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FOREWORD

The theme of the Thirteenth Conference on the Design of Experiments
in Army Research, Development and Testing, as suggested by Dr. Walter Foster,
was "Design and Analysis for Engineering Experimentation". This was a very
appropriate theme in the light of the recent activities of the two hosts for
the meeting. This conference was held at Fort Belvoir, Virginia, on 1-3
November 1967, and the U.S. Army Mobility Equipment Research and Development
Center served together with the U.S. Army Engineer Topographic Laboratories
as joint hosts. The Army Mathematics Steering Committee, sponsors of these
meetings on behalf of the Office of the Chief of Research and Development,
would like to thank these two agencies for so ably serving the conference in
this capacity. A large number of persons at Fort Belvoir helped with the
various details needed to run a meeting of this size. We would like to
express the thanks of the attendees for the many courtesies shown them. In
particular, their thanks are due to Mr. James B. Duff, Chairman on Local
Arrangements, for his excellent execution of the many details needed to
make the symposium run smoothly.

The invited speakers for the conference featured five nationally
known scientists. Their names and the titles of their addresses are noted
below:

Regression Analysis
Professor Francis J. Anscombe, Yale University

Some Comments on Matching
Professor K.A. Brownlee, University of Chicago

Some Statistical Methods in Machine Intelligence Research
Professor I.J. Good, Virginia Polytechnic Institute

Maximum Likelihood Estimation of Reliability
Dr. Frank Proscha, Boeing Company

Data Analysis
Dr. M.B. Wilk, Bell Telephone Laboratories

In addition to these talks, there were 29 contributed papers which covered
a wide range of design and statistical problems. Following the banquet,
which was held at the Officers' Club, it was my pleasure to present the
Third Wilke Memorial Medal to Professor William G. Cochran of Harvard
University. We are pleased to be able to include in these Proceedings
Dr. Cochran's acceptance speech.

This volume of the Proceedings contains 26 of the papers which were
presented at this meeting. The Army Mathematics Steering Committee has
asked that these articles on modern principles on the design of experiments,
together with the application of these ideas, be made available in the form
of this technical manual. Members of this committee take this opportunity *1

to express their thanks to the many speakers and other research workers who
participated in the conference.



The conference had an attendance of 171 scientists; and 71 orgaaizeLions
were represented. Speakers and panelists came from Yale University, University
of Chicago, North Carolina State University at Raleigh, the National Institutes
of Health, Harvard Computing Center, University of North Carolina at Chapel Hill,
University of Georgia, Cornell University, University of Wisconsin, Boeing
Scientific Research Laboratories, Stanford University, Duke University, Virginia
Polytechnic Institute, Stanford Research Institute, the National Aeronautics
and Space Administration, Bell Telephone Laboratories, and fourteen Army
facilities.

Lieutenant Colonel John H. Cain, Deputy Commander of the U.S. Army Mobility
Equipment Research and Development Center, and Lieutenant Colonel William R.
Cordova, Deputy Commander of the U.S. Army Engineer Topographic Laboratories,
both welcomed members of the conference to Fort Belvoir. Their comments to
those in attendance contained many interesting statements about the work being
performed by the host installation. Their remarks are printed here for the
benefit of those who did not have an opportunity to attend the symposium.

The Chairman wishes to take this opportunity to thank members of his
Advisory Committee (Cuthbert Daniel, F.G. Dressel, Walter D. Foster, Fred
Frishman, Lawrence Gambino, Bernard Greenberg, Bernard Harris, Boyd Harsh-
barger, J.S. Hunter, William Kruskal, H.L. Lucas, Jr., Clifford Maloney, and
Frank Robertson) for their assistance in formulating the agenda and their
help in selecting the invited speakers.

Frank E. Grubbs
Conference Chairman

iii
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LTC John H. Cain

Good morning, ladies and gentlemen!

I am Colonel Cain, deputy commander of the U.S. Army Mobility Equipment
Research and Development Center, your co-host for this three-day meeting.
Speaking on behalf of Colonel O'Donnell, the Center's commanding officer, I
am happy to welcome you here today.

I want to thank the Army Mathematics Steering Committee for sponsoring
its 13th annual Conference on the Design of Experiments at the R&D Center.
It gives so many more of our people an opportunity to become acquainted with
the latest in statistical and mathematical methods for application in their
scientific and engineering work.

Since the R&D Center is both co-host and participant I would like to
take a few minutes to acquaint you briefly with its mission and facilities.

The Center [see the first of the following figures] was for 20 years,
until two months ago today to be exact, the Engineer Research and Development
Laboratories. The change in name, however, in no way changed its location
in the Defense chatL shown here. Now, as then, the Center is THE R&D agency
of the Mobility Equipment Command in St. Louis, a major sub-command of the
Army Materiel Comand.

Our mission [second figure] remains the same, and in each aspect, from
research thru engineering for procurement, the goal remains the ultimate in
mobility equipment for the Army.

To achieve this goal [third figure] the Center engages in R&D in some

13 areas. You can see from the diversity of these fields of endeavor, that
a wide range is offered for design of experiments.

Our organization, as shown here (fourth figure] features four R&D
Laboratories: Military, Electro, and Mechanical Technology, and Intrusion
Detection and Sensor. The Engineering Laboratory prepares technical data
packages which give industry the specifications, drawings and other informa-
tion it needs to build quality mobility equipment in quantity.

Some 1400 scientific, engineering and support personnel are employed
at the Center [last figure]. The main physical plant is just down the road
a piece. Approximately 30 permanent structures on a 240-acre site house of
the best R&D facilities in the country. Additional test facilities are
supplied at the 900 acre annex on Delvoirae North Area.

The Center, you will note has several tenants. One of these, the
U.S. Army Engineer Topographlc Laboratories, is co-host for this conference.

To give ETL a chance to add its welcome, I will close now with best
wishes to Chairman Dr. Frank E. Grubbs and to all of you for a lucky 13th.

i• ii



I
eji a

a= I
4U

a
L..
5 I-

U
L.J5
"I-
h.J 0 -

eM I-a .gI4~.a -
a (,7~= ti

=3~
3m

~bJ
6-I

bi~
I.b.I

I-

I-
___ a

m iiI~
U.'

=
4

.1

a
U

4

-. a ~ *~ - -



I
00L

>~ Ma

cr>Z

UJ

LLLL

U cr

22 4

n X ii
z z a



4b4



a a

ca co

ad
U3 U3I.

CS 6

"1c



L& town
acz

J~LLJOO.. Zgme
W, to CA

a- Co LA Q 3 XC
E LJ 02

CD I0 -X 4 J- cc
4A C2"=Mc L6

;c CL44 C ac L) SOc=* a *.-

z L- Lai0 1- CD = m 5 L" "W

cz C cr m~ir
VI =,=W 7C cL :m

0 C L C42cC) IJ44 c M .- LAJCoCl$ C
G I= = 4= -L 4-M C.3 r. L LUCJ @ p j LyCo

CC L LAJ%"- -0 &S 0 Ac- AJ 1= l VLLA~~~ ~ ~ ~ ~ 3cf C4U' AM jc iC cZ

z~b D LJ 30c LI-
7; CD hi -1

z IR as mvI.- U



WELCOME REHARKS

LIC Wiiiam K. Cordova

Thank you Colonel Cain.

On behalf of Colonel Anderson, the Comanding Officer of the U.S. Army
Engineer Topographic Laboratories, I take pleasure in welcoming you this
morning.

I might begin by saying that we too have had a recent name change, prior
to 28 July 1967 being known as the U.S. Army Engineer, Geodesy, Intelligence
and Mapping Research and Development Agency, the acronym being GIMRADA.

The mission of USAETL is as follows:

The U.S. Army Engineer Topographic Laboratories (ETL) is a Class II
activity under the Chief of Engineers. It is the principal field activity
of the Corps of Engineers for the accomplishment of research and development
of equipment, procedures and techniques in the specific field of geodesy,
military geography and mapping for application both to troop and to base
plant operations. The Chief of Engineers may assign work to these Laboratories
under research and development projects utilizing either RDT&E funds or other
appropriate funds.

Our research and development program in Mapping and Geodesy includes
activities within the entire spectrum from basic research through exploratory
development, advanced systems development and finally engineering development,
where a particular system or item is engineered for production and service use.

Our primary goals are as follows:

a. Develop the capability to provide current and adequate "Terrain
Data" when and where needed for military purposes.

b. Minimize the geodesy and gravity portion of the error budget
of weapons and missiles systems.

c. Maintain superiority in technology to be able to project the
state of art and to provide meaningful forecasts to customers.

The USAETL organization is comprised of two major technical operating
elements:

a. The Research Institute, which conducts basic and applied research
and individually oriented exploratory development involving the
disciplines related to mapping and geodetic sciences, is located in
GSA rental space in Alexandria, Virginia. I believe a number of you
know Lr. Larry Gambino of the Research Institute who will be presenting

1-x



a paper at this session.

b. Our Mapping and Geographic Sciences Laboratory, which conducts
feasibility studies, design, development and tests and evaluation
of systems, equipment and techniques in the specific fields of
mapping, geodesy and geographic sciences, is located within the
MERDC area along with the Headquarters and support offices. We
currently have 28 trailers. The Chief of Engineers has approved
a site on the North Fort Belvoir Post for our new building which
we hope to get approved in the FY 69 budget.

I hope this very brief presentation has given you a general feel for
our mission, goals and work. If I can be of assistance to any of you, please
stop by my office.

Thank you very much. I hope you have an enjoyable and fruitful conference.

II

* I
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THIRTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN ARMY RESEARCH, DEVELOPMENT AND TESTING I!
1-3 November 1967

Wednesday, 1 November

0800-0930 REGISTRATION - Main Lobby of Humphrey's Hall

0900-0915 OPENING OF THE CONFERENCE - Auditorium of Humphrey's Hall

James B. Duff, Chairman on Local Arrangements, U.S. Army
Mobility Equipment Research & Development Center

WELCOME

Colonel Edwin T. O'Donnell, CE, Commanding Officer

U.S. Army Mobility Equipment Research & Development Center
and

Colonel Edward G. Anderson, CE, Commanding Officer
U.S. Army Engineer Topographical Laboratories

0915-1130 GENERAL SESSION 1 - Auditorium*

Chairman: Dr. Walter D. Foster, Biomathematics Division,
U.S. Army Biological Laboratories, Fort Detrick, Frederick,
Maryland

REGRESSION ANALYSIS

Professor Francis J. Anscombe, Department of Statistics,
Yale University, New Haven, Connecticut

SOME COMMENTS ON MATCHING

Professor K.A. Brownlee, Statistics Research Center, University
of Chicago, Chicago, Illinois

1130-1300 LUNCH

1300-1500 CLINICAL SESSION A - Auditorium

Chairman: Joseph Weinstein, Electronics Components Laboratory,

U.S. Army Electronics Command, Fort Monmouth, New Jersey

Panelists:
Francis J. Anscombe, Yale University

Cuthbert Daniel, Private Consultant, New York, N.Y.
Frank E. Grubbs, U.S. Army Ballistic Research Laboratories
William Kruskal, University of Chicago

H.L. Lucas, Jr., North Carolina State University
Clifford J. Maloney, National Institutes of Health

*All sessions of the conference will be held in Humphrey's Hall. Lunches will be
served in Mackenzie Hall.
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wednesday (continued)

ON I.METHODS OF OPTIMIZATION OF A 14ULTIOBJECTIVE SURVEY

John C. Atkinson, Harvard Computing Center, Medical Branch,
Boston, Massachusetts

COMPONENTS OF VARIANCE OF A LINEAR FUNCTION IN REPEATED TRIALS

Walter D. Foster, Biomathematics Division, U.S. Army
Biological Laboratories, Fort Detrick, Frederick, Maryland

1300-1500 TECHNICAL SESSION I - Room 2E

Chairman: Cyrus Martin, Quality Assurance Group, U.S. Army
Engineer Topographic Laboratories, Fort Belvoir, Virginia

THE DERIVATION OF THE OPERATING CHARACTERISTIC CURVE OF A SKIP
LOT SAMPLING PLAN

Allen C. Endres, U.S. Army Ammunition Procurement and Supply
Agency, Joliet, Illinois

A MODEL FOR THE FORMULATION OF QUALITY INCENTIVE CLAUSES FOR ITEMS
PROCURE]D ACCORDING TO ACCEPTANCE CRITERIA INVOLVING SINGLE SAMPLING
PLANS BY ATTRIBUTES

Roger R. Rymer and Eugene Dutoit, Picatinny Arsenal, Dover,
New Jersey

OPTIMUM SAMPLING PLANS FOR GRADING BINOMIAL POPULATIONS

Paul B. Nickens, Surveillance and Reliability Laboratory,

Ballistic Research Laboratories, Aberdeen Proving Ground,
Maryland

1300-1500 TECHNICAL SESSION II - Room 2F

Chairman: Frank Robertson, U.S. Army Mobility Equipment
Research and Development Center, Fort Belvoir, Virginia

METHODOLOGY OF ASSESSMENT OF BIOCELLULAR REACTIONS TO ABSORBED
ENERGY

George 1. Lavin, Terminal Ballistic Laboratory, U.S. Army
Ballistic Research Laboratories, Aberdeen Proving Ground,
Maryland

THE EFFECT OF INVENTOqY FORECASTING UPON SUPPLY EFFECTIVENESS
Patsy Courtney, U.S. Army Aviation Materiel Command, St. Louis,

Missouri
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Wednesday (Continued)

THE ABBA SEQUENCE: A SEQUENTIAL PROCEDURE FOR CrUPAUTCA " Tw-

Arthur Pilleradorf, Ballistic Research Laboratories, Aberdeen
Proving Ground, Maryland

1500-1530 BREAK

1530-1700 TECHNICAL SESSION III - Auditorium

Chairman: Gideon A. Culpepper, Missile Test and Evaluation
Control Division, White Sands Missile Range, New Mexico

ON EXPECTED PROBABILITIES OF MISCLASSIFICATION IN DISCRIMINANT
ANALYSIS

P.A. Lachenbruch, School of Public Health, Department of
Biostatistics, University of North Carolina, Chapel Hill,
North Carolina

INTRA-PROFILE VARIANCE

Claude F. Bridges, Institutional Research Division, Office
of Research, U.S. Military Academy, West Point, N.Y.

