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FOREWORD

The theme of the Thirteenth Conference on the Design of Experiments
in Army Research, Development and Testing, as suggested by Dr. Walter Foster,
was ""Design and Analysis for Engineering Experimentation'. This was a very
appropriate theme in the light of the recent activities of the two hosts for
the meeting. This conference was held at Fort Belvoir, Virginia, on 1-3
November 1967, and the U.S. Army Mobility Equipment Research and Development
Center served together with the U.S. Army Engineer Topographic Laboratories
as joint hosts. The Army Mathematics Steering Committee, sponsors of these
meetings on behalf of the Office of the Chief of Research and Development,
would like to thank these two agencies for so ably serving the conference in
this capacity. A large number of persons at Fort Belvoir helped with the
various details needed to run a meeting of this size. We would like to
express the thanks of the attendees for the many courtesies shown them. In
particular, their thanks are due to Mr. James B, Duff, Chairman on Local
Arrangements, for his excellent execution of the many detaila needed to
make the symposium run smoothly.

The invited speakers for the conference featured five nationally
known scientists, Their names and the titles of their addresses are noted
below:

Regression Analysis
Professor Francis J. Anscombe, Yale University

Some Comments on Matching
Professor K.A. Brownlee, University of Chicago

Some Statistical Methods in Machine Intelligence Research
Professor I.J. Good, Virginia Polytechnic Institute

Maximum Likelihood Estimation of Reliability
Dr. Frauk Proachan, Boeing Company

Data Analysis
Dr. M.B. Wilk, Bell Telephone Laboratories

In addition to these talks, there were 29 contributed papers which covered
a wide range of design and statistical problems. Following the banquet,
which was held at the Officers' Club, it was my pleasure to present the
Third Wilks Memorial Medal to Professor William G. Cochran of Harvard
University. We are pleased to be able to include in these Proceedings

Dr. Cochran's acceptance speech.

This volume of the Proceedings contains 26 of the papers which were
presented at this meeting. The Army Mathematics Steering Committee has
asked that these articles on modern principles on the design of experiments,
together with the application of these ideas, be made available in the form
of this technical manual. Members of this committee take this opportunity
to express their thanks to the many speakers and other research workera who
participated in the conference.
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The conference had an attendance of 173 acientists; and 71 organizeiions
were represented., Speakers and panelists came from Yale University, University
of Chicago, North Carolina State University at Raleigh, the National Institutes
of Health, Harvard Computing Center, University of North Carolina at Chapel Hill,
University of Georgia, Cornell University, University of Wisconsin, Boeing
Sclientific Research Laboratories, Stanford University, Duke University, Virginia
Polytechnic Institute, Stanford Research Insti‘ute, the National Acromautics

and Space Administration, Bell Telephone Laboratories, and fourteen Army
facilities.

Lieutenant Colonel John H. Cain, Deputy Commander of the U,S. Army Mobility
Equipment Research and Development Center, and Lieutenant Colonel William R.
Cordova, Deputy Commander of the U.S. Army Engineer Topographic Laboratories,
both welcomed members of the conference to Fort Belvoir. Their comments to
those in attendance contained many interesting statements about the work being
performed by the host installation. Their remarks are printed here for the
benefit of those who did not have an opportunity to attend the symposium.

The Chairman wishes to take this opportunity to thank members of his
Advisory Committee (Cuthbert Daniel, F.G, Dressel, Walter D, Foster, Fred
Frishman, Lawrence Gambino, Bernard Greenberg, Bernard Harris, Boyd Harsh-
barger, J.S., Hunter, William Kruskal, H.L, Lucas, Jr., Clifford Maloney, and
Frank Robertson) for their aesistance in formulating the agenda and their
help in selecting the invited speakers,

Frank E., Grubbs
Conference Chailrman




e
e

S

e e o e 42

WRT.COMR REMADYE

LTC John H. Cain

Good morning, ladies and gentlemen!

I am Colonel Cain, deputy commander of the U.S. Army Mobility Equipment
Research and Development Center, your co-host for this three-day meeting.
Speaking on behalf of Colonel 0'Donne!l, the Center's commanding officer, I
am happy to welcome you here today.

I want to thank the Army Mathematics Steering Committee for sponsoring
its 13th annual Conference on the Design of Experiments at the R&D Center.
It gives 80 many more of our people an opportunity to become acquainted with
the latest in gtatistical and mathematical methods for application in their
scientific and engineering work.

Since the R&D Center is both co-host and participant I would like to
take a few minutes to acquaint you briefly with its mission and facilitiee.

The Center [see the first of the following figures]) was for 20 years,
until two months ago today to be exact, the Engineer Research and Development
Laboratories. The change in name, however, in no way changed its location
in the Defense chaiir shown here. Now, as then, the Center 1s THE R&D agency

of the Mobility Equipment Command in St. Louis, a major sub-command of the
Army Materiel Command.

Our misaion [second figure] remains the same, and in each aspect, from
research thru engineering for procurement, the goal remains the ultimate in
nobility equipment for the Army.

To achisve this goal [third figure] the Center engages in R&D in some
13 arcas. You can see from the diversity of these fields of endeavor, that
a wide range is offered for design of experiments.

Our organization, as shown here [fourth figure] features four R&D
Laboratories: Military, Electro, and Mechanical Technology, and Intrusion
Detection and Sensor. The Engineering Laboratory prepares technical data
packages which give industry the specifications, drawings and other informa-
tion it needs to build quality mobility equipment in quantity.

Some 1400 ecientific, angineering and support personnel are employed
at the Center [last figure]. The main physical plant is just down the road
a piscs. Approximately 30 permanent structures on a 240-acrea site house of
the best R&D facilities in the country. Additional test facilities are
supplied at the 900 acre annex on Belvoir's North Area.

The Center, you will note has several tenants. One of these, the
U.8. Army Engineer Topographic Laboratories, is co-host for this confarence.

To give ETL a chance to add its walcome, I will close now with best
wishes to Chairman Dr. Frank E. Grubbs and to all of you for a lucky 13th.

il
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WELCOME REMARKS
LIC wWililiiam R, Cordova

Thank you Colonel Cain.

On behalf of Colonel Anderson, the Commanding Officer of the U.S. Army
Engineer Topographic Laboratories, I take pleasure in welcoming you this
morning.

I might begin by saying that we too have had a recent name change, prior
to 28 July 1967 being known as the U.S. Army Engineer, Geodesy, Intelligence
and Mapping Research and Development Agency, the acronym being GIMRADA.

The mission of USAETL 1is as follows:

The U.S. Army Engineer Topographic Laboratories (ETL) is a Class II
activity under the Chief of Engineers. It is the principal field activity
of the Corps of Engineerg for the accomplishment of research and development
of equipment, procedures and techniques in the specific field of geodesy,
military geography and mapping for application both to troop and to base
plant operations., The Chief of Engineers may assign work to these Laboratories
under research and development projects utilizing either RDT&E funds or other
appropriate funds.

Our research and development program ia Mapping and Geodesy includes
activities within the entire spectrum from bacic research through exploratory
development, advanced systems development and finally engineering development,
where a particular system or item is engineered for production and service uge.

Our primary goals are as follows:

a. Develop the capability to provide current and adequate 'Terrain
Data'" when and where needed for military purposes.

b. Minimize the geodesy and gravity portion of the error budget
of weapons and missiles systems.

¢, Maintain superiority in technology to be able to project the
state of art and to provide meaningful forecasts to customers.

The USAETL organization is comprised of two major technical operating
elements:

a. The Ressarch Institute, which conducts bssic and applied research
and individually oriented exploratory development involving the
disciplines related to mapping and geodstic sciences, is located in
GSA rental space in Alexandria, Virginia. I believe a number of you
know Mr, Larry Gambimo of the Research Institute who will be presenting




a paner at this session. f

b. Our Mapping and Geographic Sciences Laboratory, which conducts Lo
feasibility studies, design, development and tests and evaluation .

of systems, equipment and techniques in the specific fields of
mapping, geodesy and geographic sciences, 1s locited within the
MERDC area along with the Headquarters and support offices. We
currently have 28 trailera. The Chief of Engineers has approved
a site on the North Fort Belvoir Post for our new building which
we hope to get approved in the FY 69 budget.

I hope this very brief presentation has given you a general feel for
our mission, goals and work. If I can be of assistance to any of you, please
stop by my office.

Thank you very much. I hope you have an enjoyable and fruitful conference.
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THIRTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS
IN ARMY RESEARCH, DEVELOPMENT AND TESTING :

1-3 November 1967

Wednesday, 1 November
0800-092¢ REGISTRATION - Main Lobby of Humphrey's Hall

) §
! 0900-0915 OPENING OF THE CONFERENCE - Auditorium of Humphrey's Hall &

James B. Duff, Chairman on Local Arrangements, U.S. Army ;?
Mobility Equipment Research & Development Center :

T WELCOME

Colonel Edwin T. O'Donnell, CE, Commanding Officer
U.S. Army Mobility Equipment Research & Development Center
and o
Colonel Edward G. Anderson, CE, Commanding Officer ;
U.S. Army Engineer Topographical Laboratories

0915-1130 GENERAL SESSION 1 - Auditorium*
Chairman: Dr, Walter D. Foster, Biomathematics Division,

U.S. Army Bilological Laboratories, Fort Detrick, Fraderick,
Maryland

REGRESSION ANALYSIS

Professor Francis J. Anscombe, Department of Statistics,
Yale University, New Haven, Connecticut

SOME COMMENTS ON MATCHING

\
Professor K.A. Brownlee, Statistics Research Center, University
of Chicago, Chicago, Illinois

1130-1300 LUNCH
1300-1500 CLINICAL SESSION A - Auditorium

Chairman: Joseph Weinstein, Electronics Components Laboratory,
U.5. Army Electronics Command, Fort Monmouth, New lJersey

Panalists:
Francis J. Anscombe, Yale University
Cuthbert Daniel, Private Consultant, New York, N.Y.
Frank E. Grubbs, U.S. Army Ballistic Ressarch Laboratories
William Kruskal, University of Chicago
H.L. Lucas, Jr., North Carolina State University
Clifford J. Maloney, National Institutes of Health

% f #All sessions of the conference will be held in Humphrey's Hall. Lunches will be
‘ | served in Mackenzie Hall.
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1300-1500

1300-1500

Wednesday (Continued)
ON METHODS OF OPTIMIZATION OF A MULTIOBJECTIVE SWRVEY

John C. Atkinaon, Harvard Computing Center, Madical Branch,
Boston, Massachugetts

COMPONENTS OF VARIANCE OF A LINEAR FUNCTION IN REPEATED TRIALS

Walter D. Foster, Biomathematics Division, U.S. Army
Biological Laboratories, Fort Detrick, Frederick, Maryland

TECHNICAL SESSION I - Room 2E

Chairman: Cyrus Martin, Quality Assurance Group, U.S. Army
Engineer Topographic Laboratories, Fort Belvoir, Virginia

THE DERIVATION OF THE OPERATING CHARACTERISTIC CURVE OF A SKIP
LOT SAMPLING PLAN :

Allen C. Endres, U.S. Army Ammunition Procurement and Supply
Agency, Joliet, Illinois

A MODEL FOR THE FORMULATION OF QUALITY INCENTIVE CLAUSES FOR ITEMS
PROCURED ACCORDING TN ACCEPTANCE CRITERIA INVOLVING SINGLE SAMPLING
PLANS BY ATTRIBUTES

Roger R. Rymer and Eugene Dutoit, Picatinny Arsenal, Dover,
Naw Jersay

OPTIMUM SAMPLING PLANS FOR GRADING BINOMIAL POPULATIONS
Paul B. Nickens, Surveillance and Reliability Laboratory,
Ballistic Resaarch Laboratories, Aberdeen Proving Ground,
Maryland
TECHNICAL SESSION II - Room 2F

Chairman: Frank Robertson, U.S., Army Mobility Equipment
Ressarch and Dsvelopment Center, Fort Belvoir, Virginia

METHODOLOGY OF ASSESSMENT OF BIOCELLULAR REACTIONS TO ABSORBED
ENERGY

George I. Lavin, Terminal Ballietic Lsboratory, U.S. Army
Ballistic Research Laboratories, Aberdeen Proving Ground,
Maryland

THE EFFECT OF INVENTORY FORECASTING UPON SUPPLY EFFECTIVENESS

Patsy Courtney, U.S. Army Aviation Materiel Command, St, Louis,
Missouri
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1500-1530

1530-1700

1530~1700

1730-1830
1830~

wAttendems will not be able to return to motsls unless they have thair owm
transportation.

Hedneaday (Continued)
THE ABBA SEQUENCE: A SEQUENTIAL PROCEDURE FOR fOMPARYSAM TESTING

Arthur Pillersdorf, Ballistic Research Laboratories, Aberdeen
Proving Ground, Marvland

BREAK
TECHNICAL SESSION III - Auditorium

Chairman: Gideon A, Culpepper, Missile Test and Evaluation
Control Division, White Sands Missile Range, New Mexico

ON EXPECTED PROBABILITIES OF MISCLASSIFICATION IN DISCRIMINANT
ANALYSIS

P.A. Lachenbruch, School of Public Health, Department of
Biostatistics, University of North Carolina, Chapel Hill,
North Carolina
INTRA-PROFILE VARIANCE

Cluude F. Bridges, Institutional Research Division, Office
of Research, U.S. Military Academy, West Point, N.Y.

TECHNICAL SESSION IV = Room 2E

Chairman: Henry Ellner, Quality Assurance Directorate,
U.8., Army Materiel Command, Washington, D.C.

A STATISTICAL TEST OF TWO HYPOTHETICAL RELIABILITY GROWTH CURVES
OF THE LOGISTIC FORM IN THE DISCRETE CASE

William P. Henke, Resaarch Analyasis Corporation, McLean,
Virginia . '

ON FITTING OF THE WEIBULL DISTRIBUTION WITH NON-2ERO LOCATION
PARAMETERS AND SOME APPLICATIONS

Oskar M. Essenwanger, Physical Sciences Laboratory, Ressarch
and Development Division, Redstons Arsenal, Alabama

SOCIAL HOUR - Mackenzie Hall (Officer's Club)*
Banquet - (As above)

Presentation of the Samual S. Wilks Memorial Award




Thursday, 2 November
0830~1000 CLINICAL SESSION B - Auditorium

Chairman: A.C. Cohen, Department of Statistics, University
of Georgia, Athens, Georgila

! Panelists:

) Robert Bechhofer, Cormell University

Cuthbert Daniel, Private Consultant

Bernard Harris, Mathematics Research Center, U.S. Army
Henry Mann, Mathematics Research Center, U.S. Army
Frank Proschan, Boeing Scientific Research Laboratories
Herbert Solomon, Starfo.d University

DETERMINATION OF TBO BY WEIBULL PROBABILITY PARAMETERS FOR
REPATRABLE COMPONENTS

John L. Mundy, U.S. Army Aviation Materiel Command, St. Louis,
Missouri

' 0830-1000  TECHNICAL SESSION V - Room 2E

Chairman: RnymoquSchnell. U.S. Army Chemical Corps, Edgewood
Arsenal, Maryland

; A TECHNIQUE FOR INfERPRETING HIGH ORDER INTERACTIONS

Malvin O. Braaten and John Tonzetich, Duke University,

0 : Representing Shaw Air Force Base, South Carolina, and the

' ' North Carolina Operations Analysias Standby Unit, University
! ! of North Carolina, Chapel Hill, North Carolina

A SIMPLIFIED METHOD FOR FINDING OPTIMUM EXPERIMENTAL DESIGNS

Melvin O. Braaten, Duke University; Ray L. Miller, Jr., Shaw
Air Force Base, South Carolina; Fred W. Judge, Wood-ILvey
Systems Corporation, Winter Park, Florida. Representing
' _ Shaw Air Force Base, S.C., and the North Carolina Uperations
; - Analysis Standby Unit, University of North Carolina, Chapel
. Hill, North Carolina

| 0830-1000 TECHNICAL SESSION VI - Room 2F

Chairman: Erwin Biser, U.S, Army Electronics Command, Fort
Monmouth, New Jersey

- DEFINITIVE CALIBRATION OF AN AERIAL CAMERA IN ITS OPERATING
i ENVIRONMENT .

Lawrence A. Gambino, U.S. Army Topographic Laboratories,
Fort Belvoir, Virginia

avitl
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Thursday (Continued)

DESIGN AND ANALYSIS OF A STATISTICAL EXPERIMENT ON HIGH VOV.TACE

RREAVROLY IN VaCGUH

M.M. Chrepta, G.W. Taylor, and M.H. Zinn, U.5. Army Electronics
Command, Fort Monmouth, New Jersey

1000-1030 BREAK

1030-1130 TECHNICAL SESSION VII - Auditorium

Chairman: Henry Dihm, Advanced Systems Laboratory, Directorate }
of Research and Development, U.S. Army Missile Command,
Redstone Arsenal, Alabama :

A MODERATELY DISTRIBUTION FREE TECHNIQUE FOR SMALL SAMPLE RELIABILITY
ESTIMATION

Michael G, Billings, U.S. Army Chemical Corps, Dugway Proving
Ground, Utah

1030-1130 TECHNICAL SESSION VIII ~ Room 2E

Chairman: Agatha Wolman, U.S5. Army Strategy and Tactics Group,
Bethesda, Maryland

USE OF REFERENCE COMPONENT MIXTURE DESIGNS IN A CALIBRATION
APPLICATION

Raymond H. Myers, Department of Statistics, Virginia Polytechnic
Institute, Blacksburg, Virginia, &nd

Bernard J. Alley, U,S. Army Missile Command, Redstone Arsenal,
Alabama

1030-1130 TECHNICAL SESSION IX - Room 2F

Chairman: Joseph Mandelson, Quality Evaluation Divisionm,
Quality Assurance Directorate, U.S. Army Edgewood Arsenal,
Maryland

DEVELOPMENT OF AN IMPROVED MODEL FOR ACOUSTIC SOUND RANGING

Robert P. Lee, Atmospheric Sciences Office, U.S. Army Electronics
Command, White Sands Missile Range, New Mexico

AN EXPERIMENT ON THE METEOROLOGLCAL EFFECTS ON SOUND RANGING

William H,. Hatch: Atmospheric Sciences Office, U.S. Army
Electronics Command, White Sands Missile Range, New Mexico

1130-1300  LUNCH ;
’




Thursday (Continued)

1300~-1520 CLINICAL SESSION C - Auditorium
fLodwman: Uawnld Faocharae Reasarch Analvsia Corvoration.

- . el L oo Tl
FELe et o

McLean, Virginia

Panelists:

Robert Bechhofer, Cornell University .
0.P. Bruno, U.S. Army Ballistic Research Laboratcries !
A.C. Cohen, University of Georgia ]
Walter D. Foster, U.S. Army Biological Laboratories (
Boyd Harshbarger, Virginia Polytechnic Institute i i
H.L. Lucas, Jr., North Carolina State University ; ;
Herbert Solomon, Stanford University ' F

. i

PARAMETERS IN R&D IN RELATION TO COST/ACCURACY INVESTIGATICN

" Robert G. Conard, Systems Evaluation Branch, Advanced Systems
Laboratory, Research & Development Directorate, U.S. Army ﬁ
Missile Command, Redstone Arsenal, Alabama !

ON EXPERIMENTS CONCERNED WITH THE SAMPLING DISTRIBUTION OF f
LANCHESTER'S PARAMETERS i
B ]

David R. Howes, U.S. Army Strategy and Tactics Analysis Group, : }
Bethesda, Maryland : . n

1300-1520 TECHNICAL SESSION X - Room 2F

|
Chairman: William W, Wolman, Traffic Systems Division, Office ,
of Research and Development, Bureau of Public Roads, Washington, ;

D.C.
ESTIMATES OF P(Y < X) AND THEIR APPLICATION TO RELIABILITY i
PROBLEMS FOR BOTH CONTINUOUS AND QUANTAL RESPONSE DATA @
' i

Bernard Harris and J.D. Church, Mathematics Resecrch Center,
U.S. Army, University of Wisconsin, Madison, Wisconsin .
]

NUMBERS NEEDED FOR DETECTING IMPORTANT DIFFERENCES IN CHI-SQUARE
TESTS |
C.J. Maloney, Division of Biologics Standards, National Institutes ]

of Health, Bethesda, Maryland, and F.M. Wadley, Consultant, .
U.S. Army Biological Laboratories, Fort Detrick, Frederick, Md. i

ON A STATISTICALLY CONSLISTENT ESTIMATE OF AN AVERAGE CUMULATIVE
QUANTAL RESPONSE FUNCTION

George W. Evans II, and Robert C. McCarty, Stanford Research
Institute, Menlo Park, California. Representing the U.S.
Army Research Office-Durham i

1300-1520 TECHNICAL SESSION XI - Room 2E

See next page '
!




