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2

(F-- r' . . ... lma-ibn1, nf 12. the value as 452.82 can easily be
computed.

(3) Table 5 gives the analysis of variance.

j _ _ _ _ _ _ _ _ _TABLE 5

Sucso Degrees of Sum of1;
Variation Freedom Squares Mean Square F

Treatments (k-1) 3 TR= 65Z9.m68 tr=2176.56 8.11
Eror(N-k) a 23 Ems 7515.15 2- 268.40 •:

TOTAL (N-I) 31 T-14, 044. 83 *2z 453.06

Where:

E -(ni-l) a 2 7515.15

•P

TR En1 2 .Z .3,144. 042.18 -3,137, 512. 50 a 6529. 68

T E +T R m 4, 044.8 3

S(Note that there is a slight difference between thiu estimate and the one
obtained from the basic datl , due to rounding errors,)

• s - 1453,06 = 21. 29.

• ~~If a pooled emtirnate Of Variance is diesired: '.

2 E
P (N--) 7 " 268.40.

If it is desired to test the equality of the means for the four
suboamples:

AS
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TRtr Tk -7 2176. 56

t rF - . 11* with 3 arnd 28 degrees of freedom, ThisY

'p
indicates that the difference in means is highly significanit,

(4) Applying the formulas from Sect ion III-D, one obtains:

(a 2~ ( 1 -). 2  2 =s2i -N

7515.15 + 3,144, 042.18 -3,137, 542.50 45.6
31-

(b) If a pooled estimate of the variance is available, formula
VI may be used.

Nn* - NIi (VI)
'a N-1

(28) (268. 40) 3, 144, 042. 18 -3,137,5$12. 50
31 -453. 11.

(c) If it is desired that the numbers be kept small, formula
XImay be used.

a2 (n.m 1
2  1 1 - (XI)

7515,15 + 6523.42 45.6

(Note that this is much closer to the true value than those listed under
a or b),

C. Example Three - (k =n 1 a n)

(1) To illustrate formula VIII, the first two columns from s
Table 2 will be used. From this:
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n = 10, N 20

i 3 334, Si 3101-f1 2

2 2
I = 243. 33, s = 205.56

x= 322, = 24.44, s 364.21.

(2) Applying frrmula VIII:

(N( + +
i(N -r 1 . '2

9(448,89 + -L (576) 364,.24.
i9 ' 19

D. Example Four: (Add n2 observations to a sample of mine r1 )

(1) Consider the sample of 40, given by Table 2. It may be,
observed that:

*310, *503.85.

(2) Suppokie it is necessary to add the five additional items- 2
310, 293, 314, 280, and 300

- 2n z 5, x = 305.40, 374.80.
22 z'2

(3) One may proceed by using formula I and then either IV or
X1. For this formula, X1 was used,

N = 40+5 45 [
= 4S 540 309.49

by formula I,

[ ;7!
S" i N
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2 (39) (503. 85) + (4) (374.80) + (40) (,51) + (4) (4. 0o9)

=482. 42

by formula XIL

(4) Actually, the value for s using raw data is 482. 80.

E. Example Five- (Remove n observations from a sample of size n.

(1) The data of example four will be used for this,

nI =45

= 309.49

482.80.

(2) Remove the 5 observations which were added in example four.

i2 305.40

6 374.80.

(3) Use formulas XVII and XVIII, giving:

(44)(482.80).(4)(374.80).(40)1310)2.(5)(305, 40)2+(45)(309, 49)2-- -.

S504. 64,., • :-
Ut

i)
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APPENDIX U I DETERMINATION OF THE ERROR IN FORMULA IX

Using forlmulas V anid IX, the following error in observed:

EES s0 + - (n-l)Ea 2 +Z 2 n(i kl

E -a

(N-n)ZX a n~x

N( -1)N(N-l) N-i1
2 ~22

(n-l)n-,
1 _ _ +

-N N(N -11 N(N-l) N(K -1

Error aA N . (za' 2.. e2.

po asitive h aide z iarger than a ,the error will always be on the

positive side

APPENDIX III - DERIVATION OF THE MEAN AND VARIANCE FOR A
POPULATION COMPOSEDl OT k~ ORMALS POPULATIONS

A. Assumne each of the k normal populations have a Mean ki viAriance

,r and contributes to the total population in the proportion fis with

f+f + +f 1 ~I.~a

B. y +:

C. r()f e

1 + fka
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+m( 2 ~ e~ 1

V E. The mean of the total population-,

f + +f

(r [+~ + e'

8rw [8 r 2  (ýLl
Be ~

(n I~~ + Gt tb
2 2jcr + +A.. 0

H. The variance for the total popUlation:

((4+ + +.7f+6' + fk 2 q Ef aC2  + Ef1(~~~)

APPENDIX IV -SUMMARY OF FORMULAS

A. nn

(1) The Mean for the total sample

I Formula 11

_41

'IVAN*
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(Z) Pooled Estimate of the Varianct -

2 . Formuli I a

(3) Variance for the total sample

2Nk~ 2 -
2ý p Fornaula. VI

N-I oml

(2 (-k)Zsa + ni(ER k.) 2

2 1 2

Th ero inrnl VoIIa X

2 1
Erro 'A- 5~4Es -s~OForrnulaXM

(4) kprxmto (Us onl if n2 is la

2 1 1 10 '
Xa0+X Formula VI

2 N2 22) 1 22

( rr) The Cea fo 'h" toI IamleL

a ýEs a 0,FormulaI1~ x= A

5) k n, V
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(2) Pooled estimate of the variance

'p N-k

(3) Variance for the total sample

E z •(n.'1)8i + X n - N.z
e 2 n Formula IV

N-I

2 (N.k)s + En x2 -Nx ormula V1 4ý
! ~N-1 -

2 .
2 (n 1l)0 + x n1(:R X-x)

a a N-i Formula XI

C. Formula@ associated with changes in data

(1) Add an observation y to a sample of site n

+ y
Formula XIII

j ~ 1 OR

a + Formula XIV"2

(2) Add observations y and w to a sample of mite n,

n~i 1 y~w +~+~1~2 -(n~+)~
2 Formula XV

2 n1- 1)s I + y• + w +n nIZ (nI + 2)x,4 . :,
nIl+ i Formula XVI

I
-- ( :#
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"(3) Discard n2 observations from a sample of size nI

.- Formula XVII

= (n 1-l)s 1
2  

- (n 2 1) 2 
2  + n (i 1 2 -.i2 ) - ( z 2 - ) -

(n, - n- 1) Formula XVIII

(4) Discard the observation (y) from a sample of size n1
A .

S..Formula XIX

•"2 n1-l 22.. ..n -y"
n2 2 - Formula XX

S5 3 - * U -ib77.2 1 ( 1 ln-2)

(5) RAplace the observation y by w

Formula XXI
2. -2.2

o a-nl() - Z,.2
2 9 2l + nI - I Formula XXU!

1 "' + (nl) (,,,l) Form u-l, a XXIII

D. Formulas associated with a total population composed of k normal•'; populations

f 2t =w ,k 2T2 (.k)
Let y , k + . "' k .e •J

I!
I*
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4 k 1, then:

f + + * Formula XXIV

a. 2 7 Formula XXV



SYSTEM CONFIGURATION PROBLEMS
AND ERROR SEPARATION PROBfLEMS*

Fred S, Hanson
Plans and Operations Directorate

White Sands Missile Range, New Mexico

ABSTRACT. Practical geometric criteria and optimization methods
are needed for laying out, or selecting, multi-instrument configurations

-: for flight measurement, The problem is to discover - and demonstrate -

some pri'ciplee that are at least in the right direction. A general solution
should be possible for the variation of uncertainty of intersection location
as a function of angles-of-intersection of lines-of-sight. It might also be
possible to calculate the optimum ground-pattern for a given station
density and missile trajectory. The second problem is to develop - in
detail - analytical tools for separating position-measurement error,
time-measurement error, and lack-of-fit of a given polynomial -- as
these errors exist in undesigned, but redundant, data. Questions con-I cern: the validity of linearization of data for 'his purpose; procedures
for calculating lack-of-fit of polynomials of degrees greater than one;
limitations in conversion of regreusions to analyses of variance.

INTRODUCTION, This paper is clinical -- especially in the sense
that it is not completed work,

BACKGROUND. Figure I is a White Sands Missile Range briefing
chart. It shows: the principal Range (heavy line); the part-time exten-
sion (at the top); and the White Sands Monument (small internal area).
Headquarters - and the main launch areas - are at the lower end of the
Range.

The distinction between optical and electronic tracking instruments
has been lost in this black-and-white print, Optical instruments include:
cinetheodolites, telescopes, fixed cameras, and ballistic cameras, Not
every station is shown. For instance, there are several hundred pre-
pared sites where fixed cameras ran be set up, Electronic tracking
instruments include: radars, dopplers, and miss-distance systems.
Again, not every station is shown, (There are several hundred prepared
sites where DOVAP receivers can be set up,) The gray - and part-gray -

dots are telemetry receivers,

'-Commnents on this paper by some of the panelists can be found following
the figures at the end of this article.



120 Design of Experiments j
It n•v 1)- nto.. +'..bta th.e ...... .l i-© i were not laid auz on 1 =

any rigorous basis,

CONFIGURATION HYPOTHESES. More than three years ago (Ref. 1),
the writer asserted two hypotheses about instrument layout, or selection -.

to initiate action toward solution.

First, it was asserted - intuitively - that the most favorable elevation

angle for observing a missile is 450, Second, the writer stated -n optimum
ground-configuracion - for each integral nurmber of stations - with respect
to a single point in space, This was done on the assumption that the best

intersection of lines-of-sight from two stations is - when considered by
itself- 900, Conversely, it was assumed that the worst intersection
occures when one station looks over another's shouldor, or they look down
each others throats -- 00 or 1800, parallel, Referring to Figure 2, the
most ia.vwrable ground-configuration for optical stations was asserted -

without proof - to be: two-station - right-isosceles triangle with missile
at apex; three-station - equilateral triangle with missile at center; (in
all subsequent cases, missile at center) four-station - any four corners
of equilateral pentagon; five-station - said pentagon; six-station - any
Piix corners of equilateral heptagon; seven-station - that heptagon: etc.
".The (corresponding) intersection angles are: 900, l2O°, 72°, and 51.40,

For twelve or thirteen stations - a tridecagon - the angle would be down
to 27.70,

DEMONSTRATION OF HYPOTHESES, After proposing this paper, the
writer made a crude approach to demonstrating (the validity of) these sirm-
pIe hypotheses.

Figure 3a shows the asserted two-station optimum. This can be any
plane through both utations and the missile, The diagram represents the
900 intersection - together with some dispersion index, such as the stand-
ard dcviation,

Figure 3b is an enlargement of the area of uncertainty. We are
assuming the two instruments are equally precise, Let's approximate
the actual error-ellipse by the almost-square in Figure 3a - and approxi-
mate that by the square in Figure 3b, The horizontal dIagonal is a me&-
sure of the combined error-variance. If we increase the intersection angle,
by moving the stations farther apart - or by lowering the missile - the
horizontal diagonal will lengthen. Of course, the vertical diagonal will
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shorten, Ln gerraviAla it's not sound practice to improve
data in one coordinate by making it worse in another. (If we decrease the
intersection angle - below 900 -, the horizontal diagonal -ats smaLler, atj
the expense of the vertical diagonal,) So, we may conclude 900 is the
practical optimuim,

Now, we have shown that 900 is the optimum intersection in any plane
thru both stations and the missile. The plan for which the degradations

from this optimum will be the same in its horizontal and vertical projec-
tions is the 450 plane, On the basis that there io no preferred coordinate,
we have demonstrated the hypothesis regarding the Mtimum elevation

U- angle,

If we choose to take our geometry in algebraic form, we can use the 4
law of cosines to calculate the horizontal diagonal (Figure 3b),,

2 2 2a ab + c -2bc coo 8

where b and c are measures of the two observatinonl. variances. e is
approximately 900. To see the effect of changing the intersection from
900, iet'si replace e by 900 + a

a ab + c -2bc cos(900 +a)

v ~In our case, b and c are equal, so-

2 2a 2b - 2b co 2(90 0 +a.)

