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FOREWORD

Professor S, S, Wllks outlined the form of the first conference on the
Design of Experiments in Army Research, Development and Toesting.
Basically, this meeting was composed of three parti: an invited speaker
phame in which experts were invited to discuss recent developmenhts and
applications in the field of design of experimentt ; the second phase con..
msited of technical papers presented with Army personnel discussing
recent successes in handling their problems, and finally the third phase
consisted of so-called clinical sessions, The speakers for theis sessiuns
were also Army personnel, but now they were presenting unsolved problems,
Nationally known scientists served as panelists. These individuals, as well
as members of the audience, discussed the unsolved design problemns and
suggested methods of attack on them, Professor Wilke agreed to serve
as chairman of the first conference. It -man suclh a success that the Army
has continued the meetings on a yearly basis, Dr, Wilke served as their
chairman until his recent untimely death. The Army Mathematics Steering
Committee, sponsors of the design symposis,, fully realise the debt they
owe to Professor Samuel S. Wilks of Princeton University and have asked
that the next conference, the tenth in this series, be dedicated to him,

At the Ninth Conference on the Design of Expmriments, Dra, Vavid
Duncan, Churchill Eisenhart, H, 0, Hartley, Soloion Kullback %nd Irvank

Promchan delivered invited addressee. Estimation of missile trajectories,
precision and accuracy, non-linear estimation, com.wunication theto r ,
and monotone hazard rates in systems reliability wwre, respectively, the

t, Aice treated by these specialists, Dr, Craig Crenshaw was inv 4ted by I
the host to be the Ait"" •ir.nmr Speaker, Boyd Harsbbu&ior served as
ths Chairman tI! the Panel Liscussion on wnat types of Statisticians a&Ie
needed in Research and Developmutit L-tboratories, Ile ns-e#4 the fellow-
Ih)t persons to serve on this panel and discuss various aupects of tee

tnplr E. L, Cox, Churchill Eisenhart, Donald Gardner, Franink L, Griabbi,
Jolin L, McDaniel, Paul 1, Rider, and Williarn Wolman, In dlditioii to
these phases of the program, six papers were givwn in the Clinical
Sessions and twenty-six paper, in the Technic~l Sessions,

In order to contribute to a wide dissemination of knowledge and use
of modern statistical principles in the design of experiments, the
AMSC is making these proceedings avaitmable to all interested Amniy
personnel, The present volumn contains twenty-nine of the papei u which
were presented at this meeting.



Two hundred and twenty -nine registrants and participants from

over seventy different organizations attended the Ninth Conferencc,
Speakern and panelists came froin the Atlantic Missile Range; Atomic
Energy Commission; Biornetrici ,o-rvirni, Agricultural Research
Services, Plant Industry Station; Boeing Scientific Research Laboratorleel
Brigham Young Universtty; C-E-4-R, Inc.,; George Washington University;
Goddard Sphce Flight Center; Johns Hopkins University; NASA Marshall
Space Flight Centcr (George C, Marshall Space Flight Center); National
Bureau of Standards; National Institutes of Health; North Carolina
State University of tho University of North Carolina at Raleigh;
Oakridge NaLtional Laboratorios; Pan American World Airways;
Patrick Air Force Base; Pratt and Whitney Aircraftj Princeton;
Research Analysis Corporation- Research Triangle Institute; Sandia
Corporation; Texas A-M University; University of Wisconsin; War
Office, United Kingdom; Wright Patterson Air Force Basel and ten
Army facilities,

The members of the Army Mathematics Steering Committee take
this opportunity to express their thanks to the many speakers and
other research workers who participated in the conference; to
Pý l.idier General John Zierdt for having the U. S. Arriiy Missile
Command serve as host and for making available the facilities under
his command at Redstone Arsenal for the meeting; and to W. H, Ewart
who served as Chairman ori Local Arrangements, Those in attendance
#r.!P ,ndeed indebted to him for the excellent handling of ',;he many details
ne&d,'d to make such a rneet.ng nrofitable and enjoyable, Mr .wart
was ably aua!atcd in Llieee taskm by members of hie, committee; E, L.
Bombara, Eleanor Colbert, H.a-y A. Dihm, Doe', Fulton, Siegfried H,
Lelnigk, and Clyde R, Ward,

A completoe history of the U. S, Army Missile Commnand or dre-talls
of th.. work in progress at Redstone Arsenal will not be given here, Lut
thu full,iwing information about the host of thu Ninth Conierenc'o or the
De•iAgn rf Experiments should prove very interesting to those in atto.n.;-
ance, These remarks and tho fnlhiwing picture were taken from the
pamphlet entitled U, S. Army Missiles and Rockets.

to
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"Redstone Arsenal, Ali, .is tht, home of U. S. Army missiles and
rockets where a dedicated military-civilian team of highly trained
specialists see to it that American Poldiers have missile and rocket
weapons ready for use, wherever and whenetver they may br' needed
in the defensie ut freedom,

The U, S, Army Missile Command, which is a major ccmmodity
command of the U. S. Army Materiel Command, directs world wide
i..rmy missile aetivitles from its headquarters here. Also located
at Redstone Arsenal is the Army Ordnance Guided Missile School
where troops of the U, S. Army, the Army's sister services, and
allied countries, learn to be missilemen. The Natiun's top priority
program of perfecting an effective defense against attack by inter-
conitinental ballistic missiles is directed from Redstone Arsenal by
the Nike Zeus Project Office, In logistical support of all these org-
anizatione is the Army Missile Support Command, which is a major
element of the Army Missile Command.

U. S. Army missiles are the proud products of the people who
stand behind them -- more than IZ, 000 men and women in and out
of uniform who are engaged in this vital work at Redstone Arsenal,
Tliey are responsible for managing, developing and supporting the
Free World's most versatile missile systems, The American
soldier depends on the lorg experionce and know-how of these
ateintists, technicians, engineers, secretaries and shopman to
b'••ng a missile system successfully to life, They work in partner-
rip with defenwe contrac-LOV.l xcross the nation to form a tu'e Army.

industry team.

It takes money to provide up-to-date weapons for your mod.,n'
AL.mv. One of the major responsibilities of the Army missile team
ti to make iutre that th2 taxpayer getr a fair return for the nortlu.
of his tax dollar allotted Army missiles, This means a bilion
dollar a yee.r investment which is split amorng ,,,oivoritiet:, private
rsXerch insaitutions and American industry and which involves rno, ,,
that, .4n prime contractors, 300 first tier subcontractors and more
than 5, 400 subcontractors in almost every state iii th ;anion,

I II I |
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Much of the work at aedstone i. done behind closed doors under
tight security wraps. In the Missile Command's eight major research
and development laboratories, tomorrow's micsiles are today's work,
The Army calls it "in-house" research, It ranges across the entire
spectrum .)f missile technology including such activities as expert.
mentation with new high energy rocket fuels, investigation of new
means of steoring missiles and advanced work in metals, chemicals,
and the physical sciences, The tools of the trade include massive
captive test stands where missiles are hela firmly to earth as their
rocket motors roar, lightning fast computers analyzing miles of
test dLita in their electronic brains, and ever present slide rule in
the hands of engineers, Ths single wnrd facilities is used to
describe land, buildings, improvements and specialimed equipment,
The Army investment in "facilities" at Redstine is approximately
$300 million dollars.

Missile hardtware is the end product of our resources of people,
know-how, money and facilities. These resources combine to form
the Army team at Redsmone, which turns out superior missiles und
their supportIng equipment that dc, a variety of jobs for the soldier,

This mnssile hardware covers the entire spectrum of the Soldier's
needs from a shoulder fired, two-pound, tank killer to the two-stage
Pershing ballistic missile with a range of several hundred miles. It
includes missiles like Sergeant, a quick reacting, sc.lid fuel nuclear
pVch for the field Army, and the Nike Hercules and H'awk, which
g.ard Army un!.t ,:,'e.'2*- xai.i American cities & honi from sir.
r. rtft attack.

Their shares may differ but their pedigree is the same.,
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THE ARMY'S MISS1LE FAMILY P ere stands the end
products of the Army's revearch, development, and
tooting in missile weapons. The larger missiles, left
to right, are: Nike Hercules, Sergeant, Nike Zeus,
Pershing, and Nike Ajax, In tho bsckgrround is Lacr•eie,
In the foreground is Hawk, Soldier@ in the foreground
hold, left to right, the M-72 Rocket Grenade, the Redeye,
and the ENTAC,"

I,



r~~~~----- -- -__ _ _ ---- _ -------___ _

PF, RA SAIll N C;



NINTH CONFEREICE ON THE DESIGN OF EXPERIMENTS
ARMY RESEARCH, DEVELOPMENT AND TESTING

A.34 October i963

U, S. Army Missile Command
Reastone Arsenal, Alabama

Wednesd..a, 23 October. 14663

0815 REGISTRATION Bldg. 7120. Lobby of
Rocket Auditoriumi

0900 CALLING OF CONFERENCE TO ORDER Rocket Auditorium
CoLoliel Daniel F, Shepherd
Director, Research and Development
U, S, Army Mis•ile Commano

WELCOME
Brlgadier General lohn 0. Zlerdt
Commanding General
U. S. Arm;y Missile Command

MOVIE
"This is Redstone'

ANNOUNCEMENTS
Wade H. Ewart, Chairman
Local Arrangemnents Committee

WH30 UENERAL Sv,1RATi
Chirmant •Colonel Nilw M., Bengston
Commanding Cdfi,er, Army Research

Office, Durham, N, C.

"COMMUNICATION THEORY"
Solomon Kuilback, Dept. of Ststkatics,
The George Washington University

(1040-1115 COFFEE BREAK - Lobby of Rocket Awtdlturitirn)

"THE CONCEPT OF MONOTONE HAZARD RATE,

IN SYSTEMS RELIABILITY"
Frank Proschani, Mathematicos
Research Laboratory, Boeing
Scientiflc Research LLbaoratories



x

1230 LUNCH Bldg, 7101, Cafeteria

1330 TECHNICAL SESSION I Bldg, 7101
Control Room

Chairman: Kenneth H, Abbott, Army
Material@ Research Agency, Watertown
Arsenal, Watertown, Mass,

"UNBIASED ESTIMATES OF RrLIABILITY WHEN
TESTING AT ONE EXTREME STRESS LEVEL"

A, Bulfinch, Quality Assurance
Directorate, Picatinny Arsenal

"THE COLLECTION, PROCESSING, AND STORAGE OF DATA
ON SERIALIZED NUCLEAR WEAPONS ITEMS"

Manfred W, Krimmer Statiuticsand Analysis
Section, Reliability Branch, QAD,
Picatinny Arsenal

1330 TECHNICAL SESSION II Bldg. ?iol
Conference Room

Chairman: Siegfried H, Lehnigk,
Physical Sciences Laboratory
Army Missile Command

"PROBABILITY THAT STRERRq 19 1WIS5 THAN

STRENGTH AT PRESCRIBED CONFIDENCE LEVELS,
FOR NORMALLY DISTRIBUTED DATA"

F'. L. Bomber., Prup•:i si.n and Vehicle
Engineerin& Division, NASA Marshall
Space Flight Center

"STATI5TICAL TESTING TECHNIQUEb USED IN THE
DEVELOPMENT OF THE RLIO ROCKET ENGINE"

Harold J. Tiedemann, Pratt & Whitney Aircraft,
representing NASA Marshall Space Flight Center

"COMPUTER SIMULATION STUDY OF BRUCETON AND
PROBIT METHODS OF SENSITIVITY TESTING"

J. B. Gayle, Propulsion and Vehicle Engineering
Division, NA3A Marshall Space Flight Center

m • m m m if | I i ml ap II i C
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1330 CLINICAL SXSSION A Rocket Auditorium ,

Chairmant Bertram W, Hanes,

Biometrics Division, Army Biological
Warfare Laboratories, Fort Vetrick,
Frederick Md,

Dr. Walter D. Foster, jiomathernaticm
Division, Army Biological Warfare
Laboratortes

Professor H. 0, HartLey, Insat' tte of Statistics,
Agricultural and Mechanical College of Texas

Professor H. L.. Lucas, Jr, , Institute of
Statistics, North Carolina State College

Dr. Clifford J. Maloney, Division of biologics
Standards, National Iistituts of Health

"THE IMPACT OF ADMINSTRATIVE LIMITATIONS
ON THE DESIGN OF EXPERIMENTS"

Gerhard 3, Isaac, Army Medical Research and
Nutrition Laboratory, Denver, Colorado

"USE OF THE MITCHERLICH EQUATION IN THE THREE-
PHASE EXPERIMENTAL DESIeN"

Ardie Lubin, Dept. of Clinical and Social
Psychology, Neuropsychiatry Div., Walter Reed
Army Institute Qf Research, Walter Reed Army
Medical Center

(1450.1530 COFFEE BREXAb - Lobby, Rocket Auditorium
and Cafeteria, Bldg. 7101)

1"'0 TECHNICAL SESSION III Bldg. 7i•l
Contrl Ruuxn

Chairman: Alan S. Caibraith,
Army Research Office, Durham, N. C,

'!VERIFICATION OF PRODUCT ACCEPTANCE
INSPECTION BY VARIABLES"

Henry Ellner, Directorate for Quality
Assuranco, Edgewood Arsenal, Md,
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"VLRIFICATION OF; PRODUCT ACCEPTANCE
INSPECTION BY ATTRIBUTES"

Joseph Mandolgon, Directorate ftr Quality
Assurance, Edgewood Arsena., 1Ad,

1530 TECHICAL SESSION IV Bldg, 7101
Conference Room

Chairman; Frank L, Carr, Army
Materials Research Agency, Watertown
Arsenal, Watertown, Mas..

"ADDITIONAL ANALYSIS OF MISSILE TRAJECTORY
MEASURING SYSTEMS"

Oliver Lee Kingsley and Bernie R, Fr•o,
Range Instrumentation Syntesn Office,
White Sund. Missile Range, New Me'xico

"ASPECTS TO CONTROL LIQUID PROPELLANT
SLOSHING BASED UPON EXISTING THEORY"

Werner R, Eulits, Propulsion and Vehicle
Engineering Division, NASA Marshall Space
Flight Center

"BASIC CONSIDERATIONS FOR THE PRELIMINARY
DESIGN OF A SHOCK TUBE FOR THE EXPERIMENTAL
INVESTIGATION OF THE ACTION OF A NUCL7'EAR WAVE
UPON A MISSILE'"

Dietrich E, OudletL, Structures and Mechanics
Laboratory, Army ivile=c! 1 Cumrnaukd

1530 CLINICAL SESSION B Rocket Auditorium

Chairman: Henry A, Dihm, Advanced
Systems Laboratory, Army Missile Command

Pane|lsts:
Proielsor David B, Dun.an, Johns Hopkins Univ.

and Atlantic Mi.wille Range
Profesour St,,-lumn lKullback, Dept, of

Statisti•s, The George Washington Univ,
Dr. Frank Proechan, Boeing Scientific

Research Laboratories
Profeasot 0. S. Watson, Dept. of

S.ailstics, Johns Hopkins University

I I I a l Il a I H I I I I I S
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"R•LIABILITY CONCEPTS FOR MISSILE BATTERIES"
Nicholas Wilburn, Army Electronice Research and
Development Laboratory Fort Monmouth, N, J.

"MONTE CAR.LO APPLICATION FOR DEVELOPING A DESIGN
RELIABILITY OO,00. COMPATIBLE WITH SMALL SAMPLE
REQUIREMENTS"

Ray Heatheock and Dais L. Burrow., Propulsion aud
Vehicle Engineering Division. NASA Marshall Space Flight Center

Thursday, .4 October 1963

0830 TECHNICAL SESSION V Bldg. 7101, Confer, Rin.
Chalrmian: Lt, Colonel Stefano Vivona, Division of
Communicable Diseases, Walter Reed Army Institute
of Research

"EXACT MULTIPLE CONTINOENUY TABLE ANALYSIS"
Dorothy Berg. Morley Layton, and Clifford Maloney,
Division of Biologics Standards, National Institute of Health

"MICROSPECTROSCOPY OF TISSUES"
Ooorge I. Lavin, Awmy Ballistics Research Laboratories,
Aberdeen Proving Ground, Md.

(0950.1000 SHORT BREAK)

"RELATIONSHIP OF AEROSOL STABILITY TO VURULENCZ IN
MICRO- ORGANISMS" j

Ilvwu 4.•. kNiel.@.n, Dugway Fi4ld Offtce, C.E--.rZ, I14C,, and
brig~iam Young "niv,. rep, Du±gway Proving Ground

0W.1' TFeCHNICAL SESSION VI Rocket Auditorium
Chairnmn: Badrig Kurkjian, Harry Dilaund Laboratories

"DESIGN FOR THE SEQUENTIAL APPLLCATION OF FACTORS"
Sidney Addelman, Research Triangle Inst., rep. Army
Research Office, Durham

"ZP FACTORIAL 1LYPERIMENTS WITH THE FACTORS APPLIED
SEQUENTIALLY"

R, R, Prairie and W. J, Zimmer, Sandia (orp,, rep.
Atomic Energy Commission



xv

(0950-1000 SHORT BREAK)

"ESTIMATION OF ERROR.SPECTRA FROM THE CROSS-
COVARIANCE FUNCTIONS OF DIFFERENCES"

D, B, Duncan, Johns Hopkint. Univ,, and W. T.
Wells, Pan American World Airwave, Guided
Missile Range Div,, PAFB, Fla,

0830 TECHNICAL SESSION V11 Bidg, 7101, Control Rm,
Sec•rity Clsasification: CONFIDENTIAL

Chairman: John Purtell, Watervliet
Arsenal, Wateryvliet, N. Y.

"A COMPARISON or DIFFERENT METHODS OF
WEAPONS EVALUATION"

Andrew 3, Eckles, 11, Research Analysis Corp,
"DESIGN OF A DATA GATHERING MODEL FOR

EVALUATING SURFACE- TO- AIR MISSILE
SYSTEM SUPPORT REQU'IRrIMENTS"

Leon Miller, Research Analysis Cooporation,
presented by N. Ray Sumner

(0950-1000 SHORT BREAK) I
"AN ANALYSIS OF HELICOPTER RECONNAISSANCE

TECHNIQUES"
Arthur P, Woods, Research Analysi. Corp.

(1040-11?o COFFEE BREAK - Lobby of Rocket A•,'•rtlium)

1120 CENERAL SESSION Z Rocket Audito'itim

Chairman: Dr. Walter D. Foster,
Biometrics Div, , Army Biological
Warfare Labs, Fort Detrick, Md,

"REALISTIC EVALUATION OF THE PRECISION

AND ACCURACY OF INSTRUMENT CALIBRATION
SYSTEMS"

Churchill Eisenhart, National Bureau of Standards,
Washington, D, C,
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1230 LUN1VCH Bldg. 7101, Cafeteria

1330 TECHNICAL SESSION VIII Bldg. 7101, Contol PRm,

Sec urity Cla sificttiont CONFIDENTIAL

Chairmen: Harold Fassberg, Research
Analysis Corporation

"STATISTICAL STUDY OF RELIABILITY AND
ACCURACY OF SURFACE-TO-AIR MISSILES"

Bruce Sterner, Surveillance Group.
Army Ballistics Research Laboratories,
Aberdeen Proving Ground, Md,

1330 TECHNICAL SESSION IX Bldg. 7101, Confer, 1am.

Chairman: Mise AriaWeinert,
Research Analysis Corporation

"NOTES ON FLEET HOMOGENEITY AND HETEROGENEITY"
0. E. Cooper, Research Analysis Corporation

1330 TECHNICAL SESSION X Rocket Auditorium

Chairman: E, L, Rombara, Propulsion
and Vehicle Engineering Division, NASA
Marshall Space Flight Center

"STATISTICAL DECISION THEORY"
T.onrL Wimss, Avrmy Mathesiatie.q Resaarch

Ctnter, Univers:l' of Wisconsin

(L413-1450 COFFEE BREAK - Lobby of Rocket Auditorium)

1440 GENERAL SESSION 3 Rocket Auditorium

PANEL DISCUSSION ON WHAT TYPE OF STATISTICIANS
ARE NEEDED IN RESEARCH AND DEVELOPMENT
LABORATORIES

Chairman: Professor Boyd Harshbargser,
Virginia Polytec~hnic Institute



xvi

Dr. E, L., Cox, Biornetrical Services, ARS, Plant
Industry Station

Dr. Churchill Eisenhart, National Btxreau of Standards

DO. Frank E, Grubbs, Army Ballistics Research
..aboratories, Aberdeen, Md,

Mr. Juhn L. McDa~niel, Diractorate of RID,
Army Missile Command

Dr. Paul R. Rider, Office of Aero-Space
R.eiearch, Wright-Patterson AF3

Dr. William Wolman, Goddard Space Flight
Center, NASA

Dr. Donald A, Gardiner, Mathematics Div,
Oakridge National Laboratorise

1900 SOCIAL. HOUR AND DINNER Redstone Arsenal
Officers' Open Maos

Evening Session Chairman:
Mr. John L, McDaniel, Technical
Director of &&D, Army Missile Command

After Dinner Speakert
Dr. Craig M, Crenshaw, Chief Scientist,
U. S, Army Materiel Command

Friday, 25 October 1963

0830 TECHNICAL SESSION X!: Rocket Auditorium

Chairman: Erwin Biler, System Division,
Surveillance Department, Army Electronics
"Research and Development Laboratory,
Fort Monmouth, N, .,

"AN ANALYSIS OF FACTORIAL EXPERIMENTAL, DESIONF,,'
L. W. Kesting, Propulsion Laboratory, Army Missile
Command

"SOME ASPECTS OF ANALYSIS OF PARTIALLY FACTORIAL
EXPERIMENTS"

Scott A, Krrne, Dugway Field Office,
C-E-I-R, INC. , representing Du•way Proving Oround
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0830 TLCHNICAL SESSION XII Bldg. 7101
Control Roorn

Cha•irman: Robert .E. Weigle, Watervliet,
Arsenal, Watervliet, N. Y.