1520-1550

1550-1700

0830-0915

0925-1200

Thursda ontinued

Chairman: Joseph M. Cameron, Statistical Engineering Labecratory.

Naiilonal bureau ot Standards, Gaithersburg, Maryland

DESIGNS OF EXPERIMENTS AS TELESCOPING SEQUENCES OF BLOCKS

Arthur G, Holms, National Aeronautics and Space Administyatcion,
Lewis Research Center, Cleveland, Ohio

ON A CLASS OF NONPARAMETRIC TESTS FOR INTERACTIONS IN FACTORIAL
EXPERIMENTS

P.K. Sen, School of Public Health, Department of Bicstatistice,
University of North Carolina, Chapel Hill, North Carolina

ON THE RANK MOD p OF THE DESIGN MATRIX OF A DIFFERENCE SET

Jessie MacWilliams, Bell Telephone Laboratories, Murray Hili,
New Jersey, and Henry B8, Mann, Mathematics Research Center,
U.S. Army, University of Wisconsin, Madison, Wisconsin

BREAK
GENERAL SESSION 2 - Auditorium

Chairman: Professor Boyd Harshbarger, Department of Statistics,
Virginia Polytechnic Institute, Blacksburg, Virginia

SOME STATISTICAL METHODS IN MACHINE INTELLIGENCE RESEARCH

Professor I.J. Good, Department of Statistics, Virginia
Polytechnic Institute, Blacksburg, Virginia

Friday, 3 November
GENERAL SE3SION 3 =~ Auditorium
OPEN MEETING OF THE AMSC SUBCOMMITTEE ON PROBABILITY AND STATISTICS
Presided over by: Dr. Walter D. Foster, Biometric Division,
U.S. Army Biological Laboratories, Fort Detrick, Frederick,
Maryland
GENERAL SESSION 4 - Auditorium
Chairman: Dr., Frank E. Grubbs, Chairman of the Conference,
Ballistic Redearch Laboratories, Aberdeen Proving Ground,
Maryland :
MAXIMUM LIKELIHOOD ESTIMATION OF RELIABILITY
Dr. Fraak Proschan, Mathematics Research Laboratory, Boeing

Scientific Research Laboratories, Headquarters, Offices the
Boeing Company, Sesttle, Washington

| e —————




Friday (Continued
BREAK '

DATA ANALYSIS (tentative title)

? Dr. M.B. Wilk, Statistics & Data Analysis Research Department,
Bell Telephone Laboratories, Murray Hill, New Jersey
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RECRESCION LNALI5I5 LN IHE COMPUTER AGE

F.J. Anscombe
Department of Statistice
Yale University
New Haven, Connecticut

1. INTRODUCTIGN. The commonly used methods of statistical analysis took
much of their present-day form in the period of rapid development of statistical
science between the two world wars. They were conditioned, more than perhaps is
generally realized, by the principal computing resource of that period, the
desk calculator. Thay give just about the bast return possible for the amount
of effort that a human being equipped with a desk calculator could reasonably
(or even a little unreasonably) bs expected to invest in & statistical analysis.

Now that our computing regources are enormously greatar, ws nsad not contenmt
ourselves with merely following the procedures suitable for the dask calculator.
Almost anything we might ask for can be had at very little cost. What can we

make use of? What sorts of calculations and output will give us most understanding,
least misunderstanding?

Our extended computing powers can affect statistical methods in two ways.
First, we are able to make better use of traditional methods, or of methods
closely related thereto. Above all, we can now afford to ask freely for scatter-
plots. These are tedious to construct by hand, but trivial with a computer. We
can also demand the calculation of residuals, to test agreement of the data
with assumptions underlying the method of analysis. We can afford to make
transformations of variables and repeaat analyses, to see if agreement is improved.

Second, we can consider methods of analysis that are radically different
from traditional methods and involve much hesavier computation. The great majority
of traditional statistical analysis comes under the heading of '"least squares"
== regression, analysis of variance, and analogous procedures liks the analysis
of contingency tables by x2. The least squares principle was originally advocated
by Laplace and Gauss & century and a half ago because they thought no other method
of combining observations would be computationally feasible. Now there are many
other possibilities, and these should be explored.

This paper has the modest purpose of illustrating a few features of atatia-
tical analyais in the computer age. A set of gunnery readings, to which
traditional regression analysis is applicable, 1s examined.

Section 2 contains & brief digression on computing. In seaction 3 traditional
regression methods ars exemplified in their modern guise. In section 4 a non~
traditional analysis is briefly reported.

This research was supported by the Aruy, Navy, Air Force and NASA under a
contract administered by the Office of Naval Research, Reproduction in wholae
or in part is permitted for any purposs of the United States Government,

.....




{

Wilk's paper [5] further exemplifies the impact of the computer on
statistical analysie.

2. STATISTICAL COMPUTING. The computer has not so far had the prcfound
effect on atatistics that it -has had on some other fields of science and
technology. The reason is perhaps that good statistical analysis is done
in steps. " Methods must be adjusted to fit the data; the adequacy of o
theoretical descriptions of "models" must be assessed. This requires inter-
action between the investigator and the computer. Fixed program packages are
not altogether satisfactory, \

An explosive development of statistical science can be expected once
programming can really be done by any interested person, without a large
preliminary inveatment of time in mastering a computer language and without
much time spent in actual coding. What makes programming so tedious in
FORTRAN and other commonly used languages is the negotiation of arrays.
Arithmetical operations are required, not just on individual numbers, but
on whole vectors or matrices; and in these languages such operations must
be spelled out in loops. Succegsful attempts have been made to relieve the
intolerable tedium with special computing systems for vectors and matrices.

I have had access to an experimental implementation of Iverson's
programming language known as APL [3,4), at IBM's Thomas J. Watson Resecarch
Center, Yorktown Heights, N.Y. APL is running as a coding language for
computation in conversational mode through typewriter terminals. Though
the language was not originally developed for statistical work (but rather
for the precise and concise expression of any algorithms), it is in fact
well adapted to statistical purposes. Two salient reasons are:

(1) APL was designed at the outset to handle (almost indifferently)

\ . scalars, vectors, matrices and rectangular arrays in any number of dimensions.
‘ All the basic arithmetic operations can be performed on arrays just as well
as on scalars, without any loop written in the program. Programs in APL
therefore tend to contain few loops. The programmer 1is encouraged to think
of array operations as entities without a logically irrelevent internal
sequence; this 1s aesthetically pleasing, even illuminating.

(11) There is a high degree of consistency in APL. Syntax is governed
ruthlessly by a very few simple rules. Once the basic vocabulary is learned,
o the language is easy to remember. There is a remarkable absence of arbitrary
o features that require frequent reference to the manual. The language there-
fore has a peculiar dignity and reasonableness. One feels it 1s worth learnirg.

I have elsewhere [2] prepared a description of APL, with illustrations
of its use in statistical work. The above remarks are abstracted from that
article.

This implementation of APL as a computer coding language is not yet
aveilable for general use. Something like it must surely become available
eventually, hopefully soon., I am confident that it will have a profound
influence on the development of statistics. The computations mentioned
below were done through an APL terminal.




~we shall begin by considering a linear combination of the predictor variables,

3. LEAST-SQUARES RRGRESSION. The data used for this study of regression
methods were kindly supplied by Dr. Frank E. Grubbs, of the U.S. Army
Ballistic Research lLaboratories, Aberdeen Proving Ground. They relate to
some 175 mm. gun firings. In Table 1 we sme the following information for
35 rounds: Range (metres), Projectile Weight {1b.), Muzsle Velocity (f.p.s.),
and four itema of weather information taken at the maximum ordinate of the
trajectory, namely Temperature (deg. C), Air Densicy (kgm/1000), Range Wind
and Cross Wind (both in metres per second divided by 10)., The first 24 rounds
were fired on one day, between 13.07 and 15.13 hrs. The remaining 11 rounds
were fired the next day between 10.57 and 11.33 hrs.

Let us perform a regression analysis of Range as dependent variable on
the other six variables as predictors (or “independent" variables). As usual,

and then later consider the possibility of a nonlinear function.

The traditional first step in such a regression analysis is to calculate
the matrix of sums of squares and products of deviations of the seven given
variables from their means, and then perhaps note various correlation coefficients.
What 1is considerably more informative than the correlation coefficient between
two variables, and juat as easily obtained from the computer, is a scatter plot
of the two variables against each other. Bafore ever any regression is
calculated, a good deal of insight can be obtainad by looking at a few such
scatter plots, Here we should expact Muzzle Velocity to have a substantial
predictive effect on Range, as is verified by plotting these against each other.
S0 plots of the other predictor variables against Muzzls Velocity are of
interest. One such plot is shown in Figure 1%, where Cross Wind is the other
variable. We shall see that Muzzle Velocity and Cross Wind turm out to be

the only two effective predictors, and in rvetrospect this diagram is the most
revealing. .

The diagram shows more of tha relation between Cross Wind and Muz:la
Velocity than is conveyed by the simple correlation cosfficient (which happens
to be about 0.27). As that corralation coefficient indicates, the two variables
are only slightly related, so far as the calculation of linsar regression is
concerned. But if we should wish to calculate a nonlinear prediction surface
with these two variables, it becomes ralevant to notice that wheress the
abscissas (M.V.) are distributed rsther uniformly over an interval, the
ordinate (C.W.) are clustared in two bands with a aizable gap between. We
shall be able to estimate a quadrastic response to M,V., and also a cross-
product responge (interaction bstween both variables), relativaly well, but

*The plotting code in the figures is as follows: one observation is repre-
sented by a small circle, two coincident observations by a plus sign, threa

or more coincident obssrvations by a star. The axes are shown by cyosses;
zero is marked if it occurs.

No machine works perfectly all the time. When I ran off thesa figures
the terminal ghowed an occasional wobble in tha left margin. The fsult seemed
too trivial to warrant repetition on another tarminal.
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FIGURE 1.,  (ROSS WIND AGAINST MUZZLE VEIOCITY

e vy s —




a quadratic response to C.W. less well than 1f the points in the diagram had
been more uniformly distributed between the same extremes.

The six predictor variables are apparently uncontrolled. There is no
indication of any deliberate variation in the Projectile Weight or Muzzle
Velocity. These could have been intentionally varied, but something approaching
an orthogonal pattern of joint varfation would presumably have been adopted.

The weather characteristics were apparently not deliberately varied either,
gince the rounds were fired in two short series one afternoon and the following
morning. We shall not therefore be surprised to find that some of the variables
have no detectable relation to the "dependent" variable Range, even though we
may believe that with wider variability and more numerous observations each
variable would be seen to have an effect.

In such a sitvation a step=by-step procedure of introducing one variable
at a time into the regression relation suggests itself. A simple computational
routine, easily programmed, goes like this. Each time a new predictor variable
is8 introduced, not only the dependent (Range) vector but all the other so-far-
unused predictor variables are replaced by their projections at right-angles
to the designated predictor vector. All these vectors become vectors of
residuals. By the eand of this process, if all the predictor variables are used,
the matrix of their values will have been completely orthogonalized -- but we
shall not necrssarily go this far. Each variable has been read to only limited
precision (Projectile Weight generally te 0.1 lb. apparently, Muzzle Velocity
tol f.p.s., Temparature to 0.1 deg. C, etc.) If at any stage the corresponding
vector of reeiduals shows little more variability than this round-off error, that
variable should be dropped from further consideration. Usually we shall wish
not to introduce any variable into the regression relation unloas its presence
causes a percaptible lowering of the residual mean square., (The objectives
of stepwise regression and possible methods of procedure have been discussed
in the literature -~ for references see [1].)

The single variable that shows most relation to Range is Muzzle Velocity,
and after regression on that has been performed the naxt most related variabla

is Cross Wind., The effects iay be summarized in the following analysis of
variance of Range: '

TABLE 2. Analysis of Variance of Range

Sum of squares D.JE. Mean aquars
Mugzzle Velonity 239416 . 1 239416
Cross Wind (after M.V.) B6169 1 86169
Residual 143946 32 4498
e —————— —
Total about mean 469532 34 13830

The corresponding formula for predicting Rangs is

9-227 (M.V.) - 19-5 (C.W.) - 7687. (1)
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That is about all that seems to be worth doing in the way of simple linear
regression on the available predictor varisbles. The further reduction in the
residual sum of squares due to introducing any of the other variables is slight.
(Each of the variables has a aubstantlally greater residual mean square, after
regression on M.V. and C.W., than would be caused merely by the apparent round-
off error in the readings, and so would be usable.)

At this stage it is advisable to make scatterplots of the Range residuals®
againgt (a) the fitted values for Range given by the expression (1) above, and
(b) each of the original six predictor variables in turn. The plot against
Cross Wind suggests a nonlinear dependence of Range on Cross Wind. This plot
and also the plot against Muzzle Velocity suggest that the reaidual variance
of Range is perhaps changing progressively with these variables.

Now if Range depends on Muzzle Velocity and Cross Wind, it .need not do
so merely linearly. In fact, theory suggests that C.W. should have a quadratic
effect., Three more "indepandent" variables were brought into consideration,
the squares of M.V, and of C.W. and their product. Of these new variablas,
only one, the square of C.W., has a mildly “significant" effect, after the
linear regression on M.V. and C,W, already performed. As we saw from Figure 1,
the peculiar distribution of the C.W. values does not permit ua to determine
the shape of the response of Range to C.W. very well, Since theory predicts a
quadratic effect we are encouraged to allow for it and replace the "Residual
line in Table 2 above by the following two lines:

TABLE 3., Detail in Analyais of Variance of Range

Sum of squaras D.£, Mean square
C.W, squarad (after M,V, and C.W,) 16360 1 16360
Reaidual 127587 31 4116

The corresponding formula for Range isg
9,224 (MLV.) ~ R.4 (C.W.)2 - 52,3 (C.W.) - 7645 (2)

The effect of Cross Wind is apparently to reduce Range by an amount proportional
to (C.W. + 3.1)2, The reduction is not proportional to the simple square of C.W.

Figures 2, 3, 4 show scatterplots of the new Range residuals (after
regression on M.V., C.W. and C.W, squared) againat fitted values, M.V., and
C.W., respectively, Thay are reasonably satisfactory. We are left with a
suggestion that the residual variance of Range is not constant, or possibly
that the distribution of the Ranga errors ls nonnormal (slightly leptokurtic).

"Rather than plot aimple residuals one may plot what are known as standardized
residuals, in which allowance is made for the different weights arising from
the least-squares fitting. In the present case, changing from simple to stan-
dardized residuals makes no perceptible difference in the scatterplots.
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Sometimes in regression studies it is profitable to conafder maling
Sinupic iiansfiormations ot the variables. Here, Range and Muzzle Velocity
have such small percentage variabilities that no modest power transformation
of them, such as asquaring or taking logarithms or reciprucals, can noticeably
affect the behavior of their residuals. In the absence of some suggestion
from theory of a more drastic transformation, we do not pursue the idea.

What have computer facilities done for this regression study that was
not available to the desk calculator operator? Any desk calculator man who
was willing to contemplate six independent variables in regression, using
traditional procedures, would no doubt have reached much the same conclusions,
What we have gained, in addition to ease and apeed, 1s some assurance, based on
liberal inspection of scatterplots (only a few of which are reproduced here),
that our final regression relation fits the data fairly well. That assurance
was not provided by desk-calculator practices. When we examine the goodness
of fit of a regression relation in this way, we sometimes find clear evidence
that a different sort of regression relation ought to be tried instead. Here,
on the contrary, the evidence supports the sort of regrasssion relation we
began with., What wa first think of is not always bad!

4, UNORTHODOX REGRESSION. The method of least squares would be a
theoretically parfect means of eliciting information from the observations
if we could know that the form of the regression relation being fitted was
corract and that the "error" part of the dependent variable, the part not
explained by the regression relation, was a random variable independently
normally distributed with zero mean and constant variance. When these ideal
conditions are not satisfied, the least squares results will be to some extent
misleading. Much has been said about least squares estimates' having minimum
variance smong unbiased linear estimates, indanendently of a normality assump-
tion, but there is no longar today any good reason for restricting attention
to linear estimates. If sume method of analysis were known to be better, we
should be prepared to use it.

It is widely believed that if the ideal conditions are not grossly
violated the least squares method is adequate. One way to check whether this
is =0 is to perform an optimal analysis under weaker conditions, to see wheather
percaptibly different results are obtained., Various kinds of weaker analysis
have besen suggested. In [1] I have proposed a particular way of weakening the
normaiity assumption. Instead of assuming that the error part of the dependent
variable is normally distrihuted with constant variance, we assume that the
srrors ars independently distributed iu a common distribution belonging to a
family having one shape parameter, say &, When o = O the distribution is normal.
When o > 0 the distribution is what Karl Psarson called Type VII, with longer
tails than the normal, having the same shape a# a Student distribution. If o

is a scale paramaier, we sgsume that the errors ¢ have & density function of
the form

Ao (L + c(e/a)?) Mo,

where A and C dapend on o, If o < O the distribution im what Pearson called
Type II, having shorter taila than thglnotmal distribution and a finite range,
(For further datails see [1], whare ¢ ° is denoted by m.)
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The suggested method of fitting a regression relation under this weaker
ccoumption shout the ddetriburion of the arrara 1a tn investigare the 1ikeli-
hood function, which involves the regression coefficients and also the two
nuisance parameters, @ and 0. It is suggested that the likelihood function
should be integrated with respect to suitable prior distributions fur o aud
0, yielding a marginal likelihood function of just the regression coefficients;

and the latter should if pogsible be approximated by a multi-variate Student
density.

This procedure has been carried out for the above gun firings, with the
following particulaxrs. A simple linear regression on Muzzle Velocity and
Cross Wind was considered, without a term in C.W. squared. The nuisance
parameters ¢ and o were taken to have independent prior distributions, uniform
over the whole real line for Jno, uniform over the interval (-0.25, 0.75) for
a. That interval for o was chosen as including.the more plausible values for
6 —= the maximum likelihood estimate of o turns out to be about 0.12 =~ and
should be broad enough to bring out the qualitative features of this type of
analysia. (We should be back at the method of least squares if o were restricted
to the single value 0.) Orthogonal independent variables were used as follows:

xl - (M.V-) - 300906.
x2 - (,C.W.) - 0o068666 (MlVo) + 209c550

Our task 1s to f£it the linear relation
E(Range) = Bo + lel + azxz .

Our previous least gquares analysis gave the estimates (equivalent to
relation (1) above

A

= 20139.1, 8, = 7.89, 52 - -19.48. (3)

Bo
The estimated variauce matrix of these three quantities was diagonal, with
diagonal elements

129 1.17 19.81
based on the estimated residual variance having 32 degrees of freedom.

. oIn gur new analysis we find that the marginal likelihood function of
By» By» B, has its maximum at

80 = 20138.9’ Bl - 7-94’ Bz - -191055 (4)
The whole function is fairly well approximated by a multivariate Student

density with 33 degrees of freedom and the following estimated variance
matrix

128 0.6 6.0
0.6 1.14 0.28
6.0 0.28 21.77
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Comparing the new estimates (4) with the previous estimates (3). we snms
that Bc has changad by l2zz than 25 ui ics estimated standard error, Bl by less

than 5%, §2 by less than 10%, The changes in the estimated variance matrix ‘

and number of degrees of freedom are trivial. For most practical purposes, our
new analysis has given results indistinguishable from the least squares analysis.

Now if the assumption of normally distributed errors with constant variance,
underlying the method of least squares, is false, our weaker assumption of a
Type VII - Type II system with & in the range (~0.25, 0.75) may also be false.

In particular, the distribution of errors could be skew. But the Type VII -
Type II family of error distributions is far broader than the normal family.
If an assumption about distribution shape has an important influence on
conclusions, we might hope to detect this fact through what we have done,
The close agreement of the results of our two types of analysis strongly
suggeats that the least squares analysis of this particular body of data was
ggg much colored by the implied distribution assumption. Whether the same

comforting conclusion would usually be reached in studies of other bodies of
data I do not know.
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SOME COMMENTS ON MATCHING*

K.A, Brownlee
University of Chicago
Chicago, Illinois

My toplc today 1s "matching" in situations where the response is of
the (0,1) type, firstly in an experimental situation and secondly in an
observational situation. In both cases I wish to advance the suggestion

that, frequently, to use a cliché, the game is not worth the candle (what-
ever that means).