2 - CNgos(9 + a~)

2 2

So, approximately, if the intersection angle is changed, the combined
variance in one coordinate increases as the sine of the angular deviation
from 900,

A similar exercise can be gone thru for the 3-station equilateral
triangle. In that case, the error-ellipse is approximated by an almost-
equilateral hexagon.
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- *v~A 0^T T! '~~T w ;r, Marflmack (Ref. 2) has furo

nished the writer a solution which does not depend on approximatingth

almost-square -- or on testing a hypothesis,

Referring to Figure 4a. -the trigonometry for the Reneral two-ltstiOft

case yields:

bsin(el - eZ) y s in a@In e

Ssin(e 1 % Fbýý

Applying the standard error -propagationl formula: 7

(and similarly for y) yields:

b 224

b mi e2 . + sin 4e1 .

sin (e +62  si

x j

If this total error is minimnised with respect to 6 the minimum is found

to occur at:

Cos 2B lp

26 r70, 50
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So, Mimrnmack's optimum intersection angle is 109. 50,

in R, C. Davis NUi'± report on his cinetheodolite-reduction method
(Ref, 3), he minimized the observational error-ellipse of the two-station-

A missile trianglc, by a matrix process, With the stations fixed and the
missile altitude allowLd to vary, Davis found the optimum intersection to
be 1200. He theorized this was the result of compromise between the
most favorable intersection and the decrease in the linear error (corre-
sponding to a given angular error) as the missile moves closer to the

f, stations, Mirnmack's solution represents this same case. So, there is
an apparent discrepancy in their results,

With the missile altitude fixed and the stations free to move, Davis
found the optimum intersection to be 600. He theorized this was the t
result of compromise between most favorable irtersection and moving

testations closer to the missile. The present writer thinks Davis'
explanations are correct.

However, it appears that the optimum ground-configurations hypoth-
asized in this paper are still optimum when the effect of slant range is
included, Also, 450 planes are the only ones for which the degradations
(of coordinate projections) from the optimum intersection will be the * -9
same - whatever the optimum may be, So, we have "'demonstrated" a -'

simple set of rules for laying out, or selecting, a group of stations -

for any given point on a rnis~ile trajectory -, an,ý for determining the
optimum scale of their configuration. The point used could be the mid-
point of a trajectory segment.

MINIMUM BIAS CONFIGURATION. The demonstration based on Fig-
ure 3 treated error as a dispersion index (or precision index). Let's
consider (it as) a discrete, or net, error. Then, in Figure 3a, if we
increase e above 900, the horizontal (error-) resultant - corresponding
in size to the smaller almost-square - will th n if the (discrete
angular) errors happen to have the same sign FPigure 5a); if the errors
have opposite signs (Figure 5b), their-vertical) resultant will shorten
corre spondingly. (Of course - in the equal-accuracy cae - there will
be only a horizontal, or only a vertical, resultant. ) In general, it's not
sound practice to (set out to) improve data in one coordinate by taking
an even chance that we will, instead, make it worse in another, (Even
chance, because - to the extent that a given-type instrument consistently

...
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has the same bign, it is more likely to be adjusted, or corrected for,)
If we decrease 8 (below 900), the possible homopolar (horizontal) error-
.. .... t. B .d LACZ, CL. iLh expense oi tne possible heteropolar '

(vertical) error-resultant gets smaller, at the expense of the possible
heteropolar (vertical) error-reeultant. So, we may conclude - 900 is
the practical optimun, The rest of the writer's geometric and algebraic .

dernonstrAtian~q apply similarly, Summary: perpendicular intersectionj
(per se), 450 elevation, the right-isosceles triangle for the two-station
came, etc. are all optimum for accuracy as well as precision.

PATTERN HYPOTHESES. How does one generalize from a single
group of stations to a larger area -- for (several segments of) a family
of trajectories? What sort of patterns can we construct with our optimum
figures? In Figure 6, what is wrong with a grid built up of optimum three.
station configurations? Equilateral triangels form hexagons, which
vtolates our odd-sided rule, Each station is in line with all the other
stations. Continuing in Figure 6, pentagons seem to form a desirable
pattern - leaving a few gaps of isosceles-triangle pairs. (Four stations
are In line acroas each triangle pair.) Heptagons might -do as well,

In determining the optimum layout, the decisive constraint could be
the number of stations needed to meet requirements (for precision), Or,
it could be budgetary (the number of stations permitted per hundred eq. : -
mi.). Or, it could be the effective range of a station - as a configuration
radius.

Perhaps someone can demonstrate that the optimum pattern in ran-
dorn, Or, that a random pattern is not optimum. A random pattern miht
have the minimum percent of stations in line with each other - but it L - -

wouldn't be the most efficient dispersio . Mimmack (Ref, 2) notes that
it Is desirable for a position measurement to be independent of any . .

coordinate system; that this implies the station geometry should be free
of symmetries; that the symmetry of being in the same ground-plane is
largel unavoidable,

DISCUSSION OF CONFIGURATION. The optimum configuration
would maximize: accuracy, precision, versatility, reliability, and
economy. Flight-measuring instruments exist in three conditione: fixed,
(self-contained) mobile, transportable (to prepared sites).

:• | ,, k i J | e - ., ;
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The writer chose to start with the precision of a single point-in-
spa.ce, because this is WSMR's operating standard - and because it leads
itself to an analytical approach which proceeds froan the aimple to the
complex. The Range's instrumentation plans are prepared per segment
of a trajectory. The present standard seems to be the best (single)
compromise between an operating viewpoint and a missile -engines v view-m
point. Aside from having a conmistent benchmark, the important question
is: 'What aspect of a given minssile -performance variable is most signif-
icant to a particular missile project?,,

This is, after all, a clinical paper. The writer's aimn is not-
necessarily - to solve the whole problem by an analytical approach, (It is
toincrease understanding of the subject. ) We "demonstrated" the 19Q00-I

optimum" intersection in any Plane - for observing a point-in-space, We

found a (limited) approximate solution, in two dimensions, for the VaziL-
tion of uncertailtl/-of-intersection-location as afunction of angle-of-inter-
se ction- of- linesa-of-seight. Mirnmack (Ref. 2) obtained a general solution
(to this problem) for two dimen~sions; his method could be extended to
three dimensions. It may be that an optimum ground-pattern can be con-
structed with pentagons.

The optimumn-ove raill-pattern problem could be stated-, "Is there a
unique solution for the most elflcient 16&yout, for &. &iVen Uj.tiQal-stat10oa
density - or for a given effective station-range - and for the Range's
total trajectory-volume ?"1 It seems clear that any thorogoing analysis
of this problem must be made in three dimensions,

Reference 4, revised annually, discusses computer progTrams for
propagating "typical" errors -of-observation thru the (trigonometric)
equations relating coordinates of any given point-in-space to the (angular,
etc. ) "observations" of the point by stations -of -known- location, These
are essentially the same prog~rams used for trial1-and-error simulation
at White Send@, AMR (now ETR) calls the - a priori - error estimates
so obtained "a geometric dilution cuf precision (ODOP)". Properly, this
term should be reserved for the geometric component of position-inca-
surement variance.

ERROR SEPARATION PROBLEM, The second problem is this-
"ICan we determine (by statistical methods) - qualitatively and quantita-
tively - how much of the error-variance in our (final) rnis mile -position
data is position-error, and how much is time-error?"' For velocity and
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acceleration (or smoothed position data), we would also like to know the
reiative magnitude ot a thirc variance component - the lack-ol-lit o0 the
polynomial which we use to obtain (smoothed and) derivative data.

The jitter (and wander) of tirne-signal generators is small. Propa-
gation- and receiver-delays are appreciable - different for each station -
somewhat variable - and partly compensated for. Recording delays for:
time-code marks, missile image, (angular) dial readings, etc. are appre-
ciable, different, and somewhat variable, Overall time-measurement
error includes errors in synchronizing: timing, missile position, and
mount position -- physically, on the record, in conversion, in computing,
and in reporting.

Fur a Mach 10 missile, a millisecond overall time -measurement
error would be equivalent to a position error of 10 ft, A recent figure
for the speed of an ICBM warhead is 6,400t/sc in that
a millisecond is 26.4 ft.

Actual requirements - and capabilities - for instrumentation timing-
and-synchronization should be known - in spec liable terms, A complete
description of position accuracy - or precision - would include a separate
specification of tirrA accuracy - or precision. If time-measurement error
is ignored, it shows up as position error - but, it cannot be decreased by
improving the position-measuring device (as such). If time-measurement
error is appreciable, these two components of position error should be
separated before calculating velocity (or acceleration) error, We don't
know that time-measurement error is an appreciable part of the whole
but we can 't afford not to know how much it is.

This paper presents problems -- not solutions. But - in presenting
this problem - let's review the approaches the writer has already considered.

SEMI-QUANTITATIVE SEPARATION, About four years ago, the writer
suggested a semi-quantitative method for 'separating" time error from
position error - in final data, Let's look at the three types of 'regression"
(correlation) of a position coordinate and time (Figure 7),

Figure 7a shows regression of x as a function of t - in which time is
assumed to be exactly measured, and that curve is fitted which minimizes
the (sums of the squares of) the deviations in position, This is the one
WSMR uses, in its data reduction.
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i- igure (b shown c! t a!! a furt4nn Af x -in which position
is assurned to be exactly mneasured, and that curve is fitted which minimines
the (sum5s of squares of) the deviations in time, From a. mathematica~l
standpoint, this is an logical as the first, 7

Figure 7c shows simultaneous regression of x and t *in which thtsy are
assumed to be measured equally well, and that curve is chosen which
minimizes the (me of) the deviations, This is sometimes called the "best
fit'',

If measurements of x and t are about equally in error, curve c will.
(tend to) fall about halfway between a and b - and i. the best choice, in
this case,

If one variable is badly measured, the curve which minimises the
variability of the badly measured variable will (tend to) deviate the mod~t.
from the other two --. but will (tend to) be closest to the (physically) tr~ue

relationship, This justifieum use of method a (by WSMR) - If the &stuxmp-.
tion that position is (always) much more poorly measured proves correct,
The curve of -'best fit" -c -best represents the data, as such, in asky

By comparing these three types of regression - and taking into account L

any knowledge of the (physically) true curve from independent data, and/or
physica~l theory - - it is possible to obtain semi -quantitative estimates of
how relatively Well two variables are measured The writer knows-ir-aM
experience 'him works in applying linear regression to rather poor data
It may be an even sharper tool in applying curvilinear regression to rather
good data,

QUANTITATIVE SEPARATION, On the basis of redundancy in inea-
suring raissile position, these three regressions can be converted to
corresponding analyses of variance. This should permit quantitative
separation of time error and position error, Procedures are available
for analysis of variance of types a and b regression. Type c regressionI
could be handled - for the linear case - by these same (single-fixed-
variate) methods, by a rotation of axes. It may also be possible to dis.
cover (or devise) a bivarlate analysis - at least for the linear case. If

* necessary curvilinear data can be transformed to linear.
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Such analyses of variance include a lack-of-fit term, which is avail-
able for the linear fixed-variate case in Reference 6, It apoears to be
available for the curvilinear fixed-variate case from (such sources as)

i References 7 and 8.