"RELIABILITY ESTIMATION FOR MULTI-COMPONENT
SYSTEMS"

James R, Kniss, Surveillance Group, Army
Ballistcs Research Laboratorlos,
Aberdeen Proving Ground, Md.

"STATISTICAL STUDY OF AGING CHARACTERISTICS I
OF ARTILLERY MISSILES"

Raymond Bell, Surveillance Group, Army
Ballistic Re search Laboratories, I
Aberdeen Prnving Ground, Md.

0830 CLINICAL SESSION C Bidg. 7101
Conference P.oomr

The paper by D, H. Chaddock carries a security
elaweificatiLon of CONFIDENTIAL, the paper by
Lester Kate is not classified,

Chairman; Fred Frishman, U, S. Army
Research Offico, Washington, D. C.

Paneiists:
Dr, 0 P, Bruno, Zurv-Ulance Group, Army

BalListics Research Laboratories
Dr, F, E, Grubb@, Army Ballistics Research

Labor atortiesI

Dr, Lionel Weiss, Army/ Mathernatdcw, Research
Center, University of Wiscori.Ar.

Professor S, S. Wilke, Princeton University

"THE MEASUREMENT OF THE MORALE AND SUPPRESSIVE
EFFECTS OF WEAPONS"'

D. H, Chaddock, Esq,, C.B.E., Director of Artillery
Research and Development, The War Office, United
Kingdom (presiented by 0. F. Komlosy, pre erstly attached
to the Research Analysis CorporAtion)

• - ,,, I i i iI l ' I I P ,
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"THE DESIGN OF AN EXPERIMENTAL PROGRAM TO
INVESTIGATE BUCIKLING IN THE HOOP DIRECTION
OF PRATIALLY FILLED BULKHEADS UNDER LOADING''

Lester Kats, Propulsion and Vehicle Engineering
Division, NASA Marshall Spaco Flight Center

(09ý6*10ZO COFFEE BREAK - Lobby of ILocket Auditorium)

1020 GENERAL SESSION 4 Rocket Auditorium

Chairman: Profesor 5, S. Wilks,
Princeton Univeshiiy

"NONLINEAIR ESTIMATION"
H, 0. Hartley, Institute of Statistics,
Agricultural and Mechanical College
of Texas

"ON TIHE SIMULTANEOUS ESTIMATION OF A MISSILE
TRAJECTORY AND THE ERROR VARIANCE COMPONENTS

INCLUDING THE ERROR POWER SPECTRA OF SEVERAL,
TRACKING SYSTEMS"

David B, Duncan, Professor of Statiptius and Bio.
statistics, Johns Hopkins University, and Statistical
Consultant, Atlantic Missile Raage

L230 LUNCH Bldg. 7101,
Cafeteria

1330-1530 TOUR OF ARSENAL FACILITIES

Ss i a I I I d I | | P" I



COMMUNICATION THEORY

Solomon Kullback

Department of Statistics
The Oeorge Washington University

This presentation will cover one aspect of communication ýheory and
I shall try to reflate some of the concepts of interest to the communication
engineer with the general subject of this confurance, In particular I shall
talk about certain facets of information theory, an important field of con-
temporary probability theory and statistics.

I shall not take the time necessary to engage in a detailed discussion
motivating the technical definitions of measures of information and informa-
tion theory, except to remark that among the various definitions which have
been given is one that states "information is a measure of time or cost of
a sort, which is of particular use to the engineer in his role of designer
of an axperiment",.

Suppose a system (or information source) has c different possible
events or categories or nmessages A,, A 2 , . A ,A with respective

probabilities of occurrence p,) P?, I ' Pc

(Al, A2 .... , A )

( P  2 .•" ' PC)

1he expression

( H(o) -pllog p PlogpZ .P.2.. p log p

E (h)

where h is a random variable which takes on the values log . '

, . , log , is called the entropy of the system 0, by analogy with

a similar concept and mathematical expression in statistical mechanics.
The entropy is interpreted as the mean uncertainty about # prior to an
cboervation, or the mean information abotit 0 provided by an observation.
The base of the. logarithm is quite arbitrary and is just a unit of measurement,
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The fact that

(3) r bx ay, x. logbn, y log, n, logb1 06Olb , logan

permits ready change from one logarithmic base to another, The following
Table I indicates the unit in which H (4) is measured for the more common
bases of logerithrni

Table 1
0a~ Unit )

S2 bit
e • nat, nit

10 dit, Hartley

where the unit name Hartley is to honor the communication engineer R., V. L,
Hartley who in 192w introduced A logarithmtW measure of information for
use in communication engineering,

Iet us consider some of the properties of H (•),

(1) The value of H (0) is independent of the numerical value, name,
qualit, category, wr uLher disignation of the events AV, but depends only
on th• probabilities of their V•¢u:rence.

(2) H (9) In a symrnetric unrtion of the probabilities

(3) H (ý) 1- 0, with equality if and only if soma p1 z I and all other
Pj - 0, 1 d i (we define 0 log 0 = 0).

(4) For two events, that is c = 2, with p I l/- = p2z H (j ) H 'oa s
I bit, Chat id

one bit of information is the caiabilitX of resolving the uncertsinty
in a choice between two equally likely alternatives.,

(5) 11 (s) iw a maximum if all the pi are equal to I/c in which case
.4() log c, Hartley's measure.
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The maximum value of H (4) corresponds to the resolution of the
greatest uncertainty and the nero value of H (f) corresponds to no un-
certainty. From. this we may infer an important principle, The
determination of one ol I group of objects by a sequence of sel'ections
wilibs most efficiently accomplished in the menas of minimum Mean
effort if each selection is made fronm squalil probable roupiknE that
is, with maximum information, or niaxdmum uncertainty resolved for
each selection,

Suppose one of k objects is to be determined by the answers to m
questions as to which group contains the object in question, The mmi-
mum information in provided by an answer if the objects are grouped
into r groups of equal site yielding log r bits oa information per
answer, The answers to rn independeni questions may be considered
as the analogue of a communication channel of capacity C am log'2 r
bits, The maximum uncertainty in a source of k objects is H - -lo2k
bits, If H d C, a predetermined object can be uniquely identified with-
out error, that is, the uncertainty can be completely resolved, However,
if H ; C, the identification cannot be made without someo possibility of
error, that is, the uncertainty cannot be completely resulvpd, Foa
example, suppose there are V7 coins of equal value of which 26 are of
t-he name weight and one, a false coin, is heavier than the others, iHow
many weighings on a two pan balance, without weights, are necessary
always to determine the false coin? The uncertainty that mxiet b%% ro-
solved is H a log ?.7. There are 3 possible outcomes at a weighing,
the left pan is heavier, the right pan is heavier, both pans balancee,
Thus each weighinq provid-'. information of measure nt rnot log 3, To
be sure w• '•tLAwine tie fal,.c coin at least threu weighinge are there-
fore necessary sinrce 3 log; = log 27, We leave it to you to develnp
the appropriate sequeaice of operations. What if the:te are ?6 ý,Mna?

Closcly re!ated tn the preceding ideas is the cdtnu theoro:r which
:,tates that given a source of mean information of H biti pea observatiuji,
at is possible to encode or tra-uslate sequei"-es of ubcervations into
sequences of two elements only, say the binary digits 0 and 1, urh Lnat
on the average, a sequence of N original •b•ervationa (information
content NH and information cvntent NH bts, We note this as a law
of conservation of information.
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Suppose there are k possible obser~vations with probabilities ofk

occurrence pV p' ' _ PZ p 1, Each ot the k possible

observations could be repressnted by a nequence of r binary digits,

where k 9 Cr or r ý log 2k, A sequence of N observations would thus
be translated into a sequence of rN I N loAk binary digits, The coding
threrm says in eftect, that by taking advantagiý of t" • d•.urvu pruoLbU.I-
ities of occurrence of the observations since - P.log•p1 - pPIo5zp2 .

"Pk IogZpk * H•-. logZk, there exists a more economical translation, NH• - .

log2 k I rN, and that it is the best possible translation, A similar notion
underlies the technique of sequential analysis in statistics which achieves
Stesat of a certain strength with a mean number of observations s,,aller
than a fixed sized, sample of similar strength.

In particular, suppose there are four possible observations. say
A, 11, C, D, with respective probabilities of occurrence p (A) - 11/2,
p(B) * 1/4, p(C) 1 /8, p(D) I/8. For this source it is. found that

1- 1/2-logl1/2 -1/4 log 1/4 -1/8 log 1/S - 1/S log I /R

(4) =1/ log 2 + 1/Z log 2 + 3/8Slog 2 + 3/8 log 2

a 1.75 lng 2 a 1.7 bits

A coding that will •rhi"e . ,,k-an oi L 75 Uinary digits pet' original
observation is giv-,,A by the F-no codinj

Aa 0
B 1 0

D 111l

Note tn.t thio coding is derived by i. sequence of groupings into two equally
prubahle groups, idcntitying the elernents remaining in each goup in each
step by the binary digit 0 or 1: first into the grouping (A), (A, C, D); then
irito the grouping (B), (C, D)i and finally into the grouping (C), (D). This
'ano coding will uniquely convert a sequence of A, B, C, D's inmo 6

aequence of binary digits and back to the A, B, C, D's,
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As an example,

(6) 101101010011 10100a01110110, ,

is grouped uniquely according to the given Fano coding into

(7) 1 0/ 1 1 / L / 10/ / 1 11/11 0/ a//Oi a I l/a/l/1 1 0/ / ..

and converted to

(a) IIBCBBADABAADAC.,,

The mean number of binary digits per original observation is

(9) 1 x 1/2 + 2 -x1/4 + s xl/S + 3x i/$ 1.75

of which

(10) i. X1 / + lx 1/4 + 1 1/8 i/ 7/8 a 0,875

aro 1011II and 0,875 are 11111,

Lor the oinary coding

.A 0 00
B o 0 1

D I IO

',rl convo rted binary sequence corresponding to N original
observations would consist of 2 N binary digits rather than 1.75 N
htnary da' ".

This sort of idea is clearly of importance in consideratione of
8ffi'iency and economy not only in eommnunica.tions but the mtora.-, rind
rapid scanning and retrieval of large volumes of data.

The facsimile transmission of typewritten material by two signal
levels, white or black, may be accomplished by dividing the typewritten
material into elements by rowe and columns 100 to the inch. A particular
iraill sample of typewritten text yielded the following data on the four

" • • • • i • i i i • I i I II
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possible pairs of consecutive slernentsi

Table 2

Frequency PEobabilily Binary coding Fano Coding

White White 14, J81 0.6209 0 0 0
Black Black 1,786 0.1020 1 1 1 0
Black White 709 0. 0405 1 0 1 1 0
White Black 642 0, 0366 0 1 1 1 1

17,51 1,00

The number of binary digits required to record the sample in binary
coding, I digits for each pair of elements is 2 x 17518 a 35,0361 for Fano
coding the number of binary digits required is

(I1i) I x 14, 381 + A x 1,786 + 3 x (709 + 642) m 22, 006

The number of binary digits given by the theoretical H is still
smaller, 16, 320, obtained froom

(13) NH * 17518 (.0.8209 logZ0.B 209 0. 1020 loga 0,1020 -

0. 0405 1og20,0405 0.03661lo12 0.0366)

17518 (0,2335 + 0.3359 + 0.1875 + 0,1747)

• 1R, (n 9 .i) 16,320.

For a grouping of the elernmnts into the sixteen seto o( four
conis'c'ative elements, the data gave:
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Table 3
-ano

Frequency Probability Binary Coding Coding -p lo82p

WWWW 6,586 0.752 0 0 0 0 0 0,3092
BBBB 387 044 1 1 1 1 1 0 0 0 .1983
WWB 295 .034 0 0 I1 , 1 0 0 1 .1659
BWWW 283 .032 1 0 0 0 1 0 1 0 ,1589
BBWW Z82 .032 11 0 0 1 0 .1 ,1589
WWW5 264 .030 0 0 0 1 0 0 1518
BBBW 211 .024 '1 1 1 0 1 1 01 .1291
WBBB 111 .020 0 1 11 1 1 0 0 .1129
WBBW I0•5 012 0 1 1 0 1 1 1 01 .0766
WWBW 54 006 0 0 1 0 1 1 1 1 0.0 .0443
BEWS 34 1004 1 1 0 1 1 1 1 0 .,0319
BWWO 31 004 1 0 0 1 11111 0.0. 319
WBWW 31 .004 0 1 00 1 1 1 1 1 0 .10319
BWBB 19 .002 1 0 1 L 1 11 1 1 0 .0179
WBWA 3 '000 0101 1 1 1 1 1 0 10000
BWlW 3 1000 01 0 1 0 1 1 1 1 -11.0000

The number of binary digits required to record the sample in binary
coding, 4 digits for each of the sixteen possible groea of elements is
4 x 8759 u 35, 036. For Fano coding the number of binary digits required to

(14) 1 ose86 + 4 x (361' + 295 + Z83 + 28A + 264 + 211) + 5x (171 + 105)

+6x(54+34) +7x(31 4'31 +19)+8x(3+ 3) .11.9.7

The number of dijLs given by the theoretical H ia 879 x 1, 6115. ,= 14,105,

for a grouping of the picture elements isLLr the Zbb sets of eight cronnecu-
t-.. elements binary coding would still require 35036 digits, but 7'so'n coding
requires only 132S1 digits, a figure that more nearly approaches the theoretic-
al NH for this situation, 12869 digits. Clearly, as the number of elements
grouped increases, the results of the Fano coding approach the theoretical
value determined by H. This is true because grouping into equally likely
groups c.an be more nearly acrompllahed with the smaller probabilities, To
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achieve the resultant saving in transmission, unfortunately requires extra
complexity in the equipment for storage, scanning, and reconversion,

In transmitting sequences of binary digits whether in a communication
channel or a computer, errors do occur and it is therefore of interest to
be able to detect and oorrect siirh Prrors and most desirably by the equip-
ment itmelf. The basic principle is to limit the number of possible signals
that may be transmitted by the use of particular patterns or various kinds
of check or parity digits. The following problem I& rnathematically equiva-
lent with an error detecting and correcting code. Suppose that no more than
one of seven electrical compunents say a resistor may be defective, say
shorted. How can the possible defective one always be detected ia a
minimum number of tests? Here there are eight possibilities. none defective
or Rl, R 2 .. '. R7 defective. We thus need log 8 a 3 bits of information,

T' he test can be acconmplished by three circuits with resistors in series and
testing each for operability,

RIl IZ A2 R30 R5 C'

(15) Ri R1  , R4) R 6 C2

R,1, I , R 4 , R? C 3

Thm defective resistor, if any, is deduced in accordance with the
folluw",s table!

Table 4

Nnnope~rube Defort:, "r

C R

C R

C R

C1 and C 2

C Iand C3 3

C2 and C 3  R4

CI and Cz and C3 R
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Of course if all the circits are operable then there is no defective resintor.

Let us return to the c-category system 4 Clearly H s -. Wpilog p isto
a parameter of this system of probabilities or of thz corresponding multi.
nomial distribut•In were we to take a random sample of n observations. from
flA c-category population. A measure of the mean divergence per observa.
ttio of the distribution (P p ' P) from the uniforrn distribution

(1/c, I/c,, .. , I/c) or the tsdjUAN= ofthe communication engineer in the

signals A1 , A..) '

C a
(16) log. c - H u log c + XE P log p1  IS~ p1Lo p1/(I/c),

and for n irdipendent observations it is

(17) n x P l pit(1/c),

We may verify this ac follows, There are on possible samples. The
entropy for the simple distribution from the population (p p .... PC)
Is

(1) Hn E p, t: pin' Plnlgi n , P"•

, nI , n log nI , neAll II . . . ac 1 1 ' "I•

--n (pilus PpI + + ÷ +Clog Pl d n-

where in the first summation (iI , , i n) varies over all possible

permutations olf (1, 2, . , , ) taken n at a lIme and nI + na + ,,,

+ nc i n with ni the number of occurwnces of category I in a sample.

The entropy for the sample distribution for the uniform population is
log 0n nlogr,
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Given a sample of n observations, with n1, nz, n occurrences

respectively in each of the c categories, n N E r.1, we may estimate the
p's and In in (17) above by 1-1

(19 P i N ifin' log P,,/(l/C),

It turn& out that Z I., using natural logarithms, asymptotically has a
chi- square distribution with c-I degrees of freedonm under the null hypothesis
of a uniform distribution, If the sample were drawn from the population

(PI., p) then 2 in asymptotically has a noncentral chi.square distribution
with c-l degrees of freedom and noncentrality parameter 2 In

Let us now consider the case of the system 4 In which each event
corresponds to the joint occurrence of a pair of values say A1 i it, (
i 0 I. , .. , r, j , I, c , with the corresponding joint probabilities
P(aj, *•j), with

(20)EMP(j i -j

Therr now enter into consideration the marginal probabilitioa

( 2 1) P , Id - T P( Ce,, 0P) ( Cy, ) . • p l t

and tht conditional probabilities

(22) p 1 31 O j ) I ('Vi- aj)/P ) P ( 0J ja) - p (a t, j)/I P (a 1),

Wo define the entropy for each of th-i sets of joint, m'arginPl and
conditional probabilities by
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H(a, ) - - p P(ai $t) log P(a01j.

H (a) -p (al) log p (a) H (1l) p

(23) '1j - (a 3 lopa$

0j~t) 't P~ p 0j~ log PI(a

H(O Iaj)" " Z P(13 I at) log p(1 I

0111) p p(ad H (P1 at)

It may be shown that

(Z4) H(a, ) • H(n) + H (8 a)

H (0) + H(aI8

that is, the mean uncertainty about the pair (et , ) is the mean uncertainty
^bout U plus the mean uncertainty about 9 liven 4 , with a similar interprota-
tLun for the second equation, It may also be shown that

(Z :) H (P I a) 4 H (0) ; H (a 1 8) 4 R (a) 1

with equality if and only if a' and P are independent, that is p ( a*p 13j )

p(a ) p (P3j) . Note that (25) means that the mean uncertainty about . •-'mn

a it less than the mean uncertainty Aboul, 3 and th* two are lqu.,t if and
only if 0 is independent of 0 and contributes no information,

From (24) and (25) we see that

(26) H(W. 1( H (a) 4+ H (3)

with equality if and only if at and R' are independent.



4

1Z De ign of Experiments

If a Qi the input to a communication channel and 9 is the output, then

(2-1) H(o) -H(V 1 () N I(Cl. () * 0

is a measure of the iDifnrmation transmitted via the channel or of the
statistical dependence between output and input, It may be seen that

(28) I(a0 j) * H(a) + H(0) - H(a.0)

.p(aY ) log p(a) - E p(.) log
+FE 4)01 0) og (

L fE p (a 1, j) log p (, (a i

Mathematically the channel is charactertied by the conditional

probabilities p (3d a i) We note that

and t,.o capacity ruf the channel it defined as

(30) C - Oup I (a(,)

where the sup is over all possib e inputs ip(a 1 ) iN givn ýp ( ct 1i)j, and
we rcr•ll thatlp (0 j) - p P(10 I ý) p (a,),

The expression for 1 (0.) an written in (7A) in L bp.qcial case of

the ntirc general result

(31) I(X;Y) f i(X.Y) Losg1 d A(x)d A(y)

which is Itself a special case of

f1  (1)
(12) 1(1:Z) f ft (f) lo 2 () dx (()
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where 11 (1 ) and f2 (I) are the generalimed densities corresponding

to tho distribution of the random variable I under the hypotheses HI
and H2 I In the expression for I (X, Y), HI is the hypothesis that the

component random variablev in t a (X, Y) are dependent and H2 is the

hypothesis of independence. We note that I may be a random vwctor of
n components or even a wtochkatic process and the same remark holds for
X and Y in (31).