In purely experimental work, in which the response is of the (0,1)
type, one may be tempted to use matching. I recall an experiment on weather
nodification (an activity to which I tend to refer, in general, as rain
faking) by Braham, Batten and Byers [l], with the cooperation of the U.S.
Air Force, A plane sought out single clouds in the Caribbean., A cloud
that looked as if it met certain specifications would be inspected, and 1f
it did then a randomized choice would be made as to whether it was to be
seeded. Following the result of the randomization, the plane would fly
through the cloud and either release the seeding agent or not, and then the

cloud would be observed for an appropriate period to see if it developed
radar echoes.,

After the completion of this period of observation, the plane would
then seek another cloud which met the specifications. This cloud would
receive the opposite treatment to that handed out to the firsgt cleud. Tha
two clouds then formed a matched palr, with responses as tabulatzd below.

Unseeded
+ -
+ fy By,
Seeded
- fa1 P2

If time permitted on that day, the plane would make a second mission, but
if time or gasoline ran out before the second membher of the second pair had
been found, then the first member of the second pair had to be abandoned.
Of course, it could also happen that on the plane's first flight it found
one cloud but failed to find snother before running out of gasoline.

The idea of using matched palrs, of course,was an intultive one based
on ideas analogous to those relevant to the concept of randomized blocks.
Just as the varlation between plots close together in the same block is

* This research was sponsvred by the Army Research Office, Office of Naval
Research, and Air Force Office of Scientific Research by Contract No.
Nonr-2121(23), NR 342-043,
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ronaidered likely to bz loss than that between plots in widely separated
blaocks, so it was supposed that clouds uii tht come dav ware more probable
to resemble each other than clouds on different days.

Sume work by Jane Worcester [2] is relevant to this. For example,
supposing that the variation from day to day is represented by equal unumbers
of days with probabilitles 0.4 and 0.6, and the effect of the treatment is to
increase those probabilities by 0.1 to 0.5 and 0.7, and, that a level of
significance o = 0.05 ig used, then for a power of 0.90 the sample sizes
necessary for paired and unpaired experiments are reported by Worcester to
be 811 and 845 respectively. The use of pairing thus decreases the necessary
sample aize by 4.0 per cent, a rather inconsequential amount, particularly
in the context of the experiment I have referred to, where the vse of pairs
reduced the number of observations quite appreciably,

1f the heterogeneity was more extreme, say equal numbers at probabilities
0.3 and 0.7, then the corresponding sample sizes would be B45 and 709, a
reduction of 16.1 per cent.

0f course, in reality the distribution of the probability from day to
day would not be a discrete distribution concentrated in equal proportions
at two points, but instead presumably a unimodal continuous distributionm,
with which the effect of heterogeneity would probably be quite modest.

The paired experiment had a further weakneas, namely ite integrity
was compromised if the observer who selacted the clouds was aware of which
treatment was applied to the first cloud. He would then know ahead of time
which treatment would be applied Lo the second cloud, and could select the
second cloud in accordance with his predelictions. The scientists running
the experiment maintained that the man selecting the clouds, in the front
of the plane, was unable to tell whether the seeding agent was releasad or
not, but nevertheless one wonders whether he could not tell, perhaps sub-
conciously, either from the behavior of the plane (for if the seeding agent
was released the plane was appreciably iighter), or from the behavior of
the other members of the crew.

The famous calculating horses were able, apparently, to respond to
imperceptible gestures on the purt of their human accomplice, and it is
conceivable that the human cloud selector was as sensitive as these horses.

In general, if matching is employed but actually is ineffective, then
the power of the experiment is asymptotically unchanged, but for small
samples the matching procedure seems less efficient. For example, for sample
slzes of 10 in the two independent samples, the table

A 0 10 110
B 5 5110

gives a two talled P value of 0.0326 of Fisher's exact test, but if the duta
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was to be analyzed as 10 pairs, it wculd have to be

A
+ -
+
B
- 0 51053
0 10 10

for which the two tailled P value is 0.0625,

This question of power when matching is ineffective is explored by L.H.
Youkeles [3]. His results show that this loss of power ceases to be appreciable
after the two sample sizes have reached 30.

I think that it is clear that the motivation to use matching is provided
by its analogy with the idea of randomized blocks. The prestige of this
procedure is so great that I rather uncritically assumed that matching would
be .better without thinking through what might happen., The general robustness
of the unmatched completely randomized procedure now seems to me to be preferable
to the hypothetical greater power of the matched design. It seems to me to be
a common failing of the consulting statistician to automatically recommend the
most complicated experimental design he can put over on his client without
considering whether it is in reality justified.

Turning to an observational situation, I have observed that in medical
and soclological investigations one or another form of "matching" is quite
frequently used. One form of matching is the formation of so-called "matched
pairs." One such study, which received a great deal of popular interest, is
part of a paper by E. Cuyler Hammond [4].

Part of this paper contained a matched pair analysis and the procedure
is described in the following quotationa:

",..we decided to investigate the matter by studying the death
rates of cigarette smokers and nonsmokers who were alike in many
characteristics other than their smoking habits. This was accom-
plished by a matched pair analysis carried out as follows:

Two groups of subjects were identified: 1) men who never smoked
regularly and 2) men currently smoking 20 or more cigarettes a day
at enrollment in the study regardless of whether they alaso smoked
cigars or plpes. These two groups were then divided into 5-year
age groups, Within each age group, we matched men by pairs, each
palr ccnsisting of a nonsmoker and a cigarette smoker. The two men
in a pair had to be alike in all the following characteristics: race
{(white, Negro, Mexican, Indian, or Oriental); height; nativity (native-
born or foreign-born); residence (rural or urban); urban occupational
exposure to dusts, fumes, vapors, chemical, radicactivity, ete. (yes
or no); religion (Protestant, Catholic, Jewish, or none); education;
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marital status (single, married, widowed, divorced, or separated);
drinking of alcoholic beverages; sleep (under & hours, 6-9 hours,
or 10 or more hours per night); usual amount of exercise (none or
some); severe nervoue tension (yes or no); history of cancer other
than skin cancer (yes or no); and history of heart disease, stroke,
or high blood pressure (yes or no)....

The matching procedure was carried out with an IBM 1410 computer.
The records for the nonsiokers were put on one magnetic tape and the
records for the cigarette smokers on another. The records in both
tapes were then sorted in order by the codes for all the variables
under conaideration as described., Thus on both tapes the records
were arranged in blocka, & block being defined as a group of records
identically coded in all the variables under consideration. By use
of random numbers, the records within each block were arranged in
random order. The 2 tapes were then compared block by block, Blocks
found on only one tape (i.4., the same numbar of cigarette smokers
as nonsmokers) were accepted as matching pairs. For example, if
a block of 2 cigarette smokers matched a block of 2 nonsmokers, then
2 matched pairs were identified, the firat cigarette smoker and the
first nonamoker being the first pair and the second cigarette smoker
and the second nonsmoker being the second pair. If the matched
blocks were of unequal length, then the excess records in the longer
blocl: were discarded. For example, if a block of 5 cigarette smokers
matched a block of only 2, thean tha firat 2 smokeras formed matched
pairs with the 2 nonsmokers, and the last 3 smokers were discarded.
Thuas the excess (discarded) records were selected at random since,
within each block, the records were arranged in random order....

With so many characteristics to be considered, many men could
not be matched, However, tha computer found 36,975 matched palrs of
men (36,975 nonamokers and 36,975 cigarette amokers), such that the
2 men in sach palr were alike in all the specifications outlined.

.+.0f the 36,975 nonsmokers, 662 (1.8%) died and, of the 36,975
cigarette smokers, 1,385 (3.7%) died between the start of the study

and Septembar 30, 1962. This diffaerence is statistically significant
(P < 0.000001)."

The matching employed by Hammond is very complex: apart from smoking,
he employed 15 categurizations, some at two levels only and others at several
levels. The number of cells in this 17 dimensiocnal luttice was 2 x 8 x 5 x 2
X2x2x4x5%x5x5x3x2x2x2x2x2x2=210x3x4x5 x8
= 61 440 000. However, this overestimates the number of cells, as though
education vas recorded in 5 categories, "The two men in a pair had to be in
tha same education catsgory as in adjacent categories."

Let ua consider the case where matching is performed on only one categoriza-
tion at 2 levels. The population is thus cross-classified into a 2 x 2 table:
for convenience let us continue to use smoking-nonsmoking as one of the
categorizations, represented by the symbols S and T, and baldness-nonbaldness
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as the other categorization, represented by B and C. Let the proportion of
the population falling into the four classes be 8gp? etc.

Suppose that we have a very large sample, so that sampling fluctuations
can be ignored, and let the death rates for each class be ¢SB’ ete. Then if

tha sample size is N, then the number of bald smokers 1is NeSB’ ete.

Table 1
Bald Nonbald
Proportion Proportion
Proportion of Deaths Proportion of Deaths
Smokers ®p %s8%sB O¢ 9sctsc
Nonsmokers eTB eTB¢TB eTC eTC¢TC

Matching will consist in matching each bald smoker with a bald nonamoker
(and analogously for the nonbald columns). Since in general eSB e eTB’ there

will be an excess of amokers or an excess of nonsmokers in this category, and
the excess will be discarded by random selection. Thus if eSB > BTB and

eSC » eTC' the noremokers are left undisturbed, but the number of snokers will
be reduced to NBTB and NBTC and the numbers of deathe amongst smokers to

(N8yg dgp + Nopg dg0)

The death rate for smokers in the matched sample, say DSM' will tbus be
Sr¥se * rctsc
sM™ T 6. +8 (L
TB TC

The death rate for nonsmokers in the matched sample, say DTM' will be

D

_ Orgtsp * Opctrc -
™ CHIE .

b

and this is, of course, the same as the death rate for nonsmokers in the
unmatched sample, say DTU' !

For the smokers, however, the death rate in the unmatched sample, say
Doy 18
su
_ %sm%se * ®sctsc @)
su OSB + esc

D

Now suppose that the ratio of smoker to nonsmoker death rates in the
unmatched sample is the same as in the matched sample, 1.e.
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Note that this 18 a rather weal condition. We are not requiring that the
matched samples give the "right' answer for the death rates in, e.g., the
smoking population, but merely that the ratlo of death rates of smokers to
nonsmokers be the same in the matched sample as in the population.

The condition implied in equa:lon (4) implies that
®sp%sm * %sc®sc . Pre%sm * Srcsc

- (5)
958 * %5c O * O1¢

which in turn requires that
(b5 ~ ¢gp? PPy ~ PspPrg? = O (6

Thus the relationship betwera smokers and nonsmokers is the same in the matched
sample ag inu the original unmatched sample if either

or ) 9
M g2 = 2 (8)
TC 8

or (c) both (a) and (b) are simultaneously satisfied.

Condition (a) is that the death rate for bald smokers be the same as the
death rate for nonbald umokers; in other words, for smokers baldness or non-
baldness does not affect the death rate.

Condition (b) is one form of the familiar independence criterion for two
croas categorizations, for example that the probability of baldness is the
same for smokers as for nonsmokers.

Condition (a) is asymmetrical in that it refers only to smokers. This
asymmetry occurs, of course, because the operation of matching, in the situation
assessed here, altaers the ralative numbers of bald and nonbald men in the

spoking group ouly, since the nonsmoking group is left unchanged by the matching
operation.

If the independence between smoking and baldness implied by (8) is not
satisfied, in the particular manner implied by the condition

] ]
= <l ®
TC T8

then the smoking class determines the vize of the matched group for nonbald
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people and the nongmoking class determines the size of the matched group for
bald people. It is straightforwuard, but somewhat tedious, to show that (4)
iu geucral requires cnat

= {10)

iy TC

and

% = %5c ° (11)

SB
In other words the death rate for bald smokers must be the same as the death
rate for nonbald smokers and also the death rate for bald nonsmokers must be
the same as for nonbald nonsmokers.

These two results, (7) and (8), and (10) and (l1), both correspond to
comunngense. All death rates are in effect weighted averages. The ummatched
death rates are weighted averages using as welghts the properties of each
category in the population. Equation (7) follows from the fact that if the
death rates in the two categories are equal it makes no difference what weights
are used. Equation (8) follows from the fact that if the proportion bald/non-
bald 1s the same for the smokers as for the nonsmokers, then the matched sample
will have the same weights as the unmatched. Equations (10) and (11) are
similar to (8).

I should like to illustrate this with a small synthetic numerical example.
Imagine a population being matched, smokers against nonsmokers, according te
some factor such as baldness.

Suppose that the smokers number 110,000 of whom 100,000 are not bald
with a death rate of 1 per cent and 10,000 are bald with a death rate of 5
per cent. Then the overall death rate for smokers is the ratio of the total
number of deaths,
100,000 x 0,01 + 10,000 x 0,05 = 1000 + 500 = 1500

to the total number of smokers,
100,000 + 10,00¢ = 110,000,

Thus the death rate for smokers is

1100/110,000 = 1,36%.

Now supprse that the nonsmokers number 35,000, of whom 20,000 are not
bald with.a death rate of 1 per cent and 15,000 are bald with a death rate
of 2 per cent, Then the death rate for nonsmokers is

20,000 x 0.01 + 15,000 x 0.02 _ __ 500 _ 1.43%
20,000 + 15,000 35,000 ) )

This is one populaticn the smokers have a slightly lower death rate than the
nunsmokers; the ratio of death rates is 1.36/1,43 = 0.95.

Now suppose that the smokers and nonsmokers are "meacched." For vhe nonbald
the device that does the matching will be able to select 20,000 smokers out of
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the 100,000 available, and these will have an expected number 20,000 x 0.01

= 280 diaths. The Jdevice that duce tue umLL.'u.;.us will ;\cep iu iis macched
sample the 10,000 bald smokers who will have an expected number 10,000 x 0.05
= 500 deaths. Thus for smokers in the matched sample the death rate is

(200 + 510)/(20,000 + 10,000) = 700/30,000 = 2.33%.

For nonbald nonsmokers the 20,000 in the population stay in the matched sample,
producing an expected number 20,000 x 0.01 = 200 deaths, but the bLald non-
smokers are reduced im number to 10,000, for which the expected number of deaths

is 10,000 x 0.02 = 200. Thus for nonsmokers in the matched eample the death
rate 1s

(200 + 200) /(20,000 + 10,000) = 409/30,000 = 1.33%.

Thus in ouv matched sample the smokers have a somewhat higher death rate than
the nonsmokers, the ratio of death rates being 2.33/1.33 = 1.75. The direction
of this relationship between the death rates for smokers aud nonsmokers in a
matched gample 48 the reverse of what occurred in the population.

I think the reason that matching proves misleading in this observational
situation is that it is a close relative of covariance analysis, We know that
in a purely experimental situation it is essential that the concommitant
variable be independent of the experimental treatments, and the sare must hold
good in an observationmal situation. If the concommitant variable is not
independent of the treatments, then hideous fallacies may arise when we "adjust"
the response means, I chink the enalogous situation may arise in a discrete
matching situation: the frequencies of tne matching criterion may be forced
into gquitc unrcaliatic digcvributions.

From another point of view, the matching procedure is forming a weighted
average for which the weilghts are quite unrealistic.

In other words, I believe that the matching procedure adds seriously to
the difficulties of extracting rigorous inference from observational data and
we should be quite hesitant about emyloying it.
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ABSTRACT. The Wound Data Project is a survey of wounded personnel in
which information is collected about the projectile or thermul agent causing
the wound, and the incurred physjological and phychological effects, together
with the hospital information, The experimental design is not under direct
control, since only those cases that do occur can be observed. The control
that can be exerted in such work consists of proper questionnaire design and
an attempt to continue observation until certain minimum numierg of cases
have occurred in designated categories. In this project, the number of
categories is in the hundreds, making it highly unlikely that the desired
number of cases will be observed in all categories. There 1s no ability to
control the level at which factors occur (e.g., projectile striking velocity).
The approprilate statistics to be used are largely those developed in fields
specializing in survey work such as epidemiology and social relatioms. In
fact, the computer system to be used for file manipulation in this project,
DATA~TEXT, 1is one developed by the Harvard School of Social Relationms.

The areas to be investigated in this study are dictated by Army require~
ments, and information is now being recorded by the field team. The specific !
questionnaires from which Hollerith cards will be punched are to be filled out |
by the CONUS Team from this data. Adequate medical personnel are available
in the CONUS Team to insure proper medical interpretation of questions. Areas
in which advice is sought from cthe "clinical" panel include statistical pitfalls
in questionnaire design, and optimum selection of subjects where choices exist.
If subjects are selected with multiple wounds, individual variation is minimized
and direct comparison allowed between or among physical characteristics such as
penetrating ability. However, the physiological and phychological effects of
a particular wound are unmeasurable in the multiple wound case due to the

confounding.

on attaining a pre-determined number of cases showing some set of characteristics,
rather than by merely observing some total number of cases without regard to

the information content of these cases. However, hov to select the proper set,

or sets, of characteristics in a survey where many such combinations exist,

each for some different output of the survey, is difficult. Any selection based
on frequency of observed characteristics implies feedback from the evaluation
team (CONUS) to the collection team (SEA) which are physically separated by some
10,000 miles.

the vagaries of war.

ON METHODS OF OPTIMIZATION OF A MULTIOBJECTIVE SURVEY

John C. Atkinson
Harvard Computing Center
Boston, Masaachusetts

The proper target sample size would appear to be better defined

The ability of the collection team to '"collect" also depends upon




COMPONENTS OF VARIANCE OF A LINEAR FUNCTION
IN REPEATED TRIALS

Walter D. Foster
U.S. Army Biological Laboratories
Fort Detrick
Frederick, Maryland

ABSTRACT. The quality (Qi) of the 1-th batch of a material diminishes
with time according to a function which is linear in its parameters, a
separate parameter set estimated fcr each batch. The quality of each batch
is extrapolated to a common future date, tes by means of its time furction.
A weighted mean quality is computed, using the known amount of each batch
ag the weight:

Q, = Iwy Q/ Iw
The problem is to find the variance of the weighted mean, V(Qw), glven the
estimated parameters of each time function and the elapsed time to teo In
case that the time functions have the form

Q =A +B X+C ¥

it is known in a special application that the batch-to-batch distribution
of the Ai is normal and independent of B and C. The bivariate distribution
of B and C has a high covariance, p » .87, with markedly skewed marginal
distributions, each in the positive direction. It has been acceptable to
write C in terms of B as

C=d+e8B

for another application not discussed here.

The remainder of this paper was reproduced photographically from the author's
copy.
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In a manufacturing process, the quality, Qi’ of the i-th batch of material
is measured periodically, because quality is known to deteriorate with time.
The deterioration function,

Q1 - Ai + BiX + C1

is fitted to each batch, resulting in a unique set of statistics, (A, B, C)
for each batch., The variable X is time; Y is log(X + 1). The times of ob-
servation are not necessarily the same for each batch, nor is each batch manu-

Y,

factured at the same time. The quality of each batch is weighted by the amount
of esch batch., It is the weighted average of quality, Qw’ and its variance
which are required for a fixed time, tes The following schematic is {llustra-

tive.

\- \
- Batch A

Quality \ = =~ Batch B
~+
" = — Batch €

Time t
Computationally, it is straight forward to compute Q at time tf for each
batch and to continue over batches to compute
éw - Z‘.wiQi/Zwi and
V@) = Zv, @ - 3%/,
; But this is not the problem., It iy desired to find a formulation for V(ﬁw)

involving the distribution of the parameters of the deterioration functions,

The distribution of the A, is known to be normal (with available estimates of

i
mean and variance) and independent of B and C. The bivariate distribution of
B and C while not knowm functionally has a high covariance, r = ,87, with
markedly skewed marginal distributiomns.

Three cases are given as successive stages of a possible approach to
illustrate the form of & desired solution. GCeneral notation applicable to all




three cases includeg the following;
Let Qij = j-th observation of quality on the i-th batch, i = l-=i, j = 1=

and Q1 = quality of i-th batch averaged over the j observationa

and Q.. = average quality averaged over all batches
w,o= amount of i«th batch, used as a weight factor

t

time of observation

CASE 1
No deterioration of batch quality with time. All batches manufactured at
the same time with the same dates of surveillance. Variance of assay the same
for each batch., Pictorially,

* ' d
Q Y y Batch A
— - - e Batch B
. L - o Batch C
time

Let the random model,

Qij = + Ci + eij’

L = lemed,

= l---§,
with zero covariances represent quality so that

E(Q1 ) = which 18 estimated by
Q =3 QiJ/J-; aleso
Q.. r vy Qij/j Ewi.