The usual procedure at WSMR is to fit a second-degree polynomial.J
If our lack-of-fit proves to be appreciable compared to position-error,
it will follow that we need to improve our data-reduction procedure.,

The writer's questions with regard to the above analyses of variance
are these:

1. What analysis -of -variance components can we get from linear
fixed-variate regressions of types a and b if we have (apparetit) redundancy
in (a given) position (coordinate) at (equally- spaced) apparent times -

and (if we) convert themeo assurned-x redundancies to aesumed-t redun-
dancies by (means of) the reciprocal -of -the -slope of the type a regresslion
(i. e. ,if we multiply by the corresponding value of At/Ax), Specifically,
can we separate timing-error, position-error, and (two) lack-of-Uit terms?7
As a working reference for this would the Panel recommend Reference 9-
or some other? Same questions for curvilinear case -- using the reciprocal
of the type a slops at each point to convert -and substituting Reference 10
as a working source,

2, Suppose we apply this fixed-variate analysis to type c linear
regression by a rotation of axes -- and calculate the assumned-normal re-
dundancies by interpolating between the assumed-x and the (corresponding)
assumned-t redundancies, above (in proportion to the ratio of the angle-
between-the -x-axis -and- normal to 900), Can we get anything out of this
transformed type c analysis of va~riance ?

3. Can the Panel give a. reference which shows how to calculate
lack-of-fit for type c linear regression?

4. Can the Pan*l give a reference to - or device - a bivariate -

analysis of variance for linear regression if we have (apparent) redundancy
in (a given) position (coordinate) at (equally- spaced) apparent time s?
Same question for curvilinear regression.
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5, Suppose we transform a variable to linearize a (curvilinear)
gp-ooirm .. a•ne t.'Hp nnrfnrm the (li'ear) analysis of variance under

question 1. Is it necessary to leave the result in the transformed state?
Is it valid to "untransform" the variance of the transformed variable ?
Can the Panel give a reference on estimating the error due to "untransform.
ing..?

6. Does Reference 7, 8, or 10 clearly give a procedure for cal-
culating lack-of-fit for curvilinear single-fixed-variate regression? If
not, can the Panel give a reference which does ?

SEPARATION AT A POINT. So far we've taken a time-varying look
at the flight-measurement process, White Sands is also interested in
(knowing) the uncertainties associated with !il values of Unamoothed
data, It should be possible to make a hypothetical - if inconclusive
analysis of the errors of a single point (in space and time) by looking at
te error as all (in) position, all (in) time, all tangential, or all normal,

An additional approach to the "instantaneous" aspect might be to consider• ~~~(two) succeeaive data-points am observations of their mean point. Can we . .:=

get any - qualitative or quantitative - separation of timing and position
error out of these approaches ? Can the Panel suggest any further approach
to analysis of the errors of single-values-of-unemoothed-data?

*1:
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COMMENTS ON PRESENTATION BY FRED HANSON

Frank E. GrubbsI ~Army Ballistic Re search Laboratories
Aberdeen Proving Ground, MarylandL

In my opinion the problems and question@ Dr. Hanson raised can be
solved satisfactorily only by competent personnel working rather full time
on the overall problem! I say this because the problem in so involved
from both the physical and the analytical standpoints that it is easy to
overlook the importance of all of the -'errors' operating simultaneously,

f so to speak.

Concerning &tation location geometry, I think that something can in-
deed be done on this and Dr, Hanson's ideas may be near enough the
optimum, considering other involved difficulties, I can esee that White
Sands might decrease position estimation errors, etc. , by optimum station ..

locations, whereas the Atlantic Missile Range Cannot really do this.

Just what sums of squares must be minimized, as Dr. Hanson points
out, involves considerable study, From my limited experience, I have the
feeling that relative time is quite good but that position data in not so good
because of intersection geometry, and the errors which creep into this de-
pending on unexplainable biases for the missile flight, calibration, refrac-
tion and other corrections, etc. Of course, all of these things vary with _

the type of instrumentation, etc.

Power spectral density type analyses, are certainly being looked into
by many people now and this work is no doubt paying Off as many of the
problems involved necessarily fall in this area, even though this is an
added dimension of complication.

The nearest publication, as Dr. Hanson is aware, which I think is
beginning to approach method@ required to settle some of the questions
Dr. Hanson is raising is the annual report, 'Accuracy of AMR Instru-
mentation", by H. P. Mann, The latest version, as Dr. Hanson knows,
does contain a lot of good material and attempts to cover most of the
important viewpoints, but still doesn't go far enough.

I think the tracking data analysis problem is by far the most inte.tc mt-
in& overall one I have been introduced to in recent years, but unfortunately
it ib something that does not carry the proper priority with many of us in
spite of its great importance. Our Panel on Tracking.Data Analysis is
quite inactive now but if anything comnes up on this in the future, I wvuld
hope to be in touch with Dr, Hanson.



COMMENTS ON PRESFENTATION BY FRED HANSON

Institute of Science. and Technology
The Uiniversity of MAichiganI 1

A. Ann Arbor, Michigan

Befi~ve commenting on Dr. Hanson's two problems, I will first take -

up the Mf.-CLL8 of references, I certainly recommend F, S. Acton ond-
K, A. Bro'.v-ilto (title@ Dr, Hanson mentioned).. Dr.. Hanson has. also-used
Anderson and E inr.roft, which is good, Further,, I will mentiost E. 3.
Williams' "Regression Analysis", J. Wiley & Sons, and Plackett's "Regres-
sior. Analysis", Oxfordi Press, Also, 0. Kemnpthorne's "Design and Analysis
of Experimental" and l-t. Scheffe 'a "Analysis of Variance' may prove useful.
There is a book by an Australian, P. G . Guest, "Numerical Method$ of
Curve Fitting", Cambridge U.niversity Proee 1961i. Perhaps Dr.-Henson
should look at the symposium publication, "Time Series Analysis", SIAM
Series in Applied Mathematics, 3. Wiley & Sons, 1963.

Now, to Dr, Ranson's problems, Number 1 first, Certainly, I must
comment that my experience with the NORC project at Ft. Monroe, 1941-42,
and with the Anti-aircraft Artillery :ýoard, GarnpDavis, 1942-44., is 'ancisnt ~
history by com-parison with the state of the art in the 60s. Generally,- I

fr . agree with Dr. Hanlon's analysis of the geometry of the situation, L. e.
45 degree elevation for line-of-sight and nearly orthogonal to missile path
for a "reasonable" interval of time, From the algebra associated with
the geometry one should be able to. work ouAt the error propagation for the

* position detarminations. Of course, one must keep in mind the "best"
physical model for the flight path of the missile in using the o~bserved data
to obtain best apparent position of missile at a given time.

I tend to think ci this first problem more in practical considerations,
given that the technical problem of determining location has been resolved
to a useful accuracy and precision, Some method of assigning priorities
to each day's or each week's missions must be worked out, Then with the A
resources at hand, an allocation must be made of stations to be manned
with selected equipments. Consider Figure 1 for Mission A (highest prior-
ity), Enough paired stations, a and a', b and b', etc,., must be manned to
keep this missile path under adequate surveillance. Now, if a, b, c and d,
etc. , are too far apart, there will be too much uncertainty in the computed
positions in the halfwaY-between regions. Next, Mission B (second prior-
ity) has to be simitLrly supported at a desired minimum level, If launch



tirmes can be programmed to some extent, it may be that some manned .

stations can support more than one mission. Continue for say two more
Missions C and D. If any resources are left over, consider increasing
density of manned pairs for Missions A, B, C and D in that order to shore
up obvious weaknesses in trajectory assessment, These practical con-
siderations seem much more relevant to me than going into geometrical
considerations beyond the triangle. If is recognized that my sketch implies

using rectangles or quadrilaterals in assessing position. When launch
times are adequately separated so that all manned stations for each of the

four missions can track each launch, then further geometrical considera.'.
tions may be taken into account along the lines Dr, Hanson has discussed.

Now I turn to the second problem of analysis, Yes, one would like to

have variance components for timing error and for position-measuring
error. But how can one separate them? Without considerable study, more

than I can give at this time, I have no direct suggestion, It is hoped that
Dr. Hartley has given Dr. Hanson some useful direct suggestions. I use

the term indirect for my ideas because I wish to loan on "design of experi-

ments" considerations, By direct suggestions I mean extracting from

present method of collecting data, components of variance of the two kinds I
desaired.

In directing Dr, Hanson's attention to design of experiments concepts,
I believe WSMR is in an outstanding position to carry out some special

studies, Of course, these activities must be budgeted, but it does not

seem unreasonable to program some percent of the WSMR annual budget

for RD on its own job. What the percent should be, I don't know, but .1

2%, 5% or 7% seems reasonable, Electronics and A/C firms do better,
What kinds of experiments one asks? On some missions WSMR may have

enough spare resources so that it can double up on position measurements,
i.e,, re F'igure 1, again, put two equipments at each location b, b 1, c, c,

say. I assume that timing errors would be nearly equal at any single loca-
tion, The smoothed apparent position data (after averaging) should then
indicate something about possible "timing component" of error, If a
competent person in design of experiments were to spend 3-6 months at
WSMR, it seems reasonable that other experiments with useful treatment

combinations could be suggested and suitably designed within WSMR's
resource frame work,
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WIth respect to the ortnogonai regression line, 6nerc is ZLULLIJILM 1,&

the literature that I am aware of on sampling theory for the regression
coefficient or for predictcd points. A general reference I recommend ts
J, B. Coleman, Annals of Math. Stat. 3, 79 (1932). In 1963, I did some
work on the design of a flight program carried out in Arizona, By flight
replication, we were able to obtain sampling error information about the

orthogonal regression coefficient and, thus, overcome the lack of sampl-

ing theory based on an internal estimate of error.

Further, r: both Prof. Lieberman and I have pointed out, there are

no difficulties in obtaining an analysis of variance including a goodness-

of-fit term even though the regression fitted is polynomial or otherwise

non-linear, so long as the least squares equations are linear in the

unknown parameters to be estimated. For the non-linear least squares

equations cases, which might arise from a physical model of the missile
flight path, I suggest Prof. Hartley's recent paper in Biometrika 5l, 347
(Dec, 1964).

At IST, we have a quite general purpose regression program which

is due to Dr. Wyman Richardson. Also, Robert 0. Bennett, Jr, and
myself are working on a packaged set of sub-routines which can be used

for doing Analysis of Variance type calculations. Perhaps, Dr. aanson
should visit us to get information on these programs, Both programs

operate on IBM 7090 within University of Michigan Computer Center
"Executive System.

No doubt WSMR is studying the appl.-ration and use of the newer high

accuracy oscillators for its timing standards. Could not these "atomic

clock@' help resolve some of its "timing error" problems? Any WSMR-

comment on the use of these oscillators will be of interest to us at IST,

since we are studying their employment for networks even more widely

distributed than those in the WSMR systems,

~ .. |
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AN EXPERIMENT IN MAKING TECHNICAL DECISIONS
USING OPERATIONS RESEARCH AND STATISTICAL METHODS

Andrew H. Jenkins
U. S. Army Missile Command, Directorate of Research and Development

Physical Sciences Laboratory, Redstone Arsenal, Alabama

and

Edwin M, Bartee
University of Alabarra in Huntsville,

College of Engineering, Huntsville, Alabama

ABSTRACT, This paper presents a case where decisions are reached
and recommendftions were made on a multi-disciplined technical research
program. The decisions were made on the basis of a technical survey using
operations research techniques and statistical methods for evaluation rather

than a rigorous technical evaluation of all disciplines The paper presents
the technique used and discusses the practical limitations of the method,

1. INTRODUCTION. The engineer and scientist in government research
programs are often required to make decisions and/or recommendations on
programs involving advanced technology. Decisions may be required from.
the individual engineer or a group of engineers, Frequently, the decisionsmust be made in a minimum of lead time,

The tremendous advances in technology have precipitated a situation
where very few research programs are of a single technical discipline, They
are usually -related either directly or indirectly to other technical disciplines
and cannot be treated singularly. A research program, regardless of the I
number of technical disciplines involved, is an effort to explore and deter-
mine the unknown and because of the unknowns is not always conducive to
rigorous technical evaluation by an individual or quite often a small group.
Certainly, as the number of disciplines increase, the more complex the
evaluation becomes.