In the remainder of the discussion we limit ourselves to natural
logarithms. We mention two interesting particular cases of (31).

(1) if X and Y are normally distributed, then it is found that

(33) (x, Y) a - 1/a log (l - p)

where p is the correlation coefficient of X and Y and we note that (33)
does not depend on tho means or variances,

(Z) Let Y be a parameter 0 ranging over a space 0 so that
f (x, 0) is the joint probability 4ensity of x and 0, h (0 ) is- the prior
probability density of 8 , g (x 1 io the conditional probability density
of given 0, and the ma•rginal probability density of x iO g (x)
.' (g ( x 19) ( 0) d 9. An experiment is the ordered triple (-x, d.

j fx1 ) I a 8 ir On.- Infwi±rnation provided b-, the .w:&a:iment
%ith prior kn,,/ledge h ( 6) 111

01l) 1(s) -- $ (x,9) log i dx do,

We shall not consider the many interestins and uiful properties of
1 (1:2) in (32).

We shall now give a simple illustration of the additive analypis of
the information measures and its application in tests of hypotheses. It
may be easily shown that

mei
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(35) 1 (X, Y, Z) I (x,(Y, Z) + I (Y, z)

where

I ( l . Y, s)
(36) 1(X, Y, Z) P f(z ,,) o (y) d15

and

(37) 1 (X,(Y, Z) )lo W (Y',) d(x) d ((y) d)1

that is, the measure of the mutual independence of X, Y, and Z Is analysed
into a measure of the Independence of X and the pair (Y, Z) and the measure
ol the Independents of Y and Z.

For samples of site n fromx normal populations the eutimatoa of the
vali.,s in (35) lead to the analysis oý information table 5

Table S

nionr ation Component D. /F

-(n-i) log (I ry. 3/2N

. (n.1) log (1-r . ) 8/21,

% (n 1) ogi I r r I

ryx I ry 311/2N

Rx my
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where the degiees of freedom are those of the noncentral chi-square
distribution with noncentrality parameter 1 2 runder the null hypothesis of
independence,

For a three-wky r x c x d contingency table the corresponding
analysis becomes that in table 6,

Table 6

Inozmation Component......_,, D. F,

z E X f log nfjk~ (c.1) (d.l)
j k .Jk , .

.j. , ,,k ,,
SE XE I log ()(.1
I jrk ijk f f i.i

n~ ~~~o " fket, nd th irJ• £iedo r hoeo
whcre reimr tsat e freqmoncy of occurrence in the cell at the i-t .raw,
J-ýn~ o:olurr~n, and k-th depth with f, ' 'ik-'J ik

k' ijk etc, , and theR dtgruaA, of iteedorn are those of the

asymptoti: chi-square distribution under the null hypothesis of AuJ',rendsnrs,

We remark that there are many other applications a'. thtse la-it
concepts but we linAt ourselves tn these two because of tirne Also that
more ixIenhive tables of the noncentral chi-s%4ua4e distribution havo
rril,,tly 1'een comnputed than those first publishid by R, A. Fiuhe, It
may be noted that all the expressions in the contingancy table analysic
may be expanded into sums and difierences of terms of the fot. Znlog n,
,ables uf 2nlog n are available for n =I ',l) 10, 000 so that the arithmetic

1e one of table look-up additior. and subtraction,

I "'..'"t this expositioii has stimuiated uime ,•f you to look further
into thele rrtt-. n as possibly useful in• your &t. of ^ppliuation.



THE CONCEPT OF MONOTONE FAILURE RATE
IN RELIABILITY THEORY

Frank Proschan
Boeing Scientific Research Laboratories

1. INTRODUCTION, Most analyses of reliability problems assume
that the form of the underlying failure distribution(@) is knownt the para-
meter may be assumed either known or unknown. Popular familims of
failure distrihuttons are the exponential, Weiball, gamma, normal, and
lognormal,

The weakness of such analyses is that the conwlusions geached may
.V grossly;Tn error if the assumption ts to underlying failure distvibutions
is incorrect. In fact, the error ia the originat assumption may be greatly
compounded in arriviag at the final conclusion, espoeaialy if the conclusion
concerns a tail probability or if the system analysed is cimplax. A good
example of the pitfalls of an erroneous assumptionaso to the form of the
underlying falure distribution is iuvnithed by Zelen and Dannemiller (1961).
They investigated the robustness of four representative acceptance samplifn
p•o•edures derived from the exponential distribution when in fact the
failure times followed a Weibull distribution with the some mean life,
Tals was done by constructing the operatinS characteristic (0, C. ) curves
fur these procedures wnen the parent distribution of failure timeeswas
the Wfeibull distribution with survival probability expfotP/e) for valus
of the shape parameter p w 3/2, 2, and 3. To illustrate how thoroughly
er :.nuoue a conclusion can be when based on-an incorrect assumpt 4on
ae to the form of the o,4,rlyii~d failure distribuiion, we .. produce the !
0. C, rurves frr a censored non-repl-,'etnent plan (n u 28, r a 14) based
nn the exponential distribution whelnLhe parent distribution i o actually
Weibull wi~h survival probability exp(.tP/e), A censored non-rep~a~c.,eant
pl-rL consists of placinE n items on test simultaneously and stopping the
test after the rth failure.

Note that while the probability of acreptance assuming an exponentii.
dietribution with mean 500 is only . 10, the corresponding probaoillty
assuming a Weibull distribution with the same mean is essentially 1.
Thus if a mean lire of 500 hours were unacceptable, "bad' lots would
always be accepted under the sampling plan if the distribution were
Weibull with shape parameter 3, instead of being rejected 90% of thi, time
as they should be if the distribution were exponential with tha same mean.

SI 'l ~ir'l
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A further embarrassment may face the reliability analyst who attempts
to make specific aesumptions as to the form of the underlying fAilure
distributions. He just may not have oufficient relevant information, since
in general many observations are required to make reasonable inferences
about the form of a distribution, as compared to the number required to
eatimate a parameter, such as the mean, -As aiý example, we summarize
the results of an investigation undertaken by Zelen and'Dknaanmillor (1961)
to s•o how well two statistical tests described by Epstein (1960) would
distinguish betweesn the exponential and the Waibull distributions, Consider
a non-replacement :enmortid ultuation whare the Wile test starts with n
items and ends as soon Ap the first r failures occur,- Assuming failures
occur it times T. T , , T r' thr. total time on test up to the it]

failure in

T(Ti) T T, + T. - + (n i 4-I)t , i I .... r,

Then the conditional distributti'n of T(T 1 ), T'(Tz) . .. T(T is aniW

form over [n. T(Tr)] for fixed T(Tr), Hence

r- 1

iIT(Ti =r._[,T(Tr)

T(Tr) (r-t)/IZ

Is an approximate normai (eleial.L, Ermt.ein''s Test 3 calls for rejecrtion
at levelo, if IZ > Z, whtere 40 is the 100(l - •'•ý) perc..
point ui: the standard normal distribution,

Epstein's Test 8 uses tee lZarlett statistic

( r- - ") [I n T T-,. ,
An - I T(T 4. Xn T(TZ) -T(Tj) X]+. n(i'('f )-T(Tr

W Zr

I +
6r

• ,, •ann i I- i I I I I NI W-01



19

I

I-I
3:NV~d3-DD:V JO AIIlISVIO~d



Design of Zxperiments 21

tympcotically distributed as a -A. variable with r 1 degrees of free-
doa, The test procedure is to reject at level aL if W> (r - 1).

To determine the proportion of times the tests would distinguish be-
tween the exponential and Weibull distributions, Zelen and Dannemiller
ran an empirical sampling study on a computer. Samples were drawn
from each of the Weibull distributions with shape parameter p a 3/2 , 2.
and 3 and from the exponential distribution, all having mean one. The two
Stests were applied at level of significance OL sk 05, The results weres

t Proportion of thnes exponential assumption rejected

at . 05 level of significance

Teot p na14, ruil4 nui, r 14 nu a 25.

3 1 .057 .050
3/Z .340 1 Z53

2 .8317 .643
3 1,000 .983

a 1043* .063 045•*
3/2 63* opn120*

2 1 178* . 137 .428*

*St-ire•d values are based on 600 samples or simulationý.. All other
values are based on 300 samples.

t Reproduced from MV. Zolon and M.[ C. Dannemiller, "The robustness
of life testing procedures derived from the exvponenmial ditri•0bution,"

Tw.hnometrics, Vol. 3, No. 1, February 1961,

The conclusion seems clear that for small sample mies it Is difficult
to distinguish between the Weibull and the exponontial.
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What is nwaedd then in reliability are analymse based not an specift
families of underlying failure distributions, but rather on broad assump-•
tions concerning failure correeponding to the actual physical situation, One
very natural assumption of this type is that corresponding to a failure die-
tribution F with density f and survival probability r a I -, the condition-
a& failure r &te

r(t) a )

defined for F(t) > 0 it Increasing (decreasing) with time t, Ot 00
Physically, r(t)dt is the conditional probability of failure in t, "+dt,
given survival until time t. We may verify by differentiation, that
under the assumption of increasing (decreasing) failure rite the quantity
Sn F(t) is concave (convex) on [0, 00), More generally, whether a
density exists or not, weshall say a distribution has an increasing
failure rate (IWR) if ,n L(t) is concave on [o, O ), and a decreasing
failure rate (DIR) if •n 1(t) is convex on 0, 60),

Examples of ihR and DrR distribUtionR aret

(W) The exponentialt

f(t) 0 Nexp(- N t). 1> 0
Both IFR and DrR,

(ii) The gammat

•t() S MONtf' 4 exJ( -;t'4 ), %'t >0, .>o,

(iki) The Weibull,
f(t) - Nrt O -I exp(- X.tC ) 0 .> 0. >;0.

I'R for oL;, DF, for O(( 1

(iv) The truncato-A iivml,-

f(() 0* _ -- exp { (t 0>0, o> t

where a is a ,urmaliMing constant,
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Pfyo,'Wly, IFR might correspond to wearout, so that the older the
item gets, the greater its chance of failure, Examples are rubber tires,
human beings past some initial period, and many mechanical parts which
gradually wear out, Physically, DFR might correspond to work hardening,
mo that the older the item geto the tougher it gets, and hence the less chance
it has of failing, Certain metals act in this fashion. In Proechan (1963)
is discussed another commonly occurrinC process producing DIr
distribution@,

How far can we get in reliability analyses assuming InY (DFR)it In
the following sections we hope to show that a rather surprising number of
useful risults and methods follow from this modest and natural assumption,

2. BOUNDS ON QUANTITIES OF INTMERNT IN RELIABILiTY THUORY
,S$UMIRG IFPR (DFR), A number of interesting and informative bounds
;an be obtained on quantities arising frequently in roliability problems
it we assume 117 (DIR) distributions, In this section we survey some of
the more simple and usefil bounds, The reader is referred to Barlow
and Marshall (1963a and b), Barlow and Proschan (1963), and Barlow
and Proschan (1964), for details and fUrthe*r bounds,

Since the exponential distribution with constant failure rate is boundary
4istribution between IFR and DWR distributions, it pr-ovides ratural
bounds on the survival probability of IFR and D3Ft distributions,

Theorem 2. 1. If is IPR (DIrR) and F(3p) p, ie. . a
PtI percentile, then

\( t
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""A n i , ln - P ) ,

Proof, Since Ln F(t) is concave,(convex) and F(t) is decreasingt

the n (t) An. F0. . it decreasing (increasing). Consequently

.fit)j 1lt Is decreasing (inc reasing), T'us F(t)l/t> (0 - p) /&P for

R~)

t< p and F(/t") (< p11  p for t> %p

Thus if we know a percentile of an IF7 (DIR) dilstribution we irnmedi.
ately have one-sided bounds on the survival probability correspondint to
each instant of time, What it we know the mean of an IR distribution?
Then Theorem Z, 2. provides a lower bound on survival probability.

'rheorem a. a I F _ a jF.R witman- ý• !tn
ýZ' Z) / .t I I

IN t) >

0 t>: ýAL'

T he noq~ualiVy is sharp.

See Barlow and Marshall (1963a) or Barlow and r',neohaii (1964),
Chapter 11, for the proof. Note that the exponential distribution with rm"*.

l ,ULins the lower bound for tw /LI while the degenerate distribution

concentrating at ýL attains the lower bound for t >

C
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An obvious application o& Theorem 2. 2 is to a system consisting of n
independent components in series with distributions 7 1(IFR) with means

*i(i a 1 Z, .... n). Then using (2, 2) the q4yetem survival probability iset (- n
Fri(t)

S0 elsewhere.

The bound is sharp. This indicates why system reliability is often better
than predicted on a parts count basis. Likewise for a parallel system
with component distributions Iri with means j.k(i - Le , . ,n),

.(1 - s t<min.( /i, .< min
tei(t)

1 eewhers.

YIn fact, the application of Theorem 2. 2 can be extended to so-called mono-
t-,,dc structures, (See Barlow and ProaChoar (1964), Chapter VII, Theorem
3 1.) To define x *,r.tnnic structure we lio, ni eepwesent the state of
the ith component of the strilture, with xI m I if thuc ith component ie

£VXctioning and xi n 0 if the ith component is not functioning, & i !, %...
,.. n. Lot 4(x1, xZ, , . . , xn) repro sent the corre spending state oft hl

etructure, with 0 m I if the structure is functioning and 6 a 0 it the
structure is not functioning, The structure is mmld to te rmoiJ ,c if
O(X, x2, . xn) is monotonic increasing in each argument with

0(0, 0 . . 0) . 0 and 0(1, 1, . .. 1) . 1, Intuitively, a monotonic
structure is one that performs at least a. wNell if failed components are
replaced by functioning components. Most reasonable structures occurring
in practice will, of courise, bw monotonic, See Birnbaum, Zeary, and
Saunders (1961) for a discussion of monotonic structures (called by them
"coherent").

C
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NMxt suppose stochasctically independunt components with the relia-
bility of the ith comrponent pi, I a I, 2. . . , n. Then the reliability of
the system will be representceA by h(pl, pZ, . . Pn). In the special

case pi a p2 a - - , a Pn a pý we will write for convenience h(p),

Barlow and Proachan (1964), Chapter VII, show thiat for monotoniic
structures h(pl, pZ, . . , pn) 1i nmonotonic in each arlumenct

Usin& this fact we may obtaln the following lower bound on system
reliability for monwntonic structures.

Theorem 2. 3. Lot FLi IFR withean 1if 1 0 , 1 .... I II bo the

failure distributi2no of t component of i manotonic structure, Thou
for Ocmin( IA n , the *Zste" reliabiltyh(,Fyt)', - -. n

Zh(a' I, . 4n), te rreu~n~ i gyste. , raliailit• when

the copnet ae pontaijydsi tdwt oreodn means.

Proof. Since n(p1 , . ., , pn) is monotonic increasing in each argl.

ment and by Theorem 2. Z for t <mni P-1,, ..- , 7jn (t) ',

I - I .. , n, then it follow t~hat fr t < min(I Il, "

We may apply Theorem 2. 2 to the n-fold convolution F(r)(t), where
F is IFR with mear, ý1, uT itain

( )n., )J/.1 .

S(0.5 1 t xp( - t/A)

fur t< JATherefore, If N(t) il the numbfer of rt~ncwals in f0.ti Of 8

reruiwal process based on F,

F['N.t)>_] exp ,, Opt,<
Ianl
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fov t 1 •. Thus we have tha elementary but important reeult that Onder
the IrR asiumption the PoaAsson distribution provides a conservative eosia-
mate of the probability of n or more failures in f0,t| for t lose than the
mean life of a single component.

This result has application in the following spare parts situation,
Assume that we have one type of tube in n socklets which is replaced
immediately upon failure, Let Nj(t') denote the number of failures

occurring W theth socket before time tj, the time the jth socket
is to remain in operation. Lf the sockets are stochaltica~l.yindiependent
and the life distributions are exponential with parameter X., then
N1(t 1) + , 4 Nn(tn) is a Poisson random v&rieble with parameter

e " Jti tand

P[N,(t,) +÷N n(tn)• • 11 %;1
J20

Ceamer (194i), page •03, It all we can assume is that F is h1R with
inean I/ -, nnd each t<I 1/X, then

P I (t + * + N nj(tn)'SN) > N .9

Using this bound, N, the number uf spares to be stocked, car he chosen
su that wi will be protected with high probability against a ehortage o

pr•are,

The best upper bound on F(t) when F is IFR iP given by the
following theorem.
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Theorem 2.4 is. I YR thenea M

II

j~t~it .4

1~ ~ ~ ~~o t<Il...>•,-
.•).t

where Wi dependil on t1 l 0aife a

Proo.- Lwt

X4 t

"Than tn)iflie, on ( ro0) d ose, Xp F(pe bn L1o, •,, :. ,

Nonefo that a. Thuo0 1 ON1. 001J. 66 VIt c a t mos u ow n tes fo.pr ~i~

.% T4t, Seo liaume m. 1, to 0I ,I

IW t> ie, We Can always opetermtilne i to that sot the mea

vrthis c hoice of Wr, T () necessaily,'-rosso$ 6*a ly a

itleiticailly with C1, Silicea I i• jrT , the b~ovid , 1. sharp. •' L•'

For t<_ P1., the inequality lai ohvioui. The degeinerate dimtr~tWA&~i

°onc:trt,.in, at ýA, provides the uppe bound for t<-•'i

Note that & e t--•oo, wl~-91 / ýLl. It can be shown that the ulppi blutind

in Theorem Z, is asymptottc to •"t/ tA, "

Figure 2, 2 illustrate@ th* beat ulpper and lower bioundol on 76:) .-

when T is IFR and •1. Tab ile I taibulates the upper/on,?L

We can also obtain bound$l on percentlile in terms iof th mean iA'",

vice Voirfia
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TABLE I

UPPER BOUNDS ON 1 - F(.t)

Co
(F is 1F~R, Pi, tdF(t) =J1)

I1-R Markov IFR Markov

t Bound Bound t Bound Bound

(1/t) (i/t)

1.0 1.000 1.000

1.1 0.820 0.909 3.1 0.053 0.323

1.2 0.687 0.833 3.2 0.047 0.313

1.3 0.577 0.769 3.3 0.042 0.303

1.4 0.488 0.714 3.4 0.038 0.294

1.5 0.416 0.667 3.5 G.C3-

1.6 0.358 0.625 3.6 0.030 0.278

1.7 0.308 0.588 3.7 0.027 0.270
1.8 0.268 0.555 3.8 0.024 0.263

1.9 0.233 0.526 3.9 0.022 0.256

2.0 0.203 0.500 4.0 0.00 0.250

2.1 0.178 0. 447i 4.1 0(018 O "i

2.2 0.156 0.455 4.2 0,016 C.238

2.3 U.138 0.435 4.3 0.014 0.233

2.4 0.121 0.417 4.4 0.013 0.227

2.5 0.107 0.400 4.5 0.012 0.222

2.4 0.095 u.385 4.6 0.0V/ 0.217

2.7 0.084 0.370 4.7 0.010 0.213

2.8 0.075 0.57 4.8 C.009 0.208

2.9 0.067 0.¾, 4.9 0.008 0.204

3.0 0.059 0.! 5.0 o.00"1 0.200

preceding Page Blank
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-1
Theorem 2. 5. Assume F is IFR. For p<_ I - e

[-n( 1.p)]< p< [ 4 n(i - p)
p- p

for p>l - e

where

•psup t.F(t)

The inequalities are sharp.

See Barlow and Marshall (19 6 3a) or Barlow and Proschan (1964),
Chapter II, for a proof.

In life test .-.- ples, some items may not fail at all during the course
of the test. Therefore the usual sample average cannot be used. However,
some percentile estimat-e will always be available. Note th..:. asing
Theorem Z. 5 we can obtain bounds on the mean oi IFR distritiiitions in
trms of percentiles. For example if M is the median, then

M M

For F DFR upper bounds on F-(t) ,,ain b0 given in te.i.-ns of t:.e mean
as shown in:

Theorem 2. 6. If F is DFR with rnlai ", then

-t/ P-i- I 1 • t< l

t

Preceding Page Blank
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The inequality -,.s sharp

See BarI-w and Marshall(1963a) or Barlow and Proschan(1964), Chapterll,
for a proof.