Note that the previous computation for the variance of the mean, namely,
"
'S
v(Q”w) = ow Q- Q"w) / Lwy o

m
w

neither partitions the source of variation nor uses the distribution of the para-
meters of the deterioration functions.
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The following results, assuwmlng ihat the w, are constant, are obtained from

i

the expected mean squares which are well known to be given by the anslysls of
variance model,

Source df EMS)

Betwean Batches i-1 02 + jcz

Within Batches 1(3=1) 02

from which we have

V(Qij) = 02 + ai

v(Q, ) = 02/1 + 0: and
" V(Qes) = ozlij + ci/j .

When the amounts, w,, are known but not equal, the weighted mean is

i

Q.. = 2, Qi/Z w,

=m+ Z wici/Ewi + vy geijljz w

with variance 2 2 2 2
V(Q.. ) = (g, + 0/3) T /(T W)

if the covariances are ignored. The partition has a desirgble form.

CASE Il
The deterioration rate of each batch in time has the same loss coefficient
in the modsl,

Qij =m+ ci «bt + eij'

where as before all batches have the same date of manufacture and the same
dates of surveilllance and the same variance of assay. The following figure
indicates ihe nature of the problem:

0 T
““1*——-‘—.___‘__--‘_"“ B
N.‘____c
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Then the analdew of ehe { th Latch ai o Lixed time, Tg» 18 glven by

Qio-m+c ~bt£

i

and the weighted average quality of all batches at time, t_, is

£
Q..w - zwi(m + e - btf)tw1
=m -~ btf + Zvicilﬂwi
with corresponding variances given by
v(Q,) = L1+ (e, = BP/as(e - D] + 0 2, and
v@..) =(a} + /pme2(a)? + (e, - E)zaz/uj(:j - B2

which is partitioned and follows the components-of-variance sense,

CASE III

Let the deterioration function be representable by a linear function,

1
Q1j =m+ ¢ + bit + dit + e

or by & non-linear function such as
t
Qij - Qoi(ri + l)lr1 + li)

19°

whose covariances in both cases are non-zero. Further, the date of manufacture
of each batch is neither the same nor i1a the distribution of manufacture dates
constant. Finally, neither the number of surveillance periods or their dates
are necessarily the same from one batch to another. However, the variance of
assay is constant. A pictorial reprasentation is given below.

—_—

\~

-
\ - .
~‘
-
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A continuation of the approach shown in Cases I and II while desirable may not
be tractable. The probiem is noi 50 much tc estimate

Qi' - fi(tf) and

Q. w " !:‘.wifi(t:f)/Zwi
which are readily computable as to formulate expressions of their partitioned
variances estimable from the distributions of the model parameters in the

sense of Cases I and II.
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A MODEL
FOR OBTAINING THE OPERATING CHARACTERISTICS
OF A SRIP LOT SAMPLING PROCEDURE
Allen C. Endres
US Army Ammunition Procurement & Supply Agency

Joliet, Illinois

1.0 INTRODUCTION

Project SKIP is the name given to a ballistic testing procedure developed and
administered by the Quality Evaluatlon Division of the U.S.IArmy Ammunition Frocurement
and Supply Agency. The need for such a procedure becameAevident when a study of
bullistic testing revealed substantial savings could be effected by properly lowering
ballistic test frequencies., The development of the methodology required to obtain
the operating characteristics of the plans covered by the grocedure parallelled its
implementation at selected loading plants.

Fig. 1 depicts the essentlal steps of the flow diagram of Project SKIP.

The assoclated verbal transition matrix is contained in Fig. 2. It is seen that we
have a Markov model. Throughout the discussion the various steps of the flow diagram
will be referred to as the states, 1.e. qualification stats, restart state, etc,

The steaay state occupancy probability of a lot being in state 1 will be Pj. We
shall use P] to denote the probability of entering state i on the next step. A

step is defined as the testing of the lot.
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2.0 METHOD OF DERIVING Py AND Pi

We shall first restrict ourselves to the case where only tested lots are
considered and temporarily ignore the skip lot possibilities in Step One and
Step Two. Let

P, = Prob (being in qualification state)

PNy = Prob (being in normal step one)

Py, = Prob (being in normal step two)

Pyix = Prob (being in retrial step one)

Pygx = Prob (being in retrial step two)

PR = Prob (being in restart state)

and p = Pr (lot meeting all ballistic tests' requirements except those concerned

with eritical malfunctions)
y = Pr (critical malfuncticn)

hence:

(1) Fo =P+ Py (1=y) p+ .0ouee + B} (1-v)3p?

l-(l"Y)IO p10
- p! e e
1-(1-y) p
(2) Pyy = Pl + PL (1=y) p+ .o + Py (L=y)® p* = Py 1-(1-y)> »p
| N N1 N1 N1 -0y 5
|
!
[ (4) Pypw = Priw * Puis (1) P+ vvens 4 Pliw (1-y)3 p3 = Plis (- 4 pt
1 (-v) p

(5) Pyow = Plow + Pliox (1-7) P+ covvue + Ploy (1=y)% p? = Proy i—%i—lgu ph
: -Y) p
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Define: Ppy = Probability (being ia restari in process of testing for five

consecutive lots free of critical malfunctions while disregarding all other mal-

functions).

Ppy = Probability (being in restart and testing for ten consecutive lots

meeting all requirements),

(6) PR = Pyy + Py

- P! 1 - ' o)l . P!
(7) Py = Ppy + Ppy (I-v) + covuns + Pry (=) Pa1

(8) Py = Pry + Ppy (1=v) p + .eieus + Ppy (1-1)% p?

We shall now investigate the derivation of the Pi. P; = P- (being in O two
steps ago and rejecting a lot for reasons other than a critiral malfunction on the
last step) + Pr (being in Nl* two steps ago and rejecting & lot for reasons other
than a critical malfunction on the last step) + Pr (being in N2¥% two steps ago and
rejecting the lot for reasons other than a critical malfunction on the last step)

Py (1-p) (1-v) + Pyywn (1-p) (1-y) + Pygw (1-p) (1-¥)
Utilizing (1), (4) and (5) ylelds

(9) P! =l 1-(=p)!0 plOF (1ep) (1-v) 4 Plyy flz(loy)® p' | (1=p) (L-y)
1—(1"Y) P l-(l"Y) P

+ Pyas i:il:llimﬂi (1-p) (L-y)
1-(1~v) p

Similar reasoning for P&l‘ PY1ws P&2' Pﬁz,, Pﬁl' Péz yielda:

' - P' Y10 10 1w} ml vyl0 10
(10) Pgi = PO (=) 17 p20+ Py (1-v)" p' + Pp, (1-v)°7 p
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(12) By, = Bloy PY (1-7)% By (1-)%5 + Py, (1-v) p
(13) Pyoy = By (1-p) (1-Y)

(14) Pﬁl =Y

(15) 2pp = Py (1-Y)® + Pp, (1-) (1-p) 1-(1-y)10 pl0
1-(1-y) p

Equations (9) through (15) define 7 equations in terms of the Pi. However an

additional equation is needed since it can be shown that the coefficient matrix

is not of full rank. The needed equation is

It was found convenient to solve for Pé and then relate the remaining Pi in terms
of P;. The steady state probabilities were then obtained by substitution in (1)

through (8).

3.0 INCORPORATION OF SKIP LOY POSSIBILITIES

The preceediny discussion neglected the skipping possibilities in Nl and NZ'
A plausible approach to the skipping anomaly would be to obtain the expected ratio
of total to tested lots in the states of concern, multiply the original Py, and Pyo

by these ratios and then force the modified PNl' PNZ’ and the remaining Pi to

§ sum to one by normalization.
Let: X1 = Number of lots tested in N;

X, = Number of lots skipped in Ng




then the ratic of interest is - ——_—
X X
1 1
e [ |
X + X X2
taking expectation E - - 1+ Els—
% X1
Now E |[—] = L = P (X3,%)
X1 X ~1 X0 X

where P (X5,X;) is the joint probability density function of X1,X2.

However P (X3,X;) = P (X2|X1) P (XD

Xz 5 L X
hence E|l-=] = I P (X)) I3 PA(xx)
X X, =1 X=0 %1
5 P(Xp) ®
-5 I Xy P (X]xp)
xl-l l X2'0
Define 1) a skipped lot as a no-test
11) a tested loé as a test
[--)
Then I Xz P (xz.xl) may, for a given X), be considered as the expected
X, =0
2

number of no-tests before the X,st test. Hence X, 1s distributed as a negative

binomial random vari:zble with expectation xlq
P
where q is the probability of a no-test

p 1s the probability of a test;
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- 7 \
Therefore El—-l - z —53 = q/p.
Ly ntoo % NP4
XZ Xl + x2
For N; qm=p=1/2 Therefore Ej]— =1 ond K = 2,
X X

A completely analagous procedure yields a ratio of 3 for NZ’ Hence PNl i8 multiplied
by 2 and PN2 by 3.
The total procedure is then

(1) Obtain I P,

1 Np,N,

(2) Multiply PNl by 2 and Py, by 3 and add these products to (1).

(3) Divide P,, PR’ PNi%» Pyaw? by the sum obtained in (2); alaso divide
2Py and 3 PNZ by that sum,

(4) Each quoitient obtained in (3) is defined as P%.

i

and IP% = ],
i i

4.0 DERIVATION OF ACCEPTANCE PROBABILITY

Let:

P, = Expected proportation of accepted lots

(1) PA = i (Pti + Psi) Pg

where: Pyy = Pr (lot tested and accepted in state 1)

Pgy = Pr (lot skipped and hence accepted in state 1)
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AR R i i AT, e, e St

-

STATE Py r

S L
0 p(l-y) 0
Ny 1/2 p(1l~y) 1/2
Ny 1/3 p(1-v) 2/3
Ny« p(1l-y) 0
Nox p(1-y) 0
R p(1-y) 0

which may be seen to yield:

- - * * 3 * *
Py = p(l-v) P* + PR + P§1*+ PNZ* + 1/2 PNl + P§2 + fﬁi . 2 Pﬁz
2 3

This formula together with an assumed vy = ,0002 was used to obtain Figure 3.

5.0 EXPECTED REDUCTION IN TESTING
The expec“ed reduction in testing is]Pf, 2 Pﬁz vs. p, the probability of
-—-+——

2 3
the lot meeting all ballistic tests' requirements not concerned with critical

malfunctions. The asymptote 18 the maximum reduction possible for y = .0002, and

was obtained by finding lim (P*

* ),
pa1 N PN

3?7
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FIGURE TWO

Causes of Transition from
State 1 to State J

e
r;:h\ 0

R1 R2 N1 N1 N2 ‘N*
0 |Reject the [Critical 10 consecu-
lot. No nalfunction, tive lots '
ecritical accepted.
malfunction
Rl Critical 5 consecu-
malfunction,.| tive lots
without
eritical
malfunction.
R2 Critical Reject the |10 consecu~
malfunction.] lot. No tive lots
oritical accepted,
malfunction.
N1l Critical Reject the | 5 tested
malfunction. lot. No lots are
eritical accepted,
malfunction
N1* |Reject the |Critical L lots are
lot. No malfunction, agcepted.
eritical
malfunction
N2 Cr'tical Lot 1s Reject the
ek funetion, accupted, lot. No
eritical
malfunction.
N2* |Reject the [Critical L lots are
lot. No malfunction. accepted.
eritical
malfunction
40
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A MODEL FOR DETFRMTNTNf QIIATTTY
INCENTIVE PAYOFFS FOR PROCUREMENT

Reger Rymer and Eugene Dutoit
Picatinny Arsenel
Dover, New Jersey

INTRODUCTION. The purpose of this paper is to formulate & model for the
preparation of Quality Incentive Clauses to be included in Government contracts.
The model will concern itself with those iltems which are procured according

to acceptance criteria involving single sampling plans by attributes.

A Quality Incentive Clauge 13 an addition to & supply contract which is
designed to benefit both the contractor and the &overnment. The clause
provides for the payment of a honus to the contractor if product quality is
above that designated as acceptable in the product specification.

Changes in product quality will be obaserved by selecting one or more
parameters which reflect item effectiveness; changes in the "relative AQL"
of these parameters with respect to the AQL's outlined in the product specifice~
tion will be used to indicate differences in quality level,

Finally, variations in AQL will be combined with a puyoff factor to assign
a partial payoff for each parameter. This payoff factor is designed tn adjust
for the relative importance of each parameter as well as the msgnitude of the

quality measurement. The sum of the partial payoffs will indicate the total
payoff to which the contractor is entitled.

THE GENERAL MODEL. This section repreaents an outline of the general
model proposed for formulating Quality Incentive Clsuses. A brief explasnation
of each of the major segments of the model is presented below. A more elaborale

discussion of the development of each of these segments will be presented in
a later section.

The remainder of this paper was photographically reproduced from the author's
copy .
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1s litem Cumirul Furumeiers,-Tnese paramelers are used 1o

measure the "incentive quality" of the item.

2. Ratlo Weights.-Weights are assigned to all control parameters
to indicate the relative importance of each parameter in determining
item effectiveness,

3. Maximum Payoff,-This value represents the maximum amount

the purchasing agent is willing to pey for quality in the item,

L. Payoff Factors for Fach Control Parameter,-The payoff factor

is & multiplier which transforms a given qualit& measurement into an
incentive payoff. It is designed to reflect both the magnitude and
importance of measured quality for each parameter,

5. FPertial Payoffs for Each Control Parameter,-The partial
payoff ls & measure of that portion of final payoff which 1s attributable
to each control parameter,

6. Total Payoff.~-This value represents the bonus payable to the

contractor on the basis of the indicated quality of the item,

DEVELOPMENT OF THE GENERAL MODEL
This section traces the development of the various segments of the
general model. Each major segment of the model is expanded and quantified
according to the basic assumptions of the model.

Selection of Control Parameters,-Although many parameters may contribute

to the performance of a particular item, it is desirable to select only
& few parameters to measure quality for incentive purposes. One or two

parameters are ideal; any more then three may be unwiedly and impractical,
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The parameters selected should be those which most clearly define item
elfectiveness under operational conditions, Consequently, in addition
to minimizing the number of perameters selected, care must also be
taken to insure that all parameters which indicate effectiveness are
included. Thus, the number of parameters selected should be as re-
strictive as possible, yet comprehensive encugh to include all
significant parameters.

Furthermore, it is important thet parameter measurements be
compatible with acceptance tests as outlined invthe product specification,
Parameters which require increased sample size or additional testing
in order to be measured satisfactorily are not desirable,

Assignment of Weights,-Weights will be assigned to each conirol parameter
in multiples of ten within the range J to 100 (10,20,30 seses,100), For
example, consider a situation involving two parameters where it is felt
that parameter A is 1 1/2 times as important as parameter B, The weights
assigned would be Wy = 30; Wy = 20 or Wy = 603 Wp = 40. As long as the
retio is maintained it does not matter which combination of weights is

selected,

Determination of Maximum Peyoff.-The maximum payoff (MPO) is selected as

that percentage of unit price the purchasing agent is willing to pay 1f
maximum incentive quality i1s obtained in ell parameters,

Determination of Payoff Factors.-Un the basie of the subjective-objective
decisions outlined above, a PAY OFF FACTOR (POFI) 1s determined for each

parameter, The POFy is a function of:
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(1) the individual weight of eesch perameter relstive to the
combined weights of all parameters,

(2) maximum pay-off allowed in percent unit price,
Development of POF=.=

Initially define a "quality point" as a measure of incentive
quallty which will give a pey~off. 1In order to achieve the maximum
pay-off (MPO) incentive, the contractor must achleve the maximum
quality points (MQP) which have been assigned for each parameter,
Assunming & linenr model where Zero "QP" would give Zero Pay-off, the

relationship between Pay~off (PC) and "QP" can be shown as figure 1 below:

Figure 1

Since each parameter is weighted in its importance to iltem effective-
ness, it shall be defined that the maximum QP for each parameter be equal
! to the weight assigned to each parameter (ie,, if W = Lo, W, = 20
We = 2Wp - therefore parameter Wy is twice as important as Wy and will
receive twice the number of quality points).

So, on an item basis:
; (1) MQP = the sum of the weights for the parameters considered for
| that item,

! N
MQP = Wp =ZW1, where N is the number of parameters considered,

————
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{2) MPO = Percentage of item unit orire.

Trerefore Figure 1 becomes:

POF] = — — = =

v

\

Figure 2
Parameter (I) with weight Wy gives a pay-off fector (POFI).. POF; is

a proportional part of MPO as expressed below:

FOF; = SMPO) = (0) (w7)
Wm) - (O

PQF7 = MPO sz )
1 Wrp

Where POFy is a percentage.In a fractional form:
POFy = (MPO) (Wp)

TWe) 100
Wp) 100 (1)
A verification of the relationship is given in the appendix,

Determination of Partial Payoff.-Using the payoff factor and the percentage

change in quality for each parameter (to be discussed in the next section)
a partial payoff may be computed for each parameter, Therefore, for each

parameter and its POFI. Figure 3 shows the corresponding partial payoff,
A

L sl - - - - -— - — — -
Meximum PPO = ,)71 Parameter
(POFT) (100%) | 1
'
0
'
'
1
0 T A
% Difference in AQL
Figure 3
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The partial pay-uii for rarameter I (PPOI) is represented as:
PPOy = (POFy) (% difference) (2)

where PPO1 13 a percentage of unit price.

Determination of Total Payoff,-It follows that the total payoff (TPO)

is the sum of all partial payofgs or
Total Pay-off (TPO) =ZPPOI (3)
If we have 100% difference in AQL for each pamrameter; then
TPO (%) = MPO (%) - see Appendix for verification.
"MEASURING" INCENTIVE QUALITY
WHEN THE ACCEPTANCE NUMBER OF ALL PARAMETERS
IS FIVE OR GREATER
Incentive payoffs will be made on the basls of changes in quallty,.
For this model, these changes will be measured in terms of AQL. This
measure is, in fact, & psuedo-AQL (AQLP).
As stated in the previous section, incentive quality is indicated

by the percentage difference, AQL; is the AQL for a parameter outlined

in the product specification. For brevity, AQL; is presented in the form

of the appropriete sampling plan as follows:
(AQLg | code letter; n, x, x + 1) where x5 (4)
and: n = sample size
x = geceptance number
x.+ 1 = rejection number

All date is in accordance with MIL-STD~105D.
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When sempling is conducted according to the specification sampling
plan and the number of defects in the observed pample is scme x'«x, then
for convenience AQLp is defined as follows:

(AQLp | code letter; N; x', x' + 1) (5)

code letter is the same as in ()

where: n = gample size

x! = acceptance number
x'+l = rejection number

All data 1s in accordance with MIL-STD-lOSﬁ. AQLy can be determined
using MIL-STD=105D, a Thorndike Chart or Polsson Tables.

It is important to point out that the AQLP does not mean that the
process aversge is actually equal to the AQLy, The AQLy is a "dummy"
meesure of quality. It merely says that =-

if a sampling plan had been used with code letter o', sample
size N, decision criteria x', x' + 1 = then the AQL associated with this
plan is AQLyp., It is the AQL of the sampling plan that has Just been
passed,

The pseudo velue is used in the incentive model to compute the
percentage change in AQLg or "the change in quality",

The percentage difference (¥D) between AQLy and AQLy is computed by:

%Dy = AQLg - A 100 (6)
AQLg
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TAAMELE UrF DETERMLNLNG AQLp AND % DI WHEN
THE ACCEPTANCE NUMBER OF ALL PARAMETERS IS FIVE OR GREATER

Simple Case - one parameter considered.
Example: Consider a parameter with AQLg as follows (1,0| M; 315; T,
8).

If in sampling the number of defects observed is 3 then x' = 3.

Hence, AQLp is defined sccording to equation (5) as (AQLplM; 315; 3,
4), '
Using MIL-STD-105D, AQLp = 4o

Therefore: DT = AQLs = AQLp 100
AQLs

» (1,0 « ,40) 100
1.0

= 60%
COMPLETE EXAMPLE FOR COMPUTING INCENTIVE PAYOFF
IN WHICH THE ACCEPTANCE NUMBER OF ALL PARAMETERS
I8 5 OR GREATER
Two significant parameters, A and B, have been selected for the

item in question, Subjective Jjudgment indicates thet Parameter A ia

1-1/2 times as important as Parameter B.