The engineer, no matter how competent he may be in one discipline,

often finds himself making decisions intuitively rather than by rigorous
analysis of technical facts. This is so because quite often he does not
have the necessary facts, he does not have the time; or he does not have
the necessary cdpability in many disciplines.- When the decisions are made
intuitively, they are shaded and toned by the engineer's biases, preconceived
notions, and past experiences Asthe amountof information increases in
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a multi-disciplined problem so do his vacillations between biases and
intepceec ~n-lejna a derision. This condition is..

accentuated where the research program is such that the technical
opinions of others must be considered.

Therefore, what is needed is a systematic approach to the problem,
consideration of as many technical factors which may affect the decision
as possible, and a method of weighting the factors and quantifying the
opinions, In other wnrds, a set of rules are determined and followed
systematically until a decision can be reached,

The authors were recently involved in a problem of making a deci-
ion and recommendations on certain research programs, The purpose
of this paper is to present the approach taken and the use of statistics in
the decision making process fox an actual case, None o-" the government
agencies or research groups are identified excel,.t the U. S. Army Missile
Command since the information is for government program plarning,

II. BACKGROUND. The U. S. Army Missile Command (USAM1COM)
is the technical director of a research program being performed by a
research group for the U. S. government. This research program was
a multi-disciplined program in missile phenomenology involving theory .
and experimentation in such disciplines as electromagnetic,, optics, plasma
diagnostics, microwave -plasma interactions, aerotherrnochemistry,
thermodynamics, fluid dynamics, experimental techniques and instrumen-
tation. This program was one of several similar programs of an overall
research program.

The group directed by USAMICOM (identified as Establishment 7)
proposed the development and utilization of a larger, much xmjroved
hypervelocity launcher of projectiles for research purposes. This among
other things precipitated a review of overall research effort in mnssile
phenornenology, In view of this, USAMICOM was requested to give
recommendations on the following categorical questions:

I. The past and future utilization of Establishment 7.

II.. The need for a large caliber, light gas gun and possible
uses in missile phenomenology research.

III. The desirability of building such a gun at some establishment
othe r than 7,
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The experimental approach taken by the authors is included except for
trio coding oi all &SeILLIVilrn .i-.d Zh;r'

III. THE EXPERIMENT.

A. Design Approach

The purpose of this effort is to provide recommendations in three -

categories which are of concern to missile phenomenology reaearch programs,

The three categories are as iollows:

Category I: The past and future utilization of Establishment 7,

Category II: The need for a large caliber, light-gas gun inmissile phenomnenology researchP+ •• '•••l

Catogory III: The desirability of building such a Sun at some...:o ,
othe r e stablishment, • - e!i'i

Due to USAMICOM's close association with past programs iuld in an
effort to carry out this task with minimum bias and maximum objectivity,.• . -:_;+_,=r..

it was considered appropriAte to conduct a teclnical survey of theoretical
and experimental groups associated with such programs, Time lmtations

permitted only a representative sample of such groups. These groups are
known to have knowledge pertinent to all of the above categorie s.

It was anticipated that a wide variation of data and opinions would be
obtained from theme groups making orderly, efficient, and unbiased analysis
of the survey results difficult. It was decided that a method of analysis
based on quantifying of data and opinions must be used. The method eeloc-
ted in the "Case Institute Method of weighting objectives'" and is described
in Refe'ence 1 in detail.

It was decided to send four engineerm as interviewers to visit the
selected theoretical and experimontal groups, The groups were selected
as a representative cross section of those familiar with aeroballistic range
techniques and associated research programs, and therefore able to contrib-
ute to the resolution of the three categorical problems. The groups were
allowed to comment on or oil the record to increase responsiveness,

I
S t-?
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The establishmnents were visited an shown in Table 1. It can be seen
that Interviewer 1 visited Eu'tablishmerkto 2, 5, 7, and 11; Interviewer 2
ZEstablishment. 3, 4, 9, and 10; Interviewer 3 Establishments 1 and 8;
and Interviewer 4 Establishments 6, 12, and 13.

For consistency of the interviews, a master list of questions consid-
ered pertinent to the categories was provided to each interviewer and
discussed at each establishment, The interviewers recorded a, sumlmary
of facility data and opinions for use durIng rating of the factors, Thereby,
each interviewer obtained sufficient technical background information upon
which he could quantitatively rate ten factors considered pertinent to each
category. The ten rating factors for Categories I, II, and III are shown in
Tables 2, 3, and 4 respectively. The ten factors were selected as a repre-
sentative sample which were required to make a systematic evaluation of
each catego~y

The ten, actors in Category I were desigried to rate Establis1imnsnt-7
against other estiblishments, The establishynents chosen for 7 to be rated
against were 1, 4, 6, 9, 12, and 13. These represented establishments
similar to 7 and operated by all government agencies of the Department of
Defense, private corporate facilities and an educational institution.

The ten factors in Category III were designed to rate establishments
1, 4, 6, 9, 12, and 13 against 7,.-

The ten factors in Category 11 were designed to rate the opir~ions *f
both theoretical and/or experimental groups on the need for a large light
gas gun.

Each intervieiwar, after discussion of the factor with the principleI

investigatory, numerically rated each factor in each category for the
establishments visited. These ratings were between 0 and 4. In the selec-
tion of a quantitative rating, if the rating was not clearly and easily
differentiated from the mean value of 2, the rating was ist.mblished at that
level. This procedure tends to minimize individual bias and OnLaOles the
survey to approach a truly unbiased conclusion,

B, Factor R~ating Criteria

The discussion is confined to the types of information, data and com-

ments obtained for Use as a basis for rating the ten factors of each category.
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Category I

In Category I the first factor was rated an the. basis of the WnOTMA90A.
received on program objectives, types of models ?equi~red,- inutjUn4eiit.:
required, and types of data collected. Also considered was reportiagti A

aoudnthe or. at symposiums, the opinion of tho r4 ortiAS by other gjoqi~ps,
adtedegree of success of the program. The- rating of-the seco*4 faotdr*

was based on the ovev.all instrumentation ca~pability in flow field visualiza-
tion, optical radiation, and microwave diagnostic instruments, as well as
special inotrurnentation, The third factor was ra~ted- o~such ,cr~iteria.as-.
complexity of. model shapes, velocity, and data gathering and launa'ting
problems. The fourth factor Was rated on the basisi of type o u,~wc~
weights, velocitiesp, repeatability, and freedom from.rnaM~lfUnctlon, ;The.
fifth factor, was rated on the basis of comments of p3ýopessiona~ls who hays
had close or pes ;onal contact with professionals of Establishment 7,,.,,XT.4
6ixth factor was rated on the basis of the number of available rangOqj, 'gupup
standard and special instruments, and utilization factor o~f the facilitiqes8.
A criteria of minor consideration was estimated capital investment. The

sventh factor was rated on a basis of some of the sam'c~riteria' a.ftr,
* six plus the ability to initiate pirograms of widely varying e~perimental

parameters on short notice, The eighth fatto~r was rated 64 A bait's of
such things As available sPaCe, facility cooperativeness, and facility work-
loads. Most establishments have existing funded programs planned and
limited staff level responsiveness, The ninth factor wab rated on relativs*
defense efforts of the establishment. The tenth factor was included on the
premide that accomplishments are often proportional to support received,

Category II

In this Category an attemnpt Was Made during the survey to establish
the need for a large caliber gun in missile phenomnenology research and
to define a large caliber gun. In regard to the large gun proposed
reactions Varied from "it is feasible" to 'lit Can't be done", Others stated
ik preference for approaching the possibilities of designing such a gun in
small diameter Lphases, e, g. , Z. 5 in. , 4 in. , then perhaps 6 in. It appears
from comments obtained that a 3 or 4-inch gun may be the optimum size.
A 4-inch gun capable of velocities of ZS, 000 feet per second would be a
size large enough to allow for expansion of the types of experiments which
could be performed on an aeroballistic range. A 4-inch gun would also
be more easily fabricated, handled, ope~ted, maintained and be Capable
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a secondary issue, the prim factor bigthe dtriaonof the real
nkeed fOT a large caliber gun Factenre oen and tw'o Were rated-'O tI ti bIASi
of the capibility of a large bore Sun to expand the types of experiments
and measuremnents that may be effectively executed urdAer simul-ated
conditions, These factors were most heavily weighted iin Catekgo'ry 1U.
The concensus is that this is the foremfo st justification for Q laigegin.-Jz
However, those who expressed this opinion could suggest fevw programnw
but some examples are: (1) launching complex geomretrical shapes A. -

(2) blast vulnerability studies, and (3) on-board-model telemetry mc.asure-
rnents. The fact that new programs cannot currently be suggested does
not exclude many suggestions when such a device is available, Now ty.Ve-s.
of measurements will be developed in parallel with new types of 40 pert-
ments with larger models. Factor three was only a rating oi the Qpftiaaoie
of th neriwr on the need for a large bore gun, The se opinions
Vrary srnlfrmfvrto disfavor and are reflected-in column 3oL,
Table 6,. The X column reflects the composite of ill factors foe Oka1

e stablishment, Factors four and five sought to determine if, in the opia-
ions of others, larger models would improve the throshold. of measureo.
ments made by current instruments at a given simulated a~ltituds or prayt4.*
equal thresholds at a higher simulated altitude. Sorne respondents indi.
cated that, on a quantitative analysis, significant improvements would nqt,_
be obtained, Other respondents feel that larger guns would im~prove
thresholds and resolution significantly, especially in optical measurements
but not on microwave measurements. Respondents generally agree that
simulated data can be more easily utilited in theoretical modeling and
computations than in full sCale. Some respondents did not feel that this
Was particularly true to the point Of Justifying a larger gun than-is
norninally used, e. S. , 1-1/2 inch gun. Some of the respondents to factor
seven could not comment, especially if this factor to viewed from the
standpoint of R large gun reliability, capital cost, and useful life. Other
respondents, even in view of these criteria, feel that more usable data
can be obtained at less expense on ballistic ranges than under full scale
conditions, The overall response to factors eight and nine varied from
neutral on eight to slightly negative on nine. One respondent described
quantitatively that examinations of scaling limit increases show that from
10, 000 to 20, 000 feet of altitude may be obtained by a fivefold increase
in mite for binary scaling Of Wake electron densities.: Also, only a 20
percent increase in Wake lengths that could be scaled would be obtained,
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Factor ten was included, at very low weight, merely to emphaseis this.
advantage of ballistic range data gathering when contrasted to full-scale
data, While full scale does represent the real case* for purposes.f.
study repeatability is highly desirable, In view of the fact that such "
diverse opinions and wide variations izr responses were obtained, the
analysis was made easier by use of the Case Institute Method approc0..

Category IIU

This category assumes that a large caliber gun is needed. ititis
therefore, important to determine the best places that such a device
should be installed and operated,

The installation of a large caliber gun, which would be heavy, on .
and cumbersome, would require that the establishment have the nece$ r ay
heavy moving.equipment, transfer locations, and housing to properly-,:*.
operate and maintain it,.. Factor one considers these present capabiltistf
without new construction,

The install&tiOn of a large caliber gun would necessitate increasing
the number of persons required to operate and maintain it in a-data.
gathering program. The operation and maintenance necessitates handling,
and storage of large amounts of munitions and o2 of He tgas, fabricatioG

of larger models and sabots, telementry packages, and other incidental
items required to effectively pursue such a program, In establishments
where programs are presently funded to accomplish a mission, such a • .
large program would perhaps overload their present capability, In view
of this, the desire of an establishment to participate in a program • -

utilizing a large caliber gun is important. This, in turn, is a function
of their interests in the experimental programs to be pursued with a
large caliber gun.

The ratio of chamber diameter to model diameter for good compati-
bility ham been estimated between 20 and 30, Therefore, a 5-inch model
would require (taking the average) a chamber of 125 inches (approximately
10 feet), Some establishments would require additional chambers for4-or $-inch models if this ratio io accepted, Therefore, some establish- i•, !l
ments may have the desire and interest but not adequate facility and

personnel capability or range compatibility.
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Other important considerations are the attitude of the establishment
to the full - or part-time participation of contractors in data gathering
on the range and the participation of contractors intermittently to obtain
a few data points of a specific interest. This requires that a certain
amount of space on the range fo:- instrumentation be avilable. Quite often
the data can be gathered on shots of op-,ortunity.