The following lemma will pro'-,Le us with useful moment inequ-.Iities and
further comparisons with the expowienti-

Lemma 2. 7. If

(a) F is IFR with mean PI - ix) = e

(b) (x) is increasing (decreasing),
then I0 00

fý(x)T(x)dx < (X)ZG(x~dx.
0' 0f

Proof. Suppose q is increasing and F is not identically equal to G.
Since F is IFR and G is the exponential distribution .-ith the game rnean,
F crosses G exactly once from above ;t, say, to; F(td, = Qt0). Then

(xý) (F(x)dx (f~x)cZxd f[(x) - fd(t)
0 o.

LFhx) -G(x)'I d-x( 0.

To obtain the conclusion for c decreasing, replace P by - ,b. II
Note that a similar lemma is true for DFR distribu..ons with all in-

equa.lties reversed. From Lemma Z. 7 we obtain an immediate compari-
son bPtween the moments of an IFR distribution and the correspondin'!
mom;rnts of ?- t '-tial jistribution with the same rn.ea,,.

-ril th-,Vorrv. 2.8. If F is IFR(DFR) with r muth ent

< [(r +1) 1A
CD1 -

X~r

_ F(r + 1),.r 0 r <I.

Proof. Choose Cý x) = r-l in Lemma 2. 7. Then
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r r'
1"' rJX -fx Fdx < rj rx G)3 ~ + l),, r

00

for r >1. For0 <_r< 1, O(x) = xr-l is decreasing, so that th- ino-qua!-
ity is rev::rscd.

In particular, for an IFR distribution /L2 <_ ZJL 2 ro that the variance
02<- t- aInd so the coefficient of variation / 1. The inequalities

are reversed for DFR distributiont

Lemma 2. 7 can also be used to show that the mean life of a series
system with IFR components whose means are p..i(i = 1, Z, ..... n)

exceeds the mean life of a stries system wit-h exponential components
and means AJi (i = 1, 2, .... n). Just the reverse is true for a parallel

system.

Theorem 2. 9. If Fi(x) is IFR(DFR) with mean and q(x) e

(i = 1, 2 .... n), then

(a) f) ()dx = 1n lT /-)-.,

'(b) d5e n/E

0- i l

(b n
J0I- (ix)• • •x•x

Proof (a) By Lemma 2. 7

0 0i " I n 00 1- l _ n

" ={R ijwx) -. (x).F(x)dx q(
j~~~l 0~~ j1
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for j< < By recursion we obtain

7 "F, (x)dx, jx O jl(x)dx a I/1 I 1l1j.

(b) The proof is similar,

Uppet, and lower bounds on F(t) when F Is IFR and pm = are

given have been tabula.ted by Barlow and Marshall (0963b). Short tables
are reproduced here as Tables II and Ill.respectively. Table IV, repro-
duced from Barlow and Marshall (1963b)', tbulates the lower bound on
F(t) wh• jr is D.FR and tiL u 1, .(.,l)4,

Many additional bnun4s have been obtained on the failure rate r(x)
itsel f and on the density f(x) by Barlow and Marshall and will be presented
in a forthoon,.ng report by them.

We close this section by presenting bounds concerning.renewal pro-
caebes based un underlying IF.R(DFR) diitributioines, lFAr we tive a
Lower bound bn M(%), the expected .iumber of renewa.ls' in 0,t ) true for
all .enewal processos, and an uppor (lower) bound un MC() when the und,,r-
lyink d•stribution of the renewal process is IYR(DFR). The proof may be
foup, in Barlow and Pvoschani 1963).

'rhnorem Z, i, (G) MW() ?t t t 1tF 1l - 1,

(ii) F' i at TIF(DFR), then

Mt ON tFt)Fo (x) dx t/•

for all t>• ,

a
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UPPER BOUND$ ON I F (t)
(~* n.~ $*A(~ U1, t2a

(FisI ,• td Fm)s od •, ))

0 0
02 1.1 1.2 1.3 1.4 1,5 1,6 1.7 1,t 1.9 2,0

0.1 1.000 1.000 1.000 1.000 1.000 1.000 10000 1.000 0.953 0.905
0.2 1.000 1.000 1.000 L,000 1.000 1.000 0,965 0.911 0,1162 04819
0.3 1,000 1,000 00 1.000 0.99A, 0.929 0.87) 0 4 0.aN0 0.741
0.4 1.000 1.000 1.000 0.970 0.901 o.4 0,791 0.746 0.706 0.671
0.5 1.000 1.000 0.957 0,881 0.817 0.-763 0.716 0.6675 0.639 0,607

0.6 1.000 0.959 0.871 0.800 0.741 0.691 0.648 00611 0:.58 0.549
0.7 0.496 0.878 0.794 0:.27 0.62 0.626 '0.5607 .0553 0.501 0.419
0.8 0.914, 0.805 0.725 0.661 0.61.0 0,68 0.532 0.501 0.474 O.0
0.9 0.50 0.740 0.662 0,602 0o.004 0.15 0.432 0,443 0.4 , 0.407
1.0 0.797 0.68:3 0,605 0.54* 0.503 0.0M7 0.436 0,410 0.8 06.60

1.1 0.756 0.632 0,555 0:499 0.457 0.423 0.395 0•371 0001 0,333
1.2 0.633 0:589 0.:09 0,456 0,.14 06384 0,318 0,336 0,3 O. 0.302
1.3 0.41 0,555 0,49 0.426 0.3 0.348 0.324 0,304 0,2N 0,373
1.4 0.25 0:444 0:434 0.381 04-44 0,316 0,394 0,76 0.!960 0,247
1.., 0.163 0.321 0,405 0.349 0.313 0.27 0,266 0,250 0,315 0,224

1:6 0.105 0:231 0.332 0o321 0.25 0.260 0.241 0.226 0.213 n.202
1.7 0,006 0,167 0.254 0,296 0,26 0,237 0.219 0.205 0.193 0CA3
".1 0.046 0.122 0,194 0.-2" 0 023 0.215 0,.M 0,1615 0.175 0,164
Lil 0.031 0.009 0.149 0.205 0,.21 0.196 0.410 O,16A 01111 0. lO
2.0 0.021 0.066 0.11,6 0.163 0,2 01 o,7, 0.265 O.j.0 0.14) 0.136

2.1 0.015 0.050 0.090 0..,J0 0.169 0.162 0.148 0.138 0.130 0.123
2. 0.010 0.038 0.070 0.105 0,138 0.1OIA 0.134 0.125 0..117 P'..1)
2.4 OW0/2 0.029 0.056 0.084 0.114 0.135 0122 0,113 0.16 0.10A
2.1, 0.004 0.022 0.0"4 0.0(A 0.094 0.119 0.111 0.102 (). 0: otC•1
2,.I 0.004 0.017 0,035 0.056 0,09" 0.099 0,101 0.093 0.007 0,083

*2.6 0,003 0,013 0.028 0,046 0.o064 0O .3 0.092 0o.B4 .079 o.WS
Z.7 0.002 0.010 0.023 0.037 0.053 0,070 0.084 0.076 0.O. 0.04O
"2.8 0.002 0.00 0.016 0.031 0.040 0.059 0.074 0.069 0.065 0.061
2.9 0.001 0.006 0.015 0.026 0.037 0.050 0.063 0063 0.059 0.055

* 3.0 '0.001 0.005 0.012 0.0,1 0.0A1 0.04) 0,014 0.057 0.053 0.050
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? ~L(UM BOUNDS ON I - (t)

(F is I1t, ~i tdIF(t) 1.Ii * t 2d p( t))
0 0

42 1.1 1.2 1,3 1.4 1.5 1.6 1,7 1.8 1,9
t.

0.1 0.974 0.955 0.941 0.930 0.922 0.916 0,912 009c8 0.906
0.2 0.949 0,913 0,896 0.066 0.951 0.840 04.01 0.8205 0.021
0.3 0.925 0.872 0.834 0.006 0.485 0,770 0.750 0.750 0,744
0.4 0.900 0,833 0.785 0.750 0.724 0.705 0.691 0.601 0.6174
0.5 0,86 0.789 O,7M6 0.698 0.668 0,646 0.630 0.619 0.611
0,6 0,839 0.731 0,677 0.640 0.613 0.592 0,575 0.562 0.003

0.7 0.747 0.605 0,605 0.53 0,551 0.534 0052' 0,510 0,501.
0. 0,640 0.561 0.524 0.501 0,46 0.475 0.46 0,459 0.45,
0.9 0.501 0.459 0.441 0.430 0.423 0.438 0.414 0.411 0.402
1,0 0,367 0,367 n.3t,7 0.367 0.3691 0.367 0.367 0.367 0.367

1.1 0.269 0.294 0.306 0.314 0.319 0,323 0,326 0.329 0.330
t1.2 0.000 0.235 n.Ps5 0.268 0,277 0.204 0.289 0:294 0.297
1.3 0,000 0,180 0.213 0.229 0.240 0.249 0.257 0,63 0.267
1W4 0.000 0.000 0O.77 0,195 0.209 0.219 0.221 0.230 0.240
1.5 0. OW 0,000 0,145 0,166 0,11 0.193 0.202 MID0 0MID.5

1.6 0.000 0.000 0.000 0.1 0.107 0.169 0.17 0,188 0.193
1.7 0,000 0,000 0.000 0,117 0,136 0,149 0,i.9 0.114 0.174
1.0 0.000 0,000 0,000 0,000 0,116 0.130 0,24A 0,150 0M1I6
1.9 0,000 0.000 0.00m 0.000 01098 0.11.4 0o125 0.1-34 0,140
2,0 0.000 0,oM) Cn.0 0-.00 0,07 0.05t .1. U. 120 0.126

2.1 0,000 0.000 0.000 0.000 0.000 0,CA4 0.097 0-3.07 0.113
2.2 0.000 0,000 0-000 0,000 0,000 0.071 0.018 09095 0.1.Y
;.23 C.000 0.000 0o.00 O.000 0.000 0.057 0.074 0.104 0.0912.4 0,000 0.000 n-000 0.000 0.000 0.000 0.n64 0,07 0i.0'
2,5 0,000 0,000 0.000 o.000 0.000 0.000 0.05 0.066 0.074

2.6 0.000 0,000 0o000 0 .000 0.00 0.000 0.046 0.00 0,0A6
2." 0,000 000 0.000 0.000 0.000 0.000 0,.(07 0.01 0,01.9
2.0 0.000 0.000 0.000 0,000 0.000 0,000 0.000 0.045 0M03
2.9 0.000 0,000 0.000 0,000 0.000 0.000 0.000 0.030 0.046
3.0 0.000 0.000 0.000 0.000 0.000 0,000 0.000 0.033 0,0.2
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TAB0LE 

IV

LOWER BOUNDS O CI F(t)

(F isa 0fl31, tAdF(t) U1, 12 ' tdF(t))2 t~a~)
o a

2.1 2.2 2.3 2.4 2.5 P.6 2.7 2.0 2,9 3.0

0,0 0.952 0.909 0.869 0.833 0,800 0.769 0.740 0.714 0.689 0,666
0.1 0,861 0.822 0.787 0.754 0.724 0,696 006'Il 0.647 0.625 0.604
0.2 0.779 0.744 0,712 0,683 0.656, 0,631 o0.608 0.86 0,566 0.508
0.3 0.705 0.673 0.644 0.618 0M594 0.571 0.551 0.531 0.514 0.1997
0.4 0.638 0.609 0.,83 0.559 0.58 0,5W?7 0.499 0.•2 0,466 0.451
0.5 04577 0.551 0428 0.506 0,487 0.469 0,452 0,437 0,422 0,409

0.6 0.522 04." 0.478 0.45 0.441 0.425 0.o40 0.396 0.33 o.'037
o07 0.473 0.452 0.432 0:415 0:399 o0-5 0.371 0.359 0•347 0.336
0.8 0,428 04O09 0.391 0,Y76 0.362 0,4 0,336 0.325 0;315 0.305
0.' 0,387 0.370 0.354 0.340 0,32? 0.316 0,305 0,R95 0.-26 0.277 1
1.0 o0n 0.335 0.321 0.308 0.29'? 0,286 0.276 067 0,259 0,.20

1.1 0.317 0.303 0,2§0 0.279 0.269 0.259 0.250 0.242 0.235 0,'228
.,2 0.287 0.274 o.W 0.23 0.243 0.235 0.227 0o220 0.213 0,207

1#3 0,239 0.249 0.23, 0.229 0.220 0.213 0.106 0.199 0,19) 0.180'
1.,4 0.23 0.224 0.215 0.207 0.200 0.191 0.186 0.181 00M7 0.170
1.5 0.212 0,203 0.195 0,18? 0.1O 1 O.TrM 0.169 0.164 0.159 M.1$0

1.6 0,92 0.1894 0.176 0.1?0 0,164 0,1% 0.153 0.149 0,i4 0-,40
1,7 0.174 0.166 0,160 0.154 0o14* 0.143 0.139 0o.3 0.131 0.127
1-. 0.15.7 0.15C 0.144 0,139 0.134 0,130 0.126 u.-122 0.119 0.116
1.9 0.142 ".136 0.131 0.126 o.012 0.118 0.114 0.111 0.108 0.105
2,0 0.129 0.123 01.'A 0.114 u.110 0.107 0.104 0.101. O.Wd 0.095

P-' 0.216 0.111 0.107 0.103 0.100 0.09" 0.094 0,091 0,0O9 0.08t2.2 0.i0• 0.101 0.0)7 0.094 0.090 0.088 n.081 0.083 0. Ck1 0.079
A.3 0.095 0.091 0.089 0.085 -0,02 0.079 0.07? 0.070 ,073 0.071
2.4 0.086 0.03 0.079 0.077 0.074 0.0"k 04070 0.069 0.066 0.065
2.5 0.078 0.075 0.072 0.069 0.067 0,065 0.063 0.062 0.060 0 .- 9

2.6 0.00 0,068 0.065 0.06.1 0.061 0.059 0.057 0.056 0.05) 0.0503
2.7 0.064 0.061 0.059 0.057 0.055 0.054 0.052 0.051 0.050 0.048
2.8 0.056 0.055 0.053 0.052 0.050 0.049 0.047 0.046 0.045 0.044
2,9 0.052 0.050 0.041 0o047 0.045 0.044 0.043 0.042 0.041 0.040
.. 0 0.047 0,045 0.04 0,042 0•0.1 0.040 0.039 0.038 0,03? 0,036



TABLE IV (continued)

LOWER BOUNDS ON 1 - Ft

3.1 3.2 3.3 3.4 M. 3.6 3.7 3.8 3.9 4.0
* t
*040 0.645 0.625 0.606 0-08k 0.571 0.555 04410 0.526 00512 0,000

0,1 0.585 0.567 0.550 0.534. 0,519- 0. 504 0.491 0.4"7 0.4&6 0.455
0.2 0-531 0. 514 0.499 0.1*0 0,471 0.456 0.446 0.1,30 0-424 0.414
0.3 0,1481 0,467 0.453 0./.40 0.428 0.-417 0.406 0.396 Q,306 0.377
0.4 0,437 0. 44 0.4,11 0.400 0,389~ 0-379 01369 0.360 04301 0.,313

*0.5 0.396 Ci.385 0.374 04363 0#304 0.344 0.0S6 0. 3.27 0.320 Q.Ul

0.6 0,360 00349 0t339 0.330 0.321 0.31) 0.050 0.29-6 04291 0.284
0.7 0.326 0.317 0.308 06300 0.292 0.205 0.278 0.271- 0406 0.259
0,6 0.496 0.286 0.260 0.2'72 0.260 0,209 0 25) 0.247 0,241 0.236
0.9 0.26Y 0,261 0.254 0.21$ 0,241 0.235 0-2)0' 0.224 04219 0.215
1,1.0 0.244 0.237 0.231 0.225 04219 0.214 0.20) 0.204 06200 0.190

1.1 0.222 0.215 00210 0.204 0.199 0.195 0.190 00186 .1102 04176
1.g 0.201 0.196 0.191 0:186 04343. 0.177 0.173 0.169 0.166 0Mf6

1s5 0.151 0.147 0.143 0.140 0.136 0.133 0.130 0-126 0.125 0O12

1,6 0.137 0.133 01.350 0,127 0.124 0,121 0.119 0.116 0.114 M,112 j
1.71 0.124 A. '.21 Otl 0.115 0-11) 0.11.n Cslu 0.106 0Oil4 0.102 3
1.8 n-11.3 0.110 0. 1 L7 0,1M0 0.10 0.100 0.0 Md bO 0.090 0.093 3
1.9 04102 0.100 0.0dM 0,075 0.093 0.091 0.090 (). ON 0. 066 04065
2,0 0.093 0.091 0.069 0- C47 0.085 0-083 0.062 0*010 0"' 0.077

2.1 0.094 0.i2 0.081 0.079 0.077 0,M76 n, W4 U -U7) 2 0.0MO
2.2 0.077 0.075 0.073 0,072 0.070 0,069 0.066O M6 0,066 0. V 0 -.
2.3 0, 070 0.066 0.067 0.065 0.064 0.063 0.062 0.060 0. C19 0.056
2.4 0.063 0.06a o.061 0.059 0.058 0.007 0.056 0.05 0.05'. 0.053
2.j 0.057 0.056 0.055 0.054 0.053 0.052 0.051 0.050 0.049 0.0W8

2.6 0.052 0.051 0.050 0.049 0.01* 0.047 0.04,6 0.04f. 0,040 0,044
2.7 0.047 0.046 0,040 0.045 0.04). 0.043 0.042 0.042 06041 0.040
P48 0.0A43 0.042 0.041 0,041 0,040 0.039 0.036 0. 03d 0.037 0.037
2.9 0.039 U. We 0.036 0.0.17 0,036 0.036 0.035 0,034 0 034 0.033
3.0 0.036 0.035 0.034 U.034 0,033 0.032 0.032 0,031 0.031 0-0~0
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Note that as a consequence, for an underlying IFR distribution the
expected number of renewals is known within an error of 1/Z for each
moment of tn•m, Note also that in the DOft case. the inequality (ii) Ls an
improvement ove" inequality (i) since

; /•t .t t' /t )x 1

tr(t) 'fW(x) dX f-xdf-f u tif Ftx)elu 1.
0f. ýf 00

Next we compare moments of N(t), the numbbr of renewals into; t
when the underlying distribution F to IFR(I)FR) with the corresponding
moments of a Poiseon processJ,

Thecorem 2., 1. if r is I],t(DR .with Mn ,•, then
.t/•.

k ,t Ik(t/

(a) EN E--

(b) Var N(t)< NI(t)< t/

See Barlow and Protcý'n (1963) for a proofL

3. QUALITATIVe CO!XCLUSIOIS ASSUMING UNDMALYINO DSTRI-

LITO S1F(r.Iii a number of reliability rn-dels, t~k.- s'auunri-n I
Liat the underlying aIlWure distrtbutions are IWR(DFR) yields useful
.jualitalvv, relattonshlps, and in optimization problems, hsIpful Infnr.
mation about the form of the solution, in this section we ehoill present a
selection of reliability models that illustrate how th" assumption of
%%n..iurlyIng IFR(DFIA) distributions simplifies the solution,

3, 1 Allocation of paros under Constraints. A system is required
to operate for the period Lo0 to] . When a component fails, it is immedi-
ately replaced by a spare component of the earn* type it available. If no
spare is available, system failure results. Only the spares originally
pkovided may be used for replacementai i, e, , no reompply of spares can
occur during (. to0 ]* The cost of a single spare of the it' typc is cis

| F~5
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k

i I...1 . k; the total cost f0c o-A•res is c(n_) cini, wh're nt

(n1, . . nk)l and nm n nitmbor of spares of type I initially provides,
isI ., ,, k,

We now describe the original system before any replacements are

made, The system consists of di "positions" or "•ockets" each filled
by a componentof Lype 1, i o 1. Z, , , ,, k. The various components
or a given type may be used.,it different levels of intensity and may be
subject to different eni. roaumrntal stresses, so that for full genk&ality
we assume the life of the ith component of type I (occupying position
1. J, say) has probability distribution Fil, I I, .... dil I a I, . , , k,

Each replacement has the same life distribition as its predecessor;
component lives are mutually Indopentint. Position I, j it not required
to be in constant operation thrnughout 10, to] but rather Is scheduled
to op.irate for a period of duration t1i -:to. J 1. . ., , di, 1.5 . , t k,
Th, srodel is diescussed in detail in Proechan (1960),

We seek a family of undominawd spares allocations, A spares allo-
cation n in undominate d if R(n') > R(a) impli.s c(al') >c(a) while
P(n1') I R(n) in'plles c(n cLt), where n' is any other spares allocation,

andt R(n) (a lled system reliability) is the probAbility of no system shut-
,Uwn during 0, to] resulting from shortage uf spares. That is, a spares
allocation ts undoininated if for Its cost it achieves maaxnum reliability.
A f.nwily of undoinlitLed allucationa representio a tremendouu reduction
of pot.sibilities that the decielnn maker needs t, cronsider In arriving at
an no#tLmal apar,• I'ttun v We shall develop a matl-.d for generating
•iou-.z'aacicly larger undorninatfA spares allocations which depends on
.Cn R(n .) being concave, Wu shall see below that In R(n) is &c,--ave
wh,,' each of the Fl is IFR.