Step Information Value Obtained Explanation
1l Weight for Parameter 30
A: Wy '
2. Weight for Parameter 20
B: Wy
3 Sum of Weights (Wp): 50 30 + 20
Wa +w'b
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Step Information Value Obteined Explanation

i Maximum Payoff: MPO 10% Subjective
5 Payoff Factor A (POFg):
(MPO)  (W,) .06 (10) (30)
Wp) 100 50] (100)
6 Payoff Factor B (POFy):
(MPO) (W) Ok (10) (20)
Wr) 100 50) (100)

The incentive clause indicates that two parameters A and B,
will be used, Parameter A has an AQLg of 1,0%, POFg = .06,
Parameter B has an AQLg of ,65%, POFy = .04, The size of
the lot for which a payoff is toc be calculated is 15,000,
General Inspection level II is to be used,

The number of defectives found in the sample for

Parameter A vas 3, (x' = 3)

The number of defectives found in the sample for

Parameter B was 2, (x' = 2)

Step Information Value Obtained Explanation
T Sampling Plan Code Letter M
Parameter A: AQLy; SB Product
Specification
(x, x+1) (1.,0%; 315 (7,8))
Parameter B: AQLg; 88 Product
. Specification
(%, x+l) #65%; 315 (5,6))
8 Pseudo AQL
Parsmeter At AQ.p ) JL0%
: 105=D
Parameter B: AQLy «25%
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Step Information Value Obtained Explanation
| 9 Percentage Difference (#D):
; (AQLs - AQLp) (100)
l { AQLg |
b
i , Paremeter A: %D 60% (1.0 = ,ho) 100 i
5 1.0 {
A |
: Parameter B: %D 62% .65 =~ ,25) 100 {
§ 265
‘ 10 Partinl Payoff (PPO) = (%D) (POF): |
Parameter A: FPO, 3.6% - (60) (,06)
i
; Parameter B: FPOy 2.5% (62) (.0h)
' 11 Total Payoff TPO = PPOg + PPOp:
B
6.1% 3.6 + 2,5

"MEASURING" TNCENTIVE QUALITY
WHEN THE ACCEPTANCE NUMBER OF AT LEAST ONE
PARAMETER IS8 LESS THAN FIVE

v T e T T

Choome the control parametsr which has a sampling plan where X

i minimum less than five, The general approach to the problem will

be to determine from the requirements:

(AQLg ) code letter; N; X, X+1) where X<5, A second sempling

VUV SSU P

plan will be defined as:

(AQLg | N'; Xg, Xg + 1) (1)

where X,>»X and N'/N is some whole number greater than one whieh

represents the cumulative number of lots thut have to be sampled

before an incentive pay~off decision can be made, The conditions of

equation (7) can be satisfied by use of a standard Thorndike Chart or

1 Summation of Terms of Poisson's Exponential Binomial Limit.

~
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Example

consider the gpecification samwpling plan:
(AQL.) = 0.25% | N = 315: 2,3)

The AQL can &lso be expresaed'as fraction defective:
(AQL, = .0025 | N = 315; 2,3)
If an equivalent 5 - 6 plan (xa = §5) is required, a Thorndike Chart
can be used. Defining the possibility of acceptance at the AQL to be .95 -

N' (AQL expressed as fraction defective) = 2,6
or N' (,0025) = 2,6
N' = 1040 items .
The AQL could have also been written as a percentage
N' (AQL (%)) = 260

(8)
N' = 1040

The equivalent sampling plan expressed as equation (7) is:
(AQr, = .25% | N = 1040; 5,6)
In general, equation (8) can be written for both the specification

sampling plan (N, X, X + 1) and the second eguivaient sampling plan
(N'. xa, X! +1): \

(1): (N) <AQL5) (Poisson factor X, X + 1) 100

(ﬂ'ﬁh X + l) 100 L (9)

(14): (W) (AQL') » (Poisson factor X X * 1) 100

(fol. X, + 1) 100

(1Tk‘, X, *+ 1)100

N! VFZAQLB ’
N " (X, X+ 1) 100
AQL,
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or N %,'_'zm_&:Tw_q
N T[%s X + 1) 100
From equation (9):
(Hx, x + 1) 100 = (N) (AQLg)

So that

—

be derived for a probability of acceptance of .95.

"= (llXg, Xg + 1)

W) (AQLg)

For convenience, modified Poisson factors for all Xg, Xag + 1 can

=2 =2

The numerator of

equation (10) can be written as:
(llx,, Xa + 1) 100 = 24, Equation (10) now becomes:

'.Zi

T TAaLs) (11)

Velues of 24 for attribute sampling plens X, X + 1 are glven below

bl
N

S
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in Table I
TABLE I
N X+ E.i
5«6 260
6T 320
7T-8 Loo
8-9 L70
9 - 10 540
10 = 11 620
11 - 12 700
12 - 13 780
13 = 1b 850
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X, X+1 24

th - 18 930
15 - 16 1000
16 = 17 1070
17 - 18 1170
18 - 19 ' 1250
19 - 20 1320
20 - 21 1400

By letting L ejual the number of cumlatiVe'lota. such that N'/N is
a whole number:

L=ly =24
ZN5 ZAQL ) where the value of 14y which is c¢closest
8 i

to & whole number is chosen as the value of L.-
Example?
Consider the specification sampling plan:
(AQLy = .25% I N = 315; 2,3)
In this case: |
(N) (AQLg) = (315) (.25) = 78,75
Therefore, applying equation (11) and Table I:

15-6 = 260
78.75 = 3.30

1
6—7 = 30
T%._'FS » k.20

17.8 = 400
78,75 = 5.08 -

18-9 = LT0 '
73'??‘5 ¥ 5.9T°

which is nearly e whole integer and corresponds to a 8=9 plan, Therefore

L = 6 lots wlll be accumulated before an incentive pay-off decision will
be made., If 6 lots of sample size 315 each are accumulated, then the
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adjusted sample size is:
N = (1) (W) (12)
or N' = (6) (315) = 1890
In summary - the original sampling plen is:
(AQL = .25% | 315; 2,3)

2 i st S D BRGAT ray e NG

This is replaced with an equivalent plan by accumulating 6 lot

Ty o SRR

samples defined in accordance with equation (7): : '

(AQL = ,25% | 1850; 8,9) %

| ) : Extention of this example by computing AQLy, and Payoff:

It 6 defects were encountered (X' =6, X' + 1 = 7) in 6 lots of

ot i e Fe e =

sampling (total N = 1890), the pseudo AQL (AQLP) can be determined as

follows., The definition of AQLP is the same as in the'previous gsection 1if

, (AQLg = .25% | 1890; 8,9)
z then  (aQuy = 2 | 1890; 6,7)

BESD VRS

PR

It 15 known that
(N) (AQLg) = .(Z4 for X, X + 1 plan), If X, X + 1 and N are
known, then AQLg can be determined. This is also true for AQLP. In this

example, (X', X' + 1) = (6,7) end N' = 189C, Applying equations (9) to this k

situation: , S
(¥) (AQLp) = (zy for X', X' + 1 plan) |
(N') (AQLp) = (23 for 6,7 plan) | ' }
(1890) (AQLy) = 330
AQLy, = .175% A

—— -

S et e apr
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Th¢ iesuliani percentage airrerence (3D) between AQLs and AQLp is:
%D = (,250 — ,175) 100 = 30% *

+250 "

Note: These adjustments must be made in the sampling plans of all !

(pertanent) item control parameters. The following example (although :

repetitious in part) will include the complete computation as well as
the TPO.

A COMPLETE EXAMPLE FOR CALCULATING PAYOFF WHEN
THE ACCEPTANCE NUMBER OF AT LEAST ONE PARAMETER IS LESS THAN 5

Parameter At N = 32, (0 - 1); AQLg = ,L0; Wy = 30
B: N = 50, (1~ 2); AQLg = 1,005 Wp = 20 :
MPO = 10% |
Wp =Wy +Wp= 50

POFg = (MPO) (W) = (10) (30) = ,06
(wr) 100 T50) (100)

POF, = (MPO) (Wg) = (10) (20) = ,Ob

TWp) (100)  T50) (100) ;
Because both of the sampling plansg have acceptance numbers less /
than %, the number of cumulative lots (samples) must be determined
in order to determine equivalent sampling plans:

1 = 24
W) (ARLg)

Plan A has X as a ninimum (X = 0):
(N) (AQLg) = (32) (.b) = 12,8

Referring to Table I:

1) = 260 = 20,3 ' 1y = 470

1-22-:3' 3 JE._LE- 36.72
12. 2 ls = 540

13%3 = 25,78 et~ PRCRY
13 = 400, arbitrﬁrily stop

57




e e o e e e £ e e e e ¢ T e -

L T

e 4

12 = 25,78 1s nearest to a whole number, 25(26), therefore L = 26 lots

will be accumulated, If 26 lo@g of sample size 32 are accumulated, the
adjusted sample size N' is: _ ‘
N' = (L) (N) = (26) (32) = 832
In summary - the original plan is:
(AQLg = b0} 32; (0 =~ 1))
But Z, of 330 (see Table I) corresponds to & 6 - 7 plan (i.e.; X, = 6,
Xg + 1 = T) so that the revised plan is:
(AQL, = .40 | 832; (€ = 7)) for Parameter A
An appropriate adJustment must be made for Parameter B:
The original plen for Parameter B 1s:
(AQLg = 1,00 | 503 1 - 2)
Since g_:_gg lots will be accumulated, the adjusted sample size N' is:
N' = (L) (N) = (26) (50) = 1300
Since:
(N) (AQLg)
(1300) 8100 = 24
Z4 = 1300
Reference to Table I shows that Zy = 1320 corresponds with a 19 = 20
plan. The revised plan for Parameter B is therefore:
(AQLg = 1.00 §1300; 19 ~ 20)
In actual sampling the following defecis wére counted:
Parameter A - 5 defects |
Parameter B -« 10 defects
The Puuedo AQLg are computed:
For Parameter A:

(832) ( ) ="260 from Table I

(N) (AQL&)P- 24 (X* =5, X' +1 =6 for 5 - 6 plan)
AQLp = ,31%
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For Parameter B:
(N) (AQL,) = 24 (X' = 10, X' + 1 = 11 plan)
(1300) (AQy) = 620 from Table I
AQLP = -)48%

Therefore:

%D = 0’40 - 031) 100 = 22-5’ :

e T ;

%Dy, = (1,00 - ,48) 100 = 52,0%
1,00

The Partial Pey-offs for each Parameter are:

PPOg = (POF,) (%Dqa)
= (.06) (22.5%)
= 1,356
PPOL = (POFy,) (#Dy)
% = (,0b4) (52%
= 2,08%

Therefore the total pay-off awarded to the contractior after 26
lots were produced and sempled was:

TPO = PPO, + FPOy,
= 1.35% + 2,08%
= 3,43% of unit price

CONCLUSIONS

Although some effort has been expended in investigating the development
of quality incentive payoffs it is believed that this paper makes a significant
contribution in the area. This contribution 1s evidenced by the investigation
and extension of previously formulated concepts and the synthesls of standaxrd
atatistical techniques, In particular, an effort 1s made to make provision
for the following common situations which normelly occur in actual acceptance
sampline plans: |

1. Items having several parameters which contribute to overall effectiveness
in varying degrees. .

2. TItems/parameters with acceptance sampling plans specifying small
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bers {4.2.; C 5) which luberently lack an expanded range of
quality measure (AQLp and %D).

3. Items/parameters specifying sampling plans with an acceptance
number equal to zero.

Provisions for the above situations were established by defining a
procedure for selecting and weighting item parameters relating to effectiveness.
Furthermore, quality incentive pay-off decisions for sampling plans requiring
small acceptance numbers were incorporated into the model by cumulating the
results of several product lots.

The procedures presented in this paper are not considered to contribute
a sophiaticated approach to formulating quality incentive plans. Intuitively,
the basic philosophical framework is believed to be workable, however the
overall model should certainly lend itself to further refinement and simplica-
tion. 8Some restrictive features of the model which would be adaptable to
future wofk are:

(1) Restricted to single sampling by attributes.

(2) Limited to simple functioning items.

(3) Considerable subjective judgment involved in selection and
welghting of parameters,

(4) Loss of incentive impact due to complexity of special procedures
for cases in which C < 5.

(5) Undesirable time factor due to lot accumulation when acceptance
number 1s very small.

(6) Rounding error in Z values.
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APPENDTY

Property:
:E:POFI = MPO (in terms of percentage)
Demonstration:
Wt=W1+W2+...+w1+...+wn-_2w1
Therefore:

wl+w2+uo+W1+--.+WNIl
Ve W W W

It has been established:

POFy = MPO (W1) "(in terms of percentage)

L
?POFJ_ -ﬁ:upo (W)
- W

Expanding the summation:

POF = MPO [(WJ_ + W2 + ane wl *ooen + wn)]

" (Ve Wy W W)

<
or ‘ZFOF = MPO

Property:
If the percent difference between the specification AQL and the

pseudo AQL 1s 100 percent, then:

TPO » MPO (in percent)
Demonstration:
TP0 (%) = Hrpo
= Z(POF1) (% aifference)
= J(PoF1) (100%)
where POFy is o fraction, therefore;

TPO (%) = > (POFy) (in p;rcent)
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But it has been shown in 1 that:
(POFl) = MPO
Therefore:

TPO (%) = MPO (%)

REFAKLNCES

1. TFlehinger, B.J., and Miller, J., "Incentive Contrucis and Price
Differential Acceptance Tests", Journal of the American Statistical Association,
Volume 59, No. 305, March 196k,

2. Hill, I.D., "The Economic incentive Provided by Sampling Inspection",

Applied Statistics, Volume IX, No. 2, June 1960.

62

e o e g e e e e ¢ e ke e




e e e

e R o ST A B TP ST

T TR Wl T AT A

e T

UFLLMUM SAMPLING PLANS FOR GRADING BINOMIAL POPULATIONS

Paul B. Nickens
U, S. Army Ballistic Research Laboratories
Aberdeen Proving Ground, Maryland

INTRODUCTION AND BACKGROUND., In the surveillance evaluation of
amnunition an important task 1s that of grading lots on the basis of
attribute characteristics of a sample drawn from larger populations. At
the present tima, lots are placed into one of three grades based on the
performance of a random sample of n items chosen from the lot. It is of
obvious importance that the probability of misgrading a lot based on this
sample be made & minimum, The basis for the current grading procedure 1s a
BRL report written by Mr. A. Golub entitled "The Determination of Acceptance
Numbers for Placing a Lot from which a Single Sample is Drawn into One of
Three Grades'" published in 1951. In this report, Mr. Golub maximizes the
probability of correct grading by differentiating expressions of tha following
type 120 (2) p1 q“'i, satting the resulting values equal to zero and solving
for the ¢ values (acceptance numbers),

Mr. Golub's report serves as a basis for the following paper in which
a different method of maximizing the probability of correct grading is

devaloped., A generalized solution is given and tables are developed for
lot classification inte 2, 3, or 4 grades, ‘

THEORETICAL DISCUSSION. In determining the original acceptability of
large quantities of manufactured products or in checking the reliability of
iteme which have been in storage for some time, groups of the product are
submitted for inapection (teating) in divisions called lots. These lots
can often be characterized by a certain property, or set of properties of
the individual members of the lot. For example, a population of artillery
projectilas can be divided into those which are defective and thoss which
are not, a group of washer fittings can be divided into thoss which fit a
five~inch setting and those which do not. We let x be a random variable
which assumss the value 0 if an individual in the lot has none of the
characterising properties and 1 if the individual possesses one or more of

This article was reproduced photographically from the manuscript submitted by
the author.
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I£ ¥& wuw lei p=F(x=i), then the Lot 18 defined to be a
lot with fraction defective p and an individual which exhibits one or more
of the characterizing properties 1s called a defective item,

In dealing with large lots, it is frequently too expensive or time

consuming to examine or test each item in the lot. (In fact, where the

procedure calls for the destruction of the item, it is impossible to inspect

every item.) Thus, some type of sampling inspection plan must be devised.

One of the more common types of sampling plans is the so~called single-
sampling plan where the consumer selects a random semple of size n from
tha lot and if the numbar of defective items in the sample is less than
or equal to a given number ¢, the lot is accepted and if c + 1 or more
defectives is found in the sample, the lot is rejected.

This concapt can be readily extended to situations involving classification
of a lot into more than two classes, say, thres, four, or any number up to k
classues or grades. Lat us assume that for each of tha k grades, an interval
has been determined such that, if the lot fraction dafactive is in this
interval, the lot belongs to that gradu., These intervals or levels can be
determined by a reviaw of the specifications for tha item or by conaidering

the requiremen-s established by the user or consumer for the reliability of
the item.

Now, lat us suppose for convenience, that our atockpile consists of
sexactly 100 lots which have the corresponding fraction defectives;

yo - 0, yl - 001; yz - .o‘. X ygs - 098; ygg w ,99, One of these lots 18

salected at random and submitted to our sampling plan. We let p be the lot
fraction defective for this lot.

We now want to place thias lot into one of k gradss in accordance with
the following: if the lot fraction defective is less than Py (0 sp s pl).
the lot is of Grade A quality; if the lot fraction defective ils betwesen
Py and Py (p1 <p s pz). the lot is of Grade B quality; if the lot fraction
defective is between p2 and p3 (p2 <p s p3). the lot is of Grade C quality
snd 80 on, out to the final grade, that is, if the lot fraction defective is»
more than Py (pk_1 <p 5 1), the lot is of Grade K quality.
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OQur plan now calls for selecting a random sample of . items from the '

lor, inspesting

asting {iesting) each item in the vample and determining the number
of items (r) which are defective. The lot will then be placed into one of
ihe k grades using the following rule:

If0sr =< ¢ Place the lot in Grade A
If c1 +1<rc¢g ¢, Place the lot in Grade B
If ¢y +l<rs cq Place the lot in Grade C
Ife y+lsrsn Place the lot in Grade K

Under this set of conditions, we can use the formula of total
probability® to calculate the probability of placing a given lot into its
proper grade, or in other words, we are determining the probability of
correctly calling a Grade t lot its actual grade, Grade t, This gives

P = P {of placing the lot in the correct gradel =
P{p-O}P{OerCllp-O}+P(p-.01}P{05r5c1|p-.01}+
o #Plpmp }POs TS Q) lp= Pyl +Plp=p, + 0L} Ple; + 151 c21
p=pyt 01} + ey +Pip = pz) P{c1 tlsrse, lp = pz} +Pp= py *+ .01}
Pley+1srsc,|pepy+ 011+ ... #+Plp=pb Ploy +1srsc,|pmpyd+
eos *P{pmp,_, + .01} Ple, ;*+1srsnm |p= Py * D1} + .00 + Pip = .99}
Ple, ,+lsrsn |p = .99} (1)

Bacause the lot which was submitted to the plan was selected at random
from the 100 lots available in the stockpile, we know that

P{p» 0} = P{p= .01}~ ... =P{p~ .99} = T%E @

The probability expressed in the gecond bracket of each product can be
written as the sum of & binomial probability function of the form

g ® @F @-p™F (3)

% B. V. Gnedenko, "The Theory of Probability", page 64.
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Using expressions (2) and (3), we can rewrite (1) in the following form.

€ © n

In order to maximize the probability of putting a lot into the correct
category, we must maximize (4) with respect to s Cp» Cqs evs €y However,
cbviously, we do not want to limit ourselves to the case whare N (number of
lots in the stockpile) = 100, but rather want to generalize our approach so
that N can go to infinity and thus consider the case where p can assume any
value on the closed interval [0,1] with equal probability.

Firat, we must look briefly at the definition of a definite integral.
Consider a function #(p) which is continuous on the interval {a,b]l, (a < b),
axcept at one or more pointe of the form p = a + t/N, where t = 1,2, ... N(b-n)
and is everywhere non-negative on this intexrval. The graph of this function
(using three grades as an example) can be represented by the following sketch.
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We now divide [a,b] into N equal intervals, with the length of each

interval = Axi. In each segment choose points €y €y +o0 € and consider the
sum f(el) Axl + f(ez) Ax2 S f(en) Axn (5)

n
which is equal to L f(ei) Axt

i=1

Since all the intervals are equal, (5) can be written as

n b=g 0 .
izl f(ei) Axi ” 151 f(ei) and by definition (6)
lim n lim bea O

n+e b f(ei) bx, = ne = I f(ei) = £(p) dp

Axi+o i=] Axi»o im]

This is exactly the form of (4), the sum of which we are seeking to

maximize with respect to €19 Cgs Cqp vee Cym1? if we let n+e, Thus, if
we maximize

c
pl cl n r n-r p2 2 n r _
s = ,/’ I () p (1-p)" dp + ’//’ I (r) p*(1-p)™ Tdp +
0 r=0 Py r=c,+l
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3 ZJ (n r,. _.n-r 2 S \n-T
r) p (i-p) dp + ... + ’//’ I (r) pr -p)" “dp
Py r-c2+l Pl t-ck<1+l

with respect to €19 Cgs Cqs ree O gy We have maximized the probability of
placing a lot in the correct grade given that it was selected at random from
a population of lots whose fraction defective has a uniform distribution on
the unit interval. Thus, the use which we have made of integration is
equivalent to placing a uniform prior distrubtion on p, the true lot fraction
defective.