In anticipation of research contractor participation, the accessibility
of the facility is important to maximum utilization of the facility. In
conjunction with this will be the ability to control and direct programs
and program changes. Program orientation is also important. It may be
desired to pursue a basic long term program with short specific tasks
overlaid, the results of which may on occasion change the basic program
orientation.

Finally, the cost of a large gun is considered. The overall opinion
is that the costs will probably not differ greatly betwee-n government
establishments. However, an industrial or corporate facility may be
more economical than the government facilities.

C. Numerical Analysis

The Case Institute Method of weighting objectives (1) was selected for
use in weighting the factors and quantifying the respondent's comments
and opinions.

The lack of a universal standard deviation and the small sample
dictated the use of Student's It' distribution for test of significance of
the results.

In the Case Institute Method, the ten factors are weighted as follows:

1. One factor in each category is rated most important and given
a value of 1. 00. Each of the other nine factors are then rated between 0
and 1. 00 according to its relatively judged importance.

2. After all factors in a category are rated, the most important
factor is compared to the other nine collectively as to importance in the
category. If it is judged more important than the other nine collectively,
the value of 1. 00 first assigned is changed to a value larger than the sum
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of the other nine values, If the most important factor is considerrn4 ,'P be
of the samne importance an the other nine, the value for the most important
factor should be equal to the sum of the other nine fa~ctors. If it ip
cqnimdereci to be oi !env izqvp;tacc th- !.1 the n tine. then its value
is adjusted to some value less than the sum of the other nine.

3. The most important factor and its weight are eatiblithed.r
Next, the second most important factor is compared to the remnaining
eight. Its weight is established in the same manner as dtmtriboi in 2
above, When the factor's weight is esntablished, thb procedure contilnues
to the third, fourth, etc, most important factor until all 10 factors are
weighted.

4. This procedure is followed for all three categories.

A composite of the weighting for all categories is sho wn in Table 8
in order of descending weight, The factors for all three categor'ies can _

be seen in Tablesa 2, 3, and 4.

The method of rating the factors was to use the five disc rete.,nuner -
ical levels 0, 1, 2, 3, 4. In Category 1, each'establishment ontrasted
with 7 was set at Level 2 and 7 rated below or above at 0 or 1 ard 3 o~r 4
respectively. In Category 11, A neutral position on each iactor by the4
responmdent warn set at 2 and the degree Of disfavor or ft'Vo~ of ate gory
11 at 0 or I and 3 or 4 respectively, In Category 111, 7 wa~s set at Z for
each factor, and each establishment Was rated below or above with 0 or
1 and 3 or 4 respectively.

The rating established for each factor in each cSAtGOry Was multiplied
by the corresponding factor Weight and is recorded in Tables 5, 6, -and 7.
The values are summed for each establishment, In order to normalizne
the range of response for each establishment in each category, the follow-
ing equation is usedi

E (factor wt x factor rating) 2 x E (factor wt)

For Category I:

= Z(w x Rf)Zx 3. 12
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For Category

Z(W ~ x 2x 3. 75

x ~ x 3.7 5

For Category IMI

Z(W~ x R~)-2 x 1. 49

For L11 Categorielll

The limnits for each Xi in all categories becomesl

for Rf .0

Ru 2 * 0.1'(hypoth* Big value)

XU

where

x establishment5 corn~puted response-

W f actor weight

R factor rating

N un~irnber of salsMn.

The larmple deviation~ (S) for each category is

-- - - - -- - - - -- - -- - -------- ~'- 7.-.. .-. .
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Student's It' test for significance is

Using the data from Tables 5, 6, and 7 for C~ateories 1, 11, and
III respectively, we calculate the saMPle standard deviatioriu:

S U. 149 ~

* r~328
5n ~ 0, 256

Before the IV tests are made, a confidence lee4f7 -ecn s
let, which is considered appropriate fo~r lesd l 01 (i 0 *,pewe t -
kind* a ,'0) adthe following hypatote se are made an each -categ-vyu

Category I; There is no significant di~ternce in utills.
tion of 7 and other establishment$ (1. e.

Category III There is no significanlt nood Low a, larger caliber
Sun in the missile phenomenology research
Program (ie, so l 0).

Category 1111 There in no signliicaMi difierenee between
establishments where a large Sun should be
built (i.e Is . u 0).

The It' tests are computed for *i'Ch CI~t~dOry-:

t .067- 0 1.0
1 ~ ~ 14.01,

*The rtsk of rejecting a hypothesis when it is true, Also called the
producer's risk.
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the problem. Therefore. ,considskralm .. -" -
capability have been concentrated on the tVirge categories, It is not
supposed or proposed that every facet has, ben considered and eIsplored,nor has a rigorously technical approach been used as this would .b a ..

formidable task. However, a representitive sample of the fotrnemst._•,factors has been considered, and the technical analysis was perfO.rned
mentally by the respondents,

A systematic approach tothe analysis of a highly complex problem
has been used as shown in the numerical analysis, The importance of
this approach is the capability to make a decision in the realm of uncer-~~~~~tainty and random variation .. . .... ..-

Review of the results of the ratings of Category I presented in
Table 5 shows that (considering all factors) 7 rates: below 9 at -0, 178
(or 17. 8%) and slightiy above all others with 4 and 13 closest. with: a -
+0. 008 or (0. 80%) and +0. 024 (or 2. 4%), reupect,..vely. Comparing-ý.7
to all other establishments for all factors 7 rated at +0, 0665 (6, 66%)
which is significant when compared to the sample standard deviation by
the ItI tes t.

Review of the results of the ratings of all factors for Category I1,
presented in Table 6, shows that 2 was strongly not in favor of a large
gun by a valuo of 0. 701, followed by 10 and 8, Seven was strongly in
favor of a large gun with a value of +0. 948, iollowed by 5, 4, 6, and 9.
Twelve and 1 were slightly in favor, with values of +0. 040 and +0, 041,
respectively, On an overall comparison of all factors and all establish-
mento there was a favorable response of +0. 148 (14, 8%). This evaluation
does not include the exact launch tube diameter@.

Review of the results of rating the factors in Category Mll, presented
in Table 7, shows that 9 with a value of .0, 0067 and 13 with a volue of
-0. 0436 compare closest with 7 as the place to build a large gun. Twelve *.

was least favorable with a value of -0. 711.

Therefore, on the basis of the analysis of the overall results shown.
and within the limits of this study the following conclusions were drawn:

Category I

There is ar. .pparent difference in the overall usefulness of ? com-
pared to other faci.lities, There is a signiiicantly positive opinion that
7 may be effectively utilized in the future.

- .-----.-

........................................................................
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Category II

There is an apparent need for a large caliber gun in the missile phe.-
flnomenology research program. There is a significantly positive opinion
that such a device is needed presently and in the future,

Category III

There is an apparent difference between establishments where a
large gun could be built and utilized. Establishment 7 is a foremost
contender as a desirable establishment for developing the large caliber
gun. Recommendations on program continuation together with suggested
experiments were made based on these conclusions.

IV, DISCUSSION. The preceding case is a real-world example of

now operation research and statistical methods can be utilixed to assist
in the process of making technical decisions, The particular features of

rI this approach are:

1. An inter -disciplinary team is utilized to bring a variety
of technical viewpoints to bear upo',n the problem.

Z. The results of such a team effort are quantified to make
it possible for analysis to be made at optimum objectivity.

3. Statistical techniq.ues are applied to evaluate the quantified
re sults.

The key feature of such methods is the concept of risk and proba-
bilistic conditions. Such an approach is particularly useful in the realm
of decision-making since the risks are often great and the probabilistic
environment is every present. Under much conditions there is no
opportunity for drawing a definite conclusion. A decision can only be
made at a given levol of confidence. The risk of a decision being wrong
becomes a calculated part of the problem.

'L4

The use of quantitative methods for expressing the results of the
experiment can often lead to a process of over interpretation of results
often to the neglect of sound technical judgement, Obviously, the
decision cannot be made solely with such methods. At best, the decision-
maker ran be fortified with ;ertain analyses of the experimental results

r3, --

- - i------
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that will provide a statement of the risk he would take if he should mx~k* a[
decision in one direction or another, .Such factual data c~an often be rov4.d -

cnbenefit from it while exercising his beat Judgemnent in the probleM.

The experiment was basically concerned with the determnination ofK
technical facts, that existed within each of the installations. To obtain auach
facts required usn to go through several "bias filters" such 16s:

1, The ability and willingness of the installation reprernentative
* (the interview..) to state the. true facts that exist in his group am free of

bias and inaccuracies as possible.

2. The ability of the interviewer to gather and transmit the data,
to the investigator with a minimum of his own personal bias involved,.

*3. The ability of the investigator to compile the final -data ail 2

free of his own personal bias, as possible.

I To accomplish the above purposes is obviously no easy tagk' a400r,
any circumstance a The pr~oblern was faced in the investigation by utilising
theme basic techniquest

1. A multiple of closely related questions were used to conduct
the interviewers with tach installation representative,

2. The interviewe* bias was observed and evaluated by the inter-I viewer in each case.

3. The data was transmitted to the investigator and a concerted
attempt was made on the part of the investigator to balance the bias of the
interviewer and interviewee through the conduct of an extensive "debrief-
ins" procedure.

4. The bias of the investigator was controlled by hoth the influence
* of the interviewer in the debriefing sessions and the systematized method

- of quantifying the results.

I ~Obviovsly, the efforts just described could nc~ver hope to eliminate
1all biaii and inconsistencies. The recognition of this fact leads us to

evbla&te the final results with techniques that have been~ developed for such
5iiato'.
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we have, in effect. produced quantified results within an envigromwit
of uncertainty, Such uncertainty is made up of two basic elements, That
is, the observed differences in results between installations can bek. attributed to:,

ti1., Differences that are explained by residual errors and biases

that still remain in the experiment in spite of the procedures that were
established to ellminate them,

Z. Differences that are explained by real effects of the installa-
tion on the category in question as far as the etudy candetermine.

The test of hypothesis used in the analysis served to partition these
two basic causes o. observed differences, To say that a resulting offect
was signigicant is to iay that, w ithin the limits of this inveetigition- -the
observed differences between the selected installations cannot be
attributed-rhoerely to experimental error, The conclusion is therefore
"drawn that a real difference exists and a positive conclusion is therefore
drawn. It is important to note that for each conclusion theve is a compa-
rable level of confidence. Within the realm of an environment of uncer-
tainty all conclusions or decisions must carry this element of risk.

V. REFERENCE

1. Churchman, Ackoff, and Arnoff, "Introductior to Operation R%81eerch, ":
John Wiley and Son, New York, New York.
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Establishment Nr. 7 Utilization Evalilation Factors

Category I

Factors are listed in descending -order of- established weig'ht,
Each factor rated with 2 representing each establishment against which
Establishment 7 is rated. The rating levels are chosen by this interviewer
and the chairman of the survey committee,

1. How do 7's past program results compare to other establishments@

2. How does V's past instrumentation rate in comparison to other
establishment@ ?

3. How did 7's program rate with other ranges in degree of difficulty
to perform?

4. How does 7's past gun performance rate in comparison to other

ranges ?

5. How do 7'a professionals compare with professionals of other ranges?

6. How does 7's past facility development rate in comparison to other
range . ?

7. How does 7'a utility, as r. data gathering facility in future compare
with other ranges ?

8, How does future possibility of contractors participation on ranges

at 7 compare to other establishments ?

9. How strong is 7 's desire to continue participation in missile
phenomenology research ccrnpared wit~h other ranges ?

10, How does 7 s past funding compare to other range programs?