I~virt note that Bince ihortitf! in uny pusition -'ndults in systvrr,
frk in i'n

(32 " I• , ,i l I I l P•
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where Ri(m) is the probability of no shortage of units of type I
assuming m spares of type I are initially provided, We can convert
tne objective function R(.) being maximiaed into a sum oa terms each
depending on a single unknown only by taking logsarithmsi

(3. 3) k
.n R (a) * n R ni).

Note that maximiming In R(n) is equivalent to maxKimling R.(h) mince
J.n x is a monotone increasing function of x.

Next we shall describe a p',ocedure for genorating a family of undom-
inated allocations which is intuitively quite reasonable, The underlying
idea is that we will construct successively large.r spares' allocations by
adding one spare at a timel the spare we add will be the one which pro-
video greatest improvement in system reliability per dollar spent,

Procedure, Start with the cheapest allocation (0-1 0, , , 0). Obtain
succ;selvely More expensive allocations as follows, If the present allo.
cation is n, determine the index, call it ot0' er which

- n , R.ni + 1) - An Ri.. i)

te maximum over I * 1 . , k. Then add a single unit of the i
type to ai to obLaiii the newt larger alicuatinn (ni, , , ,, + hi +

r n 0 +1' . . .. nk)'

Note that adding tte trost to .n R(Oi) per dollar spent it equivalent
to multiplying R(n) by the largest factor possible per do)|ar spent, W~e
shall see in Theorem 3. 1 below that the Proced\'e generates only un-
dominated allocations if 4!n R(n) Is concave,

Theorem 3, 1. If Xn R(n) is concave, then each sares allocation
generate y1he Procedure is undoninated.

Proof, Let n* be generated by the Procedure, i0 denote the index
of the last component type added in arriving at n*by the Procedure, and
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I

n Ri R1  (f t*. ~ ~0 1- , .0

Let r. ½ any other allocation such that R(n) >R(n*). Desiunate the eet
of i.•zchc- for which nr y and the set of indices for whicl' "%i<n.*

by 12. Then

OCJ'n R(n) - )2n R(n*xi; Jý Ri-j Rn lt(nf) X~~n R (n~' f-nP1(

I

since for i in ind h 1, &,1 t ,An R (nl + h) ffi R (n+h 1' )L

while for i in I• and" h *0. 1, It An. 1al- s ). -We lilyj h-u i

k i

out that ýn X•(n) is not concave for alls cor)"nent failure• diet-clioutions"ij,- but as shown in Theorem 3, ) below, 5" em  r

(As usul, the very nfaural Iro as umption R smplifiow the sol;aon
considrably.
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First we must establish the relationship between system reliability
R(n) and the FIj, The lives of the component in position i, I and its
succeeivi replacements constitute a renewal process (as long as spares
are available), Lyt NIJ, num or of failures in position i, j during

0 , ti Then P{Nij * F ?(ti J) F jj"&fl4j A lso Rn),the
probaibility that no shortage of spares of type i occurs during [0 to]

assurni:g n spares of type i are stocked, is given by

R.I(n) w PNii I N1 , + + Nl idw n,

or explicitly, by

(3., 4) di
Ri~n)u a*ni PN nl

Now we may state

Theorem 3, 2, If each F, j is LFR, then In R•= is concave. The
proof may be found in Barluw an'dProlehan (1964), Cha;ptrVl

Exponential Failure Distributions, Suppose cari h failure density is
oxponentiali specificnIlly, suppose

0 fu,' t•"O,

it followi that

a Poisson frequency function with parameter (Arrow, Karlin, Scarf

(1958), puge M7,), Hencte

• n r-
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(3. 5) R.(n) = e T pL/j':
z i=0

whe re
di t.

since the convolution of Poisson frequency functions is a Poisson fre-
quency function wvith parameter given by the sum of the separate para-
meters (Cramrnr (1946), page 205.).

Using (3. 5), it is a relatively simple matter to apply the Procedure
above for generating undominated allocations in the present case of
underlying exponential failure densities. See Proschan (1960) or Barlow
and Proschan (1964), Chapter VI, fcr worked examples.

3. 2 Comparison of Age and Block Re placement. Among the most
useful replacement policies currently in popular use are the age replace-
ment policy and the block replacement policy. Under an age replacement
policy a Llnit is replaced upon failure or at age T, a specified positive
constant, whichever comes first. Under a block replacement policy a
um ;_q replaced upon failure and at times T, ZT, 3T, ....... We assume
t.i;-t units fail permanently, independently, and that the time required to
perform replacement is negligibly small. Block replaccLnient is easier
to a ±-:Ydnister since the planned replacements occur at regular intervals
and %., are readily scheduled. This type of policy is cornmoi-y used
with Aligital computer- and citizer complex electronic s'-rstems. On the
other hand, age rA-i.lacement seems more flexible since under this
poliy planned replacement takes into account the age of the unit. Tt is
ther.-fore of some interest to compare these two policies with respect
to th number of failures, number of planned replacements, and. ni•rrber
of rauiovals. ("Remnoval" refers to both failure replacement and planned
replacement. )

biock replacement policies have been investigated by E. L. Welker.
(1959), R. F. Drenick (1960), and B. J. Flehinger (1962). Age replace-
merit policies have been studied by G. Weiss (1956) and Barlow and Pro--
schan (1962) among others. The results presented below are based on
Barlow and Proschan (1 963).
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We shall compare block replacen tnt with age replacement, both using
replacement interval T, Ibr example, block replacement is more wastetfl
since, as we shall show, more unfailed components are removed than under
a policy based on age, Likewise, the total number of removals for both
tailed and unfalied components is greater. However, an one would suppect,

under the IFR aasumption the expected number of failures wkll be lose
under block replacement, 'inally. ixactly It/T| planned replacements will
be made in [0,T) under block replacement, Whili no more than It/TJ can
be made unaer g-3 replacement,

We shall denote thn number of remova Is in [O, TIunde.r a block policy

by N](t) and the number of removals in fo, Ti under an ige pulicy by

NA(t). As we show in Theorem 3, 3, NB(t) is stuchastically larger than
NA(t),

Theorem 33.3 P[NA(t) ?nJS PINB(t) Zn] for n - 0, 1, 40.

Proof. Let ýXJ denote a realization of the lives of successive corn.
k-l

ponents, We shall compute what would pave occurred under an age and under
a'block replacement policy, Let TACT• denote the time of the nth removal

under an age (block) roplacement policy. Then

T" .m'in ('Tn,"I + T, T11-"I +
A T Xn)

T min (T~ 1 4 Tn-I

,,vOre al(O<•<- OT) i1 Lhu remaining life to a scheduled replet,- -nt.

Since initially TI T1 ,wha~ve byinduction T n >T~ . Thuailcr any

r.ý ili.ation {x kj, NA it) is sm .ll r than NA(t) ,II

Next we shall use Theorem 3. 3 to establish a lower bound on tý :e-

nm. vcai function quite independent of replacement. Let NI(t) (Nt (t))

denotc the number of failures in [0, tj under age (block) replacement at
interval T. Theorem 3. 4 below shows thnt the number of failures per
unit of time under block replacement at interval T is, in the limit,,

where M(T) is the renewal function f F(k)(T),
ksl
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(3, 6) •t M(T).-
Theorim 3,4. l -m - a,. .

t-400 
t  T'

b , . ,Let N Mt) denote the nmber of faiures In (i-I)T. iT],.
CleartI the r-* o, wn variables N-r) are indepandend, identically istri-

buted. and (or kT t (ke + t )T,

(3.

k EN*(t) N*t) Ux N* T)

L- t - k" I TkT "•

Lotting t-+o, we ha've k-.oa, and

rrom (3. 7) we see that also

L.-10 - t T

Since the nurnoer ot removals vil.h block rsplaeirnant is stochaoticolly
greater than the number of rent.Lale with agm replacement by Theorem 3. 3.
we umcý that

0-,,9) EN B(t) > lim tuNA(t)

lir - --
t4# t t

But using (3. 8)

EIIB (t) M(T) 1
lit -06- +-
t--WO T



Darign of ExperiAents BI '

and ENA() •,,

by the elesmentry renewal thoorom, since for age replacaoMnht die times
between remova•* constiUt\te a renewal process. Substituting in (3, 9). we

have

TT

(3, 10) T
"(X) d 1

We "hus have the following lower bourd on the renewal function, re-

gardleso of the underlying distribution,

Theorem 3,55 M(t) , .t_ _ - I>!-I for l•<• 4 ($3.1
T T 

d
JO

Proof. The first inequality has already been establishod in (I, 10).

'The second fnllows from f tI (X) dx< I•,x) dx - j.. II

Next we @hall compare the number of failures under the two policies

and as a consequence obtain an upper bound or the renewal function valid

when the underlying failure distribution is MIR. First we Abtain the long

run average time between failures under a block replacement policy,
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Let tYl i!vncje the successive timed between failures under a block
replacement pulicy having replacement interval T.

Theorem 3. 6.. li Yo2+ TYO

Proof. Note that

YI+Y z + ' , . + Y N %(t) t - YI÷+'z + , + YN '• (0)+ 1

* ~ ~ ~ ~ N t.+ .*+l¶ t+

Letting t-*aaand applying Theorem 3, 4 we have the desired result, I
Theorem 3. 7 below shows that the number of (aiturea under an age

replacement policy to stochastically greater than the number of failures
under a block replacement policy,

Theorem 3,.7 If F i. IFR, then

The proof mpy be found in oarlow and Priochan (1963),

J, sing Theorem 3, 7 we obtain the fullowing upper bounds for •t.-
newR function M(t) when the underlying failure distribution is IMR.

Theoremn 3, 8. If F is IFR,

{t) < IF(f) <1 W, 0O< t < oo.
- tfo ~)d
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Pio•o!. By Theorem 3. 7

12 l) ZN%(t) sie N*(
1tin - :Ur

t-OHe t t-e t

By (3. 9)

t-4" t

It is read),y vertfLied that the mean time to an in-service hilure Under an
age replacernint policy with replaedment interval T is

(See Darlow and Pr~eechan (1964), Chapter III.) It toliowe by the e'leren-.
tar'y renewal theorem that

13, 14)

t-'e. t •xd

I t) r(t) I

the first nf the deeired conclueione. For I I3iR, it ie readily verified
that the mean time to an in-service failure under an aI e replacement
policy with replacement interval T, t T i e decreasing

t(T) J F(T)da

GC ( L , 3

M~t) S IF'U
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function of T. (See Barlow and Prosehan (1964), Chapter III, ) Hence

ftrf)) t

the second of the desired conclusions,

Combining Theorems 3. 5 and 3. g, we obtain very close bounds.on
M(t) when the underlying failure distribution is IFR:

t_.. I < M(t),!-- , 0 < t < ,

Thus for all non-neigative values of t, M(t) may be approximated with
an error of at most i/2. 1

4. PRESERVATION OF MONOTONE FAILURE R.ATS. Next we con-
,'jor operations under which a monotone failure rate is preserved, ror
egampni, what structures have the monotone failuu rate property when
their individual componanms have this property? Is a monotone failure
rate preserved under convolution or under mixture of distributiornam?
'14.O results presented in this section are based on Esary and Prosohan
(Il)t3) and Barlow, Marshiall, and Proachan (1963).

'Theorem 4. 1. If F, &..d F. Lr. IR, t*,en their convolution H,

H(t) f F1 (t -xlaralx)

is also IFR.

Proof. Assume FI has density I, F has density f(2 For tI <t2
u orm u 2 fo2
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Duj H(ti-ujf (tl, 4;fr (t1 - %1.jids41 -IF1(th)II 111, u)I~sdes I
by problem 6b. page 48, Pblya'and Seeg'o (1925), Integrating the inner
integral by parts, we obtain

D uf 7 (.t~ I f £(t~ -l fP £(s - duZds

13 ~ Z 51) f(t - 7 56Z) F2 5 2~ (a~' - tia)

The sign of the first determinant is the same asa that of

f Z - t - 82) f1 (t a s2 7 1 (t1  52

;,tmvuminV non-zero *ienornirt tore, But

f (tZ I £ 1(t1  SZ)

r (t a P ) s1 (t

bv Ilypathesie, while -

7 ~ 1(t 151 -
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since, as pointed out in Section 1, FrI is logarithrt cally concave. Thus

the first determinant is non-negative. A similar arguz-ent holds for the
second determinant, so that D >0. But this implies H is logarithmically
concave, and therefors H is IFR.

If F and/or 0 do not have densities, the theorem may be proved
in a similar fashion using limiting arguments, II

It is of interest to note that the DFR property im not preserved
under convolution. A counterexample is obtained if we convolute densities

f (x) a f x) a X for x uo,

with I/Z• •-<l, Howevor, it is true that a mixture of TFrR distributions
is Also DFR, as shown in

ThAerem4,.,& IL FiNt) Li ADFR ditulhuliw. t W A•uka

@0

int

is L DFR distribution,

Proof, Flirt suppose -chat P•'(t) has a differontiable density fl(t)

Sir,:u the density of any DFR distribution must be a decreasing funcC%&i.,
we hLve by 3chwara•' inequality that

Since fi(t)/_ 1 (t) in decreasing in t, we must have
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Hence.

that is

St) g' ( t) < sc lI

where is tLe density of 0, so that 0 to DFR.

If each Ir. does not have a diff rentiable density, the same result

may be obtained by limiting argumints., I

Mixtures of I),R distributions are not neceumsrily IFV, Fov example,
a mixture of two dirtinct exponentials is not I-TA since it is not seponmntial,
and by the 'above theorsm'it ie DFR. Theorem 4. 2 together ',th the 6.it
fdr, DrR distributions in Section 5 may be used.to pi4 Up.dftes•sents I the,.
parameters of pooled samplea each coming from an exponentially •tiistri'bted
population. See Proschan (1963),

Theorem 4, 1 proves that a system consAsting of one unit andaspare
has Increasing failure rate if the components do, Aca one would expect,
the failure rate of the system is everywhere lose than the failure rate
t;' either component if both components have WiR failure dimtribuLions,

Theo-'m 4. 3. IL F ad Fr .1- InR dU Line ,ith LAs i

r I(t and r a(t) yl.~.Nuffictivia i '&g 4enatW 1hai, kWSZ1tlia with
r(t),

r(t) .. min Ir1 (t). ra(t)1

Proof. By definition
ffit-x ) fZlxldx

r(t) 6 - 0 T (t)
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Thus . .. . d a r (t)

the equality being clear from

f( t) 7 1 lt-xld 2 (10

S:, ilarly, rz~t)! ra t)

Next we ihall obtain conditions under which an IncreOainS failure rate
of like components implies an increasing failure rate for the kiyoter,..

A soume theii that the syitem consists of independent like components,
with each component life distributed according to the common probability
distribution F(t). At a given instant of time t each uumponent has
reliability p a F(t)j the corresponding system reliability will be designated
by h(p), Then we may prove

Theorem 4.,4. Assume i structure with reliability •unction h(p)
with each .ompr t 0l7 reependentI .ditributed a'o-rdi-g o distribution
Fr hav~njdsnsk. f, Tenn

r(t) ip)

h~t) p)p

Sp - rp(t)

where r(t) % " component failure rate at time t, and R(t) syste

failure. rate at time t!b•) ,.ph.I (,_
IAt 

is an 
increasirt 

ftnction 

of 
t if andonl 

if 

I) 
a

T~~ (t -)l• h(p) !-t'

d___e_____a fur etton of p;

(c) ifr(t) is an increaning function of t and h ito a decreai•n

function of p, then R(t) is an increasing Lunction of t.

Result (c') gives a simple sufficient condition on a structure which
will pruuerave a monotone failure rate when a structure it constructed out

• i i l I i I : l I I •P ii
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of indepundent like. components. We shall present an important class of
structures which satisfy this sufficient coudition,

To prove (a), let S(t) re jresent the probability of structure suw-
vival past time t i~e., S(t) n h(F(t)), By definition

R(t) -S'(t) h(p) ,P h(p) 2.t (t7~)•-W€-i" R P) h(p)
p. r(t) p • •t) r(t)

so that

"r(t) " p i )

establishing (a),

To prove (b), simply note that p F 7(t) is a decreasing function of t.

Finally, (c) is an immediate consequence of (b) and the fact that
p is a decreasing function of t.

An important class of structuies for which the condition &ia is
hNp)

a decreasing function of p are the su-called It out cf n et'ructures, A
W out of n structure is one that functions if and only if at leuet It com.
po.,,nts function, To prove that a k out of n structurie (onsistin-Y of

phiL
n independent rnmponents hi.s a ratio h(p) decreasing in p, write

hjp) I P t k. I n-k

phI(p) - iot

"P foo
mincek

n 011l-i -h(•) r 1: (n)p . 1 x (I Xt-xnk dxIsk I(k-lI)(r&-k)1 fo

t
Mood (t9SO), page 235. Letting u * - , we have

p

PB
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hPp k-I iu n-Q~fku Cdu.
ph'(p) i-P

Since I-up is licreasing in p, so is Thus if a k out of n
I -p

structure is composed of independent hite compunents having an increasing
failure rate) than the structure itself has an increasing failure rats,

If we note that the time of failure of a k out of n system corres-
ponds to the kth largest In a sample of n observations, then un alternate
statement of this result is the followingi

Corollar ., Suppose X 1 4 X < XI area simple of o~dr
statistics based on independent observations from a distribution havini
incretsina failure rat_, Then the distributiof x n
failure ZEat I a 1, 2 .. n.

Actually we can generate new structures which have the property

that ih is a decreasing function, by ompos!ition of structures having

thit pro'perty. Under composition we form a superstructuru mach element
of wlich consists of copies of i given structure, If h a 1(g) with gl(p):O,
then q•rn c

.JL~aPL .. 0 92
hitr) ifi- - g(p)

the property to closed under composition,

Tho followina exatriple shows that a structure conaisting o, ind-,

pondent like compunents each having an ex.ponential failure distrihition
need ij.t have an increasing failure distribution,

Example, Consider a structure composed of two substructures it
parallel, the first having k components in serist, the second consisting
uf a single component. Assuming independent components earh having
expoeiential distribution for failure

' " a | | i I l I | i "
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F(t) 1 -e

we compute the probability S(t) of structure ,urvival past time t to be

S(t) d 1 - (1- t)(1  e.kt)

Thus
t• S t -t

R~)a SW 0 t hekt.k+S*k-tRft) -~ - -

6.t + o-kt . e-(k4-l)t

and so

ign R'(t) *a n (.(k-1)' +j k ~'

Note that for k>l, for t a 0 the sign is positive, while for t 600

the sign is negative, Thus the structure failure rate a(t) ts not monotonic
for k>l,

This is also a counterexample to the conjoiture that k out of n
•lructures with unlike IR components are themselves neces~erily 11R.
(Simply consider the series substr'ucture as a single component. )

5. STATISTICAL TEST FOR MONOTONE IrALUhI RhTE, W.
v'ave @son the impcotaent roi. 1hat distributions with me-'rt•jue failure rate
play in reliability theory, ilerefore it womld be of great value to have a
tesi tu determine wheLh•er t. samp.I• (or set of iaomples) comes from a
pupulaton with monotone failure rats. The test presented in this _.eo4on
it based on Proachan and Pyke,

Let X I x21 . I . , Xn be a sample of independent cbservations

fGum the common distribution F with density f, where f(t) & 0 Wor t< 0,

and failure rate r(t). We wish to choose between the following-

Null Hypothesis, H0 : r is constant,

Alternative Hypotheivis, HII: r is non-decreasing but not constant.
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The test statistic is computed as follows. LeL T <T <•. ..<Tn

be the ordered observations, DI = TIP D T , D 4-..TD

1 2n n-i
the spacings, and D nD (n-l}Dz . . = Dn the normalized

spacings. For i, j = 2, . -n let V.. = I if D.>D., 0 oLterwise.
The test statistic is 3 ,

n
V V

n -i;j= i3

We reject the null hypothesis at the M( level of significance if V >v
n nA

where vnoL is determined such that PIVn >v n,OCk ' H 1J (It is

obvious how to modify the Vn test if the alternative hypothesis in that r

is non-increasing rather than non-decreasing. )

Heuristically we may justify the test as follows. Under the null
hv-nthesis it may be readily verified that DI' D, .... D2 are indepen-F

den't exponential random variables with common para~ietcr, savy
Hence P[Vi i] =1/2 for i, j = 1, 2.... n, i # j. However, as

showvn below, under the alternative hypothesis, P[V.. = 1]>I/Z for

iCJ, i, j= 2, .I.. . Tn. f? ct, each Vii. nd Vn tend to be larger
under the alternative nypothesis, so that rejection of "tue null hypothesis
occurs for large values of V . -inrp. under the null hypothesis the dis-

n
trih-ition of V is known, we have available vn,0n"

Distribution under the Null Hypothesis. Since under H 0 , Li "

n are independently distributed, each having density Xe At, all

ordc-7ings of 5 , 1 ... . are equally likely. Using this prop, rt-,.1 2_ o

Kendall (1938) provides tables for P[Vn _ kO0 , n < 10; more convenient

tahles are available in Mann(1?45). Mann shows t~hat ]% and ,r Z, the mean

and variance of V under H ; are given byn 0
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n (Zn+5)(n-1)n

4 n 72

and that Vn is asymptotically normal under H 0 .