Our problem now becomes one of choosing those values of Cqs Cgp ves G g
which maximize (7) for given values of Pys Pps» Py *ee Ppq and n.

As an example for the case k=3 (3 grades) we can illustrate graphically
by "operating-charscteristic" curves the area which we wish to be a maximum,

1.0 Probability of assigning

Grade A
1T
AT
Probability of
Probability ;eu;gnéng
of assigning Prob. of 1 rade
correct grade Gra

The area we wish
i to maximize is
-t ) indicated by the
- ghaded area

percent defective

We now express s in (7) us

c c c

P P P
1 1 n _ 2 2 n - 1 2
o=/ W aele+s /S 1 @ anle- /S

0 i=0 0 1-c1+1 0 i-oi+1
a . P3 3 o i P23 on .
@t ) lapr S Wi/ 0 o
0 jme, +1 0 jme, +1
2 2
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n n . . p!:-l - n i
X @t ™l - Sk @ b a-p™tap
0 i-qk_1+l 0 1-ck_1+1
Py on n 01

Let Q = / @t ™ = @ S ot @™ le
0

Integrate by parts: u = p1 dv = (l-p)n_id
~i+]
1-1 T e e
du=1p" “dp v (n-1+1)
n-i+1 4Pl Py 1-1 n~i+1
n- i+1 0 3 n-i+l

1
1 ~-i+ i :I.+1
(1) == plJl (1~pl)rl . o/ —yy) pt™ (1-p)* Hap)

P
n . 1
=1 _ 1ogly -t i 1-1 qoyn-itl
=) =T P G-py) + o/ P (1-p) dp}

n-i+1
Integrate by parts: 1 = p:"“l dv = (l-p)“-H
~1+2
=24 -p)"°
we e o
Now Q = (1) 1 epi* 4 Lo =l 3 g™ ‘*zlpl
ow Q n-1+1 py Upy A=1+1 n~1+2 P (e
i /1 1-1 2 (Qepy® 2405
nA+l J ni+2 P Gip dp
which aquals, after simplification
n+l n+l
I i o AR=i¥l 1 - 1-1 ¢y, yn-it2
Qe a+l (1) pl (1 Pl) iy (1-1) pl 1 Pl) +
+1
-1 O n-1+2
1 40 / p (1 F)
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which can be written as

i n+l n+l
- - 1 3j ntl-j , i-1 1-2 i+2
Q i+l jEi-l ( 1 Pl (‘l-p ) * ol n+l (1-1) / ? ’1 p)n

Again integrate

i-2 n- 1+2

by parts: u=p dv = (1-p) dp
n-1i+3
du= (1-2) p'"p v m - 2P
i n+l n+1 B
R 3 n+1-j - i 1 1 i-2 . n-i+3
J=i=1
n+l
1n+3—:l
iody (-1 0/ =2 173 (1p)
which equals, after some simplification
i n+l n+l .
A ] nkl=§ _ 1 . i=2 . \od3=1
Q= - n+l in_ ( J ) Pl (1~ P ) n+l (1-2) Pl (1 Pl) +
n+l
i-3 n+3-1
2 -2 / o7 a-p™he
and, combining terms
.- =i b PRI (00 Ok | 1-2 i-3 n+3= 1
R SR U= (12)/p (1-p)

Continuing to evaluate the integral by integrating by parts, we

come to this term

i n+l P1
Qe == 1 (§) plj (1-p, yrH=d +;:1' (ntl) 0/ ° (-p)p

n«l'lJl
ol Pl
. 1 ntl 4 n+l- ntl +1 _0 1 nil
';ﬁJEIU)Pz (-p)™ - e 0y ™ 0 S5 (T

70

A T ks 3 o e




iy e iR

g A e PR I i e o

i
I R+l nt+l-] 1

3=0

1 i o1 -
o e B p amep™i

« 1 0tl nHl 3 n+l-j
e L EC3) w7 ™

Thus, finally we have

Pl .
1 ntl n}- n+l-j

nood n-i
0/ Mot a-p™le = oy

i
) py? (1-p))
and we have conveniently gone from the integral of a binomial to the sum
of another binomial expansion.

Now, making use of this exprassion in the original "s" equation,

we have T

P
e n i n-i, .1 0§ ™l o n+l-3
S B anTe - B T ot ) (ep

1 - n+l  pe) -
S Dot am™e s p 5 G @ @

All terms in the summation vanish (= 0) except for the last term when
1 n+l 0. 1
J = n+l, where we have oo g (1) (0) =FT

/l S n=1 ol
and § 5o WP (A-p)" Tdp = o

&)

b n ¢ n=i 1 b n+l  pel
ot ot ap™ipe < 2" O 3 epy™
0  iwa B ea getdl 2 TR
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And .ueing these expressions in our original expression (8), we
have '

] ca :

1 ntl g4 - 2 ntl  p4l

se 0t Mpdaey™e A 2 T e
im0 j=mi+l 1-c1ﬂ1 j-i+1»

' c
ntl-) , L g0

c
n+l-y 2 o+l n4l 1
ntl 1-c2+1

. 3 -
(I-Pz) a+l 1-2 . j-f-.-l (3 ) Pl (1 Pl)
1

¢ +
R I U G DB TR CE Y

n+l imc L gmidl

n+l-j PR

ntl

n+l J
(1) p,y (1-py)
Jui+l

+1 +1-
9:—9-“:-!- - —L % l\z (njl) Pk-lj (1-Pk-1)n '1
nt+l Ml jag gt geitl

I nel el +1- €2 ntl o+l 4
o 4k i p)t ™ T by (e,
1

1
ne nﬂl

- €2 otl o4l +1- 3 nfl
(1-p™id - 1ot app™ie 1 T

fmc 4l Jeitl fme 4l =idl

- 3 ntl el -
it Py (1-p3)“+1 J. g (g, -p™ 4
fmcy bl gmitl

2 e e e g e et AT

- -l -I

n+l-j ]
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¢1+l n+l c,+1 n+l
n+l 3 aHl-j 2 ’ ntl 4
s= = I r (3) py (-py) + 'z I (3)p
AT 1= R 1 1 1ec ¥2 f=i ?
€, +1 n+l Cytl nt+l
- 2 n+l - 3 n+l
™ 3 e e aep™ e T T (T
:l.-¢:1+2 =1 i-c2+2 J=i
¢+l n+l
- n+l -
(l-ps)n."l j - e z ( j ) sz (l"pz)n+1 J o+ ne + n"ck_l
i-c2+2 =1
n+l ntl  n+l -
1~ek_1+2 =i
which can be written as
s~ 1/ovl [ T p(x 21 ntl, pl) + I p(x 21; n+l, pz) - I
im} 1-c1+2 i-c1+2
e+l c3+1
P(x 24 n+l, p)+ I  plx2i;nt, Py) - I p(x21;oH, p,) +
1-c2+2 1-c2+2
+ “?1 (x > 1; n+l )]
s n- - - p(x - s 0 ] p -
k-1 mc,_#2 g k=1

vhare p(x 2 1} n+l, pt) is defined to be the probsbility that the random variable x
is greacer than or equal i if it has the binomial distribution with parameters
n+l and P

We now make use of any convenlent table of cumulstive binomial probabilities
for several different values of n. Thus, for a fixed sample size and given quality
lavels, Pys Pge Pgr +oo Pp_y We can, by use of a high~spead electronic computer,
compute values of s for every €10 Cgp e &y combination and choose that
combination which gives the maximum value of s. |
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GENERAL APPLICi IONS AND EXAMPLES,

For the Case K = 2
The classification of a lot inte two grades is, for most situations,

esquivalent to either accepting or rejecting the lot. For example, a

quality control analyst might be willing to mccept as satisfactory a 10%
defect rate for flash bulbs. Thus, if he took a sample of 20 bulbs from
one hour's production, the appropriate tablu indicates he would allow one

defactive sample before rejucting that hour's output, >

or_th K =
Here, the purpose might be to place a given lot of artillery fuzes
which have been in storage for some time into ona of three grades, Grade

; E A, indicating thome lots acceptable for unrestricted use} Grade B, those 1
: lots generally acceptable with certain restrictions; and Grndn C, those
lots wnacceptable for future use.
‘ Given a sample size of 45 and prescribed quality lavals of 15% and 30%,
the appropriate table indicates we would allow 6 defects for a Grade A lot and
- up to 13 defects for a Crade B lot.
N Zor the Case K = & ..
' An example here might be tha case whers an slactronics dealer would be
willing to pay x dollars for a lot of batteries which are of Grade A quality,
y dollars (y < x) for a lot of Grade B quality, z dollars (x <y < x) for a
lot of Grade C quality and reject as unacceptabls, lots of Grade D quality.

If for a sample of sixe 200, the respactive quality levels ars 12
(Grade A), 10% (Grade B), and 25X (Grade C), the appropriats table calla for %
acceptance numbeys 2, 20, and 50.

FURTHER RECOMMENDATIONS, The use of the uniform prior distribution is

a fairly conservative approach but would sesm to have realistic applications :
for newly manufacturad items or items for which little is known of the !

functioning characteristics.




—

i m e

& g T

It would be interesting to consider some other prior distributioms.
A simple cne, which seems both reasonable and easy to handle mathematically
would be to assume p is uniformly distributed on the intervel [0, 0.50}, i.e.,
assume that no lot is more than 502 defective and guard against misgrading
any lot with fraction defective between 0 and 50X with equal protection.
Another interesting distribution to considex would be

£ (p) = 2 (1-p) 0spsl
=0 otharvise

This distribution sssumes lots with p almost zaro are most likely in
the atockpile, lots with p almost equal one are quite rare and tha
probability that & < p < b increases linearly as a and b ‘ncrease.
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APPENDIX

TABLES'OF ACCEPTANCE NUMBERS
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[

SAMPLE SIZE

T 10 15 20 25 30 35 o) L5 50
.01 0 0 0 0 0 0 0 Q 0
.02 0 0 0 o Nl 0 0 0 o
.03 0 0 aQ ) 0- 0 0 0 0
.ok ) 0 0 0 0 a 0 1 1
.05 0 ) 0 0 0 1 1 1 1
.06 0 0 0 4 1 1 1 2 2
.07 0 0 0 1 1 b 2 2 2
.08 ol 0 1 1 1 2 2 3 3
.09 0 0 11 2 2 3 3 3
.10 o} 0 1 1 2 2 3 3 4
W11 0 1 1 2 2 3 3 L L
A2 0 1 1 2 3 3 N 4 5
.13 0 1 2 2 3 4 N 5 6
W1k 0 1 2 3 3 L 5 5 6
.15 1 1 2 3 L 4 5 6 7
.16 1 1 2 3 4 5. 5 6 T
W17 1 2 2 3 4 5 6 T 8
.18 1 -2 3 L i 5 6 7 8
.19 12 3 4 5 6 T 8 9
.20 1 2 3 4 5 6 T 8 *g
21 1 2 3 4 - 5 6 8 9 10
.22 1 2 4 5 6 T 8 9 10
.23 1 3 L 5 3 7 8 9 11
- 2 3 in 5 6 8 9 10 11
25 2 3 i 5 7 8 9 10 - 12
.26 2 3 N é T 8 10 1 12
.27 2 3 5 6 T 9 10 11 13
.2 2 3 5 6 8 9 10 12 13
.29 2 h 5 6 8 9 11 12 14
.30 2 I 5 7 8 10 11 13 1k
31 2 I 5 7 9 . 10 12 13 15
.32 2 N 6 7 9 10 12 1k 15
.33 3 N 6 8 9 11 12 1h 16
o34 3 L 6 ) 9 11 13 15 16
. 35 3 5 6 8 10 12 13 15 17
.36 3 5 7 8 10 12 1k 16 17
.37 3 5 T 9 10 12 14 16 18
.38 3 5 T 9 11 13 AN 16 18
.39 3 5 7 9 11 13 15 17 19
LU0 - 3 5 7 9 11 13 15 17 19
L4l 3 6 8 10 12 1k 16 18 20
L2 L 6 8 10 12 14 16 18 20
.43 4 [ 8 10 12 14 17 19 21
Bl 4 6 8 10 13 15 17 19 21
R L K 8 11 13 15 17 20 22
k6 N 6 9 11 13 16 18 20 22
A7 b 7 9. 11 14 16 18 21 23
48 in 7 9 11 1k 16 19 21 23
49 in 1 9 12 1k 17 19 22 24
.50 b 7 9 12 14 17 19 22 24
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.30 11,12 11,12 11,l2 12,13 12,13 12,13

.31 11,12 11,12 12,13 12,13 12,13 12,13 12,13
.32 11,13 11,13 12,13 12,13 12,13 12,13 13,1k
.33 10,14 11,14 12,13 12.13 .12,13 13,14 13,14
.34 10,14 11,24 12,1k 12,14 13,04 13,14 13,14
.35 10,15 11,15 11,15 12, "1k 13,14 13,14 13,1k
.36 10,15 11,15 11,15 12.15 12,15 13,15 1b,15
.37 10,16 11,16 11,16 12,16 12,15 13,15 14,15
.38 10,16 11,16 11,16 12,16 12,16 13,16 13,16
.39 10,17 11.17 11,17 12,17 12.17 13,17 13,16
ko 10,17 10,17 11,17 11,17 12,17 13,17 13,17
a1 10,28 10,18 11,18 11,18 12,18 12,18 13,18
k2 10,18 10,18 11,18 11,18 12,18 12.18 13,18
43 10,19 10,19 11,19 11,19 12,19 12,19 13,19
Lk 10,19 10.19 11,19 11,19 12,19 12,19 13,19
b5 10,20 10,2¢ 11,20 11,20 12,20 12,20 13,20
6 10,20 10,20 11,20 11,20 12,20 12,20 13,20
AT 10,21 10,21 11,21 11,21 12,21 12,21 13,21
.48 10,21 10,21 11,21 11,21 12,21 12,21 13,21
b9 10,22 10,22 11,22 11,22 12,22 12,22 13,22
.50 10, 22 10 22 11,22 11,22 12,22 12,22 13,22
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THREE GRADES N=50

Pl
A7 .18 .19 .20 .21 .22 23

-3 ~3
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-
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N~ ~3 33
v w wlelata
3 b e e e

PPN
= O OO \D -7 O

. e w e
7S OO N
W=

i e . o gu g
L d
o
w

7,8

8,9 8,9

8,7 8,9 8,9

8,9 8,9 9,10. 9,10

8,9 9,10 9,10 9,10 9,10

8,10 9,10 9,10 9,10 10,11 10,11

8,11 9,10 9,10 10,11 10,11 10,11 10,11
8,11 9,11 9,11 10,11 10,113 10,11 1,12
8,12 8,12 9,12 10,12 10,11 11,12 11,12
8,13 8,12 9,12 10,12 11,12 | 11,12 11,12
8,13 8,13 9,13 10,23 10,13 11,12 11,12
8,14 8,14 9,1k 9,13 10,13 11,13 12,13
8,14 8,14 9,14 9,14 10,14 11,1)4 11,14
8,15 8,15 9,15 9,15 10,15 10,1l 11,14
8,15 8,15 9,15 9,15 10,15 10,15 11,15
8,16 8,16 9,16 9,16 10,16 10,16 11,16
8,16 8,16 9,16 9,16 10,16 10,16 11,16
8,17 8,17 9,17 9,17 10,17 10,17 11,17
8,17 8,17 9,17 9,17 10,17 10,17 11,17
8,18 8,18 9,18 9,18 10,18 10,18 11,18
8,18 8,18 9,18 9,18 10,18 10,18 11,18
8,19 8,19 9,19 9,19 10,19 10,19 11,19
8,19 8,19 9,19 9,19 10,19 10,19 11,19
8,20 8,20 9,20 9,20 10,20 10,20 11,20
8,20 2,20 9,20 9,20 10,20 10,20 11,20
8,21 8,21 9,21 9,21 10,21 10,21 11,21
8,21 8,21 9,21 9,21 10,21 10,21 11,21
8,22 8,22 9,22 9,22 10,22 10,22 11,22
8,22 8,22 9,22 9,22 10,22 10,22 11,22
8,23 8,23 9,23 g.a3 10,23 10,23 11,23
8,23 8,23 9,23 9,23 16,23 10,23 11,23
8,24 8,24 9,2k 9,24 10,24 10,24 11,24
8,24 8,24 9,24 9,24 10,24 10,24 11,24
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0

T ol

L A .

——L L ITRARIN LT

FMOPIMINIR A & Saemom  an =
JAanEn IAAMED n=3zyv

P1

P2 .2h 225 .26 .27 .28 .29 .30
.02

.03

.0l

.05

'06

IOT

-08

u09

.10

.11

.12

.13

tlh

.15

.16

AT

018

.19

.20

21

.22

.23

-2“

.25 11,12

.26 11,12 11,12

27 11,12 12,13 12,13

.28 12,13 12,13 12,13 12,13

.29 12,13 12,23 12,13 13,1k 13,1k

.30 12,13 12,13 13,14 13,1k 13,14 13,1k

.31 12,14 13,14 13,14 13,14 13,1k 1h,15 1h,15
) 12,15 12,14 13,14 13,14 1h,15 1h,15 14,15
.33 12,15 12,15 13,15 1h,15. 1hk,15 1k,15 15,16
.3k 11,16 12,16 13,16 14,15 14,15 1h,15 15,16
.35 11,17 12,17 13,16 13,16 14,16 15,16 15,16
.36 11,17 12,17 12,17 13,17 14,17 15,16 15,16
.37 11,18 12,18 12,18 13,18 14,17 1b,27 15,17
.38 11,18 12,18 12,18 13,18 14,18 1h,18 15,18
.39 11,19 12,1 12,19 13,19 13,19 1k,19 15,18
) 11,19 12,19 12,19 13,19 13,19 14,19 15,19
A1 11,260 12,20 12,20 13,20 33,20 14,20 14,20
L2 11,20 12,20 12,20 13,20 13,20 14,20 1k,20
A3 11,21 12,21 12,21 13,21 13,21 1k,21 14,21
Al 11,21 12,21 12,21 13,21 13,21 1ik,21 14,21
5 11,22 12,22 12,22 13,22 13,22 1h,22 1h,22
L6 11,22 12,22 12,22 13,22 13,22 1k,22 1L,22
A7 11,23 12,23 12,23 13,23 13,23 1h,23 1h,23
48 11,23 12,23 12,23 13,23 13,23 1h,23 1k,23
g 1,24 12,24 12,24 13,24 13,24k 1b,2h  1h,2l
.50 11,24 12,24 12,24 13,24 13,24 ah,2h  1b,2k

100

et e .