.. . ...... .l........ ... j J i J
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Largo Bore Gun Evaluation Factors

I. Category It

Yactore are listed in descending order of estabishbed W448blse.
Each factor rated at levels between 0, 1. 2. 3, :and 4 on basis o~f d"ta
and opinions gathered with 2 representing neutral opinion. :The ratiang
levels are chosen by the interviewer and the chairman of the survey
commnitte e.

1. Will they expand the types of experiment that may be effectively
executed under simulated conditions ?

2. Will they open avenues of now types of measurements

3. Whatz is opinion of other# doing theoretical work on need for large
bore guns?

4. Will they increase observables levels at higher simulated altitudeg
significantly?

5. Will larger bore guns improve reliability and confidence in range
measurements?-

6. What is opinion of ethoer on thu value of simulated data Vs full
scale for utilization in theoretical modeling and computations?

7. How does cost of usable ballistic ringe data gathering compare
with usable full scale data gathering ?

S. Will they contribute significantly to scaling between theory and
full scale?

9. Will they contribute significantly to the establishment of binary

scaling limits [
10, What in the opinion of ballistic range data gathering capability

from standpoint of rspeatability ?



VIZ TABLE 4

Large Bore Gun Location Evaluation Factors

Category III

Factors are listed in descending order of established weights.4

Each factor rated at levels between 0, 1, 2, 3, and 4 on basis of data
and opinions gathered with 2 representing E stablishment 7 aganst- Which
each establishmnent in evaluated, The rating levels are chosen by the
interviewer and the chairman oi the survey committee.

1. To what degree are other establishments able to accommodate a-
large gun from Standpoint of housing, operating, and maintenance
without facility construction relative to 7 ?

2. What was capability of other establishments for tmking on additional
range measurements programs relutive to 7 ?

3. How strongly do other establishments indicate they want to build:
a large bore gun relative to 7?A

4. What was intere-st of other establishments in taking additional
programs relative to 7 ?

5. To what degree is their present range chamber diameter compatible
with large models relative to 7?7

6. What is attitude of other establishments toward contrActor FartiCip&.
tion in data gathering on their range. relative to 7 ?

7. In apace pro aently more available on their ranges for contractors'
Utilina~tion relative to 7 ?

8. How doem accessibility of other establishments compare to 7?

9. How does the ability to control programs at other establishments
Compare to 7 ?

10, How will coat of large gun development at other establishments
compare to 7?



17 3

(cN 0% -o - Ct 0

-C4

00

4r In

0%4 C; N
00000 0

IAIA0 CIA%.%

c% C4 C11 *ý N * '4*

0 00 0 00

C* N fn4 (* N1 *ý -C

0C04 04 04 0c0

- 0 0 0 00
co %0 %0 Go

000000 0

0~ _ _ _ _ _ _ _ _

No CID r- co0%.

0 000 0

0 00 00 0

.0 0 04 0 0

(4 N4 In
>0 Nt V,1 *; 04* N* 0 0 V

0 4 1 0 0. r1-4 04 r

44 I- -4 444-4

04 ý 4$4 - 04 0S W .-$ 4 0 $

0 0- - 0- -0 0P4 0 0 - 0
IA > 0 > 0 IA 0 u l 0 0

0W 4 9D P,-P40 4 MP4 P4 M ' 3:P

""A C4 IA

$4. 4 - 4 - 44- 1. - 4 -4

o 0 0 1"" 'j> '

1.4 so,1 4 - 1



174

0- r-4 Ln C4CI

'-04

:3: 44>
44. 0J Qr-4 4cl n LnI - 0

-0 Co( .4*LI'

EZ'. x r- o 0 -4 0'-r 4

cnI C4C;e

0 0~~~ Cl 1-4 ( l- lC

(N Cl C-4 r-4 ( N(

'o Cl V-44(N(N(

000 0 0 0 0

1-4ILI-

Co~C co '4 -4 0Go* C C l *

0 000 0o 0P00

0 '0 r- 4% 0 -4 (

-4C> r-4 LI LI Cl Cl

0' 0W % 00 000 000

0M 04 00

CH 0' (5% Co Co;0

o N %0 LI no %40o-

H ON -0 00 0D 0p
C4 4n Co 4q (NCo

40 0- 0 04-4 4 -4 0. -4 4 -

4u a) Co 4 w4'

Cl * 4 0 * ý 0 0 '-4 0 Cl -4 0 4 0 Cl 0 14 0 0 - 0
_j 0u A_ _ _ 41 _ _ _ _ _ _ 41_ _ 14 & i4 1X 14 j x4

u > uN u4 >N 0 u> C

0-4 C-4 (n- Co

o1 03c x i i~

U c UA

4.4 44 -



0'4 - ~ r4 M %T

4-4

44. 0 04) rs Go0
0 .dai L k4 r-00c

0. 00

toc 4-i

a,% 00 .0 co O0
0 0N 4 P -4V4

44 P4 C4 C14
(n4 CA-4 NN

* ~ ~ ~ c V- C -4 N* N
4) -)

o *r* r-4 r4 r4*(4* A* (

0: 0 0 0; 0

0
0o N 0U)U. A

:ý4
0- 0a%0'-

oo '04 00 co c
U.) '.0 U.) CV)

C4 Go4 0_ Ln 61__ % (

Nn 0 A *"4 C; N * N * N

1-4 0

m. r4 "4 4n 4

0 ('4.-4 -4-V 4

4.54

4)4 -44

00 >

4.. 0- 0 -4 000

u >
csCI go4 o go4 agoJj04



176

co '4 04 - 4
CN-4co 0 co '-4

-d~~ (N-40

-4

0- OGJ 0 19 0I
0130 ... '.4 44 C4CoC

~ -1 000 0 4 oc
4.14

.0 o C,4 N 0 Co4

0%10 - 4 0 1.4 r-4
0% C4 ( N r -4 C4 N *

00 0 00 0 0
ICO - .

0 9 C* -4 ol N N

04 10 0N

10 ( Co Co 0% 0
00- 0 0 C;--

C4-4 00 0o 0 0I0

1-4 _ _ _

C4 C') 0!Nl 4 N%

r-4 *4 On * -*O

0n 0 04 0- 0 0-

C.) 4 C4 Co C C

04N C; C4 Ný

-4 4 - 4 -4 -

-4 44 N4 N4 -4 ~ 0- W r4 % -4

w W. a) N o4 4 w ad

0 4 0 ' 0 r-4 0 '00 1- r4 0 0 0 0 0'

4-4 4. 1 4 P44 4-4P R 4

0 Os

'-1 4.1 41

-A'-

1 . 44 P 4 -

00 0

-9 - - - _ _ - -



177

TAILZ 8

factor Waeihts by Catelerv

Factor No. 1 2 3 4 5 6 7 8 9 10 E

p catesory 1 0.58 0.50 0.49 0.40 0.28 0.24 0.20 0.18 0.15 0.10 3.12.•Colluy t 0.0, 0.74 0.36 0.40 0.29 0.29 0.18 0.17 0.11 0.09 3.75

Cat ,ery Z11 0.3 0.22 0.21 0.20 0.14 0.12 0,09 0.08 0.06 o 0.04 1. 149 1

II



IMPROVEMENT CURVES: PRINCIPLES AND PRACTICES

Jerome H. N. Selmnan, Stevens Institute of Technology,
Rep. the U. S. Army Munitions Command, Dover, N. J.{

To build the 1000th B-29 Aircraft took only 3A of the time required to
build the first. To bui~ld your first window screen or dog house will take
you more time than each succeeding one--unless you are a. professional
window screen or dog-house maker. This feeling im intuitive. The estimna-
tion of tirre reduction for each succeeding item, based upon judgment and
expex jence, is :kttributed to a human 'learning'' effect, Mathematically,
the way to express this condition would be to-use a. reduction-type function,: 7

VV A straight line equation with constant negative slope for a constant linear[
reduction of cost with quantity; a hyperbolic equation with nogative exponent
for rapid initial reduction of cost with quantity, then slowing clown to a
limit; more complex equations which are designed to reflect the phase@
of the specific learning situation,

Models of the cost-quantity relationship, as a predictive technique,
came into genmeral use in the airframe industry during World War 11 after
their development in the 1930's, T, P. Wright's pathfinding article* 7
hyperbolically related the average direct man-hour cost to the number of
airfrarnes produced. Others have modified Wright's model to show the
inverse relationship between the direct labor hours per unit versus iantity
produced; this latter formulation being known as the Unit (Improvement)
Curve. A linear improvement curve heving linear component curves

f implies that the rate of learning is the same; intuitively, again, the
assumption of constant learning rate in all operations is open to question.
Wright was of the opinion that different rates of learning are found in the
airframe manufacturing process, but he did not inquire into the implications.

Studies in the then-new airframe industry for sub-sonic, reciprocatingI i engine, electrically simple aircraft indicated that although the precentage
j slope of the '.mprovement curve varied, for every doubling of successive

quantities of aircraft, the percentage value was a constant percentage of
the unit. value of the quantity immediately prior to doubling, The percentage
reduction was approximately 807o, This meant that each timne the quantity
was doubled, the man-hiours required to make that designated aircraft was
80o% of the mnan-hours required immediately prior to doubling. Plotting
the improvement curve on logarithmic grids gives a "straight line curve",

"xT. P. Wright, "Facto-s Affecting the Cost of Airplanes, "1 Journal of the
Ac~ronauticaml Sciences, Vol. 3, February, 1936, pp. 122 .128.



as the grids are so scaled that the interval between doubled quantities are I
equal; i. e., the distance between one and two is the same as the distance
between two and four, or four and eight, or eight and sixteen, etc.
Of course, the linear hypothesis should be discarded whenever the unit
curve.i of man-hours and cost depart significantly from linearity--"signifi-
cant departure" being determined from the slopes of the parallel linear
component curves, based on the error permissible in the problem in hand,

Improvement curves are expressed in terms of percentages, such as
80% Curve, 90% Curve, 92% Curve, etc, The percentage figure referring
to the fact that man-hours tend to decrease by a definite amount each time
the quantity produced is doubled, By correlation and other statistical
techniques it has been shown that a graph of the actual performance data
(cost, as inferred by man-hours per unit versus quantity produced, or
tasks accomplished) may be approximated by a hyperbolic fuinctlon of the
form y=axb, with a relatively high degree of significance. The fundamental
hyperbolir shape is postulated rather than tested (for linearity on double-
log scales versus some alternate non-linear functional form for comparison),
am a descriptive device for accumulated data, In Improvement Curve
terminology, y, is in direct man-hour cost, a, is the direct man-hour
cost for "unit Number one', and b defines the "slope" of the curve- ---

"slope" being ghe ratio of the unit (or average) man-hour cost at two
cumulative outputs that differ by a factor of two (2), so that the slope is
2 b, Wright's empirical data on unspecified aircraft yielded a "b"-value

of -. 322, giving the popular "8076 Curve", On arithmetic grid the 80%
Curve with a unit one cost of 1000 man-hours is shown in Figure 1, the

equation being y = 1000x'' 322

To illustrate the mechanics of constructing improvement curves, the
80% Curve will be done in three parts; as shown in Figure 2:

The Unit Time Line: Given a value for any unit P and the slope of
the Improvement Curve in percentage form, draw a line from point
P through a point X so that it will be twice the unit number of P,
i.e., P equals twice X; and the value of X will be the value of P,
multiplied by the percent slope of the curve, Equation: Yi = axb

for unit curve, i

The Average Time Line Per Cumulative Unit: The Cumulative
Average line is drawn in two steps:
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1. The Asymptote. The Cumulative average line approaches a
straight line which is parallel to (after about the 15th unit) and
higher than the unit line. To construct the asymptote, obtain the
"b" for the improvement curve in question. Draw the asymptote
parallel to the unit line so that the values of all points on the
asymptote are equal to 1/(l+b) times the values on the unit line.
For the 80% Curve, the conversion factor for (l+b) is 0. 687, as
given on Table I, giving each point on the asymptote a value of
1.475 the corresponding value on the unit line. Equation:

a Nb
y =l+b

2. The Cumulative Average Line. As an approximation for
values between 2 and about 15, the cumulative average values
for any unit X is approximately equal to the value shown on the
asymptote for, X+3. That is, the average cost of the 4th unit
is approximately equal tothe value of the asymptote at unit 7.
For practical purposes, the average line for units 16 and above
may be considered to equal the values of the asymptote. Equation:

n b
y = ai N

The Total Line: Draw a line from the value of unit number one to
a point at, say, unit number 10, which has a value equal to 10 times
the cumulative average value of unit number 10. It is logical that
the total time for the first ten units is equal to 10 times the average
time (cost) of the first ten units. Equation:

N b

Y=a I x.
• 1

the corresponding asymptote is N times the cumulative average
asymptote, just as the Total line is N times the cumulative average
line.