Unbiasedness uf Test, We now show that V is unbiased, i. e,
tha tn

P [Vn>M ýv I H 1. 1 o for 0( cC. l. nuZ,3...

Make the transformvatton

X An F(Xt)

It follows that

P Xi > U] a a

Thus each X1 is distributed according to the exponential distribution

with unit niuazi. Moreover, since the X , X are Indepenidont, s,

are the X . .. Next let T T <T . <f, repre.,ent the ranked

"V X ., ,• X' soi , T - ,nF(Ti), l, i .. 1, 2 Further,"•1 2' . 1 ' s )• -1

let

1 (n-i+l)(T,.T'- !.), 1, 2 . n,

wheire T' * 0 by definition. It is easy to ve. ay that the 5 are in-

dependently, identically distributed according to the exponential with unit
mean, See for exanmle Epstetn and Sobel (1953) or R4nyi (1953).

Note that T.' ia an increasing function of r Moreover T'

is a c'onvex function of Ti as ahuwyn in Theorem 4. 1, Chapter I1 of

" • I I I II ME
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Barlow aiia Proschan (1964). It follows that bD _ implies.. 3 J

for i< J, Thus Vi. tVlj where V,', a 1 if !D-. Hence V. Vt1

where V' .t V' sothat Pv >V H1,' f. for 04t - , 1.
<l ij ' o ha PI >fjC-Lj

Se Z 3, .. , implying that V is unbiased, as claimed,

Asymptotic Distribution under the Alternitive Hypothesis. Under
the altoinative hypothaeis, the aesymptotic distribution of Vn Is normal
under mild resL|lctionh, It, follows that Vn is a consistent test.

The asyraptotic rclmtive efficienry of the V test compared with0

variu-e possible competing toets is studied in Proschan and Pyke, .Tn
general, the Vn test compares quite favorably.

n!

I

n ! ' ! r• i
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UNBIASED ESTIMATES OF RELIABILITY WHEN TESTING

AT ONLY ONE EXTREME STRESS LEVEL

A, Bulfinch
Reliability Engineering Branch,

Nuclear Reliability Dilisi6n
Quality Assurance Directorate

Picatinny Arsenal, Dover, New Jersey

ABSTRACT. Based on the stress-strength concept of reliability for
"onee'shot" items, it is assumed that an item cannot (ail %mtil t"e stress
equals or exceeds the strength, From this premise and the following
additional assumptions, methods are given for calculating unbiased
estimated of non-time dependent reliabilityt

1, The relation between the stress and strength standard deviations
are known appruxlmately,

Z. A single stress level is applied during testing at approximately
three standard deviations from the average stress level,

3. The stress and strength distributions are normal,

Calculations are included to show the effect of error$ in the assumptions
Moncerning the standard deviations, applied stress level, and re.-nding-off

arrors,

This approach furthoe reduces the sample sie required t" demonstrate
htgh non-time dependent reliability in lahor•t•rt, taesting. It has the .'.Aod
advant.ge, of obtaining unbiased estimates of reliability with the simplest
(,I testing methods.

I. INTRODUCTION.' The pressure of time and money in reliahilty.
testing requires a never ending quest for simpler methods and smaller
sample siee. Recent work at Picatinny Arsenal has suggestcd another
contribution to this effort.

The uoual interpretation of sampie results for the determination of
non-time deperident reliability, when only attribute type data can be



La

74 Design of Experiments

obtained, in based on the binomial distribution. The usual laboratory
method of testing is to apply a single level of stress to the sample,
Under these conditions very large sample sizes are required to demonstrate
reasonably high reliability values that may exist, Li addition, this appvoach
results in data very insensitive to changes in reliability, Both of these
characteristics are costly shortcomings. However, the simple method
of testinA is an aseot,

The purpose of this paper in to describe a procedure that retains
the simple testing method but requires ouly small sample nimes for any
reliability level and produces data that is sensitive to small changes in
reliability, This is accomplished by changing the'- interpretation of the
data and supplementing this, in a quantoLL•ive way, with knowledge grained
from the experience of working with an item uver a period of time,

I

However, the method presented here is limited to the laboratory
determination of non-time dependent reliability when only success-
failure type of data can be obtained, This type of reliability is based
on stress-strength concept presented in an ea••lier paper (Reference 1).

The procedures proposed are an out-growth of recent work on
th. uvaluatlon of laboratory methods by means of Monite Carlo sampling
te4.hniques, This work showed that when only attribute data can be
obtained that:

1. The observed proportion of successes in a sample
obtained at a eaile xitr.s level is a biased estim.m•, of the
non.time elopendent reliability dcfinad by tho stress-strength
concept.

•. A sample obtained at a single stress level cannot
measure the avexage or standard deviation of the strengia'-
distribution,

3. The observed failure rate, obtained at a single
stress level measures the area of the tail of the strength
curve to Ihe left of (below) the applied stress ordinate,

From the above, it wan realised that sample resulte obtained at
a uingle stress level furnished information about the strength distribu-
thin, This suRgested the possiblity of making use of this iact for
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obtaining unbiased estimates of reliability, with the very simple method
of testing at a single stress level, by changing the use made of sample
results,

II, METHOD OF CAL4CULATION. The method of cilctaation described
below is based on the normal deviate:

T u

Where: X 1 Average stress expected in use
SAv•orage strength

2 *s Variance of the stress distribution

6 a Variance of the strength distribution

The previous work referred to above shows that precise and unbiased
estimates of the true non-time dependent reliability can be ohtain.d
by entering a table of areas under the standard normal curve with this
calculated T-veplue. Thiý is true of course only when the strets ar,41
strongth distributionu s• aormalLy distrib%%ted, Tb: aensitivity of this
function to deviations irvrn normality is yet to Lo demonbtrated,

Since testing at a single stress level cannot measure the 4v•ru,#
and standard deviation of the strength distribution, the above formula
was zansposed to i. equivalent function as follows:

Let X = Any applied stress level in
;stting. Then:

X -

Ti =
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T It X (for the stregp distribution)

x x

X X (for the strensth dintrLbution)
2 " -

u T11! + Tz z (by subwtitUtion),

Whent ms,

T it

(T'r + mT 2 )

+ mT2

Tj rnT Z

Ill, ASSUMPTIONS, The last formula Can be used under the fllowilng

1, The *trell and strength distributions are normal

2, Where me, M , m is knuown

3, The testing in done at a ttifasl o (f 1 + T where T

in known approximately,•
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IV, DISCUSSION OF ASSUMPTIONS.

1. If there is reason to question the assumption of nqormality,
appropriate diatribution free methods can be uased, However, the form
of the distribution should be determined where possible,

2. Experience has shown that m is approximately two. Th,4
examples given below show that the value of m can vary widwly before
seriously affecting the accuracy of the resulting reliability value,

3. (k + T s ) can be defined as the maximum stress expected
in use, This level of Wtaess is usually known by the development engineer
or is specified in the Military Characteristics, Such a maximum stress
can be defined statistically as the stress occurring only once in a thousand
or once in ten thousand times, As such, T w 3, 09 or T a 3, 72
respectively. The examples given below saow that T can 1 lso vary widely
before seriously affecting the accuracy of the resultaAt reliability value,

V. USE OF MODIFIED T - FORMULA. In the above formula, T.

it measured by the observed failure rate of the sample tested at a single
stress level (X), Its numerical value can be obtained by entering a table
of areas under the standard normal curve with the proportion of failures
in the sample, With this vlue determined and the values of T and.i
known or kssigned, thr il.,wve formula can be used wi,'vt, knu~ilng X 2
or '2 zue average and stitdard deviation uf the strength dististribution,

The average and standard deviation of the stress distribution must ',,.
,jsparately determined. If thie information is not available and. •annot be
determined, the determination of a numerical valte for' reliebility ic
impossible.

VI. ACCURACY AND SENSITIVITY The incentive for using the
proposed method of calculating reliability is that it can furnish consider.
ably more information about the existing reliability than the usual way of
using sample success-failure results, The examples given in Table I
show this quite well. ObtaininW 601o sample failures in this method is
not as bad as it might seem. If the 50f% point of the strength curve in
at the three (. 09) sigma point of the stress curve, the reliability equals
.9162 (when m equals 2) - not 50%, the proportion of muccessess in the
sample.
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TABLE I

ACCURACY AND SENSITIVITY

Sample Site: 22

Number of Sample Failures: b

Standard Deviations: 38 = S.

Testing Loveli T 3.09 (P : 001)

3, 09 + ZT2

T

SAMPLE_ T-FORMULA (1 -b/n

b b/n TZ T Reliability Reliability D eff.i.nce

11 5000 0. 00 1.38 .9162 .5000 +,416Z

10 .4545 0,11 1.48 .9306 .5455 + IS1

9 .4092 0.Z3 1.59 .9441 15908 +,3513

8 3636 0, 35 1.69 .9545 .6364 ,3181

7 318Z 0,47 1.0 .9641 .6818 +. Z823

6 Z7Z8 C. 60 1.9 .97a6 7Z7? +. 2454

5 2272 0,75 Z. u .9798 778 4. I070
4 l8B1e 0.91 Z,19 .9857 8182 4,1675

3 .1364 1.10 Z, 36 .9909 .86s6 +, 1273

2 .0909 1. 34 Z,58 .9951 .9091 +. 08bI

1 .0454 1.69 2,90 .9981 .9546 +,0435

T-Formula reliability rminus the obsirved proportion of successes in the

sample,
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The results in Table I show the sensitivity of the proposed method
to changes in reliability values. A decrease of . 03 in the reliability at
the upper and of the scale increases the number of failures in the sample
of 22, from zero to nix, This is a significant difference at the 95%
i-onfidence level,

The above sensitivity is to be compared with the insensitivity of the
method of using the observed proportion of successes in the sample as
the point estimat, of "reliability" In this method, where the binomial
distribution pertains, the success probability ("reliability") must
decrease approximately 0, 23 (1, 00 - .77) before the observed number of
failures in the sample increases a significant (0 to 5) amount at the 951o
level of confidence,

The above comparison of sensitivity shows that the proposed method
in sensitive to changes in reliability, That is, the proposed method can
detect relatively small changes in reliability with small sample sines,
This Is an important property for a laboratory method. It means that
small differences between design modifications and small changes occurr-
lng during storage can be readily detected,

Vii, ERRORS DUE TO ASSUMPTIONS, The relative accuaracies of the
two methods for determining reliability are shown by the "differences"
given in Table I, These differetnces are to be compared with the errors,
r'esulting from incorrect assumptions shown in Table 1I, The assumption
.,rrors made here ere the maximum expected in practice due to total
'!Ynorance about the systorm concerned, Any knowledge gained a1tout a
compoP- ,r -,stow"aL throiigh experience wil. luqnrovc tha accuraery of
the assuniriuns and tharciriv reduce the rosultant errors. This kind of
kiowledge, from expevIcnce, in always available and can be tfC-rtively
",S'ed in the proposed method ot calculation,

I ! P• I
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TABLE 11

EFFECT OF ASSUMPTIONS AS FAILURE RATE INCREASES

'Test Level: UI + T1 SI

Standard D-DviAtion: Mal Sa

FAILURE T P T POINT
RATE (b/n) m U- 1 2 T ESTIMATE

02 I 2.33 ,0100 2,05 3,10 .99903

02 1 3.72 .0001 2.05 4,08 .99999

.02 2 3. 09 ,0010 2.05 3.21 Z 99934

.02 3 2,33 10100 2.05 2.68 .99632

.02 3 3,72 .0001 Z. 05 3,12 .99910

M,,.:inum Errort

Aksuming the most favorable (highest reliability) condition when in fact
the un.qt •nfavovable condeilon actually exista; .99998 - .99632 +, 00366.

Mediaxi Errorar

Aiumm.ng the median (m m 2. T - 3. 09) condition when the most
favorable (1) and Unfavorable (2) conditions exist! (1) . 99934 - . 9999n,

=., 00o64 (?) , 99934. , 99632 w +. 00302

Effect (f Assumptions (continued)l

Test Level: U1 + T 11

Staidard Deviation: mS 1 S
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FAILURE T p T POINT

RATE (b/n) 1 1 2 T ESTIMATE

.05 1 2, 33 o0100 1.65 2.81 99752

.05 1 3. 7 0001 1.65 3.80 .99993

.05 2 3.09 0010 1.65 Z,85 .99781

.05 3 2.33 .0100 1.65 2, 30 .989V7

. 05 3 3.72 .0001 1,65 2,74 .99693

Maximum Error:

Ausuming the mobt favorable (highest ieliability) condition when in
fact the most unfavorable condition actually exists:

S.99993 - .989V = +,01066

Median Errors:

Assuming the median (n = 2; T 1  3. 09) coutliLion when the most
favorable (1) and unfavorable (2) conditions exist:

(1) .99781 - .99993 = .00212

(2) .99781. .98927 - +.00854

Ftifect of Assumptions (ccr*4m"1id)!

Test Level: UI + T I

Standard Deviation: mS I S

.1

b*
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FAILURE POINT

RATE (b/n) M TI PI T T ESTIMATE

.10 1 2.33 .0100 1.28 2. 55 .99461

.10 1 3.72 .0001 1.28 3.53 .99979

.10 2 3.09 ,0010 1.28 2. 5. .99413

.10 3 2.33 .0100 1.28 1.95 .97441

'10 3 3, 7A ,.0001 1,28 2.39 .99157

Maximum Error:

Assuming the most favorable (highest reliability) condition when in fact

the most unfavorable condition actually exists:

,99979 .97441 = +.02538

Median Errors:

Assuming the median (m a 2; T I 3. 09) condition when the most

favorable (1) and unfavorable (2) conditions exists:

(I) .99413 - .99979 w .. 00566

(2) .99413 - .97441 a +.01972

Eiff,'ý:t of Asaumptions (continued):

Test Level: U I+ TI S

Standard Deviation: mS, m 2

,,, , ,, ,,,,l • l | I I I | " II1
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FAILURE POINT
RATE (1 2 ESTIMATE

.20 1 2. 33 .0100 0.84 2,24 ,98745

.20 1 3. 7Z ,0001 0,84 3. 2 .99936

.20 2 3,09 .0010 0,84 2.13 .98341

.20 2,33 • 0100 0, 84 1.53 .93700

.20 3 3. 72 0001 O, 84 1.97 97558

Maximum Error:

Assuming the most favorable (highest reliability) condition when in fact

the most unfavorable condition actually exists:

,99936 - .93700 * .06236

TABLE III

SUMMARY OF ERRORS

i.,rror. Du, to 11hing
bainple Proportion mf Errors Due to
Successes as Point Ass.znptrms

iWailure Rate Estimate Maximum MediiAw

.02 4,019 ,004 +003

105 +.048 +.Oil ,008

.10 +.094 +.025 +.020

.20 +.183 +.062 +.046

, ...... , • | , I / I: i IE f "0
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The sample errors in Table III were obtained by subtracting (I - b/n)

from the point estimates (in Table II) for M - Z and TI a 3. 09 - the median

conditions, The assumption errors in Table III were obtained by rounding

off the corresponding errors in Table 11.

The data in Table IlI show that both types of errors increase as the

observed proportion of failures (failure rate) increases, However, in I
each case the assumption errors are less than the sampling errors, The

magnitude of the assumption errors up through a failure rate of 0. 10 in

not great enough to seriously affect the reliability value, Some knowledge

of TI or in will greatly reduce these errors in the calculated reliability,

VIII, EFFECT OF ROUNDING OFF ERR.ORS. When sample simes are

emall, rounding off errors may be important, Their effects at various

failure rates are shown in Table IV and Table V.

U

*I

IIr l
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TABLE IV

EFFECT OF ROUNDING OFF ERRORS

(SAMPLE C ALCULATYUONS)

Test Level: U1 + 3, 09 SI

Standard Deviation: 2S, = S

bT P T Point

.45 3.09 .001 +,13 1.50 .9332

5 10 150 s ,09 ,001 100 1,38 .916Z

,55 3.09 .001 -. 13 1. 7 ,8979

r T Point

b n _ T I I z __ r T Lstimate

,zo 3. 09 .001 84 2.13 .9.4

Z 3,09 ,001 .6, 1.99 .9767

.30 3. 0 OOL .53 1.85 .9678

T P T Point

b n I 1 1 T Eatimntv,

.05 3.09 .001 1.65 2,85 .4978

5 50 .10 3.09 .001 1. Z9 2.54 .9945

.15 3.09 ,001 1.04 2.31 19809
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Median Errors:

Assuming the median (m a 21 T1 a 3, 09) condition when the most

favorable (1) and unfavorable (2) conditions exist:

(1) .98341 - ,99936 - .0L595

(Z) .98341 - .93700 +.,04641

TABLE V

SUMMARY OF EFFECT OF ROUNDING OFF ERRORS

Test Level: U1 + 3,09S 1  I
Standard Deviationt ZSi I S-

FAILURE RATE MAXIMUM ERROR

.05 .0006•-

.10 .0082

.30 .0185

.40 ,0250

.50 ,0353

The errors chown in Table V are the differences between the max.,
imum and minimum reliability values for each failurg rate (b/n). The
method of calculating the maximum and minimutm values is base%ý ou the
assumption of rounding off errors of + 0. 05 in the failure rate as shown
in Table IV,

• • L mm m l I I + 11
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Although the aesumed rounding off error is the maximum expected,
its magnitude is not excessive below a failure rate of 0, 30, As shown in
Table V, this type of error also increases with the failure rate,

IX. USE OF CHEBYSHEV'S INEQUALITY, There is little nr no
informuation available on the form of strength distributions of most missiles
and missile components, Furthermore, it is costly to obtain. It would be
helpful it a distribution free procedure such as Chebyshev's irrequality
could be used, As shown in Table VI, the use of Chebyihev's inequality
in the modified T-formula resulted in ridiculous values,

TABL E VI

CHEBYSHE V'S INEQUALITY

Test Level: U1 + T1 S1

Standard Deviation: 2S1 0 Sa

F.itlure Rate (b/n) T.I P1  T2  T

0.50 31,62 .001 z 15,4

The T. -',,lue of 15.4 rhown in T .ble VI is to be compared with the
T-value of 1. 38 shown in Table a tor a failure rate of 0. 50, rrom this,
.t is concluded that Chevyshev'a inequality cannot be used in this
application.

X. EXAMPLES, Previous work (Reference 1) has shown that thoi true
non-time dependent reliability of the set of conditions used in theose
u~amples can be obtained by means of the following forrmula:

z + 8 2"

- -- •. • •. i ' , i iU - U| le
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Where-

UL a True mean of the stress distriLution

a *1 , True variance of the stress distribution

UL2  True mean of the strength distribution

zS 2 , True variance of the strength distribution,

The reliability value obtained by means of the above formula was used
to determine the accuracy of the following two methods of using attribute
data obtained from the application of a single stress level:

1. Using the observed proportion of successes in the sample as
the reliabiliLy point mstirmte

Z, Using the observed proportion nf failures in the sample as
a measure of the area of the strength distribution, bulow the applied stress,
to obtain T 2 in the T-formula,

T)he rrors associated with the two methods of using sample data are to be
cornpred to show the practice) value of the method propozed here.