1530-1700 TECHNICAL SESSION IV - Room 2E

Chairman: Henry Ellner, Quality Assurance Directorate,
U.S. Army Materiel Command, Washington, D.C.

A STATISTICAL TEST OF TWO HYPOTHETICAL RELIABILITY GROWTH CURVES
OF THE LOGISTIC FORM IN THE DISCRETE CASE

William P. Henke, Research Analysis Corporation, McLean,
Virginia

ON FITTING OF THE WEIBULL DISTRIBUTION WITH NON-ZERO LOCATION
PARAMETERS AND SOME APPLICATIONS

Oskar M. Essenwanger, Physical Sciences Laboratory, Research
and Development Division, Redstone Arsenal, Alabama

1730-1830 SOCIAL HOUR - Mackenzie Hall (Officer's Club)*

1830- Banquet - (As above)

Presentation of the Samuel S. Wilke Memorial Award

*Attendees will not be able to return to motels unless they have their own
transportation.
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Thursday. 2 November

0830-1000 CLINICAL SESSION B - Auditorium

Chairman: A.C. Cohen, Department of Statistics, University

of Georgia, Athens, Georgia

Panelists:
Robert Bechhofer, Cornell University
Cuthbert Daniel, Private Consultant
Bernard Harris, Mathematics Research Center, U.S. Army

Henry Mann, Mathematics Research Center, U.S. Army
Frank Proschan, Boeing Scientific Research Laboratories
Herbert Solomon, StarIod University

DETERMINATION OF TBO BY WEIBULL PROBABILITY PARAMETERS FOR
REPAIRABLE COMPONENTS

John L. Mundy, U.S. Army Aviation Materiel Command, St. Louis,
Missouri

0830-1000 TECHNICAL SESSION V - Room 2E

Chairman: Raymond Schnell, U.S. Army Chemical Corps, Edgewood
Arsenal, Maryland

A TECHNIQUE FOR INTERPRETING HIGH ORDER INTERACTIONS

Melvin 0. Braaten and John Tonzetich, Duke University,
Representing Shaw Air Force Base, South Carolina, and the
North Carolina Operations Analysis Standby Unit, University
of North Carolina, Chapel Hill, North Carolina

A SIMPLIFIED METHOD FOR FINDING OPTIMUM EXPERIMENTAL DESIGNS

Melvin 0. Braaten, Duke University; Ray L. Miller, Jr., Shaw
Air Force Base, South Carolina; Fred W. Judge, Wood-Ivey
Systems Corporation, Winter Park, Florida. Representing
Shaw Air Force Base, S.C., and the North Carolina Uperations
Analysis Standby Unit, University of North Carolina, Chapel
Hill, North Carolina

0830-1000 TECHNICAL SESSION VI - Room 2F

Chairman: Erwin Biser, U.S. Army Electronics Command, Fort

Monmouth, New Jersey

DEFINITIVE CALIBRATION OF AN AERIAL CAMERA IN ITS OPERATING
KNVIRONMENT

Lawrence A. Gambino, U.S. Army Topographic Laboratories,
Fort Belvoir, Virginia
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Thursday (Continued)

DESIGN AND ANALYSIS OF A STATISTICAL EXPERIMENT ON HIC.H VnTTAP-P
FRF A Vn0!.T TI ,VA U....

M.M. Chrepta, G.W. Taylnr, and M.H. Zinn, U.S. Army Electronics

Command, Fort Monmouth, New Jersey

1000-1030 BREAK

1030-1130 TECHNICAL SESSION VII - Auditorium

Chairman: Henry Dihm, Advanced Systems Laboratory, Directorate
of Research and Development, U.S. Army Missile Command,
Redstone Arsenal, Alabama

A MODERATELY DISTRIBUTION FREE TECHNIQUE FOR SMALL SAMPLE RELIABILITY
ESTIMATION

Michael G. Billings, U.S. Army Chemical Corps, Dugway Proving
Ground, Utah

1030-1130 TECHNICAL SESSION VIII - Room 2E

Chairman: Agatha Wolman, U.S. Army Strategy and Tactics Group,
Bethesda, Maryland

USE OF REFERENCE COMPONENT MIXTURE DESIGNS IN A CALIBRATION
APPLICATION

Raymond H. Myers, Department of Statistics, Virginia Polytechnic
Institute, Blacksburg, Virginia, and

Bernard J. Alley, U.S. Army Missile Command, Redstone Arsenal,
Alabama

1030-1130 TECHNICAL SESSION IX - Room 2F

Chairman: Joseph Mandelson, Quality Evaluation Division,
Quality Assurance Directorate, U.S. Army Edgewood Arsenal,
Maryland

DEVELOPMENT OF AN IMPROVED MODEL FOR ACOUSTIC SOUND RANGING

Robert P. Lee, Atmospheric Sciences Office, U.S. Army Electronics
Command, White Sands Missile Range, New Mexico

AN EXPERIMENT ON THE METEOROLOGICAL EFFECTS ON SOUND RANGING

William H. Hatch, Atmospheric Sciences Office, U.S. Army
Electronics Command, White Sands Missile Range, New Mexico

1130-1300 LUNCH
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Thursday (Continued)

1300-1520 CLINICAL SESSION C - Auditorium
Cha,.a1. Vor1,V!Gr ... RP rh AnalvIRI Corporation.

McLean, Virginia

Panelists:
Robert Bechhofer, Cornell University
O.P. Bruno, U.S. Army Ballistic Research Laboratories

A.C. Cohen, University of Georgia
Walter D. Foster, U.S. Army Biological Laboratories
Boyd Harshbarger, Virginia Polytechnic Institute
H.L. Lucas, Jr., North Carolina State University
Herbert Solomon, Stanford University

PAR-AMIETERS IN R&D IN RELATION TO COST/ACCURACY INVESTIGATION

Robert G. Conard, Systems Evaluation Branch, Advanced Systems

Laboratory, Research & Development Directorate, U.S. Army

Missile Command, Redstone Arsenal, Alabama

ON EXPERIMENTS CONCERNED WITH THE SAMPLING DISTRIBUTION OF

LANCHESTER'S PARAMETERS

David R. Howes, U.S. Army Strategy and Tactics Analysis Group,

Bethesda, Maryland

1300-1520 TECHNICAL SESSION X - Room 2F

Chairman: William W. Wolman, Traffic Systems Division, Office

of Research and Development, Bureau of Public Roads, Washington,

D.C.

ESTIMATES OF P(Y < X) AND THEIR APPLICATION TO RELIABILITY

PROBLEMS FOR BOTH CONTINUOUS AND QUANTAL RESPONSE DATA

Bernard Harris and J.D. Church, Mathematics Research Center,

U.S. Army, University of Wisconsin, Madison, Wisconsin

NUMBERS NEEDED FOR DETECTING IMPORTANT DIFFERENCES IN CHI-SQUARE

TESTS

C.J. Maloney, Division of Biologics Standards, National Institutes

of Health, Bethesda, Maryland, and F.M. Wadley, Consultant,

U.S. Army Biological Laboratories, Fort Detrick, Frederick, Md.

ON A STATISTICALLY CONSISTENT ESTIMATE OF AN AVERAGE CUMULATIVE

QUANTAL RESPONSE FUNCTION

George W. Evans II, and Robert C. McCarty, Stanford Research

Institute, Menlo Park, California. Representing the U.S.

Army Research Office-Durham

1300-1520 TECHNICAL SESSION XI - Room 2E

See next page



Thursday (Continued)

Chairman: Joseph M. Cameron, Statistical Engineerina Laboratory,
;aLicnai bureau or Standards, Gaithersburg, Maryland

I.

DESIGNS OF EXPERIMENTS AS TET.LSCOPING SEQUENCES OF BLOCKS

Arthur G. Holms, National Aeronautics and Space Administration,
Lewis Research Center, Cleveland, Ohio

ON A CLASS OF NONPARAMETRIC TESTS FOR INTERACTIONS IN FACTORIAL
EXPERIMENTS

P.K. Sen, School of Public Health, Department of Biostatistics,
University of North Carolina, Chapel Hill, North Carolina

ON THE RANK MOD p OF THE DESIGN MATRIX OF A DIFFERENCE SET
Jessie MacWilliams, Bell Telephone Laboratories, Murray Hill,

New Jersey, and Henry B. Mann, Mathematics Research Center,
U.S. Army, University of Wisconsin, Madison, Wisconsin

1520-1550 BREAK

* 1550-1700 GENERAL SESSION 2 - Auditorium

Chairman: Professor Boyd Harshbarger, Department of Statistics,
Virginia Polytechnic Institute, Blacksburg, Virginia

SOME STATISTICAL METHODS IN MACHINE INTELLIGENCE RESEARCH

Professor I.J. Good, Department of Statistics, Virginia
Polytechnic Institute, Blacksburg, Virginia

Friday, 3 November

0830-0915 GENERAL SESSION 3 - Auditorium

OPEN MEETING OF THE AMSC SUBCOMMITTEE ON PROBABILITY AND STATISTICS

Presided over by: Dr. Walter D. Foster, Biometric Division,
U.S. Army Biological Laboratories, Fort Detrick, Frederick,
Maryland

0925-1200 GENERAL SESSION 4 - Auditorium

Chairman: Dr. Frank E. Grubbs, Chairman of the Conference,
Ballistic Research Laboratories, Aberdeen Proving Ground,
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_&=1811;515 i "/ COMPUTER AGE

F.J. Anscombe
Department of Statistics

Yale University
New Haven, Connecticut

1. INTRODUCTION. The commonly used methods of statistical analysis took
much of their present-day form in the period of rapid development of statistical
science between the two world wars. They were conditioned, more than perhaps is
generally realized, by the principal computing resource of that period, the
desk calculator. They give just about the best return possible for the amount
of effort that a human being equipped with a desk calculator could reasonably
(or even a little unreasonably) be expected to invest in a statistical analysis.

Now that our computing resources are enormously greater, w need not content
ourselves with merely following the procedures suitable for the desk calculator.
Almost anything we might ask for can be had at very little cost. What can we
make use of? What sorts of calculations and output will give us most understanding,
least misunderstanding?

Our extended computing powers can affect statistical methods in two ways.
First, we are able to make better use of traditional methods, or of methods
closely related thereto. Above all, we can now afford to ask freely for scatter-
plots. These are tedious to construct by hand, but trivial with a computer. We
can also demand the calculation of residuals, to test agreement of the data
with assumptions underlying the method of analysis. We can afford to make
transformations of variables and repeat analyses, to see if agreement is improved.

Second, we can consider methods of analysis that are radically different
from traditional methods and involve much heavier computation. The great majority
of traditional statistical analysis comes under the heading of "least squares"
- regression, analysis of variance, and analogous procedures like the analysis
of contingency tables by X2 . The least squares principle was originally advocated
by Laplace and Gauss a century and a half ago because they thought no other method
of combining observations would be computationally feasible. Now there are many
other possibilities, and these should be explored.

This paper has the modest purpose of illustrating a few features of statis-
tical analysis in the computer age. A set of gunnery readings, to which
traditional regression analysis is applicable, is examined.

Section 2 contains a brief digression on computing. In section 3 traditional
regression methods are exemplified in their modern guise. In section 4 a non-
traditional analysis is briefly reported.

This research was supported by the Army, Navy, Air Force and NASA under a
contract administered by the Office of Naval Research. Reproduction in whole
or in part is permitted for any purpose of the United States Government.
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Wilk's paper [5] further exemplifies the impact of the computer on
statistical analvqiQ

2. STATISTICAL COMPUTING. The computer has not so far hAd the profound
effect on staListics that it has had on some other fields of science and
technology.. The reason is perhaps that good statistical analysis is done
In stes7- Methods must be adjusted to fit the data; the adequacy of
theoretical descriptions of "models" must be assessed. This requires inter-
action between the investigator and the computer, Fixed program packages are
not altogether satisfactory.

An explosive development of statistical science can be expected once
programming can really be done by any interested person, without a large
preliminary investment of time in mastering a computer language and without
much time spent in actual coding. What makes programming so tedious in
FORTRAN and other commonly used languages is the negotiation of arrays.
Arithmetical operations are required, not just on individual numbers, but
on whole vectors or matrices; and in these languages such operations must
be spelled out in loops. Successful attempts have been made to relieve the
intolerable tedium with special computing systems for vectors and matrices.

I have had access to an experimental implementation of Iverson's
programming language known as APL [3,4], at IBM's Thomas J. Watson Research
Center, Yorktown Heights, N.Y. APL is running as a coding language for
computation in conversational mode through typewriter terminals. Though
the language was not originally developed for statistical work (but rather
for the precise and concise expression of any algorithms), it is in fact
well adapted to statistical purposes. Two salient reasons are:

(I) APL was designed at the outset to handle (almost indifferently)
scalars, vectors, matrices and rectangular arrays in any number of dimensions.
All the basic arithmetic operations can be performed on arrays just as well
as on scalars, without any loop written in the program. Programs in APL
therefore tend to contain few loops. The programmer is encouraged to think
of array operations as entities without a logically irrelevent internal
sequence; this is aesthetically pleasing, even illumiuating.

(ii) There is a high degree of consistency in APL. Syntax is governed
ruthlessly by a very few simple rules. Once the basic vocabulary is learned,
the language is easy to remember. There is a remarkable absence of arbitrary
features that require frequent reference to the manual. The language there-
fore has a peculiar dignity and reasonableness. One feels it is worth learnirg.

I have elsewhere [2] prepared a description of APL, with illustrations
of its use in statistical work. The above remarks are abstracted from that
article.