Improvement Curves have been utilized in the Aerospace Industries for
Cost estimates, scheduling, efficiency comparisons, procurement and
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subcontracting, facilities planning, personnel planning, long-range fore- .
casting, etc, , and was proposed for various industries such as home appli- [
ances, electronics, construction. maCl4?9A ahlkn a ... elft ... 4tAJ-.7 14 i.ii -

accuracy of the Improvement Curve function as an estimating device in
dependent upon a number of factors, incliiding:

Ac curacy of Basic Es. timate •Lk:4%E:Choice of the Improvement Rate exponent "b" .- .,:

Non-linear elements is the real world
Changes in the output rate [
Design Changes in product .
Influx of "green" manpower
Exit of skilled manpower,

The basic tenet of Improvement Curve philosophy is where there is life 4..
(people) there can be learning, the more man-oriented the work, the more
learning potential possibli,, Figure 3 illustrate@ the generally accepted '
improvement curve percentages for various man-machines mixes: 75%
Man-25% Machine for the 80% Improvement Curve. 50% Man-50% Machine
for about 85% Improvement Curves; 25% Man-75%. Machine for the 90%
Improvement Curves, etc,, :-" i•

Munitions Command Regulation 715-1 requires thorough justificationwhere "program costs are--not reduced in accordance with expected learn- +:5+|

ing curve costing. " The techniques of the learning or improvement curves
can set realistic management goals for setting expected rates of improve-
ment in reducing operating expenses in the Army "Five-Year Cost Reduction
Program".

Operations develop trends that are characteristic of themselves, Pro-
jecting such established trends is mor e valid than assuming level perform-
ance, or no learning effect. The Improvement Curve function which has
remained parochial to the aerospace industries has been presented with
the same motive as the rooster who showed his hen an ostrich egg--'"It'. .•

not that I'm complaining, it's just that I'd like you to see what others are
doing!

:+:"-+ ;"•... .. ... ......... ; .... . . . . . . . . . . . . . . . . . . . . -.
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GRAPHICAL CONSTRUCTION OF IMPROVgMgNT CURVES
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THE EFFECT OF RELIABILITY, LENGTH, AND SCORE CONVERSION
ON A MEASURE OF PERSONNEL ALLOCATION EFFICIENCY

Richard C, Soren•son and Cecil D, Johnson
P U S. Army Personnel Research Office I

Washington, D, C.

Within the United States Army it has been realized for many years that .
an effective military organization must have the right kind of men as well

as the most advanced and effective equipment. Of course this does not mean
that the Army must have only the 'best' of the personnel pool, but does mean
that those men taken from the personnel pool must be matc hed with jobs in
a way that facilitates maximum manpower utilization. There are two sides
to this task of manpower utilization: 1) the various functions performed
within the Army must be analyzed to determine the different skills needed
to perform those functions, and 2) the individual differences within the
personnel pool must be analyzed to find those different abilities that can be
reliably measured, At this point we are left with the problem of developing
effective measuring instruments and of devising ways and means of assign-
ing men to jobs on the basis of the measure of abilities, This whole attack
on manpower utilization rests on the realization that while few men can be
trained- -no matter how extensive and careful the'training- -to do all the . -

Army jobs as well as those who do them best, most men accepted by the
Army can be trained such that they are effective in performing those skills
for which they are most apt, and when properly assigned, will be an asset
to the Army.

Thus the solution of the problem rests on successfully accomplishing the
following: 1) identifying job families within the Army that require personnel
with different ability, 2) identifying and measuring these abilities within
the personnel pool, 3) estimating the performance on the job on the basis
of measures of ability related to job requirements and 4) assigning men
to jobs so as to maximize overall performance.

The first of these steps has been treated in the establishment of the
Army occupational areas. Ten occupational areas have been identified
and shown to be satisfactory in classifying the various Army functions
assigned to enlisted men (EM) (10] ý1, Recent research indicates that nine

) The numerals in brackets indicate numbered references listed at end of
paper,
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categories of training schools within Army Advanced Individual training
may be differentiated [5) , It may be assumed that continuing research will
be roquired to evaluate the constantly changing functions parformed by
Army EM as new methods and procedures are introduced,

The Army Classification Battery (ACB) has been developed to measure
aptitudes related to Army jobs [4] , An important research mission of
USAPRO is to introduce new measuring devices, and to revise and/or
validate present tests (7]

The eight current Aptitude Areas are functions of the eleven tests .
within the ACB and serve as performance estimates for the Military t.
Occupationalt Specialties (MOS) in one or two occupational categories,
These Aptitude Area Scores are currently used for differential classifica-
tion [10] (See Figure 1.)

The benefits inherent in differential classification using'Aptitude Area
Scores stem from the fact that information is obtained relative to the
differences in ability between individuals and to differences within the
individual, Thus EM may be assigned to jobs for which their probability
of success may be a good deal greater than that for Army jobs in general. U -

The technical gain is twofold. First, a given level of aptitude for a
given job can be assured by a lower score on the specific selector highly
related to the job than would be required to maintain the same standard
of excellence if the selection were based on an instrument less valid for
the purpose at hand, Secondly, when recruits are taken above a given
cutting score on a general selector, they are removed from that score
interval of the aptitude pool for all other jobs as well, However, when
recruits are taken above a givin cutting score on a specific selector,
they come from a much broader range of scores as far as the pool for
another specific selector is concerned, To the extent that one specific
selector is uncorrelated with a second, the entire range of scores is still
available on the latter after selection has been accomplished on the first
selector,

Thus we see that for a particular sample of 1800 individuals drawn
for the purpose of standardizing a subsequent version of one of the tests
56% were above average on the Armed Forces Qualification Test (AFQT)
relative to the original standardization population, Of this same sample,
however, 91% were above the average for the Aptitude Area in which
they scored highest, (See Figure 2,)

I. ... .. . .. ... . ... . ... ... .. . .. .. . .';
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One further operational gain was investigated. Under the former
system in which a single test--the Army General Classification Test (AGCT)
-- w4a practically the sole determinant of Army classification, selection
for one set of jobs automatically gave those jobs the upper segment of the
distribution of tost scores. The lower segment wac left ior the rernaining
jobs, In the operational problem filling the manpower requirements of an
infantry division, approximately one half of the men were combat Infantry-
men , If, as happened at times during the war, a test were.used to select -.
primarily for the noncombat specialties, these jobs would be filled by using
the upper half of the distribution . In such a came only the lower half of
the distributions of test scores would be available for the combat jobs as
indicated in Figure 3. However, when the results of the distribution of
men into aptitude areas corresponding to job families for the infantry divi-

sion used in the standardization study mentioned above are viewed, the
distribution of AGCT scores for the non-priority or combat jobs is been
to be almost equal to the distribution of AGCT scores for the priority jobs.
This is shown graphically in Figure 4,

A great deal of research has been undertaken to make optimal alloca,
tion feasible, Various versions of the optimal regions and other methods..
are now available for operational use (1) . In the research reported in
this paper a routine derived from the Hungarian solution to the transport&-
tion problem was used [8]

In this paper we will be concerned with investigating characteristics
of performance estimates (and the test battery from which they were
derived) as they relate to the criterion of personnel allocation efficiency
as measured by the average performance under conditions of optimal Z

allocation, This measure of performance is the objective function to be 00
maximized in the transportation problem. Many relationships involving
this objective function and the variables of this study may easily be calcu-
lated analytically assuming ideal conditions, e.g. , continuous normally
distributed psychological test scoures, For instance Brogden (2, 3] has
shown that when other factors are held constant and certain conditions
assumed, the efficiency of allocation is directly proportional to the validity
of the performance estimate, and that one may determine by analytic means
the allocation efficiency for given numbers of jobs, percent of personnel
pool rejected, and intercorrelation of performance estimates, In reality,
however, we are not dealing with continuous variables and frequently
other assumption, are not met. Also, in practice the scores are often

I C
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transtormed in such a way that considerable information is lost. It is less
easy to investigate the more realistic situations analytically. Thus we have
embarked on a program to study by a Monte Carlo approach the general
relationship between amount of information in a distribution of discrete
performance estimates and the performance level it is possible to achieve
by the most efficient pattern of personnel assignments.

The basic step in the implementation of a statistical experimnent is the
generation of uniformly distributed random numbers. We have used
computer routines which generate pseudo-random numbers by the power
residue method [9] . These disti-ibutions of uniform variables are then
transformed to distributions of normal variables. This transformation
results in a matrix, X, of order n by k, i.e. , n entities are represented
each by a vector of k simulated scores:

X11' X12' ... 1 kXll XlZ Xk

() X = X21, X2, X2k

Xnl' XnZ ... Xnk

where

X'X -* nI

(2) and l'X -. 0

when n -- 0,

We see then that for each sample we generate a matrix that has an
expectation for its covariance matrix of the identity matrix.

Now we desire to further transform the matrix X by post multi-
plication by a matrix T such that the resulting matrix has for its
expected covariance matrix a given matrix C:

XT= Y

(3) where Y'Y -• nC

when n CO
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. The matrix C in specified as a function of the desired standard deviation
and inte rco rr elation of the variablesi

(4) C R A.a

Where R is the desired correlation matrix and s is the diagonal matrix 'n L47
of standard deviations,

We wish to iind the matrix T such that the conditions in (3) will hold.
From these equations we may write the requirement that:

"(5) (-) Y'Y - (-)T X'XT -- C

when n - ,

From (2) we see that -xx. -. ,I

SX'X "* I

n -

when n- ,

and from (5) and (6) we have

(7) T'T = C,

We may represent the matrix C in terms of its basic structure:

(8) c Q•Q'

where QQ' * Q'Q = I,

We know that the matrix C to any power e. g. 2 may be formed by raising
the eigen values of C to that power, premultiplying by Q and post-
multiplying by Q'['6

(9) C2  Q

(10) thu s C* 0 Q,
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Formula (10) could be demonstrated as follows:

.1 1 1 1

(11) C C? = QA 2 Q QA' Q= QAQ' = C.

We will let
1

(lz) T C 2

We see that
1 1

(13) T'T C2 G2 = C

Hence a transformation solved for by equation (11) meets the requirement
of (7) and while there are an infinite number of transformations that meet
this requirement the one indicated is by far the hnost advantageous since
it provides for uniformity of rounding errors and impartially improves
normality of the transformed scores.

Thus we may simulate samples of personnel by building into the score
distribution characteristics of performance estimates in which we are
specifically interested. These performance estimates may in turn be a
function of such test characteristics as length, reliability and validity.
The effectiveness of a test or of the resulting performance estimation is
determined by its potential contribution to the optimal allocation average,
that is, the average estimated performance of men on the jobs to which
they are assigned.