The condz;ions used in Vi4e example are-

Stress Srnt
U1 . 10 U2 a 42

S1 L: 5 iz u 10

The true non-tires dependent reliability for this set of conditinns can be
calculated as follows:

a
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4A -0 32z (•,) -zs 2. 86,

The true reliability associated with this Z.value is 0. 9979.

1, First Method

Using the obsevved proportion of successes as the point eatin-,ate:

If it is ass'4med that the testing is done at UI + 38k, then

the applied stress will be equal to Z5 units. For the set of conditions des-
cribed above, the portion of the strength distribution below 26 unite can be
found as follows:

Zau ,42:- 5 1.70,

Entering a table of areas under the standard normal curve with this Z
value, the following value is obtained,

P -. 0446

The earlier work referred to above show* that this Latter vr•lun Is the
.Apocted failure rate of the single-streeo-level method, The complemeWu
tf tbin value (, 9554) wokIA he taken as the "triue" mean relirbilit) of this
niiethud, Tho difl...rence bat-,sen 0, 9979 and 0, 9M4 (U. 04Z5) to conesdered
the expected error of the sj',le-stre lo-level method when the proportion
oM successes in the sample is tak,.n : a the point estimate,

2, Second Method

Using the observed proportion of successes as a reneasure of the
&va& in the tail of the strength curve:

The practical value of the method proposed here can beat
be demonstrated by calculating the magnitude of the errors die to the
assumptions made concerning m and Z1  Using the set of conditions

described above, the variationio in m and Z1 used below nre the max-
mum considered likely in practice. Thurefore, the errors' ini the reliabil-
ity values caused by these variations are the maximum expected,
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TABLE VII

VARIATIONS DUE TO ASSUMPTION ERRORS

Failure T Point
Failure Rate a m I I T Eetimate

1/22 1,70 1 Z,33 .0100 Z, as .9978

L/2. ,110 1 3. 7Z .0001 3. 83 .9999
1/22 1,70 3 2, 33 .0100 2.35 .9906

i/zz 1.70 3 3.72 .0001 Z.79 .9974

The following errnre were obtained by calculating the differences between

the true value and the point estimates shown in Table VII:

ERRORS

M I____race

S2. 33 .0001

S3,72 ,OzOO i ~
3 2.33 .0073

3 3, 72 , OuuZ

Theue errors are to be compared with 0. 042S, the error obtaiid when
the sample result was used as the point estimate oi ijun-time dependent

reliability.

' m •m I {i I FNI
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XI. CONCLUSIONS.

I, The proposed use of attribute data to estiiziate non-time dependent
reliability by the single-stress-level method is more accurate at all levelo of
reliability then the usual method of using the proportion of successes in the
sample as the reliability point estimate,

2. The proposed method is more sensitive to changes in reliability
than the usual method,

3. The proposed method permits the knowledge gained through the
experience of working with an item to le uved in a qu.-ntitative way and.
the'reby reduce the sample site required to obtain an unbiased estimate of
reliability,

4, When the true reliability of an item is in fact as high as 0, 995
(the usual value of Military Characteristics requirements) and the stress
is opplied at the three-sigma level, the expected error in the proposed
method is less than 1. 01•.
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COMMENTS ON THE STRENGTH OF REAL
STRUCTURAL MATERIALS

Kenneth I-. Abbott
Army Materials Research Agency

Watertown Arsenal, Watertown, New York

rRemark.:] Following the talk by A. Bulfinch there was a lively dilscuslioji,
In th• light of the questions posed the folluwing comments should be of interest
to those attending Session I,

The most common xtriietural materia',s for military equipment are
metals. As a result, the following cornmenzc are specifically related to
structural metals and alloys, although they are applicablb in a generic sense
to other structural materiala.

The strength of an engineering alloy, or more generally, the strength
distribution for a specific alloy and proeessing treatment, is normally
determined by tensile testing. During a tensile test to determine the
maximum stress t)lat can ba tulerated before failure occurs, the general
'hehavior of the alloy is illustrated schematically in Figure 1, a typical
stree.sstrain curve, The engineering yield strength is defined as the
Atreas (load per initial area.) after a predetermined amount of plastic flow
lihs taken place, The ultimate tensile strength is deflir'l as the Atress Ut
tl.. maximum load, and norrually occurs after an additional amount of
pluxtic flow, After reaching the ultimate tensile strength, thu applied load
gencrally drureactz aw iocal n-icking develops, Ptddltional plastic flow occurs,
fnd finally the wpeci-non fract-'.em, Strength, then, is normally determined
by" (he plastic properties of the metal and, per me, is not relateo ". N acture,

Ideally, structures should behave in a similar faehion, i, r. , it a
sufficient load-carrying crone section is available, the struct%re should
yleld (undergo plastic flow) before it fracturee, This simplc approach,
however, i. complicated by the geometry of the structure and asc,-iLredrl
stress fleld, an well as by fabrication arnd processing defects such as
small voids, inclusions, weld cracks, etc, In an actual structure, the
propagation of a crack from an e):isting defect can result in fracture of
the metal before arty appreciable general plastic flow takes place. As
tndicated schematically in Figure 2, fracture can occur at a stress level
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below the engineering yield strength, This phenomenon of the occurrence
of fracture without any general plastic flow is defined as "brittle fracture

Hence, the assumption that component failure alwaya occurs when a
particular strength im exceeded (normally the yield strength) is invalid,
Numerous examples are reported in technical literature of both military
and civilian structures that failed by fracture at nominal stress levels well
bolow the yield strength. Some instancas are reported where such fracture
failures o' irrad at st.ress levels of only ZO% of the yield strength,

Minute defects frons which brittle fractures originate cannot be elimin-
-ted by non-destructive testing techniques for two reasons. The first is
that some such defects are below the resolution limit of the non-destructive
testing equipment, The second Is that many defects can originate subsequent
to component manufacture by various time dependent processes such as cor-
rosion, hydrogen ernbrittlement, etc, Hence, the design of structure. which
fail through plastic deformation rather than by fracture is a very difficult
and complex process,

The following references ai-v suggested for addiLiu.,il detl41,

1. American Society for Tenting Materials, "Symposium on Effect of
Tetri-prature on the Brittle Behavior of Metals," ASTM Nio, 158, June 1953,

2. "Conference on Brittle Fracture in Steel, " West of Scotland Iron
and S&el Institute, May 1953.

3• "Symposium on Preventii.- ef Brittle an',4 Lcv•, Temperature Failures
of Steel Components, " Wstertow.. Arqpnal Laboratories, May 1949.

4, Cottreil, A., I. "Theory of Brittle Fracture in Steel and Similar

M(!,tl.%I" Trauja~ctlons AIMI, V Z12, 1958,

5. "Fracture of Structural Metals," WAL .. S-48, Ju",e 1962.
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THE COLLECTION, PROCESSING AND STORAGE OF DATA
ON SERIALIZED NW ITEMS

Manfred W. Krimmer*
Statistics and Analysis Section, Reliability Branch, OAD

Picatinny Arsenal, Dover, Now Jersey

The existence of A requirement for sa standardimed, usable reans of
data collection and processing for Serialized Nuulear Weapons Items
necessitated the writing of a Quality Assurance Instruction (QAI-PA-1)
and two major computer programs, namely, an Error Program and a
Summary Frogram. This paper will outline the application of QAI-PA-I
to Serihlised NW Items, the fundamentals of the Error and Summary
Computer Programs, and the results obtained therefrom,

1. The Quality Assurance Instrtictioh standardiaas the method of data
collection for those aerialised nuclear munitions produced under the juris-
diction of the U. S, Army Munitions Command, The automatic data pro.
cessing system includes the standarvlsation'of forms, reording methods,
and conversion of data to punch cards for transmission to Picatinny
Arsenal. Computation, analysis and interpretation of the data for quality
and reliability evaluation then takos place. The information cbllected
for each item includes acceptance data and performance results ai well as
stockpile test information.

2. The QAI has three primary purpoues,

a. The Reporting of Ident-.zication Information and Test Resod4. .

h The !!aprtina ef Drawing Change Documents and Associated
3erial Numbe'.

c. The Reporting of Related Serial Numbers.

Following is a brief explanation of the above reports covering The
Reporting of Identification Information and Tcst Results last, it being th,4
primary report of this system, and a discussion of the computer I ".grems

and what is done with the relults.

3. The reporting of Drawing Change Documents suh as engineering
orders and technical data change requests and the serialized items pro-

*At the present time the authnr is with the Ammunition Procurement

and Supply Agency, Joliet, Illinois.

SI S•
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duced under each, was requested by the reliability engineers at Picatinivy
Arsenal to aid them in more accurately evaluating the stockpile reliabil~t~l,
This Is done on reporting forms SMUPA NS-900 and NS-900A. The first
lorm (Fig. I) SMUPA NS-900 is a iecord of all Drawing Numbers, re-
visions and/or E1O' or TDCR numbers. At the start of production or pro.

duction under a new contract, the contractor will list all tiLe appropriate
documents under which proauction will begin. The second form (Fig. 2)
SMUPA NS-900A list& all the serial numbers of the components produced
under the drawing, revisions and/or EO's or TDCR's recorded on the first
form.

Upon receipt of one or more EO's (or TDCR'n), another primary card
form, SMUPA Form 900, is filled out listing these. additional EOIs (or
TDCR's). A listing of the nomponent serial numbers for units produced
under the new EO's (or TDCR's) is then recorded on a new secondary card,
SMUPA Form 900A, When additional EO's (or TDCIt's) are received,
another primary card form is completed listing only these additic.ns. Simiiarly,
a listing of the component serial number, for units produced under these EOs
(oe TDCR's) is recorded on a new secondary card.

This procedure is continued until three months have elapsed. At a logi.
rm Ioint in production (i. e., prior to incorporation of a new EO (or TDCR))
all tne preceding primary cards and their associated usecndary cards are
forwarded to Picatinny Arsenal in punch card format. The above pro-
cedtire is then repeated, beginning with an initial primar7 card listing all
the .,'nwing numbers with their up-to-date revisions, and Engineering
Ordej Numbers (or Technical Data Change Requestsa not yet associated witl.,
a d,•,aonv change, under w,,,.ý production will be continued. T'his process
is repeated contir.',ausly every three inoilVhs or until the end of production,
The information is then put on punched cards and submitted by the Producer,.

• The Reporting of Related Serial Numbers is necessary to mala-
tain at, accurate up-to-date record of what assembly an item is a yort ;f
throughout its life cycle and what items make up a specific assembly,
This rif•irmation is required by MUCOM through direution of the Army

Materiel Command, The information is reported on SMUPA NO-901
(Fig. 3) and lists the serial numbers of all the components making "p a
specific assembly, This information to submitted by the contractor assem-
bling the itenm and by field personnel whenever a component is removed or
replaced.
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5. The last report, but moat important, in the system, is the reporting
of Identification Information and Test Results, This information is reported
on SMUPA NS-90Z (rig. 4). This is the basic document for recording the
results of all the inspections for which information is required, It contains
al& information necessary to identify the item siach as, contractor, contract
number, spec. number and date of inspection. It also contains the variables
test results as called for in the purchase description, it identifies the de-
fect, and gives rhe disposition of the item. This information is recorded by
the item contractor and submitted on punched cards,

6. To simplify the identification of the tests called for in the purchase

description, a six digit "test idontification code" was developed through
numerous conferences with engineers concerned. This code is contained
in the PD and is made up at follows, Since all the tests in the PD are
called out in paragraph 3 and are numbered, for example 3. 10, 1. 3, the
first digit signifying paragraph 3 is omitted and the code begins with the
next two digits signifying the first subparagraph. The next subparagraph
is then designated by a single digit and the last thrae digits of the code are
individual tests in numerical sequence, For example, 10/1/002 identities
the above paragraph and the second test within that paragraph. The codes
are unique within PD'n but not among the varlous PD1 ,

7. During the gathering of this data by the itemo conmmaotor, monthly

shipments of punched cards containing Identification Information and Test
Rets~alts acme into our office. Thesi cards must be Ojecked for various
w.:rors in recording and/or key punching, This is accomplished by meanm
QI Mn Error Program. The information on the cards it pit on mubnetic
tupe and fe.d nto th., .ouiputar and the Ertor Prngram checks each card,
column by column, for info v'atlon which does not belong, If all the cards

arv' correct, analyeatiou of the data takes place. If there are ý-paors in the
cards, the computer will print out what the errors are and where to finu
tern. The cards are then corrected by us if the volume of v,.orp is not

tio great or they are sent back to the contractor for corre.tion.

8, If the data is good, it is analysed. This is done using ou' Pnimary
Program which takes the data and computes the followingi

a. Lists all readings which are out of spscificatir.n limits.

b, Computes;

(1) Mean

I I l l I I I •"1



102 Design ut ExpeArinenms

(2) Standard Deviation

(3) (:) 10, 2 (Y and 3 Q .tmits.

c. Prints out the max, and mhm values and the range.

d, Lists all readings outside of the sigma limits.

e. Prints out a irequency distrIbution based on ! sigma limits,

f. Indicates skewness, which tests the normality of the curve.

g. and indicates kurtosis which measures We. flatnoss of the clirve.

This summary program is run tar each lot of data received on a monthly,

basis,

9, A to ond type of Search and Summary Program, providing the same
output as the an* above is run for the entire production or for any special
cases where specific informution, is required.

IQ. The results obtained are then utudied and inferpreted and a report
i.F wt-itten. The reports are issued and a follow up ation is maintained
until replies to the reports recommendations are received indicating bor'e
Lctic•n being taken.

'Che data is then retainse ,,. ,aster tapes and stored f-- •ture u6e,

It is felt that this system is a good one and it ts intended to increase
its c,&abilitLg end scope as future developments arise.

iequests tor copies ul CAI-PA-1 or any further infurmation about this
system should he directed tot

Commanding Officer
Picatinny Arsenal
A•TTN: SMUPA-NzR

Dover, New Jersey

I l il | • I
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P'RODADILITY TIIAT S T RoA'L. IS L•ISG TIIAN STRENGTH AT
PRESCRIBED CONFIDENCE LEVELS, FOR NORMALLY

DISTRIBUTED DATA

E, L, Bombara
Engine Projects Office, Marshall Space Flight Center

SUMMAIRY, Under cognizance of Marshall Space Flight Center, the
stress vs. strength concept is often employed in small-sample testing
during design of engino eubmystems.

Under thu aveuumption nf nooiiinld di*Li v"a data taken from mmall
samples of expensive Items, this papcr presents methods for estimating
probability that stress does not exceed strergth, with a prescribed
level of confiden•e, Tablel are provided to simplify calculations of
such probabilitie s,

Input data are the mean and standard deviatiou of operating stness
from nee tests, and the mean and kitandard deviation ut strength from
nth tests. Precision of these methoda, based on approximate results
by Welch and Aspin, is indicated vs, sample sizes and ratios of vari-
ances, By examination of Tables I and II, sample slaes required for
stress and strength tests can be determined, An one might expect, if
(7, Ch/f2w,>l , it Is best to select nthl nag in order tn achieve highest

precision, and conversely for 0' 2 1g/ 2 th)l (set Figure III), Compari-
son of analytical results with computer simulations (Table 1) have been

reode to illustrate the amount of bias of the method when the number of
'cwts is very smalli say, 5,

ACK.N0WLE1'rG 1.,iOM IS. The 'author would lile to expr.ess his s.kn-
core appreciation to Mussy- Ravmond Heathcock and Dale L, Burrows
foLr their findings in Muitt-Carlo simulationn of the stress-mt..mftik
problem before the writing nf this paper. Their results, contained in
dhise proe-aedings, wern also presented by Mr, Burrows at the V!nth
Conference on the Design of Experiments in Army Research, Development
and Testing. Gratitude is expressed to Mr, Pannis Nickle, rloride.
lcA'-arch and Development Center of Pratt & Whitney Aircraft fi: v Table III
(tJken from reference 8) and to Dr. George J, Reanikoff for Table IV
(taken from reference 7). The author would also like to express his in-
debtedness to Mr. William Moore for Monte-Carlo programming, Miss
Deanna DeBerry for calculations and charts, and Miss Linda Dillard for
typing.
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INTIRUDUCTION. Under the concept promoted by Robert Lusser of
the Army Ordnance Missile Command (reference 1), a measure of sub-
system reliability can be estimated through measurement of safety margins
when data is normally distributed. ror example, suppose that in develop-
ment tests of a space vehicle the yield point (strength) of several pressure
vessels of the same design (e. g. , fuel tanks, thrust chambers, etc. ) is
measured and that the operating environmental levels of these (stress)
are measured in actual flightm or in static teots. Certainly It would be
comforting to know thikt all measurements of the latter type are loss than
all of the yield pointo, as shown in figure 1. The bell-shaped cuive indi-
cates the assumption that stress and otrength values are normally
distributed,

10 1B PSI in thousawds

4) Ambient Lev•l
(Streas)a)

V-Y!,'d Level

(Strength)

Figure I

Measurements of Stress and Strongth

We might be contented with this situattn), or, dependiLlt On the vehiclI
mission, we might still fear tte not.-too-rsmote chance that stress exceeds
strength on the next equipment to be tested. Certainly, if we observe over-
lap of the streuses and strengths we should be concerned, On the other
hand, if all strengths exceed all stresses by a large amount, the design
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might be r',.axed (reference Z), We are therefore interested in the prob-
ability that stress is less than strength in a single mission, We should also
be concerned with confidence lavel, due to the necessarily small sample
sic me,

Let us define the observed scatter of stresses and strengths in terms
of their respective sample standard deviations; a and sth I with corres-
ponding observed means, It. and Sth' The probbigity that stress is loss
than strength may be demonstrated at a given confidence level under the
assumption of rormally distributed stresses and strengths, as a function of
RthO 'b so th, gas, and the respective sample sizes, nth and nse , For
brevity's sake, define probability that stress is lesas than strength. an
"stress-strength reliability, ", As indictted in the appendix, stress-
strength reliability, R, uan bu demonstrated (or not) at a prescribed con-
fidence Is vel, C, in terms of nth. , and the statistic

(I)

Vth+ . s

relative to K, If K, R is demonstrated at confidence level C,

This paper deals primarily with methods of finding K as a function
o. R, C, sample sizes, and.variances, C-th is the poplalntion Lvariance
of atrengti•., trtirnated uy sm4 from nth observations; cT* 2 is the

population variance of streur cst4m-eted by of 2 from n.I observations,

ILLUSTnATIVZ EXAMPLES.

A It nthns n b u Unknown.
nth~ns l~z cr'

If the ,•uiber of stress and hltrength measurements are the same, the pro.
cndur." ts relatively simple:

It is desired that R a 99 be demonstrated at 90%confidenco. Data is
as followsl
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r"as 7.22Z 'th = 13. Z8

s 1 N ,OO s4 = 3. 120

no h un 7.

Frrm (1), f 13,28 . 7. 22 1,943,,
V'3. IZ-o + 1, 040o

Next calculate

Effective Sample Sise f + I

(Z) - + ,Zz .
6,4 + 24

"th d a~

6(3,1o20 + 1,0402)Z + 1 8, 32,
3. 1204 + 1.0404

Enter table III using confidence x 90%, R s 99, and conservatively.
effective sample site mW• to find K n 3. 78,

Sines < K, , 99 strer.-Dtrrongth relioability is not mnronstrated
at the 90%0 confidonce level. iReading to 11w r•lht in table I11, we see
that for K a 1.83, R n .84, in thla case A>K, and.84 stress-
sti:-tigth reliability is demonstrated at 90%o confidence, The •0% coi,
fidetce K-Yolue for effective sample site 8 in table III of 1. 83 giv.,es
R at 50% confidence j ,96,

Case 2'. n t)n, a 2 Usknown,I

If the number of strees m)easurements, no., and strength measure-
ments, nth, atre not equal t is defined as in case 1. but the procedure

fur finding K is more complex:

I
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Ueig the dAtL of figure I,

5is 7.2 Zth a 13.28

on M 1,040 th = 3, 120
no 29 th 5

From (1), 13• 1Z. .Z, . 1.843..3. 1202 1. 040

(Again, suppose we wi mh to detern-ine whether R n .99 ( C 90).