This implementation of APL as a computer coding language is not yet
available for general use. Something like it must surely become available
eventually, hopefully soon. I am confident that it will have a profound
influence on the development of statistics. The computations mentioned
below were done through an APL terminal.
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3. LLANT-SQUARES RiGRESSION. The data used for this study of regression
methods were kindly supplied by Dr. Frank 1. Grubbs, of the U.S. Army
Ballistic Research Laboratories, Aberdeen Proving Ground. They relate to
some 175 mm. gun firings. In Table 1 we sea the following information for
35 rounds: Range (metres), Projectile Weight (lb.), Muzzle Velocity (f.p.s.),
and four items of weather information taken at the maximum ordinate of the
trajectory, namely Temperature (do&, C), Air Density (kgm/lO00), Range Wind
and Cross Wind (both in metres per second divided by 10). The first 24 rounds
were fired on one day, between 13.07 and 15.13 hrs. The remaining 11 rounds
were fired the next day between 10.57 and 11.33 hre.

Let us perform a regression analysis of Range as dependent variable on
the other six variables as predictors (or "independent" variables). As usual,
we shall begin by considering a linear combination of the predictor variables,
and then later consider the possibility of a nonlinear function.

The traditional first step in such a regression analysis is to calculate
the matrix of sums of squares and products of deviations of the seven given
variables from their means, and then perhaps note various correlation coefficients.
What is considerably more informative than the correlation coefficient between
two variables, and just as easily obtained from the computer, is a scatter plot
of the two variables against each other. Before ever any regression is
calculated, a good deal of insight can be obtained by looking at a few such
scatter plots. Here we should expect Muzzle Velocity to have a substantial
predictive effect on Range, as is verified by plotting these against each other.
So plots of the other predictor variables against Nuazle Velocity are of
interest. One such plot is shown in Figure 1P, where Cross Wind is the other
variable. We shall see that Muxzle Velocity and Cross Wind turn out to be
the only two effective predictors, and in retrospect this diagram is the most
revealing.

The diagram shows more of the relation between Cross Wind and Muzzle
Velocity than is conveyed by the simple correlation coefficient (which happens
to be about 0.27). As that correlation coefficient indicates, the two variables
are only slightly related, so far as the calculation of linear regression is
concerned. But if we should wish to calculate a nonlinear prediction surface
with these two variables, it becomes relevant to notice that whereas the
abscissas (M.V.) are distributed rather uniformly over an interval, the
ordinate (C.W.) are clustered in two bands with a sizable gap between. We
shall be able to estimate a quadratic response to MV., and also a cross-
product response (interaction between both variables), relatively well, but

*The plotting cods in the figures is as follows: one observation is repre-
sented by a small circle, two coincident observations by a plus sign, three
or more coincident observations by a star. The axes are shown by crosses;
zero is marked if it occurs.

No machine works perfectly all the time. When I ran off these figures
the terminal showed an occasional wobble in the left margin. The fault seemed
too trivial to warrant repetition on another terminal.
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~ ~. 175MM. ON FIRINGS

8AME WEIGUT UIL E. al n. R.K CRA

20138 147.40 3001 9.1 0.9985 2.3 -5.0
20097 147,80 2995 9,1 0,9983 2.2 5.0
20096 147,50 3002 9.2 0,Q981 2.1 -5.1
20031 147.40 2997 9.3 0.9976 1.9 -5.1
20079 147.00 3003 9.3 0.9974 1.8 5.1
20081 147.50 3002 9.4 0.9972 1.8 1.1
19953 147.80 2993 9.4 0.9971 1.7 5,2
20079 147.20 2999 9.4 0.9969 1.6 -5.2
20391 147.20 3031 9.5 0.9968 1.6 -5.2
20318 147.25 3021 9.5 0.9965 1.5 5.2
20272 147.10 3020 9.5 0.9963 1.4 :5.3
20319 147,00 3031 9.6 0.9961 1.3 5.3
20037 147,40 2998 9.9 0.9952 0.8 :4.8
19989 147.60 2993 10.0 0.9952 O.6 4.7
20025 147.80 2996 10.0 0.9951 0.7 4,6
20064 147.50 2997 10.1 0.9951 0.7 4.5
20170 148.20 3004 10.1 0,9950 0.6 :4.4
20363 147.80 3018 10.2 0.9948 0.6 4.3
20214 148 o0 3015 10.2 0.9947 0.6 -4.0
20160 147.40 3016 10.3 0.9947 0.5 ,4.0
20261 147.00 3015 10.3 0,9946 0.4 .3113
20209 146.70 3013 10.4 0.9946 0.4 3,7
20231 147 40 3016 10.4 0.9946 0.3 3.6
20254 147,00'. 3014 10.5 0.Q945 0,3 3.4

20072 147,30 3005 10.3 0.9988 0.1 0.6
20142 147.20 300R 10.3 0.9987 0.1 0.6
20089 147.40 3002 10.2 0.9986 0.2 0.7
20022 147 40 3006 10.1 0.9983 0.3 0.8
20030 146.50 3022 99 0.9979 0.5 1.0
20105 147.00 3019 9.9 0.9978 0.5 1.0
20045 147 00 3017 9.8 0.9976 0., 1.1
20103 147:00 3019 9.8 0.9976 0.5 1.1
20132 147,80 3011 9.8 0.9975 0,6 1.1
20334 147.80 3023 9.7 0.9q75 0.6 1,2
19962 14820 3013 9.7 0.9974 0.6 1,2
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a quadratic response to C.W. less well than if the points in the diagram had
been more uniformly distributed between the same extremes.

The six predictor variables are apparently uncontrolled. There is no
indication of any deliberate variation in the Projectile Weight or Muzzle
Va~ncity, These could have been intentionally varied, but something approaching
an orthogonal pattern of joint variation would presumably have been adopted.

The weather characteristics were apparently not deliberately varied either,
since the rounds were fired in two short series one afternoon and the following
morning. We shall not therefore be surprised to find that some of the variables
have no detectable relation to the "dependent" variable Range, even though we
may believe that with wider variability and more numerous observations each
variable would be seen to have an effect.

In such a situation a step-by-step procedure of introducing one variable
at a time into the regression relation suggests itself. A simple computational
routine, easily programmed, goes like this. Each time a new predictor variable
is introduced, not only the dependent (Range) vector but all the other so-far-
unused predictor variables are replaced by their projections at right-angles
to the designated preditor vector. All these vectors become vectors of
residuals. By the end of this process, if all the predictor variables are used,
the matrix of their values will have been completely orthogonalizsed -- but we
shall not neessarily go this far. Each variable has been read to only limited
precision (Projectile Weight generally to 0.1 lb. apparently, Muzzle Velocity
to 1 f.p.s., Temperature to 0.1 deg. C, etc.) If at any stage the corresponding
vector of residuals shown little more variability than this round-off error, that
variable should be dropped from further consideration. Usually we shall wish
not to introduce any variable into the regression relation unless its presence
causes a perceptible lowering of the residual mean square. (The objectives
of stepwiss regression and possible methods of procedure have been discussed
in the literature -- for references see (1].)

The single variable that shown most relation to Range is Muzzle Velocity,
end after regression on that has been performed the next most related variable
is Cross Wind. The effectx may be summarized in the following analysis of
variance of Range:

TABLE 2. Analysis of Variance of Range

Sum of squares D.f. Mean square

Muzzle Velocity 239416 1 239416

Cross Wind (after M.V.) 86169 1 86169

Residual 143946 32 4498

Total about mean 469532 34 13830

The corresponding formula for predicting Range is

9.227 (M.V.) - 19.5 (C.W.) - 7687. (1)
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That is about all that seems to be worth doing In the way of simple linear
regression on the available predictor variables. The further reduction in the
residual sum of squares due to introducing any of the other variables is slight.
(Each of the variables has a substantially greater residual mean square, after
regression on M.V. and C.W., than would be caused merely by the apparent round-
off error in the readinge, and so would be usable.)

At this stage it is advisable to make scatterplots of the Range residuals*
against (a) the fitted values for Range given by the expression (1) above, and
(b),each of the original six predictor variables in turn. The plot against
Cross Wind suggests a nonlinear dependence of Range on Cross Wind. This plot
and also the plot against Muzzle Velocity suggest that the residual variance
of Range is perhaps changing progressively with these variables.

Now if Range depends on Muzzle Velocity and Cross Wind, it.need not do
so merely linearly. In fact, theory suggests that C.W. should have a quadratic
effect. Three more "independent" variables were brought into consideration,
the squares of M.V. and of C.W. and their product. Of these new variables,
only one, the square of C.W., has a mildly "significant" effect, after the
linear regression on M.V. and C.W. already performed. As we saw from Figure 1,
the peculiar distribution of the C.W. values does not permit us to determine
the shape of the response of Range to C.W. very well. Since theory predicts a
quadratic effect we are encouraged to allow for it and replace the "Residual"
line in Table 2 above by the following two linesi

TABLE 3. Detail in Analysis of Variance of Range

Sum of squares D.f. Mean square

C.W. squared (after MV. and C.W,) 16360 1 16360

Residual 127587 31 4116

The corresponding formula for Range is

9.224 (M.V.) - 8.4 (C.W.)2 - 52.3 (C.W.) - 7645 (2)

The effect of Cross Wind is apparently to reduce Range by an amount proportional
to (C.W. + 3.1)2. The reduction is not proportional to the simple square of C.W.

Figures 2, 3, 4 show scatterplots of the new Range residuals (after
regression on M.V., C.W. and C.W. squared) against fitted values, M.V., and
C.W., respectively, They are reasonably satisfactory. We are left with a
suggestion that the residual variance of Range is not constant, or possibly
that the distribution of the Range errors is nonnormal (slightly leptokurtic).

*Rather than plot simple residuals one may plot what are known as standardized
residuals, in which allowance is made for the different weights arising from
the least-squares fitting. In the present case, changing from simple to scan-
dardized residuals makes no perceptible difference in the scatterplots.
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Sometimes in regression studies it is profitable to ConAidor mak4g

Z. .pa LLausiormatons ot the variables. Here, Range and Muzzle Velocity
have such small percentage variabilities that no modest power transformation
of thea, such as squaring nr taking logarithms or reciprocals, can noticeably
affect the behavior of their residuals. In the absence of some suggestion
from theory of a more drastic transformation, we do not pursue the idea.

What have computer facilities done for this regression study that was
not available to the desk calculator operator? Any desk calculator man who
was willing to contemplate six independent variables in regression, using
traditional procedures, would no doubt have reached much the same conclusions.
What we have gained, in addition to ease and speed, is some assurance, based on
liberal inspection of scatterplots (only a few of which are reproduced here),
that our final regression relation fits the data fairly well. That assurance
was not provided by desk-calculator practices. When we examine the goodness
of fit of a regression relation in this way, we sometimes find clear evidence
that a different sort of regression relation ought to be tried instead. Here,
on the contrary, the evidence supports the sort of regression relation we
began with. What we first think of is not always bad!

4. UNORTHODOX REGRESSION. The method of least squares would be a
theoretically perfect means of eliciting information from the observations
if we could know that the form of the regression relation being fitted was

correct and that the "error" part of the dependent variable, the part not
explained by the regression relation, was a random variable independently
normally distributed with sero mean and constant variance, When these ideal
conditions are not satisfied, the least squares results will be to some extent
misleading. Much has been said about least squares estimates' having minimum
variance among unbiased linear estimates, independently of a normality assump-
tion, but there is no longer today any good reason for restricting attention
to linear estimates. If some method of analysis were known to be better, we
should be prepared to use it.

It is widely believed that if the ideal conditions are not grossly
violated the least squares method is adequate. One way to check whether this
is so is to perform an optimal analysis under weaker conditions, to see whether
perceptibly different results are obtained, Various kinds of weaker analysis
have been suggested. In (1) 1 have proposed a particular way of weakening the
normality assumption. Instead of assuming that the error part of the dependent

variable is normally distributed with constant variance, we assume that the
errors are independently diatributed ii a comaon distribution belonging to a
family having one shape parameter, say a. When a a 0 the distribution is normal.
When a ) 0 the distribution is what Karl Pearson called Type VII, with longer
tails than the normal, having the same shape as a Student distribution. If a
is a scale parameLer, we assume that the errors c have a density function of
the form

Aa-1 (1 + C(C/a)2)
"z/ ,

where A and C depend on a. If a < 0 the distribution in what Pearson called
Type 1I, having shorter tails than thnormal distribution and a finite range.
(For further details see [1, where a- is denoted by m.)

8
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The suggested method of fitting a regression relation under this weaker

hood function, which involves the regression coefficients and also the two
nuisance parameters, a and a. It is suggested that the likelihood function
should be integrated with respect to suitable prior distributions fur Q and
a, yielding a marginal likelihood function of just the regression coefficients;
and the latter should if possible be approximated by a multi-variate Student
density.

This procedure has been carried out for the above gun firings, with the
following particulars. A simple linear regression on Muzzle Velocity and
Cross Wind was considered, without a term in C.W. squared. The nuisance
parameters a and a were taken to have independent prior distributions, uniform
over the whole real line for Ino, uniform over the interval (-0.25, 0.75) for
a. That interval for a was chosen as including the mote plausible values for
a -- the maximum likelihood estimate of a turns out to be about 0.12 -- and
should be broad enough to bring out the qualitative features of this type of
analysis. (We should be back at the method of least squares if a were restricted
to the single value 0.) Orthogonal independent variables were used as follows:

X - (M.V.) - 3009.6,

X = (C.W.) - 0.068666 (M.V.) + 209.55.

Our task is to fit the linear relation

E(Range) - 0 + 1X1 + 82X2

Our prev,ous least squares analysis gave the estimates (equivalent to
relation (1) above

00 - 20139.1, a1 - 7.89, 82 - -19.48. (3)

The estimated variance matrix of these three quantities was diagonal, with
diagonal elements

129 1.17 19.81

based on the estimated residual variance having 32 degrees of freedom.