Let us first consider one of these characteristics of a distribution
of performance estimates: namely the standard deviation. Often times,
in the course of personnel operations where men are actually being assigned
to jobs on the basis of measured attributes, distributions of scores are
transformed from distributions in which there are two or three significant
digits to distributions in which there is only one signlficant digit. This is
the case in assigning men to jobs in the Army. The three digit Army
Aptitude Area Score is coded according to AR 611-259 to a score taking
on the values ranging from zero to nine. The questions we ask are:
1) V, at loss of information occurs when scores are coded to a one digit
scale, and 2) What affect does this loss of information have on average
performance when these scores are used to assign men to jobs?
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In Figure 5 we demonstrate the effect of coding the scores of a
continuous distribution centered at 50 into nine score scales, e. g. , entities
with scores less than 11. 5 were given a coded score of 1, entities with
scores 11. 5 or greater but less than 22. 5 were given a coded score of
2, ... entities with scores 88. 5 or greater when given a score of 9, The
upper portion is the resulting distribution when the original distribution
has a standard deviation of 20. The information measure, H, has an
intuitive appeal because it is sensitive to both the size of the coded interval
and the spread of scores, For the above distribution H may be calculated
by

9
(14) H E (pi log pi)

-•, i::l

where p. is the proport/on of the entities in the ith interval and log p. is

the natural logarithm of pi' The information measur'e corresponding to

the distribution represented in the top of Figure 5 is 1. 991. In the lower
figure, a similar transformation was performed on a continuous distribu-
tion, where the original distribution has a standard deviation of 10. We
see here that the cases are primarily distributed in intervals 4, 5, and 6,
that they are much more closely grouped together. That much more
information is lost i-s indicated by the corresponding information measures
which is 1. 372. We may note that the maximum value for the information
measure corresponding to a nine score scale is 2.197 which occurs when
the distribution is uniform.

Now we can easily see that information is lost when we go from several
significant digits to one significant digit. We also see that more informa-
tion is lost when the standard deviation of the parent distribution is small
than when it is large. We desire to investigate the degree to which such
information loss affects the optimal allocation average,

Another variable of interest is the quota restriction places on the
optimal allocation. A natural quota is defined as the number of men that
would be assigned to a job if everyone were assigned so as to maximize
his individual performance without regard to quotas. In the case of equal
variances and intercorrelations among performance estimates, the natural
quotas are equal, i. e. , uniform. On theoretical grounds we can conclude
that the degree to which the quotas are perturbed from the natural is
related to the allocation average. However, the effect of this quota factor
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on the other relationships must be studied empirically. We see in Figure 6
the percentage quotas imposed on optimal allocation for the situation where
we have 16 jobs and where we simulate only 4 jobs. Note that the natural
or uniform quota for 16 jobs is . 0625. That is the proportion of the total
personnel pool that would be allocated to each job. For 4 variables it is
. 25. There are two considerations that determined the perturbed quotas.
The first was that we wanted at least one individual to be assigned to each
job, for both the 16 and 4 variables for each of the sizes of samples. The
second was that we wanted the ratio of the information measure that was
found to exist between the 4 and 16 variable situation, for the natural quotas,
to exist also for the perturbed quotas. We required that the uncertainty
of assigning men to jobs with 16 variables be twice that for assignment
with 4 variables for both the natural and perturbed quotas. The resulting
proportions indicated in the table were the result of the two considerations
mentioned above. Vie feel that in imposing these quota restrictions in
our experiment we are being realistic, in that the necessary perturbations
in the quotas in the actual operational conduct of the Army personnel system
would not be greater than this.

5
In order to study these effects, a 2 factorial experiment using

simulated performance estimates was designed. The five factors were:
(1) standard deviation of the estimated performance; (2) number of cases
in the sample; (3) number of variables; (4) number of score intervals;
and (5) quota restriction. Figure 7 indicates the various levels of the
five factors that were used. The performance estimate variables were
generated such that they had an expectation of . 70 for their intercorrelation.
For those samples that were randomly assigned to Level a of Factor 1,
the parent distribution was generated to have a standard deviation of 10;
for those assigned to Level b, the standard deviation was 20. Similarly,
those samples assigned to the first level of Factor 4 were transformed
to have 9 score intervals, while those assigned to Level b were transformed
to have 99 score intervals. The number of cases and variables represented
correspond to the level of Factors 2 and 3 to which the sample was assigned.
Those samples assigned to Level a of Factor 5 were allocated with uniform
quotas. Those samples assigned to Level b were allocated with perturoed
quotas. Thus we have a 25 factorial experiment in which there are 32
cells. The experiment was initially replicated 10 times. Three hundred
and twenty samples were generated from a simulated personnel pool and
allocated optimally to either 4 or 16 job categories. Figure 8 is a flow
diagram indicating the five steps in this experiment. In step 1, the matrix
X of normally distributed random numbers, was generated. In the second
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step, the matrix Y of continuous performance estimates, was derived
by multiplying the matrix X by the transformation matrix. The continuous
performance estimates were used in evaluating the allocations under the
various experimental conditions by averaging the estimated performance

o f men on the jobs to which they were assigned, In doing this, we used
the continuous performance estimates, since continuous performance
estimates yield an unbiased estimate of the actual performance of men ont
the job, whereas discrete performance estimates would have introduced a
slight bias. As may be seen from the arrow going from step 2 to step 5
in the graphical presentation, the continuous performance estimates were
used in the calculation of the allocation average. Inastep 3, the matrix
was derived by forming a discretr. performance estimate from the
continuous performance estimate. This was done simply by forming the 5:
scores into either 9 or 99 score intervals. Step 4, the allocation step, .... •

was accomplished by a computer program which optimally allocates men
to jobs by a linear program derived from the Hungarian Solution to the
transportation problem [8] . The average performance for men who are
thus allocated is then calculated, It is these allocation averages which W "

are subjected to the analysis of variance in this experiment.

We have put the analysis of variance to a slightly different use in
our experiment than is the usual case, Theoretical considerations in
this experiment dictate that we should expect significant differences
between the two levels of each of these five factors, We are not testing
to see if the null hypothesis should be rejected, but we are performing
the analysis of variance so that in the event that the main effects are
not significant, we can evaluate our simulation for its adequacy with
regard to the number of replications, Thus, the purpose of the analysis
of variance in this experiment is primarily that of evaluating the number
of replications that we used in our simulation. With 10 replications, four
of the five factors were highly significant at the . 001 level or less,
However, the effect of Factor 2, the number of cases in each simulated
personnel sample, was not significant, We then reuated the p•.rncr'
using as the level of Factor 2 different sizes of samples: 32 and 192.
We found that while there was a small difference, this difference was
"insignificant both statistically and practically, We conclude that when
allocating large quantities of men to jobs undsr the conditions specified
above, we are justified in sub-optimizing (random sampling the overall
sample into several subsample. and allocating each of the subsample.
optimally), In so doing, we may operate with less computer space with
little concern for the lose in allocation average,
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In Figure 9 we have shown the mean performance for the levels of

those factors that were found to be statistically significant. The results
indicated that the number of variables is the most important of the factors

of the experiment. We could increase the gain over random allocation
by 72% by increasing the number of criterion variables from 4 to 16. This
indicates that one of the most promising avenues of psychometric and
personnel research is to differentially predict more job categories or job
families than we are now doing. The number of score intervals factor
was a significant one as was the quota factor. However, the latter was
of no practical significance. We feel that we may continue to use natural
(or uniform) quotas in our research work and generalize our interpretation
of results to realistic situations where the quotas are not uniform.

The interactions of Factor 1 with Factor 4, and Factor 3 with Factor 4
were both significant at the . 01 level. The cell means for these two
interactions are found in Figures 10 and 11. It appears that the information
loss is considerably more crucial when we are dealing with 16 differential
job predictions than when we are dealing with only 4. The significant
interaction between Factor 1 and Factor 4 indicates that the loss in the
allocation average going from 99 score intervals to 9 score intervals is
much greater when the standard deviation is 10 than when it is 20. (Recall
that this was predicted from considerations of the amount of information
in the respective distributions. ) The results thus far indicate that:
(1) mean performance may be increased by increasing the number of
differential performance estimates, (Z) when attempting to do / 1, it is
important that all the information possible be retained in the score
distribution by using as. many score intervals as is meaningful, and
(3) in going from a 99 interval distribution to a 9 interval one, the loss
is doubled if the original standard deviation is 10 rather than 20.

These results may be evaluated from at least two points of view:
first, from that of an agercy dealing with actual score distributions, and
second, from the point of view of the test constructor. He looks at our
number of intervals factor as the rnuxmber of items in a test, since the
number of meaningful score intervals is related to the number of test
items. Furthermore, he may consider our standard deviation factor in
terms of the relationship between the standard deviation of a test and the
reliability and number of it-_ms in the test.
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Upon consideration of the factors mentioned above, an additional
experiment was designed. The factors to be studied and their levels are
indicated in Figure iZ. Ten samples of ZOO entities were assigned to each
of the eight cells of the design formed by the first three factors. Each
sample was optimally allocated and evaluated at each level of Factor 4.
For each sample, vectors of test scores were generated and transformed
to represent perfectly valid performance estimates.

Figure 13 represents by a flow diagram the steps followed in the
experiment. First, the matrix of n6rmal random numbers, X, was
generated. In step 2, X was transformed to a matrix of continuous test
variables. In step 3 the continuous test variables were formed which
were to be used in the evaluation of our allocations in step 8. In step 4,
the discrete test variables, G, were formed from the continuous test
variarles, matrix G, by creating either 20 or 40 discrete score intervals.
From G, the performance estimates, Y, were formed by the appropriate
regression equation. These performance estimates were used in allocating
the men to jobs in step 7. In step 6, the performance estimates were
transformed to stanine form and again the men were allocated to jobs and
the allocation was evaluated.

Note that this analysis of variance is a split plot analysis of variance
in which we can analyze the between-samples variance and the within-
samples variance. First, let us look at Figure 14, which reports the
results of the between-samples variance. The effect of intercorrelations,
reliability, and the inter-action between intercorrelations and reliability,
were all significant. The number of items was significant only at the .25
level, with 10 replications. We see from the analysis of the within-samples
variance (see Figure 15) that the score conversion factor was significant
and the score conversion-reliability, interaction was significant as were
the three factor interactions of score conversion, intercorrelation,
reliability and score conversion, reliability:, number of items. Let us
now look at the difference in the mean job performance for the two levels
of each of the four factors as indicated in Figure 16. It is of interest to
note that by reducing the intercorrelation among the test variables, a
great increase can be brought about in the allocation average (i. e. , mean
job performance). We see also, that the test reliability is an important
consideration. Let us note that the difference in mean performance for
the two different levels of number of items, apart from validity, inter-
correlation, and reliability, was in the direction that the larger the number
of items, the higher the allocation average. The difference across the two
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levels of score conversion (i. e. , no conversion vs. a conversion from the
score to the stanine) was also a significant one. As we look at the inter-
action between the inrtercorrelation among the test variables and the
reliability (see Figure 17), we see that the reliability is a more crucial
consideration when high intercorrelations prevail than when they are low.

Inasmuch as we did not find the num.ber of items to be a significant
consideration, we replicated the experiment for crucial cells Z0 more times.
In Figure 18, we see the results of that analysis of variance. We see that
the number of items is significant, and that the score conversion as well
is statistically significant. In looking at the means for that experiment,
we find that as we go from 40 items to 20 items, that is, when we cut the
length of the test in half, even if we would keep the reliability of the test
the same and the validity of the test the same, we would lose approximately
816 of our gain over random allocation of men to jobs.

The results of this work indicate that the use of caution is warranted

in advocating the use of shorter tests in optimal differential classification,
even if the shorter tests retain the reliability and validity of the longer
tests, especially if the reliability of the tests is closer to . 7 than to .9.

This and other research currently in progress has impact on the planning
of further test development research and on the operational handling of
test scores and performance estimates. Furthermore, it demonstrates
that simulated experiments can yield information concerning possible
trade-off between allocation average, testing costs, and the relative costs
of test development. Even more efficient experiments could be done to
estimate the magnitude of differences by employing variance reduction
methods. One, the regeneration of the same sample transformed for
each cell in the design, would be especially appropriate for this type of
study. It was not used in this project because thl model for analysis of
variance does not provide for a residual estimate of variance. Future
projects will employ variance reduction techniques.
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FLIure 1. Discrete distributions resulting from continuous distributions with
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