FOUR GRADES N=50

: ACCEPT. | . ACCEPT, ACCEPT,
P Pl P2 P3 NOS. Pl P2 P3 " NOS. Pl P2 P3 pmog.
3 +01.05 .10 0,2,51005 .10 .15 2,4,6] .10 .20 .25 B,10.11
{ ' .15 g,1,7 .20 2,k4,9 .30 L,9,2k
{ .20 0,1,9 .25  2,L,12 <35 L,9,17
' .25  0,1,12 .30 2,414 b0 k,9,19
§ .30  0,1,14 .35 2,4,17 U5 4,922
: .35  0,1,17 b0 2,4,19 .50 L4,9,2)
§ .Llo 0,1,19 ’hs 231‘:22
; A5 0,1,02 .50 2,424 .25 .30 4,12,13
{ .50  0,1,2L .35 4,12,17
. .15 .20 1,7,.8 40 L,12,19
.10 ,15 0,5,6 .25 1,7,12 A5 4,12,22
.20 0,4,9 .30 1,7,14 .50 4,12,24 -
: .25  0,4,12 $35  1,7,17
30 0,4 1k ). 40 1,7,19 .30 .35 14,15,16
.35 0,4,I7 A5 1,717,022 L0 k4,15,29
.4 .1&0 0.&,19 050 1.732)4 .hs h,lh‘a&"
i ' A5 0,422 50 L,1k4 24
: 50  0,k,24 20 .25 1,10,11
. 30 1,9,14( .15 .20 .25 7,9,10
: .15 .20 0,7,8 .35 1,9,17 30 7,8,14
; 25 U,7,12 Lo 1,9,19( +35 Ta8’17
: .30-  0,7,14 b5 1,9,22 Lo 7,8,19
I +35 0,7,17 -50 1,9,21# ~L‘5 7;8r22
; _ 40 0,7,19 - .50 7,8,24
! b5 0,7,22 .25 .30 1,12,13 : .
f .50 0,7,24 .35 1,12,17 .25 .30 T,12,13
; A0 1,12,19 :35 T,12,17
; . .20 .25 0,10,11 A5 1,12,00 Lo 712,29
! »30  0,9,14 .50 1,12,24 A5 712,02
; ' »35 0,9,17 ' , 50 T,12,24
i . 4o, 0,9,19 .30 .35 lnlSslé
l 45 0,9,22 L0 1,15,19 30 .35 7,15,16
‘ .50  0,9,24 A5 114,22 Lo 7,15,19
; 50 1,14,2)4 45 T,1k,22
) .25 .30 0,12,13 50 T,1k,24
: .35 0,12,17
.o 0,12,19 : \20 .25 ,30 10,12,13
W45 0,12,221 .10 .15 .20 5,7,8 .35 10,11,17
.50 0,12,24 25 5,6,12 .50 10,1119
.30 5,6,14 45 10,11,22
.30 .35 0,15,16 +35  5,6,17 .50 10,11,24
ko 0,15,19 A0 5,6,19
: 45 0,14,22 45 5,6,22 © .30 .35 9,15,16
; .50 0,1k,24 50 5,6,24 40 9,14,19
i 45 9,1k 22
4 ' 50 9,14,24
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FOUR GRADES N=60

ACCEPT. ACCEPT. ACCEPT. |
Pl P2 P3 NOS. Pl P2 _P3 NOS. Pl P2 P3 NOS. :
.01 .05 .10 0,2,5.05 .10 .15 2,5,81.10 .20 .25 5,12,13 .
.15  0,2,8 20 2,5,11 .30 5,11,17 l
.20 0,2,11 .25 2,5,1k .35 5,11,20 :
.25 0,2,14 .30 2,5,17 b0 5,11,23
.30 0,2,17 .35 2,5,20 45 5,11,26 ,
.35 0,2,20 L0 2,5,23 .50 5,11,29 ;
40  0,2,23 A5 2,5,26 g
.45 0,2,26 .50 2,5,29 .25 .30 5,15,16 ;
.50 0,2,29 .35 5,14,20
15,20 2,9,10 Lo 5,14,23
.10 .15 0,5,8 .25 2,8,1h L5 5,1L4,26
.20  0,5,11 .30 2,8,17 .50 5,1L,2
.25 0,5,1k4 .35 2,8,20
.30 0,5,17 A0 2,8,23 .30 .35 5,18,19
.35 0,5,20 L5 2,8,26 k0 5,18,23
.40 0,5,23 50 2,8,29 .45 5,17,26 !
. A5 0,5,26 50 5,17,29 I
.50 0,5,29 .20 .25 2,12,13
.30 2,11,17].15 .20 .25 9,11,13 |
.15 .20 0,9,10 .35 2,11,20 - .30 9,10,17 i
.25 0,8,14 40 2,11,23 .35  9,10,20 |
.30 0,8,17 A5 2,11,26 40 9,10,23 ;
.35 0,8,20 .50 2,11,29 45 9,10,26
4o 0,8,23 .50  9,10,29 !
45 0,8,26 .25 .30 2,15,16 !
.50 0,8,29 .35 2,14,20 .25 .3 8,15,16 i
L0 2,14,23 .35  8,14,20 -
.20 .25 0,12,13 45 2,14,26 Lo 8,1h,23 f
.30 0,11,17 .50 2,1k4,29 A5 8,1k4,26 |
.35 0,11,20 .50 8,1h,29
.40 0,11,23 .30 .35 2,18,19
45 0,11,26 b0 2,18,23 .30 .35 8,18,19
.50 0,11,29 L5 2,17,26 o 8,17,23
.50 2,17,29 .45 B,17,26
.25 .30 0,15,16 .50  8,17,29
.35 0,14,20
L0 0,1k4,23 20 .25 .30 12,1h4,16
.45 0,14,26f .20 .15 .20 5,8,10 .35 12,13,20
.50 0,14,29 .25 5,8,1k 4o 12,13,23
.30 5,8,17 W45 12,13,26
.30 .35 0,18,19 .35 5,8,20 .50 12,13,29
.40 0,18,23 40 5,8,23
45 0,17,26 45 5,8,26 .30 .35 11,18,19
.50 0,17,29 .50 5,8,29 o 11,17,23
' b5 11,17,26
.50 11,17,29




FOUR GRALES N=7T0

ACCEPT. ACCEPT. ACCEPT. :
_PL P2 P3 NOS. P1 P2 P3 NOS. PL P2 P3  NOS. /
.01 .05 .10 0,3,6 .05 .10 .15 3,6,9] .10 .20 .25 6,1h4,16 -
.15 0,2,10 .20 3,6,13 .30 6,13,20 i
.20 0,2,13 .25  3,6,17 : .3 6,13,24 3
.25 0,2,17 .30 3,6,20 4o 6,13,27 i
»30  0,2,20 35 3,6,2k4 45 6,13,31
.35 0,2,24 L0 3,6,27 .50 6,13,3L4
40 0,2,27 U5 3,6,31
.45 0,2,31 .50  3,6,34 .25 .30 6,18,19
.50  0,2,34 .35 6,17,2k4
W15 .20 2,10,12 Lo 6,17,27
10 .15 0,6,9 .25 2,10,17 A5 6,17,31
.20  0,6,17 .35 2,10,2L
.30 0,6,20 .bo 2,10,27 .30 .35 6,22,23
.35 0,6,24 45 2,10,31 40 6,20,27
Lo 0,6,27 .50 2,10,34 u45  6,20,31
45 0,6,31 .50 6,20,34
.50 0,6,3k .20 .25 2,1k4,16
-30 2,13,20 015 .20 -25 10 ’13.16
.15 .20 0,10,12 .35 2,13,24 .30 10,12,20
.25 0,10,17 W40 2,13,27 .35 10,12,2L
.30 0,10,20 A5 2,13,31 40 10,12,27
.35 0,10,2L 50 2,13,34 45 10,12,31
L0 0,10,27 .50 10,12,34
.45 0,10,31 .25 .30 2,18,19 )
.50 0,10,34 .35 2,17,2k4 .25 .30 10,18,19
Lo 2,17,27 .35 10,1T7,24
.20 .25 0,14,16 45 2,17,31 40 10,17,27
.30 0,13,20 .50 2,17,3k4 45 10,17,31
.35 0,13,2h .50 10,17,34
40 0,13,27 «30 .35 2,22,23
45 0,13,31 U0 2,20,27 .30 .35 10,22,23
-~ .50 0,13,34 45 2,20,31 L0 10,20,27
' .50 2,20,34 45 10,20,31
.25 .30 0,18,19 50 10,20,3k4
'35 0)17-2)'. *
ko 0,17,27 ' .20 .25 .30 1k,17,19
45 o0,17,31 .10 .15 .20 6,10,12 .35 1L,16,24
.50 0,17,3k4 25 6,9,17 Ao 14,16,27
.30 6,9,20 A5 14,16,31
.30 .35 0,22,23 .35 6,9,24 .50 1h4,16,34
4o 0,20,27 L0 6,9,27
W45 0,20,31 45 6,9,31 .30 .35 13,21,22
.50 0,20,34 .50  6,9,34 40 13,20,27
45 13,20,31
.50 13,20,3k
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FOUR GRADES N=80

ACCEET. |

106

ACCEPT ACCETT
_P1__P2__P3_NOS. PL P2 P3 NOS. P1 P2 P3 NOS.
.01 .05 .10 o0,3,7].05 .10 .15 3,7,11[.10 .20 .25 T,16,18

.15 0,3,11 .20 3,7,15 .30 17,15,23
.20 0,3,15 25 3,7,19 .35 T1,15,27
.25 0,3,19 .30 3,7,23 b0 7,15,31
.36 0,3,23 «35  3,7T,27 A5 7,15,35
-35 0|3|27 ‘ho 3’7.31 '50 7l15I39
L0 0,3,31 b5 3,7,35
‘hs 0’3,35 050 3’7'39 025 030 7’20,2
.50 0,3,39 35 T7,19,2
.15 .20 3,12,14 ko 7,19,3
.10 .15 0,7,11 .25 3,13,19 A5 7,19,3
.20 0,7,15 .30 " 3,11,23 .50 T,19,3
.25  0,7,19 .35 3,11,27
.30  0,7,23 b0 3,11,31 .30 .35 7,24,2
.35 0,7,27 U5 3,11,35 40 T7,23,3
40 0,7,31 .50 3,11,39 A5 T7,23,3
45 0,7,35 .50  1T1,23,39
.50 0,7,39 .20 .25 3,16,18
.30 3,15,23|.15 .20 .25 12,15,18
A5 .20 0,12,1k .35 3,15,27 .30 12,14,23
.25 0,11,19 Ao 3,15,31 .35 12,1k,27
.30 0,11,23 .45 3,15,35 Lo 12,14,31
.35 0,11,27 | .50 3,15,39 45 12,14,35
.40 0,11,31 «50 12,1L4,39
U5 0,11,35 .25 .30 3,20,22 .
.50 0,11,39 <35 3,19,27 .25 .30 11,20,22
.40 3,19,31 .35 11,19,27
.20 .25 0,16,18 45 3,19,35 40 11,19,3
.30 0,15,23 .50 3,19,39 45 11,19,35
«35 0,15,27 ‘ .50 - 11,19,39
.bo 0,15,31 .30 .35 3,24,26
.45 0,15,35 LU0 3,23,31 .30 .35 11,2h4,26
.50 0,15,39 .45 3,23,35 40 11,23,31
.50 3,23,39 A5 11,23,35
.25 .30 0,20,22 .50 11,23,39
«35 0,19,27
.40 0,19,31 .20 .25 .30 16,19,22
.45 0,19,35 [.20 .15 .20 T,12,1k .35 16,18,27
.50 0,1939 .25 T,11,19 L0 16,18,
.30 T7,11,23 .45 16,18,35
.30 .35 0,2k,26 «35  T,11,27 .50 16,18,39
.40 0,23,31 40 T,11,31
""5 0’23'35 -1‘5 7311,35 -30 -35 15'21“26
.50 0,23,39 .50 T,11,39 b0 15,23,31
. .45 15,23,35
«90 15,23,39
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FOUR GRADES N=G0

105

ACCEPT ACCEPT. ACCEPT
PL P2 P3 NOS. Pl P2 P3 NOS. PlL P2 P3 NOS.
.01 .05 .10 o,4,8].05 .10 .15 &,8,12] .10 .20 .25 8,15,21

15 0,3,13 .20  4,8,17 .30 8,17,26
.20 0,3,17 .25  L4,8,22 .35 8,17,31
.25  0,3,22 .30 k4,8,26 .40 8,17,35
'30 0’3'26 335 h,B,Sl -hs 8,17,1‘0
.35 0,3,31 Lo 4,8,35 .50 8,17,4b
.0 0,3,35 k5 L,8,k0
45 0,3,40 .50 L4,8,44 .25 .30 8,23,25
.50 0,3,bk .35 8,222,311
.15 .20 3,13,16 40 8,22,35
.10 .15 0,8,12 .25 3,13,22 U5 8,22,40
.20  0,8,17 .30 3,13,26 .50  8,22,4u
.25 0,8,22 .35 3,13,31
.30 0,8,26 b0 3,13,35 .30 .35 8,27,29
.35 0,8,31 U5 3,13,40 .40 8,26,35
Lo 0,8,35 .50 3,13,hd 45 8,26,k0
45 0,8,40 .50 8,26,4k
.50 0,8,Lk .20 .25 3,18,21
.30 3,17,26| .15 .20 .25 13,17,21
.15 .20 0,13,16 «35 3,17,31 .30 13,17,26
.25 0,13,22 b0 3,17,35 .35 13,16,31
.30 0,13,26 U5 3,17,40 A0 13,16,35
.35 0,13,31 50 3,17,44 .45 . 13,16,k40
4o 0,13,35 .50 13,16,U4
.45 0,13,40 .25 .30 3,23,25
.50 0,13,4k .35 3,22,31 .25 .30 13,23,25
4o 3,22,35 .35 13,22,31
.20 .25 0,18,21 45 3,22,40 .40 13,22,35
.30 0,17,26 .50 3,22,4k 45 13,22,b40
<35 0,17,31 .50 13,22,u44
40 0,17,35 .30 .35 3,27,29
A5 0,17,40 .40 3,26,35 .30 .35 13,27,29
.50 0,17,Lb U5 3,26,40 ko 13,26,35
.50 3,26,4k W45 13,26,L0
.25 .30 0,23,25 .50 13,26,L4
.35 0,22,31
.40 0,22,35 .20 .25 .30 18,23,25
.45 0,22,k0 [.10 .15 .20 8,13,16 .35 18,22,31
.50 0,22,44 .25 8,12,22 L0 18,22,35
.30 8,12,26 U5 18,22,k40
.30 .35 0,27,29 .35 8,12,31 .50 18,22,Lk
.40 0,26,35 o 8,12,35
.45 0,26,k0 45 8,12,40 .30 .35 17,27,29
.50 0,26,uk .50 8,124k .40 27,26,35
.45 17,26,40
.50 17,26,ub




FOUR GRADES k=100

ACCEPT. ACCEPT. ACCEPT, ;
P1 P2 P3  XNOS. P1 P2 P3 NOS. P1 P2 P3 NOS. :
,01 .05 .10 0,4,9].05 .10 .15 “54.9,1k[ .10 .20 .25 9,2u,23 !

.15 0o,L,1b .20 4,9,19 .30 9,19,29
.20 0,4,15 .25  h,9,2k .35 9,19,34 ;
.25  0,h,2h .30 L4,9,29 L0 9,19,39 ¢
'30 Olh!29 -35 ha9a3h -]*5 9919:14)4 l
.35  0,h,34 Lk h,9,39 .50  9,19,49 :
L0 0,4,39 45 U9, 4k
45 0,4, bk .50 L4,9,k49 .25 .30 9,25,28
.50 0,449 .35 9,2h4,34
.15 .20 4,15,19 L0 9,24,39
.10 .15 0,9,1h .25 L,1L,2h 45  9,2h4,kh
.20 0,9,19 .30 L,14,29 50 9,24,49
.25  0,9,2k .35 L,14,3h4
.30 0,9,29 b0 b1k, 39 .30 .35 9,29,33
.35 0,9,34 45 Lyl Nk b0 9,29,39
L0 0,9,39 .50  b,1k,k49 L5 9,29,bk4
.45 0,9,ub .50 9,29,49
.50  0,9,49 .20 .25 h,20,23
.30 4,19,291.15 .20 .25 15,19,23
.15 .20 0,15,19 .35 4,19,34 .30 15,19,29
25 0,1h,2L W40 14,19,39 .35 15,19,34
.30 0,14,29 45 4,19,Lk L40 15,19,39
.35 0,143k .50 4,19,L9 .45 15,194k
Lo 0,14,39 .50 15,19,49
A5 0,1k,0b .25 .30 L,25,28
.50 0,1L,L9 .35 h,24,34 .25 .30 15,25,28
.40 4,2h,39 .35 15,24,3k4
.20 .25 0,20,23 A5 b2k hb b0 15,24,39
.30 0,19,29 .50 L,2k,L3 L5 15,244k
.35 0,19,34 .50 15,2k,L9
40 0,19,39 .30 .35 4,29,33
45 0,19,L4 Lo 4,29,39 .30 .35 14,29,33
.50 0,19,49 U5 4,294 .40 14,29,39
.50 L4,29,L49 45 1h,29 bk
.25 ,30 0,25,28 .50 1bL,29,k49 '
.35 0,24,3L
Lo 0,24,39 .20 .25 .30 19,24,28
L5 0,2h,4k }.10 .15 .20 9,15,19 .35 19,23,34
.50 0,2L,k9 .25 9,lk,2h .40 19,23,39
.30 9,1k4,29 .45 19,23,4k
.30 .35 0,29,33 .35 9,14,34 .50 19,23,49
b0 0,29,39 b0 9,1L4,39
U5 0,29,uk U5 9,14 ,LL .36 .35 19,29,33 '
.50 0,29,49 50 9,14,49 .40 19,29,39
45 19,2944
.50 19,29,49
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FOUR GRADES N=125

ACCEPT. CCEPT. ACCEPT,
PL P2 P3 NOS. PL P2 P3 NOS. Pl P2 P3 NOS.
.01 .05 .10 0,5,11].05 .10 .15 5,12,17}.10 .20 .25 11,25,29
.15  0,5,18 .20 5,11,2k4 ,30 11,24,36
.20 0,5,2k .25 5,11,30 .35 11,2k,L43
.25 0,5,30 .30 5,11,36 .40 11,2h4,49
.30 0,5,36 .35  5,11,43 45 11,24,55
.35 0,5,43 .40  5,11,L9 .50 11,24,61
.40 0,5,49 45 5,11,55
.45 0,5,55 .50 5,11,61 .25 .30 11,31,36
.50 0,5,61 .35 11,31,43
.15 .20 5,18,23 40 11,3149
.10 .15 0,11,18 .25 5,18,30 .45 11,31,55
.20 0,11,04 .30 5,18,36 .50 11,31,61
-25 0’11330 -35 5]18'1‘3
.30 0,11,3 L0 5,18,k49 .30 .35 11,37,k2
.35 0,11,43 45 5,18,55 .40 11,37,L49
40 0,11,49 .50 5,18,61 45 11,37,55
.45 0,11,55 .50 11,37,61
.50 0,11,61 20 .25 5,25,29
. .30 5,24,36 |.15 .20 .25 18,24,29
.15 .20 0,18,23 .35 5,2h,u3 .30 18,24,36
.25 0,18,30 40 5,2k4,k49 .35 18,2k4,43
.30 0,18,36 .45 5,24,55 b0 18,2L4,L49
.35 0,18,43 .50  §,24,61 .45 18,24,55
Lo 0,18,4 : .50 18,2L,61
.45 0,18,55 .25 .30 5,31,3%
.50 0,18,61 .35 5,31,43 .25 .30 18,31,36
AC 5,31,49 .35 18,31,43
.20 .25 0,25,29 45 5,31,55 .40 18,31,49
.30. 0,24,36 .50 5,31,61 b5 18,31,55
.35 0,2k,43 .50 18,31,61
.40 0,24,49 .30 .35 5,37,k
.45 0,2L4,55 40 5,37,49 .30 .35 18,37,b2
.50 0,24,61 45 5,37,55 L0 18,37,4%
.50 5,37,61 .45 18,37,55
.25 .30 0,31,36 .50 18,37,61
.35 0,31,43
W40 0,31,49 .20 .25 .30 24,30,36
45 0,31,55 (.10 .15 .20 12,18,23 .35 24,30,43
.50 0,31,61 .25 11,18,30 Lo 24,30,k
.30 11,18,36 .45 24,30,55
.30 .35 0,37,k2 .35 11,18,L43 .50 24,30,61
40 0,37,49 +40 11,18,49
.45 0,37,55 45 11,18,55 .30 .35 2k,37,k2
.50 0,37,61 .50 11,18,61 , Lo 2h4,37,49
45 24,37,55
.50 2L,37,61
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FOUR GRADES N=150 :
[}
ACCEPT, ACCEPT. ACCEP!. r
Pl P2 P3 NOS. PL P2 P3 NoS. Pl P2 P3 NOS. 1
.01 .05 .10 0,6,14| .05 .10 .15 6,1k,21[.10 .20 .25 1%,29,36 :
- .15 0,6,21 .20  6,1h4,29 .30 1b4,29,4l
.20 0,6,29 .25  6,1h,36 .35 1L,29,51
.25 0,6,36 .30 6,1k, bk L0 1L,29,59 ]
.30 0,6,L44 .35 6,14,51 45 1k4,29,66 :
.35 0,6,51 Lo 6,14,59 .50 .4,29,7h !
.40 0,6,59 A5 6,1h,66 I
.45  0,6,66 .50  6,1hL,Th .25 .30 14,37,43 :
.50  0,6,7" .35 1k,37,5). ;
.15 .20 6,22,29 40 14,37,59 i
.10 .15 0,14,21 25 6,22,36 b5 1L,37,66 l
.20 0,1L4,29 30 6,22, .50 14,37,k :
, .25 0,14,36 35 6,22,51 ,
: .30 0,14,k Mo 6,22,59 .30 .35 1b,ki,51 |
f .35 0,14,51 A5 6,22,66 40 14,44,59
; Lo 0,14,59 .50 6,22,k 45 1k, L4 ,66 f
3 45 0,14,66 : 50 1h,hL,Th i
; .50 0,1L,T4 .20 .25 6,29,36
i .30 6,29,uk) .15 .20 .25 21,29,36
; 15 .20 0,22,29 .35 6,29,51 .30 21,29,Lk #
i 25 0,22,3 .40 6,29,59 «35 21,29,51 |
_ .30 0,22,kk 45 6,29,66 Lo 21,29,59 |
.35 0,22,51 .50 6,29,Th M5 21,29,66 f i
i .40 0,22,59 .50 21,29,Th ; {
l 45 0,22,66 .25 .30 6,37,43 . }
L .50 0,22,Th .35 6,37,51 .25 .30 21,37,43 :
| A0 6,37,59 35 21,37,51 {
{ .20 .25 0,29,36 45 6,37,66 .40 21,37,59 :
.30 0,29,Ly .50 6,37,7h .45 21,37,66 , !
«35 0,29,51 .50 21,37,7T4 : i
o .40 0,29,59 .30 .35 6,hh,51
- 45 0.29.66 50 6.kk.59 .30 .35 21,4k,51 |
- .50 0,29,7 45 6,LL,66 4o 21,k4k4,59 ‘ !
; 50 6,Lb,TU : 45 21,44 ,66 !
| .25 .30 0,37,4 .50 21,447k :
| .35 0,37,5
; 40 0,37,5 .20 .25 .30 29,37,k3
- .45 0,37,64 .10 .15 .20 1L,22,29 +35 29,37,51 .
- .50 0,37,7T .25 1b4,22,36 40 29,37,59 :
. »30 1h,22,44 .45 29,37,66 !
.30 .35 O,lb,s. .35 1h,22,51 .50 29,37,Th o
| .40 0,uk,5 ko 1k,22,59 -
s 45 0,44,6 U5 1k,22,66 .30 .35 29,Lb,51 ( !
. .50 0,bbh.T .50 1k4,22,7h 40 29,4459
P 145 29,LL,66
o .50 29,44, 7L ! !
. )
!
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FOUR GRADES N=200