A Jn gur new analysis we find that the marginal likelihood function of
0 ' 01 12 hasits maximum at

a0 . 20138.9, a1 . 7.94, 82 - -19.05. (4)

The whole function is fairly well approximated by a multivariate Student
density with 33 degrees of freedom and the following estimated variance
matrix

128 0.6 6.0
0.6 1.14 n.28
6.0 0.28 21.77

12



II

comparing the new estimates (4) with the previous estimates 3). we Po
that . .has chnaA hy cthri 2%uZ ics estimated standard error, 8i by less

than 5%, $ by less than 10%. The changes in the estimated variance matrix
and numbei of degrees of freedom are trivial. For most practical purposes, our
new analysis has given results indistinguishable from the least squares analysis.

Now if the assumption of normally distributed errors with constant variance,
underlying the method of least squares, is false, our weaker assumption of a
Type VII - Type II system with a in the range (-0.25, 0.75) may also be false.
In particular, the distribution of errors could be skew. But the Type VII -
Type II family of error distributions is far broader than the normal family.
If an assumption about distribution shape has an important influence on
conclusions, we might hope to detect this fact through what we have done.
The close agreement of the results of our two types of analysis strongly
suggests that the least squares analysis of this particular body of data was
not much colored by the implied distribution assumption. Whether the same
c omforting conclusion would usually be reached in studies of other bodies of
data I do not know.
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SOME COMMENTS ON DIATCHING

K.A. Brownlee
University of Chicago

Chicago, Illinois

My topic today is "matching" in situations where the response is of
the (0,I) type, firstly in an experimental situation and secondly In an
observational situation. In both cases I wish to advance the suggestion
that, frequently, to use a clichg, the game is not worth the candle (what-
ever that means).

In purely experimental work, in which the response is of the (0,I)
type, one may be tempted to use matching. I recall an experiment on weather
modification (an activity to which I tend to refer, in general, as rain
faking) by Braham, Batten and Byers [1, with the cooperation of the U.S.
Air Force. A plane sought out single clouds in the Caribbean. A cloud
that looked as if it met certain specifications would be inspected, and if
it did then a randomized choice would be made as to whether it was to be
seeded. Following the result of the randomization, the plane would fly
through the cloud and either release the seeding agent or not, and then the
cloud would be observed for an appropriate period to see if it developed
radar echoes.

After the completion of this period of observation, the plane would
then seek another cloud which met the specifications. This cloud would
receive the opposite treatment to that handed out to the first cloud. The
two clouds then formed a matched pair, with responses as tabulatnd below.

Unseeded

+

+ n11  n12

Seeded
n2 1  n22

If time permitted on that day, the plane would make a second mission, but
if time or gasoline ran out before the second member of the second pair had
been found, then the first member of the second pair had to be abandoned.
Of course, it could also happen that on the plane's first flight it found
one cloud but failed to find another before running out of gasoline.

The idea of using watched pairs, of course, was an intuitive one based
on ideas analogous to those relevant to the concept of randomized blocks.
Just as the variation between plots close together in the same block is

* This research was sponsored by the Army Research Office, Office of Naval
Research, and Air Force Office of Scientific Research by Contract No.
Nonr-2121(23), NR 342-043.
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I
SOnnidered likely to be less than that between plots in widely separated

blocks, so it was supposed tnat cloud u. thz n-e Any wAre more probable
to resemble each other than clouds on different days.

Some work by Jane Worcester [2] is relevant to this. For example,
supposing that the variation from day to day is represented by equal numbers
of days with probabilities 0.4 and 0.6, and the effect of the treatment is to
increase those probabilities by 0.1 to 0.5 and 0.7, and, that a level of
significance a - 0.05 is used, then for a power of 0.90 the sample sizes
neceusary for paired and unpaired experiments are reported by Worcester to
be 811 and 845 respectively. The use of pairing thus decreases the necessary
sample size by 4.0 per cent, a rather inconsequential amount, particularly
in the context of the experiment I have referred to, where the rse of pairs

reduced the number of observations quite appreciably. j
If the heterogeneity was more extreme, say equal numbers at probabilities

0.3 and 0.7, then the corresponding sample sizes would be 845 and 709, a
reduction of 16.1 per cent.

Of course, in reality the distribution of the probability from day to
day would not be a discrete distribution concentrated in equal proportions
at two points, but instead presumably a unimodal continuous distribution,
with which the effect of heterogeneity would probably be quite modest.

The paired experiment had a further weakness, namely its integrity
was compromised if the observer who selected the clouds was aware of which
treatment was applied to the first cloud. He would then know ahead of time
which treatment would be applied to the second cloud, and could select the
second cloud in accordance with his predelictions. The scientists running
the experiment maintained that the man selecting the clouds, in the front
of the plane, was unable to tell whether the seeding agent was released or
not, but nevertheless one wonders whether he could not tell, perhaps sub-
conciously, either from the behavior of the plane (for if the seeding agent
was released the plane was appreciably lighter), or from the behavior of
the other members of the crew.

The famous calculating horses were able, apparently, to respond to
imperceptible gestures on the part of their human accomplice, and it is
conceivable that the human cloud selector was as sensitive as these horses.

In general, if matching is employed but actually is ineffective, then
the power of the experiment is asymptotically unchanged, but for small
samples the matching procedure seems less efficient. For example, for sample
sizes of 10 in the two independent samples, the table

+

A 0 10 10

B 5 5 10

gives a two tailed P value of 0.0326 of Fisherts exact test, but if the deta

16



was to be analyzed as 10 pairs, it would have to be

A
+

+ 0 5 5
B

- 0 5 5

0 10 10

for which the two tailed P value is 0.0b25.

This question of power when matching is ineffective is explored by L.H.
Youkeles [3]. His results show that this loss of power ceases to be appreciable
after the two sample sizes have reached 30.

I think that it is clear that the motivation to use matching is provided
by its analogy with the idea of randomized blocks. The prestige of this
procedure is so great that I rather uncritically assumed that matching would
be-better without thinking through what might happen. The general robustness
of the unmatched completely randomized procedure now seems to me to be preferable
to the hypothetical greater power of the matched design. It seems to me to be
a common failing of the consulting statistician to automatically recommend the
most complicated experimental design he can put over on his client without
considering whether it is in reality justified.

Turning to an observational situation, I have observed that in medical
and sociological investigations one or another form of "matching" is quite
frequently used. One form of matching is the formation of so-called "matched
pairs." One such study, which received a great deal of popular interest, is
part of a paper by E. Cuyler Hammond (4].

Part of this paper contained a matched pair analysis and the procedure
is described in the following quotations:

".#.we decided to investigate the matter by studying the death
rates of cigarette smokers and nonsmokers who were alike in many
characteristics other than their smoking habits. This was accom-
plished by a matched pair analysis carried out as follows:

Two groups of subjects were identified: 1) men who never smoked
regularly and 2) men currently smoking 20 or more cigarettes a day
at enrollment in the study regardless of whether they also smoked
cigars or pipes. These two groups were then divided into 5-year
age groups. Within each age group, we matched men by pairs, each
pair ccnsisting of a nonsmoker and a cigarette smoker. The two men
in a pair had to be alike in all the following characteristics: race
(white, Negro, Mexican, Indian, or Oriental); heighti nativity (native-
born or foreign-born); residence (rural or urban); urban occupational
exposure to dusts, fumes, vapors, chemical, radioactivity, etc. (yes
or no); religion (Protestant, Catholic, Jewish, or none); education;
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marital status (single, married, widowed, divorced, or separated);
drinking of alcoholic beverages; sleep (under 6 huuts, 6-9 hours,
or 10 or more hours per night); usual amount of exercise (none or
some); severe nervous tension (yes or no); history of cancer other
than skin cancer (yes or no); and history of heart disease, stroke,
or high blood pressure (yes or no) ....

The matching procedure was carried out with an IBM 1410 computer.
The records for the nonsmokers were put on one magnetic tape and the
records for the cigarette smokers on another. The records in both
tapes were then sorted in order by the codes for all the variables
under consideration as described. Thus on both tapes the recurds
wera arranged in blocks, a block being defined as a group of records
identically coded in all the variables under consideration. By use
of random numbers, the records within each block were arranged in

random order. The 2 tapes were then compared block by block. Blocks
found on only one tape (i.u., the same number of cigarette smokers
as nonsmokers) were accepted as matching pairs. For example, if
a block of 2 cigarette smokers matched a block of 2 nonsmokers, then
2 matched pairs were identified, the first cigarette smoker and the
first nonsmoker being the first pair and the second cigarette smoker
and the second nonsmoker being the second pair. If the matched
blocks were of unequal length, then the excess records in the longer
blocth were discarded. For example, if a block of 5 cigarette smokers
matched a block of only 2, then the first 2 smokers formed matched
pairs with the 2 nonsmokers, and the last 3 smokers were discarded.
Thus the excess (discarded) records were selected at random since,
within each block, the records were arranged in random order....

With so many characteristics to be considered, many men could

not be matched. However, the computer found 36,975 matched pairs of
men (36,975 nonsmokers and 36,975 cigarette smokerm), such that the
2 men in each pair were Alike in all the specifications outlined.

...Of the 36,975 nonsmokers, 662 (1.8%) died and, of the 36,975
cigarette smokers, 1,385 (3.7Z) died between the start of the study
and September 30, 1962. This difference is statistically significant
(P 4 0.000001)."

The matching employed by Hammond is very complex: apart from smoking,
he employed 15 categorizations, some at two levels only and others at several
levels. The number of cells in this 17 dimensional lattice was 2 x 8 x 5 x 2
x 2 x I x 4 x 5 x 5 x 5 x 3 x 2 x 2 x 2 x 2 x 2 x 2 - 210 x 3 x 4 x 54 x 8

- 61 440 000. However, this overestimates the number of cells, as though
education was recorded in 5 categories, "The two men in a pair had to be in
the same education category as in adjacent categories."

Let us consider the case where matching is performed on only one categoriza-
tion at 2 levels. The population is thus cross-classified into a 2 x 2 table:
for convenience let tis continue to use smoking-nonsmoking as one of the
categorizations, represented by the symbols S and T, and baldness-nonbaldness
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as the other categorization, reprejented by B and C. Let tha proportion of

the population failing into the four classes be eS13 etc.

Suppose that we have a very large sample, so that sampling fluctuations

can be ignored, and let the death rates for each class be 0SB' etc. Then if

the sample size is N, then the number of bald smokers is NeSB, etc.

Table 1

Bald Nonbald
Proportion Proportion

Proportion of Deaths Proportion of Deaths

Smokers eSB SBOSB 0SC aSCOSC

Nonsmokers aT3 8TBTB 8TC eTCTC

Matching will consist in matching each bald smoker with a bald nonsmoker

(and analogously for the nonbald columns). Since in general eSB 0 eTB, there

will be an excess of smokers or an excess of nonsmokers in this category, and

the excess will be discarded by random selection. Thus if eSB > 0TB and

eSC > 0 TV the noemokers are left undisturbed, but the number of smokers will

be reduced to NeTS and NoTC and the numbers of deathe amongst smokers to

(NeTs OSB + NeTC OSC ).

The death rate for smokers in the matched sample, say DSM, will tbus be

D 6TBOSB + eTCOSC (1)
SM e 8TB + aTC

The death rate for nonsmokers in the matched sample, say DTM, will be

0TBOSB + TCOTC
D TM " TB + eTC

and this is, of course, the same am the death rate for nonsmokers in the

unmatched sample, say DTU. I

For the smokers, however, the death rate in the unmatched sample, say
D Sul in

D i SBOSB + 8SCOSC (3)Dsu 0 OSH + 0 8C

Now suppose that the ratio of smoker to nonsmoker death rates in the

unmatched sample is the same as in the matched sample, i.e.
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D u U" TM "4)

Note that this is a rather wemk condition. We arp not requiring that the
matched samples give the "right answer for the death rates in, e.g., the
smoking population, but merely that the ratio of death rates of smokers to
nonsmokers be the same in the matched sample as in the population.

The condition implied in equb!Aon (4) implies that

eSBSB + SC SC eTBSB + 6TCSC (5)

SB SC TB + 0TC

which in turn requires that

(SC " SB) (OSC6TB - 6SB TC) = 0. (6)

Thus the relationship betwena smokers and nonsmokers is the same in the matched
sample as in the original unmatched sample if either

(a) *sc "s- (7)

or ( a

(b) ____ (8)eTC 6TB

or (c) both (a) and (b) are simultaneously satisfied.

Condition (a) is that the death rate for bald smokers be the same as the
death rate for nonbald smokers; in other words, for smokers baldness or non-
baldness does not affect the death rate.

Condition (b) is one form of the familiar independence criterion for two
cross categorizations, for example that the probability of baldness is the
same for smokers as for nonsmokers.

Condition (a) is asymmetrical in that it refers only to smokers. This
asymmetry occurs, of course, because the operation of matching, in the situation
assessed here, alters the relative numbers of bald and nonbald men in the
smoking group ouly, since the nonsmoking group is left unchanged by the matching
operation.

If the independence between smoking and baldness implied by (8) is not
satisfied, in the particular manner implied by the condition

sC 8 1 < eSB (9)

TC TB
then the smoking class determines the aie of the matched group for nonbald
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people and the nonsmoking class determines the size of the matched group for
bald people. It is straightforward, but somewhat tedious, to show that (4)

rL 5=LALL-uI requires cnar

CTI 0 ' TC (10)

and

¢SB - tSC (11)

In other words the death rate for bald smokers must be the same as the death
rate for nonbald smokers and also the death rate for bald nonsmokers must be
the same as for nonbald nonsmokers.

These two results, (7) and (8), and (10) and (1.), both correspond to
commonsense. All death rates are in effect weighted averages. The unmatched
death rates are weighted averages using as weights the properties of each
category in the population. Equation (7) follows from the fact that if the
death rates in the two categories are equal it makes no difference what weights
are used. Equation (8) follows fr~om the fact that if the proportion bald/non-
bald is the same for the smokers as for the nonsmokers, then the matched sample
will have the same weights as the unmatched. Equations (10) and (11) are
similar to (8).

