate

of the numerator of equation (14), and \/lfh + |f y the sample ertimate

of the denominator (%, the sample rnean, denotes estimate of /41 u, the
samplo standard deviation, denctes estimate of & ). Using such sample

[
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data, a procedure for demonattating stress«strength reliability at a given

confidence level in ae follows: Find a constant, K, large encugh that
Ry, Ry, - Kysgj, + 85, is less than the proportion R of the population of

strength-minus~-stress valuas 100C% of the time. This may be statud
mathematically as

“5) P(Scm-x" .K‘\’.!h+ l..$ H'Qh .." ZBHO‘&*‘ &tg)‘c\

- Ry " K'\/ bt I" 20. xultubmty of at laast R i»
demonstrated at confidence C (figure V), Or, i xf ] (!!th-ﬁ‘ \V omu"a K,
st loast R is demonstratad at confidence C,

Then, if Xih

ER ke

e e T i i o O
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‘The approach given herein for finding K 1is an application of theory
developad by B, L. Waelch and also invostigated by Alice A. Aspin,
Mr. Welch devaloped a atatistic approximately distributad as "X ¢
(refarence 3, p. 31); which may be applied as follows in the bivariate
chtel :

(16)
Let
am N'f L) Az.g ]

b SRR
Y 2
1'. Ul *' Az yz

gn

Then s/g is approximately distributed au 'Xz with £ degrees of lrudom-;
where A, and 7\z are conatants and

2 2
‘ z . L]
MNE0 L e A oyt

(19} 2
Thus 32(}_’_\! Mmn + Agsg2

ie approximately distributed as %2/L Inalater pape ' (refarenca 4,
p. 248), Mr. Walch indicates that in the absence of knnwledge of °'r t
may he astimated by replacing each £ in squation (18) with its catimate.
8.

i

The approximate nonscantral ¢t statistic utilined herein is defined in
the ususl mannar, sabztituting Y.2/f as defned abova.

e =
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SOLUTION OF K, EQUAL SAMPLE SIZES, KNOWN OR ESTIMATED

RATIOS8 (b; OF VARIANCES, If the number of stress rneasurements, n,

is equal to the number of strength measurements, eguation (1%) may be
written am

Ry, By = (Mg, - M) =
th [T (1] + 7 n

20 _——\/_—-’T—’L——_—-r—

(20) (Cgy * 0;.)/“ R

P

sK'\/: s C,

By the method of reference 3, aguations (23) - {26), the left side of the
inaquality i approximately the non-central t statistic with parameter of
non-centrality ZR'J'E. which is the same parameter used in calculating
tables of one-sided tolerance factors for normal distributions (bold-face
values, tuble Il of reference 5), Also, becauso the right side of the in-
aquality is the same, K is obtuined directly frem such a table, (table III)
as & function of R, C, and effective sample size. (Table III herein is

the samoc as the bold-face values of table 1I, refercnce 5, but mors com-
plete). Substituting 7\i -1 and £ = n -1 inequation (18) above

2
1) fy - )0y 4 08 )

-4

[
+ e

Which may be estimated us described in the narraiive following equatic.
(19) as

(22) R -
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In the nbsunce of knowledge of b= O‘mzl T .z. the effective sample
size for entry in table III {taken by permission from reference B) is
£+l

(23) (n=1) (.mz + ...2)2

Tffective vample sizens y + 1,

3
sth + 8¢

It may be noted that for the case sz nbh a'"z. the effective sample
size is independunt of the slandard devistion, In that case, Effective
Sample Size 2 14 (n - 1)(b+ 1)?/2.

SOLUTION OF K, UNEQUAL SAMPLE SIZES KNOWN OR ESTIMATED
RATIO (b) OF VARIANGES. If the number of stress measurements, Ngg
does not equal the numbar of strangth measurements ny,, equation (18)
may be written ast

Ry = Ryy = Moy, - My * zg'\Jo'th * °'|:2 <K |« C
2
P "

- (24)

ol

[ T8
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25 . 2 2
(29) Ry =Ty = (KRth = Mgyl Cth ¥ Omn
2
O th o 1] * 4R gt + g
n
Nth 13
P Sth for”
2 | By, + 0 | ngs
gth® Tan?
th | BT LT T A
/ 2
o'thz * o;l
o B e _
<K Swt | Tus? . C,
Nh LY

By definition of non~central t, the quantity in bruuko.tl on the left side of

the inequality of wguuntion (25) i» nppruximuuly tlie nun-centxal ¢ skaistic
with parumeter of nun-centralicys .

\26) § = &R m

“th “u s

\

For R 0. 50, Zp isthe po-mve one-nided stands.rd normel deviate
corresponding to R. 43 O"th a b0 ,," equation (26) bucomen:

(26A) | ed i
§ = z.‘_b_+...1.... ‘
Ul h ngy

. - - e e e e = ——
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The effeciive degrees of freedom, f, may alsa be obtained in the

manner of oquation (18), where {= "1'

(R Ot + Ny 0;12)
Mpe Tin /(o - 1) + ng @ ag biing, - 1)

(27) £

which may bo estiinated by:

2
(28) (nmlmz + “n'uz’

= nmzlm‘/(nu\ 1) 4 nglegMingg - 1)

As ng, and n  become large the approximation to the non-central ¢
distribution improveu,

In the svent that O' :, bo, o . squation (27) bwomu indcpendunt
of the staudard dwutlom

{2BA) (bng, + ngy?

1= (bnm)r n“z

“th'l * h..'l

The criticsl non zenvenl t valus 18 now obtained frou: wnle IV, as
a function of & of aquation (%6) and { of equation (28), by the method of
ruterence 7 as followss

Fivet, compute

(29) o - AEE
14+ szm

Second, find A in table Il as & function of 7, . {, and confidence

“ Gul~g. Turn to the pago corresponding to the appropriate value

of € . Then interpolate linearly between values 0f7]. ard linearly be-
tween values of { when ££ 9. When Y9, interpolate on 12/VTbatweun
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values of {. For confidence levels between . 50 and .95 and rellability
lavels of , 80 or more, use only positive values of 70 {see reference 7). :
The oritice. i.unecentral t excesded by € =1 - Cim X
I £ ANLs g2/t - AR :
€= Y .-
And, as indicated by equations {28) and (26), the critical value of K ‘
axceeded by 1} « Cim :
t i
(31} K o2 1- €& . |
| § /2y
(Note that 8/4’!«R is the radical in equation (26}, which has been com= ’
puted in the process of calculation). '
|
»
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