From a table of the cumulative normal distribution (e. g. reference 9)

find the one-sided value of ZR a Z 99 2.36

Calculate the parameter of non-%aentrality of the non-central t mtatistici

(3) .o + .I

7th no$ 3,?04 ,00
3.102 1,40Z.3 6, 3ZO• P 00

• 5, 320.

GalcuJate mftective degrete ntf £reedori

(nthsth + no. "Be5 )

th th + V_%_a a

nth-! n1 m -

S5,647
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Calculate

"(5) f f

S, 3ZO/20P .9 0. 8452.

I II Z9

Find X in tableIV for e a 1 - C 10 as a function of '1 and f. Interpolate
linearl'y on n, , then interpolate on IZI/r, Waless f<9, in which case linear
interpolation on f is sufficient (see reference 7). In this example, for fL
5. 643, two-way linear interpolation in sufficient, giving . w 1. 363.

Then 8 + LVI-+ P L2fz T2
(6) K 9 -.. ...(1 - /z)'/ ,

Notv •hi.,t /z is the radical in equation (3).

K . 320 + 1. S62-Sl + 5, 3o01 i , 29 -1,36, /t1, 29,. 4. L9,

(I - 1. 362Z/11, Z9) 5, 320/ 3Z6

Since a< K, . 99 stress-strength reliability is not de&owritratod aL tIb- 90%,
confi,.,in.e level. By trial and error we may reduce ZR enough that R ib

demonasrataA at 90% confidence; a. g let ZR . 8779, correlpontnlnZ w R M

0. 81 e - 5, 320 (, 8779)/2. 326 u Z, 008. Then

f %08 ivylI.29) riVF o, UO)-iil.29 * .5130K

For 6 w. 0.10, table IV gives -.m 1.357; Kw 1 .S4, Since k> ., 0. u
stre si-strength reliability is demonstrated at the 90% confidence level.
Similar calculations show that at the 5016 -confidence level (use 6 5 .0,
table IV), the demonstrated Rl is 0. 96.
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ItL the event that fO 9, the interpolation procedure for ) may be
accomplished by interpolating on q2 first, then on ia/yr For example,
suppose f 2 15, 0. Y1 T 0, 8Z51. For 90% confidence, find 0 .0,10 in
table IV. Then interpolate In table IV as follows:

T21jTj 4 3.873 3
\f'l 9 1S. 0 16---

0.8 1.35z6 1.3380
0. GZ51 1 U-38 1.351 1,3395

0.9 1.3540 1,3398

After linear interpolation based on fL, the horizontal interpolation is
based on 1Z/47 resulting in X. = 1, 351,

Case 3: Equal or Unequal sample Sizes, b a C' /Cr Known.

If the ratio of variances., O'th/ C**02 is known, but the level of each

variance is unknown, the procedure for finding A is the same as in cases 1
& Z. In other wordr, equation (1) and the same sample values of "Ra' t th'

w05 , Ith' nth, and ns* give u 1, 843 as before,

If we also assurne, however, that the ratio of pupulatioti variances,

"U /£7CYth2 , C- 2., - K may be detormincd* as fo,,luws:

f (unth +n 59V (10+ 9)2
n~s "lO9 13. A2

-nth- n"-s

i'hen

*If nth = n,, = xn, K is more easily found by solving equation (2), sub-

stituting C' th for ath and Crs for u*., then entering table III with

effective sample Pir.e as explained in case 1.
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(8) b2 + I

"nth nsl

F'or Rr.,99, ZR 2. 3?.6

2.6 ~a ~6V F S. 450.

Using equation (5),

,5,4O M-64

+~ ~ = *7Z01

Linear interpolation on L, with interpolation on 12/47(since f 7 9) in
table IV ( 6 u 0.10) gives:

K - 4,65

usinR ?i•ation (6). As before A< K, and R I 99 is not demonstrated.

By tria, And error we may reduce R and the corresponding Z. suffi-

W intil: to find~ Lld.&L fu i-,; . 85, ZR 1. 036 Anti K , ;-166, Siaice
),> K, R .. 85 lw demonstrated. -the t C.16 confidence level. Similarly,

R m .96 4s demonstrated at the 1507o confidence level.

Cý4.u 4. Equal or Unequ.al Sample Sizes, Both k a'-th f land z' * now,

If the level ofeach population variance, C th- and '- Is 2i known separately,
"ftrnpli:.g variation is due only to 1 th and WI. , the sample meals. T~in

.I
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(9)
Itth, 3

Assnmlng that 0 thZ - 4, 00, Casz z 2. 00, Uth * 13, 20, 518 7. 22,

A 13, Z8 - 7. 22
K.7 +"72 OO 2,47,

Compute K from% 2
(o10 K L9 ZA + Zc ÷ nth ; no*

th ls.

(obtained by solving equation (15) after ,ubstituting 'th and 0*8 a
for elta and t , respectively).

Where ZR and ZC are critical values of the standard normal devi.,te

.Aweoded by I - R and 1 - C, respectively, found in a table of the •.•,auiative
ixormal distributkoi. AinivLrdng R w, 99 and C a . 40, Jttn ZR a 2. 326
and ZC u 1, 7Z (found ir, a normal distrib•t•on table much an reference 9).

K I •.336+ 1,286/ + 9 2 5sLO.

4+.

Since A K, R - 99 is not demonstrated at the 901% confidunce Level,
Accordingly Z (and therefore K) may be reduc.ed to 1925 (R a• , 973),
using equation ?l0) such that K w k 2.46. Then R , 973 is demon-
stratec at the 90% confidence level. In similar mantuer, R , 993 is
demonstrated at the 50% confidence levnl,
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Appendix A

PRECISIOIN AND ACCURACY OF K, Precision in the critical value
of K is dependent on whether the ratio of variances (or standard deviations)
of stress and strength is known, If this ratio is unknown, as in cases I and
& above, the precision is largely dependent upon the sample sizes used in
estimating the variances of stress and strength, measured by the effective
degrees of freedum, f. If the ratio is known, precision is as good as the
error in tables III and IV, Accuracy of the critical value oj K is a function
of effective degrees of freedom, f, of the approximated )( ; i, e. , bias
decreases as f increases. It should be noted that K is a function of the

/ratio af Z . b, not their levels,

If the levels of each population variance are also known, equation (10),
case 4 above mhowe that K is precisely and accurately determined (no
error, within limits of the tabulated cumulative normal distribution). However,
such knowledge is rave in practice. The remainder of this discussion will
therefore be lirnited to cases 1, 2 (unknown ratios of variances), and case
3 (known ratio of variances) above,

ACCURACY FOR KNOWN RATIO OF VARIANCES (OR STANDARD
DEVIATIONS]. When the ratio b . _'th 4 O• o is known, bias in the

critical value of K, dtie to bias in f and;XZ, may be found by comparing
crrit 4 rl values of K as obtained in case 3 above with the more accurate
valiae of K obtained by Monte-Carlo simulation of equaion (I) (see referen-
ce .,'. In illumtration, examine table I; I
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TABLE I
ACCURACY OF K, KNOWN RATIO OF VARIANCES

(OR STANDARD DEVIATIONS)2

R ,99

b -r z/ as8 nth ns f K, Monte-Cawlo
C a .90 , 50 2000 Simulations

C a 90 C a .50

,1 5 5 8.0 3.64 2.421 3.79, 2. 40

1 7 7 12.0 3.31 Z,:389 3,45, 2.40

1 9 9 16 3.14 2,372* 3.22, 2,34

1 20 20 38.0 2. 83 2,35 Z. 85, 2, 35

1 5 9 12.0 1,47 2,40 3,48, 2,406

1 9 5 12.0 3.47 2,40 3,47, 2.405

3 5 9 8, 7* 3. 67* 2, 44* 3. 78, 2,44

3 7 7 9.6 3.563 2.41 3: so 2.4) (rep .ý3 4, 2 44 (e,
3 9 5 10,5 3,39 '2,40 3,41, 2,431

3 20 20 30,4 2. 87 Z. 33 2. t19, 2.33

9 5 9 5.6 4,21 a.5Z 4.22, Z., 3

9 7 7 7.5 3.67 2,45 3.69, 2.45

1 50 50 98.0 2, 64 2. 3A Z, 64, Z.32

Comparisons with Monte-Carlo solutions indicates that when b ý 9 sample
sitms for which f!5 give very high accuracy; when b1. f1,&20 gives
very high accuracy of the analytical solutions;

2
* These results are based on data of figure I if si should happen to equal
ariz.

0'12
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PRECISION OF K FOR KNOWN RATIO OF VARIANCES (OR STANDARD
DEVIATIONS), When the ratio b z , / 0Q 1 to known. f, &,~ and

th as
K in case 3 are uniquely determined, within the precision of table III and IV.
This is readily seer, by examination of equations (7), (8), (5), and (6).

PRECISION OF K FOR UNKNOWN OR ASSUMED RATIO OF VARIANCES
LOR STANDARD DEVIATIONS), In the absence of knowledge of b in the
relationship &h Z beF? 7 Lack of precision in K is due to the use of aj

the sample estimates of 0 in equation (2) in case 1, and (3) and (4) in

caoe 3, Z wam also obtained through Monte-Carlo simulation of equations
(4) through (6), obtaining Z000 estimates of K as a function of ZO00 rundom
values of both eth2 and se 2, where xth And xas were sampled randomly
from normal distributions with variances 0' th and C'0. , respectively,
Table II below illustrates the over-all precisiun of the method fur, the uase
R = .99, C a . 90. It is of interest to examine equation (7), Table It or
Figure III regarding f vs. K, For nth + nos constant and the assumption

b 1, f increases as nth/nos decreases. Conversely, under the assumption
b ( 1, finreases as uth/IL. increases. Further, under all of these con-

ditions that increase f, K decreases permitting denonstration of ralt-
at)llty at a higher confidence level (or higher reliability at fixed confidence).

I

• • • il m U II I n i II P•



TABLE 11
PRCIsION FOR uNKNWN VARIANCE RATIOS

2 Contmal 90 Central 90

0- th Cso nth Percentiles Percentiles
off of K

"M 2Al Ma W
9 1 5 9 5.6 4.44,11.16 .*, 3.96

9 1 7 7 7.5 6.32,10.55 3.46,3.91

3 1 5 9 8.679 5.26, 11.94 .**, 3.96

S1 7 7 9e600 6.98,11.94 3.39,3.80
6.9011.95 ('rOp.) 3.39,3481

3 1 9 5 10.516 8.32,11.98 3.40,3.59

3 1 20 20 30.401 24.47,37.06 2.85,2.96

3 1 15 5 16.568 14.48,17.95 3.17,3.20

3 1 25 15 32.342 27.84,37.1a 2.a ,2.91

3 1 30 10 34o433 31,18,37.64 2.87,2.88

I 1 5 9 11.973 7.87,12.00 3.39,3.70

* 1 7 7 12.000 7.96,12.00 3.3803.68

1 1 11.973 8.00,12.00 3.39,3.67

1 1 20 20 18.UO0 32.22,3A.00 2.85,2.38

1 15 5 17.921 12.17,18.00 3.L7,3.-•

1 1 25 15 37.996 31.79,38.00

1 1 30 10 37.969 11.;3,36.00 2.67,20.V

1 1 50 $.0 9.,000 90.9,98.00 2.63,2.64

I*Fug KrnownQ-Lth be r-

**Fifth percentile of f below lower limit of f 6 in Table IV
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Table II indicates that in the absence of knowledge of b x qth1/ u2, a

rininurn value of f of approximately 20 Is required ior reasonable pre-

cision of the 901% confidence estimate of R,

Figure III indicates what ratio of sample simes, a % nth Ingo might be

selected to obtain large f and therefore high precision of K as a function

of b 3- & 2/ CS.2 and n , The curves in figure III wero plotted by

putting equation (4) in the ormi

(4b, + I z,

G 1) f (-- •z_ + I__L_
anhs 1  nss"l

Examination of this equation shows the following limiting characteristics

when no, > 1:

As b-iO, f-•nss I
b..-,, f-.-4nth - I
a--4O, f--Jnms - 1

Also, for a a 1, . e. . nth m no, a n. b a I gives a maximum vii•ih• of

f 2 .(n - 1).

It is of interest to note that in figure III, if we can asmume only that

b ' YthZ/ o,.2 >1 than selection of nth/ngs 1. I Lives fairly consistro',

levels of f, slid the-,ý.e consistent precis-ton for -pccfied values of

nti, and r'o due to neajr-ilatness of tht curve in that region, Conversely

if des2/ ethZ> 1- it I advantageoulk to select n jOInth? '.% .

Tahlo II mhows the 5th and 95th percentiles of X for vsrlona com-

binations of O2a••h n and no., with correspondin& f, For a

ratio Oth/UG comninations of nth and no, may be selected on

the basis of small differenccn of the 5th and 95th percentiles.
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if such sample sizes are prohibitive, a possible solution to the problem
would be to determine ratios of variances of strength and otressdn the basis
of experience. Determination of levels of each variance is unnecessary if
the ratios are known precisely. Then dependent upon f, nth, n and b,

table I would Indicate whether or not to use the Monte-Carlo ok analytical
solution of K, as a furntimn of the permissible amount of bias in the analytit
cal method, As mentioned ir reference (3), this bias vanishes if one of the
variances is overwhelmingly larger than the other,

Appendix 3

DZRIVATION OF Tttr, METHOD. Devnte x,, as strength, and xse as

stroem, For brevity'a sake, define the probability that stress is leou than
strength as "strest-etrength reliability, " P. Then

(12)

R P(x1#< X th)

- (.Xth - xes > 0).

Assurning that xth is distributed normally with mean Pth and standard

de,/"%.tion O'th that xss is distributed normally with mean /Mite and

standard deviation &,, and that xth and x., are independent, equation

(12) •,•v be writtmn as (roference 6)t

This re Wt d th" e) .

*d(Xth -x 55 ).

This Integral is show•n i• figure IVi
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0 Ath PIN xth xss

Figure IV
Stress-Strength Reliability

In other words equation (13) states that x . X is normally .m-

tributed with mean Ath - Pgp and standard deviation s or
Actual strehs-strength reliability is a function of the number, ZR, of
such standard deviations between 0 and the mean (M'th - Fdgg). Clearly.

the more standard deviations by which Mlth " 1j4. exceeds 0, the higher
the stre s-strangth reliability. When the population means and standard
deviations are known, stress-strength reliability- is determnned (100% con,.
Lidence) from

(~4 Fth AAs

in which case R is obtained from ZR (one-sided) using a table of the
r." rmral di ttribution

Unfortunately, we seldom know the populptton means au.d standard
di-tations for use in equation (14). In such cases, we can only e:qtnate
from samples (but not less than, say, .4) of •'th - 'too, the sample estimate

of the numerator of equation (14) and \/e~h + Z . the sample ertimate
of the denominator (3i, the sample mean, denotes estimate of /1- 1 w the
sample atandmrd deviation, denotes estimate of 0- ). Using such sample
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data. a procedure for demonstratinhg street-strength reliability at a given
confidence level is as followe: Find a constant, K, large enough that
'"th " I a K•IP + si- is less then the proportioi R of the population of

strength-krinus-stress vahlus 1QOCo of the time. This may be stated
mathematically as

(15) 33(kt RIN K~sf 77s. . ý4 - ZVth+ .

Then, if 3 th "Ta + K as 0, roiblty tf at least R is
drenonstratcd at conf idenee C (figjure V) Ur•, it K (Ith-W..•)s l •K,

at least R is demonstrated at confidence 0,

I
p

I
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,t. [~ -+(-Yt " alae-C

0 th a

Figure V

Reliability and Confidence
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The approach given herein for finding K it an. application of theory

developed by S. L. Welch and also investgated by Alice A. Aspie.
Mr. Welch developed a statistic approximately distributed as- •X.
(reference 3, p. 31); which may be applied as follows in the bLvariate
caset

(1 6)
LAt +. 2 sz

(17) g. XI 1 /fl + CfjZS. I0ILI4 A.Zv •z5

Then s/g Is approximately distributed t A2 with f doegzes oi freedom-,
where N, and AZ are constants and

0 , 1 + 2 I
(1X ar,4/' +x 0ý/'

Thu# .L 1 + 2

is &;jproximately distributed ae 72/f. In a later papa (reforen•u 4,
p, A45), Mr, Welch indicates that in the absesxe of knnwledge of . t, f
may h- estimated by replacing each *i in equation (18) with its cAitimtatv,

The approximate non-central t statistic util4sed herein is defined in
the usual manner, vubztibitiut y101/f as dof.ned above.

V'
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SOIUTION OF K, EQUAL SAMPLE SIZES, KNOWN OR ESTIMATED
RATIOS (1) OF VARIANCES. If tho number of stress ineaurerments, n,
is equal to the number of strength measurements, equation (15) may be
written as,

(2) th -(je 4t -/And + tn

2h +P Kl C, ,

+a' +sj
+L

By the method of reference 3, equations (23) - (26), the left side of the
inequality is approximately the non-central t statistic with parameter of
non-centrality ZRt"n, which is the uame parameter used in calculating
tables of one-sided tolerance factors for normal distributions (bold-face
values, table It of reference 5). Also, because the right olde of the in-
equality is the same, K is obtained directly froan such a table, (tabla 11I)
as a hinction of R, C, and effective iammple size, (Table III herein Is
the same as the bold-face values of table II, refer-nee 5, but niore coin-
plete). Substituting I\ - I and fi I n - 1 in equation (18) abovat

S2 Z(21) n ~'-)0"th + &Is)~

S-:+

Which rmy be estimated as described in the narrative following equatir..;
li9) as.

in-1)(s' + 2) 2

Nth +



!
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In the nbrwnce of knowledge of ba 0-thl/ O§02, the effective sample

size for entry in table III (taken by permission from reference 8) is

(23) (n -i) (.th +'") +

,)ffective sample sise, (, th +
Sth + 6884

It may be noted that for the came **th' - b 1Y.. the effective sample

site is independont of the itandard devPiotion. In that came. Effective

Saniple Size M 1 + (n - 1) (b l)•+/Z+

SOLUTION Or K. UNEQUAL SAMPLE SIZES, KNOWN OR ESTIMATSDR6ýMd (•iOýVA ZANCES. If the number of stream measurementl N;ei-

does not equal the number of strength measurements nth, equation (15)

may be written ast

th Be ý&th+ ZRdj;th
2 + ly1

(24) 
K a

n •t h + n, \no$ n

_______ ______UrI
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11th -- a " (A "th a. 
+

S, i L u .H$ J 
w.

I----- th + n-a-"•nt
•/ nth th n

4ntht•ss

S_ +

nth (, so film 1

a th Z + O*

I i_ I -( •"- I

By definition of non-central t, the qitantity in bri~kets on the loft side of
theinequality of equktion (ZS) is approximately the nwa-oentral tit tLstic
with parameter of n-•.centralicyl

I 
+

kith vis

For R ý 0, $0, ER is the positive one-aided stands.td normal 4evate
.o rresponding to R. If O-thZ - b zrss2, equation (26) bscomost

(26A) + , z " -k + . I_

nth n
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The ofiec~ive degrees of free dm, f, may also be obtained in the
manner of oquation (18), where A ju niI

:,' (nth 0'thz + nos ',68

(17) f i I. ...,!•~At th +r4i. no* £ 6ea ,/(n.-1V

which may be estisnated by:

(nth•eIz + nosles$Z)z
( 2 B ) * X.. .

. Itnth oth 4 /(th- +) nse8sim4 /(nsi - 1)

An nth and nse become large the approximation to the non-central t
distribution improvea,,

In the event that C"th2 , b O1
2z, equation (-7) be6cmes independent

of the ita•ard deviation:

2
MtA) (bnth + nei)

eni
f tV . I + o

The c',tic.l nro1'r cinral t v1tus is now obtained ftoi,• tale IV, as
a function of 0" of efqqitton ('1061 and f of equation (ZO), by the method ofrefeorence 7 as f'ollOWat

Fi t,• comr nute

Second, find A. in table 1 as a functiop of ?L , C, and confidence
0 x - .. Turn to the page correeponding to the appropriate value
of •E Then Interpolate linearly between values ofL4. ard linearlV be-
tween values of £ when f (9. When f) 9, interpolate on 10/4'Tpstweon

I • I I I I I I I I 1 II:C
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values of L, For confidence levels between 50 and .95 and reliability
levels of . 560 or more, use only positive values of Ob (see reference 7),
The criticas, ;.an-centraL t exceeded by e w 1 - C is;

(30) • &X L + 6z/2f- + z+

And, as indicated by equations (25) and (26), the critical value of X
* exceeded by I -C isi

(31)tl - .

(Note that 8/Z is the radical in equation (26), which has been corn.
R

puted in the process of calculation),
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