I should like to illustrate this with a small synthetic numerical example.
Imagine a population being matched, smokers against nonsmokers, according to
some factor such as baldness.

Suppose that the smokers number 110,000 of whom 100,000 are not bald
with a death rate of 1 per cent and 10,000 are bald with a death rate of 5
per cent. Then the overall death rate for smokers is the ratio of the total
number of deaths,

100,000 x 0.01 + 10,000 x 0.05 - 1000 + 500 = 1500

to the total number of smokers,

100,000 + 10,000 - 110,000.

Thus the death rate for smokers is

1100/110,000 - 1.36%.

Now suppose that the nonsmokers number 35,000, of whom 20,000 are not
bald witha death rate of 1 per cent and 15,000 are bald with a death rate
of 2 per cent. Then the death rate for nonsmokers is

20,000 x 0.01 + 15,000 x 0.02 500 143%.

20,000 + 15,000 35,000

This is one population the smokers have a slightly lower death rate than the
nonsmokers; the ratio of death rates is 1.36/1.43 - 0.95.

Now suppose that the smokers and nonsmokers are "mocched." For rhe nonbald
the device that does the matching will be able to select 20,000 smokers out of
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t.he 100,000 available, and theme will have an expected number 20,000 x 0.01
- 20 C : .a th,. Th.. tlaiL dmaw.~i; Lair. uL* iJJA1 Wil kt~tp itl .LLS UIIILCI~te

sample the 10,000 bald smokers who will have an expected number 10,000 x 0.05
- 500 deaths. Thus for smokers in the matched sample the death rate is

(200 + 5(J0)/(20,000 + 10,000) - 700/30,000 = 2.33%,

For nonbald nonsmokers the 20,000 in the population stay in the matched sample,
producing an expected number 20,000 x 0.01 - 200 deaths, but the bald non-
smokers are reduced in number to 10,000, for which the expected number of deaths
is 10,000 x 0.02 - 200. Thum for nonsmokers in the matched sample the death
rate is

(200 + 200)/(20,000 + 10,000) - 400/30,000 - 1.33%.

Thus in ou- matched sample the smokers have a somewhat higher death rate than
the nonsmokers, the ratio of death rates being 2.33/1.33 - 1.75. The direction
of this relationship between the death rates for smokers aud nonsmokers in a
matched sample is the reverse of what occurred in the population.

I think the reason that matching proves misleading in this observational
situation is that :t is a close relative of covariance analysis. We know that
in a purely experimental situation it is essential that the concommitant
variable be independent of the experimental treatments, and the save must hold
good in an observational situation. If the concommitant variable is not
independent of the treatments, then hideous fallacies may arise when we "adjust"
the response means. I chink the analogous bituation may arise in a discrete
matching situation: the frequencies of the matching criterion may be forced
into quitc unrcalistic distributions.

From another point of view, the matching procedure is forming a weighted
average for which the weights are quite unrealistic.

In other words, I believe that the matching procedure adds seriously to
the difficulties of extracting rigorous inference from observational data and
we should be quite hesitant about employing it.
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ON METHODS OF OPTIMIZATION OF A MULTIOBJECTIVE SURVEY

ionn L. AtkLinson
Harvard Computing Center

Boston, Masnaqhitetts

ABSTRACT. The Wound Data Project is a survey of wounded personnel in
which information is collected about the projectile or thermal agent causing
the wound, and the incurred physiological and phychological effects, together
with the hospital information. The experimental design is not under direct
control, since only those cases that do occur can be observed. The control
that can be exerted in such work consists of proper questionnaire design and
an attempt to continue observation until certain minimum numbers of cases
have occurred in designated categories. In this project, the number of
categories is in the hundreds, taaking it highly unlikely that the desired
number of cases will be observed in all categories. There is no ability to
control the level at which factors occur (e.g., projectile striking velocity).
The appropriate statistics to be used are largely those developed in fields
specializing in survey work such as epidemiology and social relations. In
fact, the computer system to be used for file manipulation in this project,
DATA-TEXT, is one developed by the Harvard School of Social Relations.

The areas to be investigated in this study are dictated by Army require-
ments, and information is now being recorded by the field team. The specific
questionnaires from which Hollerith cards will be punched are to be filled out
by the CONUS Team from this data. Adequate medical personnel are available
in the CONUS Team to insure proper medical interpretation of questions. Areas
in which advice is sought from the "clinical" panel include statistical pitfalls
in questionnaire design, and optimum selection of subjects where choices exist.
If subjects are selected with multiple wounds, individual variation is minimized
and direct comparison allowed between or among physical characteristics such as
penetrating ability. However, the physiological and phychological effects of
a particular wound are unmeasurable in the multiple wound case due to the
confounding. The proper target sample size would appear to be better defined
on attaining a pre-determined number of cases showing some set of characteristics,
rather than by merely observing some total number of cases without regard to
the information content of these cases. However, how to select the proper set,
or sets, of characteristics in a survey where many such combinations exist,
each for some different output of the survey, is difficult. Any selection based
on frequency of observed characteristics implies feedback from the evaluation
team (CONUS) to the collection team (SEA) which are physically separated by some
10,000 miles. The ability of the collection team to "collect" also depends upon
the vagaries of war.
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COMPONENTS OF VARIANCE OF A LINEAR FUNCTION
IN REPEATED TRIALS

Walter D. Foster
U.S. Army Biological Laboratories

Fort Detrick
Frederick, Maryland

ABSTRACT. The quality (Qi) of the i-th batch of a material diminishes

with time according to a function which is linear in its parameters, a

separate parameter set estimated fcr each batch., The quality of each batch

is extrapolated to a common future date, tfq by means of its time furction.

A weighted mean quality is computed, using the known amount of each batch

as the weight:
-w.IiQt/ wi

The problem is to find the variance of the weighted mean, V(k), given the

estimated parameters of each time function and the elapsed time to tf. In

case that the time functions have the form

Qi - Ai + Bi X + Ci Y

it is known in a special application that the batch-to-batch distribution

of the Ai is normal and independent of B and C. The bivariate distribution

of B and C has a high covariance, P - .87, with markedly skewed marginal

distributions, each in the positive direction. It has been acceptable to

write C in terms of B as

C-d+eB

for another application not discussed here.

The remainder of this paper was reproduced photographically from the author's
copy.
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In a manufacturing process, the quality, Qj, of the i-th batch of material

is measured periodically, because quality is known to deteriorate with time.

The deterioration function,

Qi - Ai + BiX + CiY,

is fitted to each batch, resulting in a unique set of statistics, (A, B, C)

for each batch. The variable X is time; Y is log(X + 1). The times of ob-

servation are not necessarily the same for each batch, nor is each batch manu-

factured at the same time. The quality of each batch is weighted by the amount

of each batch. It is the weighted average of quality, k, and its variance

which are required for a fLxed time, tf. The follotring schematic is illustra-

tive.

" - Batch A

Quality Batch B

S- Batch C

Time tf

Computatioally, it is straight forward to compute Q at time tf for each

batch and to continue over batches to compute

- ZwiQt/Zwi  and
& -Ew (Qi - -

V(&) 0EW ~i /'ITwi.

But this is not the problem. It is desired to find a formulation for V(%)

involving the distribution of the parameters of the deterioration functions.

The distribution of the Ai is known to be normal (with available estimates of

mean and variance) and independent of B and C. The bivariate distribution of

B and C while not known functionally has a high covariance, r - .87, with

markedly skewed marginal distributions.

Three cases are given as successive stages of a possible approach to

illustrate the form of a desired solution. General notation applicable to all
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three cases Includes the following:

Let Qij - J-th observation of quality on the i-th batch, i = 1--i, j - 1-j

and Qi. - quality of i-th batch averaged over the j observations

and Q.. - average quality averaged over all batches

Wi M amount of i-th batch, used as a weight factor

t - time of observation

CASE I

No deterioration of batch quality with time. All batches manufactured at

the same time with the same dates of surveillance. Variance of assay the same

for each batch. Pictorially,

Q* 'Batch A

-Batch B

- B -D Batch C

time

Let the random model,
QiJ m + Ci + eiJP

iJ* l---i,

with zero covariances represent quality so that

E(Qi.) which is estimated by

Qi, • Q iJ. also

Q.W EE w i Qij/ I wi .

Note that the previous computation for the variance of the mean, namely,

V(Q.,w) - Li(Qi. - w wi

neither partitions the source of variatioi nor uses the distribution of the para-

meters of the deterioration functions.

27



The following reaults, assufaig1 LhaL the w~ are constant, are obtained from

the expected meoan squares which are well known to be given by the analysis of

variance model,

Source df E(MS)

Between Batches i-l a2 + ja2
2

Within Batches i(j-l) a2

from which we have

V(Qij - a2 +a2
2j 2

V(Q1.) - a 2/i + a 2and

V(Q..) - a /ij +a

When the amounts, ware known but not equal, the weighted mnean is

a m + E Wc /I + E J

with variance2 2 22
VQ.)-(a 2 + a 2/J) EW 2/(r wi)

if the covariances are ignored. The partition has a des~r9ble form.

CASE Il

The deterioration rate of each batch in time has the same loss coefficient

in the model,

Qija + c, -b + eijl

where as before all batches have the same date of manufacture and the same

datej of surveillance and the same variance of assay. The following figure

indicates i he nature of the problem:

Q A
B
C
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I
Thpri tho noi a 1 ,4 1,. t- -r" "IC -fD Is given by

Qi m+c - bt,
± L

and thf. weighted average quality of all batches at time, tf, 1

QO'W M wi(m + c bt )'i

- m - btf + EW e /EW i

with corresponding variances given by

V(Q,.) b" a2C 1/j + (tf - E)2/i±(t - i)2] + a02, and

V(Q.. ) 2 + a2/j)MW1
2 /(E )2 + (tf .) 2 a21±(tj - 2

which is partitioned and follows the components-of-variance sense.

CASE III

Let the deterioration function be representable by a linear function,

QiJ M M + ci + bIt + dit' + eiis

or by a non-linear function such as

J Qo(ri + l)/r 1 + ) 
I

whose covariances in both cases are non-zero. Further, the date of manufacture

of each batch is neither the same nor is the distribution of manufacture dates

constant. Finally, neither the number of surveillance periods or their dates

are necessarily the same from one batch to another. However, the variance of

assay is constant. A pictorial representation is given below.

Q B

tf time
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A continuation of the approach shown in Cases I and 11 whi le desirable may not

be tractable. The problem is not so much to estimate

Qia f i(tf) and

Q.w W zw fi(tf)/Zwi

which are readily computable as to formulate expressions of their partitioned

variances esLimable from the distributions of the model parameters in the

sense of Cases I and I.
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A MODEL

FOR OBTAINING THE OPERATING CHARACTERISTICS

OF A SKIP LOT SAMPLING PROCEDURE

Allen C. Endres

US Army Ammunition Procurement & Supply Agency

Joliet, Illinois

1.0 INTRODUCTION

Project SKIP is the name given to a ballistic testing procedure developed and

administered by the Quality Evaluation Division of the U.S. Army Ammunition Procurement

and Supply Agency. The need for such a procedure became evident when a study of

ballistic testing revealed substantial savings could be effected by properly lowering

ballistic test frequencies. The development of the methodology required to obtain

the operating characteristics of the plans covered by the procedure parallelled its

implementation at selected loading plants.

Fig. 1 depicts the essential steps of the flow diagram of Project SKIP.

The associated verbal transition matrix is contained in Fig. 2. It is seen that we

have a Markov model. Throughout the discussion the various seeps of the flow diagram

will be referred to as the states, i.e. qualification stato, restart state, etc.

The steaay state occupancy probability of a lot being in state i will be Pi We

shall use PI to denote the probability of entering state i on the next step. A

step is defined as the testing of the lot.
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2.0 METHOD OF DERIVING Pi AND P'
i

We shall first restrict ourselves to the case where only tested lots are

considered and temporarily ignore the skip lot possibilities in Step One and

Step Two. Let

Po - Prob (being in qualification state)

PNI - Prob (being in normal step one)

PN2 = Prob (being in normal step twu)

PNl* - Prob (being in retrial step one)

PN2* - Prob (being in retrial step two)

PR - Prob (being in restart state)

and p - Pr (lot meeting all ballistic tests' requirements except those concerned

with critical malfunctions)

y - Pr (critical malfunction)

hence:

(1) Po - P' + P' (l-Y) p ....... + P (1-y) 9p9

0 0-l y

( Po + P 1 (I-y) p +. ...... + 1 (i-y) p4 p

(2)~ PN-(-,I No Ip-(-)'

1-,Y -P

(3) PN2 w P N2

(4) PN"* - PN * (l-y) p +. ...... + PNI* (l.y)3 p3  1 PP I ly)p4j(4) PNI* Ni*i (i-y) p..

(5) PN2* - Ph* + PN2* (l-y) p + ...... + PN2* (l) p3 _ PN2* 1(_Y)T
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Define: PR, Probabilfty (being in restarL in process of testing for five

consecutive lots free of critical malfunctions while disregarding all other mal--

functions).

PR2 - Probability (being in restart and testing for ten consecutive lots

meeting all requirements).