. . e o e =

ACCEPT. ACCEPT. ACCEPT
Pl P2 P3 NOS. PL_DP2 P35 NOS. Pl P2 P3 NOS.
01 .05 L10TTTGTISTTI0E 110 1B 5,18, 3810 30 5t 19,39,53
.15 1,9,29 .20 9,19,39 .30 19,39,59
.20 1,9,39 .25 9,19,49 .35 19,39,69
25 1,8,43 . .30 8,19,59 W40 19,39,79
.30 1,9,5% .35 "9,19,69 .45 19,39,89
.35  1,9,69 .40 9,19,79 .50 19,39,89
40 1,9,79 .45 9,19,89
.45 1,9,89 .50  9,19,99 .25 .30 19,49,59
.50 1,9,99 .35 19,49,69
15 .20 9,29,39 .40 19,49,79
.10 .15 1,19,29 .25, 9,29,49 45 19,4989
.20 1,19,39 .30 9,29,59 .50 19,149,099
.25 1,19,u9 .35 9,249,869
.30 1,19,59 .40 9,29,79 .30 .35 19,59,89
.35 1,19,69 .45 9,29,89 .40 19,59,79
40 1,19,79 .50  9,29,99 W45 19,59,89
45 1,19,89 .50 18,59,99
.50 1,19,99 .20 .25  9,39,49
30 9,38,59,15 .20 .25 29,39,uq
.15 .20 1,29,39 .35 9,39,89 .30 29,39,59
.25 1,29,u49 .40 9,39,79 .35 29,39,89
.30 1,29,58] . 45 9,39,89 .40 29,38,79
.35 1,29,69 .50  9,39,99 .45 29,39,89
JH0 1,29,79 .50 29,39,99
+451,29,89) | .25 .30 g,us,s9 '
.50 1,29,99 .35  9,49,69 25 .30 29,u49,59
\ 40 9,49,79 .35 29,498,69
20 .25 1,39,u8| 45 9,49,89 40 29,498,798
.30 1,39,59 .50 9,49,99 .45 29,u49,89
.35 1,39,69 .50 29,49,99
W40 1,39,79 .30 .35 9,59,60
45 1,39,89 40 9,59,79 .30 .35 29,59,69
.50 1,39,99 45 9,59,80 .40 29,59,79
: .50 9,539,989 .45 29,59, 89
.25 .30 1,49,59 _ . .50 29,59,99
-85 1,40,69] .10 .15 ,20 1g,29,39
40 1,48,79 +25 19,29,49/.20 .25 .30 39,49,59
W45 1,u49,89 .30 19,29,59 .35 39,49,69
V50 1,49,99 .35 19,29,69 .40 39,49,79
W40 19,28,79 45 39,u8,89
.30 .35 1,59,69 45 19,29,89 .50 39,49,99
40 1,59,79 .50 19,29,99
45 1,59,89 .30 .35 39,59,59
.50 1,59,99 .40 39,59,79
45 39,59,89
.50 39,59,99
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FOUR GRADES N=300

"ACCEPT. ACCEPT. ACCEYT.
Pl P2 P3 NOS, P2  P3  NOS. Pl P2 P3 NOS.
.01 .05 .10 2,1n,29 10 .15 14,29,44 10 .90 .25 29,59,74
<15 2,14,ub .20 14,29,59 .30 29,59,89
.20 2,1v,59 .25 14,29,7u .35 29,59,104
+25  2,14,74 .30 14,29,89 40 29,859,119
.30 2,1u4,89 .35 14,29,104 W45 29,59,134
.35 2,14,104 40 14,29,119 .50 29,59,149
L4000 2,14,119 .45 14,29,134
45 2,14%,134 .50 14,29,149 .25 .30 29,7u4,89
.50 2,14,1ud _ .35 29,74,104
15 .20 14,44,59 40 29,74,119
.10 .15 2,29,uu L2514 ,L4,Tu 45 29,754,134
.20 2,29,59 | .30 1u,u4,89 .50 29,74,1u48
.25 2,29,7& .35 1u,uu,104
.30 2,29,88 L4000 14,4u4,119 .30 .35 29,89,10u
.35 2,29,104 J45 1, 44,134 L40 29,89,119
40 2,29,119 .50 1h,U44,149 .45 29,89,134
.45 2,29,134 ' .50 29,89,1u9
.50 2,29,1u49 .20 .25 14,59,7u4
.30 14,59,89 [ 15 .20 .25 L4,58,74
J15 .20 2,444,589, .35 1u4,59,104 .30 44,59,89
W25 2,H4,74 J40 14,59,119 .35 uy4,59,104
.30 2,u44,88 W45 14,59,13y W40 u4,59,119
35  2,4k4,104 .50 14,538,149 A5 b4, 59,134
LU0 2,u4,119 .50  4u4,59,149
W45 2,454,184 .25 .30 14,74,89
.50 2,u44,1u49 .35  1h4,7u4,104 .25 .30 u4,74,89
40 1,744,119 .35 44, 74,104
.20 .25 2,59,7u L45 1h,7u,134 40 by, 74,119
.30 2,59,89 ,50  1W,7u4,1u9 45 by, 74,134
.35 2,59,104 .50 44,74,149
.40 2,59,119 .30 .35 14,89,104
.45 2,59,134 L0 14,89,119 .30 .35 4u4,89,104
.50 2,59,1ud L5 14,89,134 .40 44,89,119
.50 1u4,89,1u49 45 Ly, 89,134
.25 .30 2,74,89 .50 u44,89,149
.35 2,74,104 \15 .20 29,44,59
40 2,74,119 .25 29,44,74 1,20 .25 .30 59,74,89
W45 2,74,134 .30 29,44,89 .35 59,74,104
.50 2,74,1u49 <35 29,44,104 40 59,74,119
" .40 29,444,119 45 59,74,134
.30 .35 2,89,104 W45 29,44,134 «50 59,74,149
.40 2,89,119 .50 20,44 ,149|
L45 7 2,89,184 .30 .35 69,89,10u
.50 2,89,1u49 .40 59,89,119
.45  59,89,134
.50 59,89,149
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THE ABBA SEQUENCE:

A PROCEDURE FOR COMPARISON TESTING

Arthur Pillersdorf
Terminal Ballistics Division
Ballistic Research Laboratory

Aberdeen Proving Ground, Maryland

This paper introduces, if not a novel* concept, certainly a new
acronym: ABBA, more precisely, A-B~B-A.

ABBA is an acronym and, as will be seen shortly, & mnemonic term.
The ABBA sequence is discussed here as an alternative to the AB method.
The latter term describes an accepted and effective comparison procedure -
repeated alternation. 1t §s the sequential procedure usually followed in
comparing representative items of two batches, A and B. The two syllables
formed by the letter sequence A-B-B-A, may be vocalized, although “ABBA"
is not an English word. The letters, ABBA however, show the critical
difference in the implied pattern. In contrast to-the unidirectional
A-B-A-B, etc., ABBA is an iterative doubling back. In a sequence of four

operations, let two each be applied to two populations, A and B, Then the
sequence looks 1ike:

(2)

o & — >
jon jw N W

SUMS ;

(NOTE: The numbers in the columns, the k's are, strictly
speaking, ordinal rather than cardinal numbers,)

e Tearned at this Confersnce, at the lunch table, to be exact, that what

we call the ABBA sequence was applied at the National Bureau of Standards
many years ago.
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The A-B comparison process {c not periodic or cyclic. It starts

at the left and moves right; then again at the left, thence {0 the right,

(b)

et — >
ol v @™

SUMS :

The purpose of the ABBA sequence is to improve confidence 1imits,
These confidence 1imits are not of the fiducial, or statistical variety.
Rather, these 1imits are of the human variety, and refer to the confidence
of three groups in the experimental data of mutual fnterest. These groups
are: the experimenters, the technicians and, of course, the statisticians.

~ The procedurs we propose will be recognized in its fundamental logic

as related to the statistical principle of blocking. This blocking principle
is exemplified in Latin and Graeco=-Roman squares or similar planned arrays*
of experiments] data. It 1s our view that our procedure 1s a prior fundamen-
tal, It tells how to obtain the data which is later treated better, from
the siatistical viewpoint, The experiential basis of the proposal may be
singularly our own, but we doubt this very much,

Our underlying postulates are thase:

1. Measuring a physical property, injecting a chemical, or shooting
a sample of amunition is equivalent, sui generis, to experimental treatment,

Hence, plural measurements (treatments) and population samples are combina-
tions.

¥Sge, Tor example, the Youden rectangle concept.
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2. The uncertainties of temperament, temperature, and time, give
rise to sources of error, bias, and sequential or cumulative effects,

3, Firing a gun, of any caliber, inserts heat int. a dynamic system,
Thermal energy transfer may cause changes in such kinetic parameters as
velocity, yawing motion, or recoiling motion, These effects are known in
ballistics. Hence, we view each shot as a treatment,

4, Planting seeds in each of several plots (= sampling each grourd
lot) is also a treatment, Let all its' seeds be planted first in one plot,
and then its' seeds be planted in the second area of soil. Our view is
that the seed of the first plot was "treated" differently. It might be in
colder soil longer, or have more time to absorb initial moisture. Also,
during the planting of Plot 1, the "planter" may have lost or increased its
tension. The "planter" may be a human being, or a mechanical device in-
corporating control cables and springs. Tension is sti1l tension,

5. Therefore, it is desirable that similar times shall have elapsed
during the seeding (treatment) of all three plots of ground,

6. As a first approximation, the sums of the ordinal integers, in
plain English - the step numbers, should be as nearly equal as we choese.
The equalities may be required at any time during or after the experiment
(see (a) on the first page of this article).

7. A first choice is that the sums of the ordinal numbers (the
cumulative sum of the sequential positions) at the end of an experimental
interval shall be equal. If columns are lots and rows are samples, then
the sums 6f columns A, B, etc. (:k{) should be equal*,

¥EpTTogue: We were pleased to hear Dr, Youden recall how he had once worked

on this equality of column sums and had found the attempt had been

made for another purpose in an old math book,
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8. More generally, we may prefer that the total time intervals of
the preceding treatments, or sequence summations, are equal. This would
mean that the sums of the columns across as many rows, from the second row
to the last, should be equal. We shall see that we can have this half the
time,

From the foregoing, a basic value judgment can be inferred. In an
ABAB comparison, the time iatervals within a column are equal. These are
the time intervals between successive samples within the group or lot. The
test samples of A:-1, 3, 5, and B:~2, 4, 6, have equal chances of something
going wrong, intime, within the groups, A and B, But the environment, equip-
ment and personnel are also subject to error-random or otherwise. We choose
to equalize the error sources - time, temperature, and, psychologically,
temperament. These may affect the sample behavior more than its standby time.

Finally, 1f we study the array in (d) below, we see a singular difference
between ABBA and ABAB. Both are alike in that samples precede and follow the
others, one treatment at a time (A-1 precedes B-2; B-2 follows Al; and precedes
A-3, etc.). But in the ABBA sequence, equal members of treatments in both
columns precede and follow another treatment (position or ordinal integer)

within the column, In brief (cf (d)), there are pairs in the columns.

Our value judgment of vertical pairing for achieving better balance,
{.e., less cumulative, sequential bias, is supported by C, C. L§ (1):

"The criterion for balanced sequences is that every treatment is
preceded nr followed by 211 the other treatments, the same number of times.®
The foregning 1s cited as an advantage of alternate pairing with only

two populations or lots (A and B), With three or more lots, (columns), the .
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. pairing is found only in the extreme or "doubling-back" columns. i.s.,

under A and C only:

(¢c)

N |
mle:cn—n[)
N =
jl~ o o0 N |
N =t
mloto-hwln

Ik

ON_THE ASPECT OF SAMPLE SIZE

If the sample number per iot, r, is very large, the difference in the
sums of the ordinal numbers under A and B (zki) becomes relatively small.
If the total number is forty, twenty samples per column, or lot, then dalet*
40 or <40 = Aﬂiﬁll = 820, Since every element in the B column 1s one greater
than that in the same row in A, EA; + 20 = IB,, and IA, » 400, £B; = 420.
The final difference, 20, is only 5 percent of the A,  For N = 60, the
percentage difference is even less. Hence, for the final cumulative effect,
an A-B-A-B may be just as good as an ABBA sequence., But, who has tested or
compared thirty pairs of experimental Nike-Hercuies motors in one day? -
under “steady-state" conditions? - with a priori certainity that the experi-
ment will be completed?

The advantage of ABBA comes when there are interruptions, either
unforeseen or scheduled,

THE ABBA SEQUENCE AND THE DIAGONAL SEQUENCE
As indicated previously, the ABBA sequence has several features of

interest. For two samples, usually a standard and an experimental sample,

*See Dalet N and the ABBA Sequence, below.
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the ABBA sequence is an iteration of the staggered diagonal cycle. This

is seer in the following array:

A B
1 2 |
‘ 3 |
5 6
9 10
12 n

tky 39 »

In the two column array above, starting at A and ending at B is the i
first swing. Starting the next cycle at B, the 2nd column, and completing
the cycle by advancing to the next vacancy in the row, terminates at A. If

we have. a series of columns, k, equal in number to the rows, r, we can have

a staggered cycling sequence which provides a diagonal of starting points,

| e.g.:

o CASE 5 X §

[ “ 8 ¢ D E

| ] 2 3 4 &

o 10 6 7 8 9

| 14 B N 12 13 (e)

o 18 19 20 16 WV
| 22 3 4 2

; —— —

Iky 65 65 66 65 65

The diagonal (1, 6, 11, 16, 21) gives us an r X k square,
Thus, 1f r = k, even if r is odd, we can attain the desired equality
of finzl column sums. This staggered cycling, or diagonal inception of
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each succeeding row,is found in Youden's rectangle.
For ihuse who may 1nsist on the repeated alternating cycle (A-B, A-B),

for whatever reasons, the following 15 reassuring: A two~population ABBA

sequence is nearly a repeated A-B. View the second and third (under B) as
one sample (of two ftems) and the éshrth and fifth steps (under A) as the
other sample of two items. We are then testing alternate pairs. The
difference is that we begin with singleton A (A1), and end with singleton
B (BN). when the sample number for A equals that of B.

(Recall: A B
(singleton) 1 2) na
nB'n (4 3)
(5 6 ()
e 8 7)

(9 10 (singleton)

Note that the ABBA sequences of (d) and (f) above, give equal sums of the
ordinal numbers at every even-numbered row. This equality holds for any
number of columns.

1f, as 1s often the case, r 1s much greater than k, we have another
problem, We can form successive k by k squares, as a choice. Then, at the
very best, we have a series of squares, at least 3 x 3. In these 3 x 3
squares the ordinal sums are equal only every third row. I[f such a series
of odd-sided squares has a total number of rows which {s even, it would of
course be better to use ABBA, Then every second row is equal, including
the last. If both r and k are odd and r doesn't divide into k, what do we
do? Let k= 3, r=5, A3 by 3 diagonal, plus a doublet (ABC - CBA) gives
equal sums at stage r = 3 and r = 5 (g) or at r« 2 and r = § (h),

117

PN N S B




| CASE 3 X 5: i
o € A B ¢ ® & B ¢ f
’ ;4- 1 2 3 1 2 3
6 4 5 6 5 4 ,

s 3 1 1 & 3 |

ky- 15 15 15 % 15 16 |

LI NI P 12 10 M :

15 14 13 ¥ 1B B f

y- 40 40 40 0 4 40 f

Here we have the compromise or combination of diagonal and ABBA cycles.

DALET N AND THE ABBA SEQUENCE
. A new symbol is appropriate for indicating the sum of the ordinal

nunbers of the total samples available for an experiment. The symbol we

1 propose is « , dalet*, Dalet is a triangle, like its Greek descendant,
. delta, but dalet points from right to left. It is applicable to both letter
_ <N and to number <10 as a symbol of summation,

. The sum of an arithmetic progression of the integers from zero to an

indefinite integer, N, is obtained from the equation: ‘

i . {=N X l
- I MR an (ay '

i ' i=1

Hence, dalet N, or dalet any number is a “triangular number" in Pascals

| Triangle. The symbol dalet and equation (1) are usefu) for determining if

the sums of the columns of ordinal numbers can be equalized.

o ' ¥ dalet (proncunced dah-let) is the name of the ancient Hebrew letter which
‘o is fourth in the alphabet, It is the precursor of the Greek “delta.” \
o ‘ Dalet means "a tent flap." Later, 1t came to mean “a door.* i
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Let us distribute the N integers from one to N. in rows (r) and

coiumns (k), with equal numbers of integers in each column. Then <N, or

“dalet" N = 55—155-:-11 (2)

In two columns of ten rows, the arithmetic progression, 1 to 20,
sums to: 2 « 10 ({&=JU* 1y 5 270, (@20 = 210), (3)

To determine if there can be equality of sums of individual columns,

of equal rows each, 1t is necessary to use formula (2) and let k be odd:

Then 2|k'* o r (ke+1) implies 2|k or 2|r (kr+1). (4)
But 2 does not divide into k (2 / Kk);
oo 2| (kr+1), and some integer, S = IILI;Etlll . (5)

S0 thatw kS (6)
o g|!£.£§£:ll (7)

An array of odd-numbered columns gives a sum that yields an {integer

quotient regardless of whether rows are odd or even.
K|k « % o (kre) (8)

If the rows (r) are odd, and the columns (k) are even, then

k d L) () does not divide into ...ete.) . (9)

If kr is even, then kr+l is odd and 2 ] kr+1, since 2|kr and 2 } ¢

(r is odd); then
!L1§£311 . 1s not an integer.

¥ alb s @ divides into b.
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Therefore, odd rows do not automatically yield equal sums of columns,
if the columns be even, Examples:

1 2 ] 2 3 4
L] 3 8 7 6 5
5 6 9 10 N 12
1w 1 1 15 W W

17 18 19 20

-2-}9 is not an integer.

<20 = 210 -."'_"_g.‘:k_"'l).

The reader will note that the foregoing treatment applies to the case

of equal sample rumbers, or rows, however small, for each population sample

or column, The same procedure, however, can be applied to a group of unequal

samples, {.0.,
1. Deterwmine N, the total number of samples,

2. Detarmine «a i,

3, Divide by k, the number of columns or populations or lots, I the

quotient is an integer, the sums of the ordinal numbers can ba equal for all
columns or lots. |

ON _CASES OF UNEQUAL SAMPLE SIZES
For statistical inferences based on application of Student's t and

the t«like (t*) statistics, it has been shown that both statistics have the -

same valus when two samples are of the same size. The mathematical
exprassion for df* (degrees of freedom for the t-like or t* statistic)
simplifies considerably when " = Ny Further, when the two groups are of
equal size, the value of df* reduces to 2(n - 1), wholesomely large, 1f the

var'lancesm of the two groups s,z and 522 are oqunm. This 1s taken to

Wmﬂy. this is the estimate of the variance with df = n = 1,
2) These comments can be explored in Reference 1 (L1).
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