(6) PR P RI + PR2

(7) + (1-y) +. ...... + PRI (lPy) R(7 R RI P R + "YI ' -,
(8) " P + q 2 (l-y) p +. ...... + P 2 (l-y)9  p9  ( y)O P 2Rs P 2 2 R? (1..... (1--¥)

We shall now investigate the derivation of the P'. P' - P- (being in 0 two

o

steps ago and rejecting a lot for reasons other than a critiral malfunction on the

last step) + Pr (being in NI* two steps ago and rejecting a lot for reasons other

than a critical malfunction on the last step) + Pr (being in N2* two steps ago and

rejecting the lot for reasons other than a critical malfunction on the last step)

P. (l.-p) (l-y) + PNl* (l-p) (1-Y) + PN2* (l-p) (1-Y)

Utilizing (1), (4) and (5) yields

(9) P() - ELY) P (1-0 (1-Y) + N1- [* '] (1-0 (p .Y)

Similar rnauning for P ' P' yields:
;roN PN!*, PN2' N2*' FiRl' R2

(10) PI P, (1-Y)10 pl0. PNI* (-y)# P" + PR2 (l-y)10 plO
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' NI* %- (\ NI

Lp

(12) PN2 ' PN12* p4 (I-y)4+ p 1 (-y) 5p5 + P'2 (1-Y) P

(13) PN2* - PN2 (1-p) (1-Y)

(14) P i - Y

(15) 2R2 - P I (I-Y) 5 + PR2 (l-y) (i-p) I1-(1-Y)1 ° p10 1
1 (-Y) p

~' Hoeera
Equations (9) through (15) define 7 equations in terms of the P. oevra

additional equation is needed since it can be shown that the coefficient matrix

is not of full rank. The needed equation is

E Pi - 1
i

It was found convenient to solve for P' and then relate the remaining Pi in terms
0

of P;. The steady state probabilities were then obtained by substitution in (1)

through (8).

3.0 INCORPORATION OF SKIP LOT POSSIBILITIES

The preceeding discussion neglected the skipping possibilities in N1 and N2 ,

A plausible approach to the skipping anomaly would be to obtain the expected ratio

of total to tested lots in the states of concern, multiply the original PN1 and PN2

by these ratios and then force the modified PNI' PN2' and the remaining Pi to

sum to one by normalization.

Let: X, - Number of lots tested in N1

2X a Number of lots skipped in N1
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F,. + X] + Y.

then the ratio of interest is I XJ 1

X+

L I " 1X
taking expectation E I+E( )

Now E 5 X 2 (X2 ,X1 )Xl1 I X2 M0 X1

where P (X2 ,Xl) is the joint probability density function of X1 ,X2.

However P (X2 ,XI) - P (XjX1 ) P (XI)

5 X2
hence E LZ p (Xl) - P (X2 1 )Xl'I X2=0

5 P(X )  G
Z - E X2  P (X2 1X)Xl1-1 X1  X2=0

Define i) a skipped lot as a no-test

ii) a tested lot as a test

Then E X2 P (X2 ,X1) may, for a given Xl, be considered as the expected
X2 =-0

number of no-tests before the Xlst test. Hence X2 is distributed as a negative

binomial random varieble with expectation (Xl)

where q is the probability of a no-test

p is the probability of a test.
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Therefore E 5l P(XI) I Xiq) q/p. i
tt -

For N
1  

qmp-l/2 Therefore E [ Ind E L 1- 2.

A completely analagous procedure yields a ratio of 3 for N2. Hence PNl is multiplied

by 2 and PN2 by 3.

The total procedure is then

(1) Obtain Z P
io N1,N2

(2) Multiply PNI by 2 and PN2 by 3 and add these products to (1).
(3) Divide Po, P R' PNI*' PN2*' by the sum obtained in (2); also divide

2PNI and 3 PN2 by that sum.

(4) Each quoitient obtained in (3) is defined as P*.
±

and ZP* - 1.
ii

4.0 DERIVATION OF ACCEPTANCE PROBABILITY

Let:

- Expected proportation of accepted lots

A(1) PA " (Pi + P i) P*

where: Pti " Pr (lot tested and accepted in state i)

Psi " Pr (lot skipped and hence accepted in state i)
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Rpfprrin .... ia6 Lu we have:

STATE PLI Psi

o p(l-y) 0

N1  1/2 p(l-y) 1/2

N 2  1/3 p(l-y) 2/3

NJ* p(l-y) 0

N2, p(l-y) 0

R p(l-y) 0

which may be seen tield:

PA -P(l-Y) L+ P+P *+ PN2 * + / J + P  l + 2
2 

3

This formula together with an assumed y - .0002 was used to obtain Figure 3.

5.0 EXPECTED REDUCTION IN TESTING

The expec'ed reduction in testing is vs. p, the probability of
+ L

the lot meeting all ballistic tests' requirements not concerned with critical

malfunctions. The asymptote is the maximum reduction possible for y - .0002, and

was obtained by finding lim (P 1 ' P 2
"

p+J l - IN2
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FIGURE TWO
Causes of Transition from

State i to State j

F ..... O...... R1 R2 Ni Nis N2 'N2*

0 Reject the Critical 10 consecu-
lot. No malfunction. tive lots
critical accepted.
malfunction

R1 Critical 5 consecu-
malfunction, tive lots

without
critical
malfunction.

R2 Critical Reject the 10 consecu-
malfunction, lot. No tive lots

critical accepted.
malfunction.

Ni Critical Reject the 5 tested
malfunction, lot. No lots are

critical accepted.
malfunction

Nl* Reject the Critical l lots are
lot. No malfunction, accepted.
critical
malfunction

N2 Crytical Lot is neject tie
ui .. lunction. & ~suted. lot. No

critical
malfunction.

A20 Reject the Critical 4 lots are
lot. No malfunction, accepted.
critical
malfunction
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FIGURE 3
AQL a 1%

-- ZL-STD-4.1h

.8 ~CodeLete.

.. Correspondinzg

.7

A:::

T- I I 1f W4

.- 1

Percent Defective
41



I
Itf L

.!I I 4I

2p

flit r4 u42



A MODEL FOR DFTFRMTWT( 07TAT fTh?

INCENTIVE PAYOFFS FOR PROCURMENT

Rcgcr RY-e. taid Eugene Dutoit
Picatiriny Arsenal
Dover, New Jersey

INTRODUCTION. The purpose of this paper is to formulate a model for the

preparation of Quality Incentive Clauses to be included in Government contracts,

The model will concern itself with those items which are procured according

to acceptance criteria involving single sampling plans by attributes.

A Quality Incentive Clause is an addition to a supply contract which is

designed to benefit both the contractor and the Government. The clause

provides for the payment of a bonus to the contractor if product quality is

above that designated as acceptable in the product specification.

Changes in product quality will be observed by selecting one or more

parameters which reflect item effectiveness; changes in the "relative AQL"

of these parameters with respect to the AQL's outlined in the product specifica-

tion will be used to indicate differences in quality level.

Finally, variations in AQL will be combined with a payoff factor to assign

a partial payoff for each parameter. This payoff factor is designed tr- adjust

for the relative importance of each parameter as well as the magnitude of the

quality measurement. The sum of the partial payoffs will indicate the total

payoff to which the contractor is entitled.

THE GENERAL MODEL. This section repres3ents an outline of the general

model proposed for formulating Quality Incentive Clauses. A brief explanation

of each of the major segments of the model is presented below. A more elaborate

discussion of the development of each of these segments will be presented in

a later section.

The remainder of this paper was photographically reproduced from the author's

copy.
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i. !Ltna UoXLtrui FuufltLer.- Lnese parameters are usea to

measure the "incentive quality" of the item.

2. Ratio Weights.-Weights are assigned to all control parameters

to indicate the relative importance of each parameter in determining

item effectiveness.

3. Maximum Payoff.-This value represents the maximum amount

the purchasing agent is willing to pay for quality in the item.

4. Paoff Factors for Each Control Parameter.-The payoff factor

is a multiplier which transforms a given quality measurement into an

incentive payoff. It is designed to reflect both the magnitude and

importance of measured quality for each parameter.

5. Partial Payoffs for Each Control Parameter.-The partial

payoff is a, measure of that portion of final payoff which is attributable

to each control parameter.

6. Total Payoff.-This value represents the bonus payable to the

contractor on the basis of the indicated quality of the item.

DEVELOPMENT OF THE GENERAL MODEL

This section traces the development of the various segments of the

general model. Each major segment of the model is expanded and quantified

according to the basic assumptions of the model.

Selection of Control Parameters.-Although many parameters may contribute

to the performance of a particular item, it is desirable to select only

a few parameters to measure quality for incentive purposes. One or two

parameters are ideal; any more than three may be unwiedly and impractical.
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The parameters selected should be those which most clearly define item

effectiveness under operational conditions. Consequently, in addition

to minimizing the number of parameters selected, care must also be

taken to insure that all parameters which indicate effectiveness are

included. Thus, the number of parameters selected should be as re-

strictive as possible, yet comprehensive enough to include all

significant parameters.

Furthermore, it is important that parameter measurements be

compatible with acceptance tests as outlined in the product specification.

Parameters which require increased sample size or additional testing

in order to be measured satisfactorily are not desirable.

Assignment of Weights.-Weights will be assigned to each control parameter

in multiples of ten within the range 0 to 100 (10,20,30 ..... ,I00). For

example, consider a situation involving two parameters where it is felt

that parameter A is 1 1/2 times as important as parameter B. The weights

assigned would be Wa = 30; Wb - 20 or Wa = 60; Wb = 40. As long as the

ratio is maintained it does not matter which combination of weights is

selected.

Determination of Maximum Payoff,..-The maximum payoff (MPO) is selected as

that percentage of unit price the purchasing agent is willing to pay if

maximum incentive quality is obtained in all parameters.

Determination of Payoff Factors.-On the basis of the subjective-objective

decisions outlined above, a PAY OFF FACTOR (POF ) is determined for each

parameter. The P0F1 is a function of'

45
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(1) the individual weight of each parnmeter relative to the

combined weights of all parameters.

(2) maximum pay-off allowed in percent unit prict.

Develorment of POF :

Initially define a "quality point" as a measure of incentive

quality which will give a pev-off. In order to achieve the maximum

pay-off (14PO) incentive, the contractor must achieve the maximum

quality points (MQP) which have been assigned for each parameter.

Assuming a linear model where Zero "QP" would give Zero Pay-off, the

relationship between Pay-off (PO) and "QP" can be shown as figure 1 below:

MDrt

MbP

Figure 1

Since each parameter is weighted in its importance to item effective-

ness, it shall be defined that the maximum QY for each parameter be equal

to the weight assigned to each parameter (ie., if Wa = 40, Wb a 23;

Wa • 2Wb - therefore parameter Wa is twice as important as Wb and will

receive twice the number of quality points).

So, on an item basis:

(1) MQ@ a the sum of the weights for the parameters considered for

that item. N

MQP = WT *ZWI, where N is the number of parameters considered.
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(2) MFO Percentage of item unit urIrL_

Therefore Figure I becomes:

MPO -

POFI

WI WT

Figure 2

Parameter (I) with weight W, gives a pay-off factor (POFI).. POFI is,

a proportional part of MPO as expressed below:

POFI Ho)-(o) (W-0(WT) - (0) -
POFI - MO W-j

1 WT

Where POFT is a percentage.In a fractional form:

POFi - (MPo) (w)
WT 7 100 (1)

A verification of the relationship is given in the appendix.

Determination of Partial Payoff.-Using the payoff factor and the percentage

change in quality for each parameter (to be discussed in the next section)

a partial payoff may be computed for each parameter. Therefore, for each

parameter and its POFI, Figure 3 shows the corresponding partial payoff.

Maximum PF0 ----------------------- Parameter
(POF) (100%) 1

Soo0%

% Difference in AQL
Figure 3
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Th. arti. yo-uff for iarameter I (PPO is represented as:

PPOI - (POFI ) (% differen:e) (2)

where PPOI is a percentage of unit price.

Determination of Total Peyoff.-It follows that the total payoff (TPO)

is the sum of all partial payoffs or

Total Pay-off (TPO) = PPOI  (3)

If we have 100% difference in AQL for each parameter; then

TPO (%) MPO (%) - see Appendix for verification.

"MEASURING" INCENTIVE QUALITY
WHEN THE ACCEPTANCE NUMBER OF ALL PARAMETERS

IS FIVE OR GREATER

Incentive payoffs will be made on the basis of changes in quality.

For this model, these changes will be measured in terms of AQL. This

measuro is, in fact, a psuedo-AQL (AQIP).

As stated in the previous section, incentive quality is indicated

by the percentage difference. AQL, is the AQL for a parameter outlined

in the product specification. For brevity, AQLe is presented in the form

of the appropriate sampling plan as follows:

(AQL9 Icode letter; n, x, x + 1) where xi5 (h)

and: n = sample size

x a acceptance number

x.+ 1 • rejection number

All data is in accordance with MIL-STD-105D.
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When sampling is conducted according to the specification sampling

plan and the number of defects in the observed sample is some x'<x, then

for convenience AQLp is defined as follows:

(AQLp 1 code letter; N; x', x' + 1) (5)

code letter is the same as in (h)

where: n - sample size

x1 a acceptance number

x'+l = rejection number

All data is in accordance with MIL-STD-105D. AQLP can be determined

using MIL-STD-105D, a Thorndike Chart or Poisson Tables.

It is important to point out that the AQLp does not mean that the

process average is actually equal to the AQLp. The AQLp is a "dummy"

measure of quality. It merely says that --

if a sampling plan had been used with code letter <, sample

size N, decision criteria x', x' + I - then the AQL associated with this

plan is AQLp. It is the AQL of the sampling plan that has just been

passed,

The pseudo value is used in the incentive model to compute the

percentage change in AQLS or "the change in quality".

The percentage difference (%D) between AQLs and AQLp is computed by:

%DI  AQLs - A21 100 (6)

AQLs
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EZA4F CU DT1v.L4.LJUI'~ AQL AN~D D WHENp I
THE ACCEPTANCE NUMBER OF ALL PARAMETERS IS FIVE OR GREATER

Simple Case - one parameter considered.

Example: Consider a parameter with AQLS as follows (1.01 M; 315; 7,

8).1

If in sampling the number of defects observed is 3 then x' = 3.

Hence,. AQL, is defined according to equation (5) as (AQLp | M; 315; 3,

4).

Using MIL-STD-105D, AQLp - .h0

Therefore.: %D1 a AQL, - AQLp 100
AQLs

w (1.o0- .4o) 1oo
61.0

COMPLETE EXAMPLE FOR COMPUTING INCENTIVE PAYOFF
IN WHICH THE ACCEPTANCE NUMBER OF ALL PARAMETERS

IS 5 OR GREATER

Two significant parameters, A and B, have been selected for the

item in question. Subjective judgment indicates that Parameter A is

1-1/2 times au important as Parameter B.

Step Information Value Obtained Explanation

1 Weight for Parameter 30
A: Wa

2. Weight for Parameter 20

B: Wb'

Sum of Weights (WT): 50 30 + 20
Wa, + Wb
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I
Ste Information Value Obtained Explanation

Maximum Payoff: MPO 10% Subjective

Payoff Factor A (POFa):

(MPO) (wa) .06 (10) (30)

(wT) ' (50) (100)

6 Payoff Factor B (POFb):

(MPo) (Wb) .o4 (10) (20)

OTOY 0 (50) (100)

The incentive clause indicates that two parameters A and B,

will be used. Parameter A has an AQL, of 1.0%, POp a = .06.

Parameter B has an AQLa of .65%, POFb - .04, The size of

the lot for which a payoff is to be calculated is 15,000.

General Inspection level II is to be used.

The number of defectives found in the sample for

Parameter A was 3. (x' 3)

The number of defectives found in the sample for

Parameter B was 2. (x' w 2)

Step Information Value Obtained Explanation

7 Sampling Plan Code Letter M

Parameter A: AQLa; SS Product
Specification

(x, x+l) (1.0%; 315 (7,8))

Parameter B" AQL,; S Product
Specification

(x, X,-l) W%; 315 (5,6))

8 Pseudo AQL

Parameter A: AQL; .4o%
105-D

Parameter B: AQLp .25%
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Step Information Value Obtained Explanation

9 Percentage Difference (%D):

(AQLb - AQL) (100)

AQLs

Parameter A: %D 60% (1.0 - .4O) iO0
1.0

Parameter B: %D 62% 1.65 - .25)i00i .65

10 Partial Payoff (PPO) = (%D) (POF):

Parameter A: PPOa 3.6% (60) (.06)

Parameter B: PPOb 2.5% (62) (.04)

11 Total Payoff TPO - PPO + PPOb:

6.1% 3.6 + 2.5

"MEASURING" INCENTIVE QUALITY
WHEN THE ACCEPTANCE NUMBER OF AT LEAST ONE

PARAMETER IS LESS THAN FIVE

Choose the control parameter which has a sampling plan where X

is minimum less than five. The general approach to the problem will

be to determine from the requirements:

(AQL. loode letter; N; X, X+l) where X-.5. A second sampling

plan will be defined as:

(AQLsI N'; xA, Xa + 1) (7)

where Xa>X and N'/N is some whole number greater than one which

represents the cumulative number of lots that have to be sampled

before an incentive pay-off decision can be made. The conditions of

equation (7) can be satisfied by use of a standard Thorndike Chart or

Summation of Terms of Poisson's Exponential Binomial Limit.
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consider the specification sampling plan:
(AQL) 0.25% IN - 315; 2,3)

The AQL can also be expressed as fraction defective:

(A'QL s = .0025 1 N a 315; 2,3)
SIf an equivalent 5 - 6 plan (X a =5) is required, a Thorndike Chart

can be used. Defining the possibility of acceptance at the AQL to be .95-

N' (AQL expressed as fraction defective) - 2.6

or N' (.0025) a 2.6

N' w 1040 items

The AQL could have also been written as a percentage

N' (A (%)) - 260 (8)
N, w lOb0

The equivalent sampling plan expressed as equation (7) is;

(AQL 5 * .25% I N a I040; 5,6)
In general, equation (8) can be written for both the specification

sampling plan (N, X, X + .) ani thi second equivalent sampling plan

(00, Xa , Xa + 2):

(i): (N) (AQL6s) (Poisson factor X, X + 1) 100

S(M'x, x + 1) 100 (9)

(ii): (N) (AQL5) u (Poisson factor Xa Xa + .) 100

* (ITx, X + 1) 100

(tXa, X + 1)100

AQL
s

MR~-(1~. X + 2.) 100
AQL1
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or N'= I IX.1 X + 1) 1 00N (cx, x + 1) 100

From equation (9):

(IIx, x + 1) 100 - (N) (AQLs)

So that

N' - (lixa, Xa + i)
N (N) (AQLs) (10)

For convenience, modified Poisson factorn for all Xs, Xa + 1 can

be derived for a probability of acceptance of .95. The numerator of

equation (10) can be written as:

(IXa, Xa + 1) 100 * Zi, Equation (10) now becomes:
i N'- Zj

(N) (AQL ) (11)

Values of Zi for attribute sampling plans X, X + 1 are given below

in Table I

TABLE I

X.x +1 Zi

5 - 6 260

6 - 7 330

7 - 8 4oo

8 - 9 470

9 -10 540

10 - 11 620

i - 12 700

12 - 13 780

13 - h 850
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X2 X + 1 Zi

iii - !930

15 - 16 1000

16 - 17 1070

17 - 18 1170

18 - 19 1250

19 - 20 1320

20 - 21 4oo

By letting L equal the number of cumlative lots, such that N'/N is

a whole number:

L w I i w Zi

(N) (AQLBT where the value of Ii which is closest

to a whole number is chosen as the value of L.

Example:

Consider the specification sampling plan:

(AQL3 * .25% IN a 315; 2,3)

In this case:

(N) (AQLs) - (315) (.25) - 78.75

Therefore, applying equation (ii) and Table I:

15-6 - 260
7F5 - 3.30

16-7 0 ,,h2

7 .75 4.20

17-8 * 400 5

r7T779
18-9 - *7 .75 •5.9T

which is nearly a whole integer and corresponds to a 8-9 plan. Therefore

L - 6 lots will be accumulated before an incentive pay-off decision will

be made. If 6 lots of sample size 315 each are accumulated, then the
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adjusted 3ample size is:

N' = (L) (N) (12)

or N' (6) (315) - 1890

In summary - the original sampling plan is:

(AQL - .25% I 315; 2,3)

This is replaced with an equivalent plan by accumulating 6 lot

samples defined in accordance with equation (7):

(AOL = .25% 11850; 8,9)

Extention of this example by computing AQL and Payoff:

If 6 defects were encounterd (X' - 6, X' + 1 = 7) in 6 lots of

sampling (total N * 1890), the pseudo AQL (AQLp) can be determined as

follows. The definition of AQLP is the same as in the previous section if

(AQLO - .25% 1 1890; 8,9)

then (AQLp = 1 1890; 6,7)

It is known that

(N) (AQL s ) -.(Zi for X, X + 1 plan). If X, X + 1 and N are

known, then AQLg can be determined. This is also true for AQLP. In this

example, (x', X' + 1) a C6,7) and N' 1890. Applying equations (9) to this

situation:

(N') (AGLp) w (Zi for X', X1 +1 plan)

(N') (AQLp) u (Zi for 6,7 plan)

(1890) (AQI&) 330

A -~ .175%
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Ti; iebLL!LtIL percentage airrerence (%U) between AQLs and AQLp is:

%Di = (.250- .75) 100 - 30%
.250

Note: These adjustments must be made in the sampling plans of all

(pertanent) item control parameters. The following example (although

repetitious in part) will include the complete computation as well an

the TPO.

A COMPLETE EXAMPLE FOR CALCULATING PAYOFF WHEN
THE ACCEPTANCE NUMBER OF AT LEAST ONE PARAMETER IS LESS THAN 5

Parameter A: N = 32., (0 - 1); AQLs = .40; WA 30

B: N u 50, (1 - 2); AQLs = 1.00; WB - 20

MP0 1 0%

WT =WA + WB = 50

POFa = (oO) (WA) a (10) (30) o6

(WT) oo (50) (100)

POFb = (MPO) (WB) - (10) (20) - .04
(wN) (100) (50) (100)

Because both of the sampling plans have acceptance numbers less

than 5, the number of cumulative lots (samples) must be determined

in order to determine equivalent sampling plans:

li W Zi
() (AqLs)

Pla A has X as a minimum (X - 0):

(N) (AQs) - (32) (.4) 12.8

Referring to Table I:.

11 - 260 20.31 14 -
[ 12* F = 36.72

12 - 330 15 - 24012 .0 • 25.78 12- "42.19

13 400. 31.25 arbitrarily stop

12.7 
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12 u 25.78 is nearest to a whole number, W(26), therefore L 26 lots

will be accumulated. If 26 lots of sample size 32 are accumulated, the

adjusted sample size N' is:

N' = CL) (N) - (26) (32) - 832.

In summary - the original plan is:

(AQLs = .40 I 32; (0 - 1))

But Z2 of 330 (see Table I) corresponds to a 6 - 7 plan (i.e.; Xa = 6,

Xa + 1 - 7) so that the revised plan is:

(AQLs - .40 1832; (6 - 7)) for Parameter A

An appropriate adjustment must be made for Parameter B:

The original plan for Parameter B is:

(AQLs - 1.00150, 1 - 2)

Since L 26 lots will be accumulated, the adjusted sample size N' is:

N' ( (L) (N) - (26) (50) -1300

Since:

(N) .(Am,) uZi
(1300) 1.00) = Zi
Zi = 1300

Reference to Table I shows that Zi * 1320 corresponds with a 19 - 20

plan. The revised plan for Parameter B is therefore:

(AQLs - 1.00 11300; 19 - 20)

In actual sampling the following defects were counted:

Parameter A - 5 defects

Parameter B - 10 defects

The Puedo AQLs are conputed:

For Parameter A:

(N) (A Zi 5, X', + 6 for 5 -6 plan)
(832) (AN. ) -260 from Table I

AQLp -. 31%
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For Parameter B:

(N) (AQL,3u Zi (X' 10, X' + 1 =11 plan)
(1300) (RQL) - 620 from Table I

AQIp -,.8

Therefore:

%Da - .o0. 31 ) 100 - 22.5%

%- (*.co - .48) 100 5 52.0%
1.00

The Partial Pay-offs for each Parameter are:

PPOa  (POF ) (%Da)
(.o6 (22.5%)

* 1.35%

PpOb (o) ( %Db)
(.o (52%)
2.08%

Therefore the total pay-off awarded to the contractor after 26

lots were produced and sampled was:

TPO PPOa + PPOb
l 1.35% + 2.08%
1 3.43% of unit price

CONCLUSIONS

Although some effort has been expended in investigating the development

of quality incentive payoffs it is believed that this paper makes a significant

contribution in the area. This contribution is evidenced by the investigation

and extension of previously formulated concepts and the synthesis of standard

statistical techniques. In particular, an effort is made to make provision

for the following common situations which normally occur in actual acceptance

sampline plans:

1. Items having several parameters which contribute to overall effectiveness

in varying degrees.

2. Items/parameters with acceptance sampling plans specifying small
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._ p ..... ,,....; C 5, ,,!.A.u.i !Lie-rerLiy iaci, an expanded range of

quality measure (AQL and %D).
p

J. Items/parameters specifying sampling plans with an acceptance

number equal to zero.

Provisions for the above situations were established by defining a

procedure for selecting and weighting item parameters relating to effectiveness.

Furthermore, quality incentive pay-off decisions for sampling plans requiring

small acceptance numbers were incorporated into the model by cumulating the

results of several product lots.

The procedures presented in this paper are not considered to contribute

a sophisticated approach to formulating quality incentive plans. Intuitively,

the basic philosophical framework is believed to be workable, however the

overall model should certainly lend itself to further refinement and simplica-

tion. $ome restrictive features of the model which would be adaptable to

future work are:

(1) Restricted to single sampling by attributes.

(2) Limited to simple functioning items.

(3) Considerable subjective judgment involved in selection and

weighting of parameters.

(4 ) Loss of incentive impact due to complexity of special procedures

for cases in which C < 5.

(5) Undesirable time factor due to lot accumulation when acceptance

number is very small.

(6) Rounding error in ZeValues.
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I. Property:

POFI1= MPO (in terms of percentage)

Demonstration:

Wt Wl + W2 + fee + Wi + + Wn u W

Therefore:

Wl + W2 + ... + Wl + ... + WN
A Wt Wt Wt

It has been established: 
j

POF I  MPO (Wi) (in terms of percentage)wt

Expanding the summation:

or ZOF a MPO

11. Property:t

If thr percent difference between the specification AQL and the

pseudo AQL is 100 percent, then:

TPO u MPO (in percent)

Demonstration:

Z Z(POFI) (% difference)
X Z(POF1) (100%)

where POF1 is a fraction, therefore;

TPO (W) - (POaI) (in percent)
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But it has been shown in I that:

- (POF 1 ) MPO

Therefore:

TPO(W).PO(%W
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OuriILUM SAMPLING PLANS FOR GRADING BINOMIAL POPULATIONS

Paul B. Nickezne
U. S. Army Ballistic Research Laboratories

Aberdeen Proving Ground, Maryland

INTRODUCTION AND BACKGROUND. In the surveillance evaluation of

anmunition an important task is that of grading lots on the basis of
attribute characteristics of a sample drawn from larger populations. At

the present time, lots are placed into one of three grades based on the

performance of a random sample of n items chosen from the lot. It is of

obvious importance that the probability of misgrading a lot based on this

sample be made a minimum. The basis for the current grading procedure is a

BRL report written by Mr. A. Golub entitled "The Determination of Acceptance

Numbers for Placing a Lot from which a Single Sample is Drawn into One of

Three Grades" published in 1951. In this report, Mr. Golub maximizes the

probability of correct grading by differentiating expressions of the following
type 0 (?) p' qn- , setting the resulting values equal to zero and solving
for the c values (acceptance numbers).

Mr. Golub's report serves as a basis for the following paper in which

a different method of maximizing the probability of correct grading is

developed. A generalized solution is given and tables are developed for

lot classification into 2, 3, or 4 grades.

THEORETICAL DISCUSSION. In determining the original acceptability of

large quantities of manufactured products or in checking the reliability of

items which have been in storage for some time, groups of the product are

submitted for inspection (testing) in divisions called lot@. These lots

can often be characterized by a certain property, or set of properties of

the individual members of the lot. For example, a population of artillery

projectiles can be divided into those which are defective and those which

are not, a group of washer fittings can be divided into those which fit a

ive-inch setting and those which do not. We let x be a random variable

which asummes the value 0 if an individual in the lot has none of the

characterizing properties and 1 if the individual possesses one or more of

This article was reproduced photographically from the manuscript submitted by
the author.
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I
-' ;'a . p-F(xi , hen one Lot is defined to be a

lot with fraction defective p and an Itdividual which exhibits one or more

of the characterizing properties is called a defective item.

In dealing with large lots, it is frequently too expensive or time

consuming to examine or test each item in the lot. (In fact, where the

procedure calls for the destruction of the item, it is impossible to inspect

every item.) Thus, some type of sampling inspection plan must be devised.

One of the more common types of sampling plans is the so-called single-

sampling plan where the consumer selects a random sample of size 1i from

tha lot and if the number of defective items in the sample is less than

or equal to a given number c, the lot is accepted and if c + 1 or more

defectives Is foumd in the sample, the lot is rejected.

This concept can be readily extended to situations involving classification

of a lot into more than two classes, say, three, four, or any number up to k

classes or grades. Let us assume that for each of the k grades, an interval

has been determined much that, if the lot fraction dofoactive is in this

interval, the lot belongs to that grade. Theme intervals or levels can be

determined by a review of the specifications for the item or by considering

the requiremen-s established by the user or consumer for the reliability of

the item.

Now, let us suppose for convenience, that our' stockpile consists of

exactly 1.00 lots which have the corresponding fraction defectives;

YO M 0, Y, a .01, y2 a .02, ... y9 8 - .98, y99 w .99. ha of these lots is

selected at random and submitted to our sampling plan. We let p be the lot

fraction defective for this lot.

We now want to place this lot into one of, k grades in accordance with

the following: if the lot fraction defective is less than p1 (0 S p p

the lot is of Grade A quality; if the lot fraction defective is between

P1 and p2 (p. c p I P2 ), the lot is of Grade B quality; if the lot fraction

defective is between p2 and p3 (p2 4 p 5 p 3), the lot is of Grade C quality

and so on, out to the final grade, that is, if the lot fraction defective is

more than pk (Pk g p s 1), the lot is of Grade K quality.
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Our plan now calls for selecting a random sample of r. items from the

lot; _ (L=uLirg) each item in the oample and determining the number

of items (r) which are defective. The lot will then be placed into one uf

Lhe k grades using the following rule:

If 0 < r < c Place the lot in Grade A

If c1 + 1 < r _ c2  Place the lot in Grade B

If c2 + r 5 c3  Place the lot in Grade C

If ck_ 1 + 1< r < n Place the lot in Grade K

Under this set of conditions, we can use the formula of total

probability* to calculate the probability of placing a given lot into its

proper grade, or in other words, we are determining the probability of

correctly calling a Grade t lot its actual grade, Grade t. This gives

P w P (of placing the lot in the correct grade) -

P(p - 0) P{0 . r I c Ip 0) + P(p - .01) P{O_ r I cl p .011 +

+ P{p - pl} P(O . r . cI I p a pl} + P(p * P1 + .01} P(c I + 1 _ r . c2

p "' Pi + .01) + ,,, + P(p a p2 ) P{cl + 1 S r C 021 P " P2} + P{P p2 + .01)

P{c 2 + 1 1r . c3 p P2 
+ .01) + ,.. + P(p - p3} P(c 2 + 1 r _ c3 p P P3) +

+ P{P * Pk-l + .01) P(Ck-l + 1 S r S n I P Pk-1 + .01) + ... + P{p = .99)

Peckl + 1 4 r nI p n .9 9 ) (1)

Because the lot which was submitted to the plan was selected at random

from the 100 lots available in the stockpile, we know that

P{p - 01 - P{p = .01) = ... • P{p .99) - (2)100

The probability expressed in the second bracket of each product can be

written as the sun of a binomial probability function of the form

r0(  (p)r (1.p)n-r (3)

* B. V. Gnedenko, "The Theory of Probability", page 64.
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I
Using expressions (2) and (3), we can rewrite (1) in the following form.

el n Cln

S E (r) (o)r ( 1 ),-, (r) (.ol)r (. 9 9)n-r+... +r-0 r-O

c c
1 1 n 1 2 n

O---O ( )r ( 1 -p)n r + - r (r) ( 1+.01 ,)r (1-p .O )n-r + ... +

~C
2 ni 3 n10 r (+ ) (p)? (l-P2 ) + 0 r0 (r) (p2 +.O1)r (1 -P2 .o 1)n'r + ... +

c

2 n n- 1n ) , p ) -

_ E (r) (+)r ( 1 )P) r-

10 '100 rmc(r) (Pk+0) r (1-P2kTWOr.01+
2+

r-,c2+. r,,Ck 1+1

1 n n

n-r (4)"' o100-" Z (r) (.99), (.01)

In order to maximize the probability of putting a lot into the correct
category, we must maximize (4) with respect to ell c2  c , .,ck . However, _
obviously, we do not want to limit ourselves to the case where N (number of

lots in the stockpile) - 100, but rather want to generalize our approach so

that N can go to infinity and thus consider the case where p can assume any

value on the closed interval (0,11 with equal probability.

First, we must look briefly at the definition of a definite integral.

Consider a function f(p) which is continuous on the interval [a,b], (a 4 b),

except at one or more points of the form p - a + t/N, where t - 1,2, ... N(b-a)

and is everywhere non-negative on this interval. The graph of this function

(using three grades as an example) can be represented by the following sketch.
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f(p) N

(e e e

f (5

PO l 2 n- 2 Pn(eP

intprva - i. n ech sgmet coosepoits l, e .. •n acide A h4

which is equal to Axi

Since all the intervals are equal, (5) can be written as

b-ab
a p

PO1 f i  P2 -n- " - P=-1 fPn n b eiito

interval I each shegfoeof (4), the sum of which we are seekins to

C 2 2smximie wit +espect ) O AX , + 2 ... + .fk~l Ax (5)tn~. hu,

c
1p l1 ndP2 2

whichp is eqa to E-pn-Ldp+

0 rOp 1  r-nCl+l
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1c
. nl D n

(r) dp + + (r)pr(lp)n-rdp (7)

P rC 2+ 1 p_ rck 1+

with respect to c 1 , U2 , c3, ... ckl, we have maximized the probability of

placing a lot in the correct grade given that it was selected at random from

a population of lots whose fraction defective has a uniform distribution on

the unit interval. Thus, the use which we have made of integration is

equivalent to placing a uniform prior distrubtion on p, the true lot fraction

defective.

Our problem now becomes one of choosing those values of c1, c 2 , ... Ck-l

which maximize (7) for given values of Pl, P2' P3 ... Pk-I and n.

As an example for the case k-3 (3 grades) we can illustrate graphically

by "operating-characteristic" curves the area which we wish to be a maximum.

1.0 Probability of assigningGrade A

Probability of

Probability as utgning

of assigning Prob. of Grade C

correct grade

The area we wish
to maximize is
indicated by the

shaded area

0 Pi p2Pl P2

percent defective

We now express s in (7) as

c c c
Pi 1 n ni P2  2 n n-i 2

a (i) pi (i-p) n-idp + / E (i)p (lp)n-i dp /
0 i-0 0 i-cl+l 0 i-C+l

n i P3 '3 n P2 3 n -( i
(i) p+ .1 Z (i) p (lp)1-idp - E (i) p (l-p) dp 4..+

0 i-c2+l 0 i-c2 l 
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IIp

"I .i -i n " pi n-i)
/e W (ip (1-p), dp (J (±plp)d(8 4

Integrate by parts: U- p dv -(I-p) dp,

dualp11 d V -(n-1+1)

n i n-i l P l 1 -11+1
( i) (-j + / i i l)

01 0

Pi

(I)n-+1~' (1p 1  +6/p (1-P) dP}

n -1 ± n-i+1 p

aW1 {~ p1 lp + /p 1 (-) 4 dpl
0

Integrate by parts: i - p d 1p

:L-2 ( 1 n-i+2
du a (i-i) P dp V -0 ±2

Now Q (1) 1p~-~ +nI+ 1 41J- -~-

I _-1 + 2 (1-joni+ dp}
n-i+1 --+

which equals, after simplification

Q m ( p (1-p1  n1 (n4)p + (1-p ) n-1+2
i- -;-l41

D~l 0
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which can be written as

1 ~ - + _- (i-i) 1. -2 (1)-i+2d

Again integrate -. i-+.

du - (1-2) p1 3 d V a -
(n-1+3)

I n+1 1+ 1- -i+3
Qa 1~ Z j ) i (1_Pl)f+l i iL-..1 ) 11P +*

i-+ i n+1 n+3-i2lpf ] 0

n +1 U,

A1) UJ 1-2 P1-3 (-~n3id

which equals, after same simplification

i n+l t+ 3
Qu....L. (Jp -.p)lj.... +Lt L)-2 +-
n+1 1 1 n+1 1.2 p1  (1-p1) +

n+1

* I and, combining terms

- i n+1 ni-2
(j i (,_1 ,n+1j~ + 16- / 1-3 .n3-1.

n+I P. 1+ -)/P 1P, d

thsContinuing to evaluate the integral by integrating by parts, we

i-ii

n+1 (mj)p (1 -p) lj + 1~ (tl) - o (1nd
n 1n+1

(i j) P, (I-I1) fl +1 n+ +

n+1-j1 P -- (0) (1-p1) +1~ 0
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£ (11) +- 11 i ~ l l j (_Pln+l- j +-- 1 p1( +(1+--'i'
n+1 J-O J

iwo1

+"' ±-) -
nl j 0 P,(1p,,

1 1 (p (1.. j)flilJ

f Thus, finally we have

n- 1 n+ l (1- )fl-i
G() pl (Ip)n-dp r J P(1 (-pl)

0n4l j i'1

and we have conveniently gone from the integral of a binomial to the sun

of another binomial expansion.

Now, making use of this expression in the original "a" equation,

we have "

1P c n c__ C n+1 ( j
o z p () -p ) dp . n (111) p1  -
0 Iwo n =l J-i+l

I ( )pl (1.p)n-idp n+l (n+1 i k)-
0 p+ (. + (i+ (1)i (0 )fl+'J
0

All terms in the summation vanish (- 0) except for the last term when

J n+l, where we have 1" ()n+l (0)0 - 1

and I (i) p -dp

0 ISO n+l

P2 b n p (I pnlp I b n+1 (n;) j~-
r (I) 1e ~-d n+1 ! r P2 1P 2)n-
SIwi-a J'i+l
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And-usjthes expressions in our original expression (8), we

have

1Cl n+l (nC ,(~ 2 n+1I (*~) 2

n1E Ii 1~ n-i-

C3

n-i-1-j - 1 02 n+1 n+-j~ + .L. EI

g(+ P2) ti+1 n i-c -+1
n-I1+1 -il 2m21 ju--

n+I +I n~l- E n2  n+ n--I.)nl-
( f )JP3(1-pP3n+13 E J P

(1m)+I -MC +2niir- 1 (i- 1 )L+ ~

n E ~ ( nl) P nZ-
1m01+1j j(iI-n+I nl k 1. - +

(j1p 1 (1..p)i PZln~ E (1-2
mj ~ IU 2 4 j+ imc+ -+

t r ( j ) Pj(-,n~
(lP)+ i mck +l jisI lLu.+ il

722

.....................
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1 +1 n+
n+-- [ r (1'P) (1-p ) +lJ +j 1)pr
.. j=l i 1c+2 Ji ) P

'. ~~~- c 2 +1 n+l 1 3in~ nl
(1p)n+l- r (j 1 ) plJ (-P 1 ) n+lj 0+1 n+1 n+1 P3

iSCl+2 J-i i-c2+2 j-i

n+lj c +1 n+1 +
S(1-P 3)n~' z j p2J (l-P2)n+l-j + .. + n-rk_1

i-ci+2 i-i

+1 n+l n+l j
E .i

iack-,+2 Jul J)P-1(-k1

which can be written as

+ 2+1 c2 +1
a * l/n+1 [ - p(x t i; n+l, pl) + E p(x ? i; n+l, p2 ) - E

i-1 1•€1+2 iuc +2
11

3+1 3c +1

p(x k I; n+l, pl) + Z . p(x 1 I; n+l, p3) - 3+ p(x I i; n+l, p2) +
:I~u2+2 imc2+2

n+l
+ n-ck.1- E p(x ! i; n+l, P

i-e.1 +2

where p(z k ig n+l, p) is defined to be the probabi.lity that the random variable x
is greater than or equal i if it has the binomial distribution with parameters

n+j and to

We nov make use of any convenient table of cumulative binomial probabilities

for several different valmes of n. Thus, for a fixed sample size and given quality

levels, P11 P20 P31 "" pk-l we can, by use of a high-speed electronic computer,

compute values of s for every cI, c2, "' 
0k-I combination and choose that

combination which gives the maximum value of a.'

73

. . .. ....... . . ...............



GENERAL APPLIC.:IJNS AND EXAMPLES.

The classification of a lot into two grades is, for most situations,
equivalent to either accepting or rejecting the lot. For example, a

quality control analyst might be willing to accept as satisfactory a 102

defect rate for flash bulbs. Thus, if he took a sample of 20 bulbs from

one hour's production, the appropriate tablu indicates he would allow one
defective sample before rejecting that hour's output.

For the Case K - 3

Here, the purpose might be to place a given lot of artillery fuzes

whinh have been in storage for some time into one of three grades, Grade

A, indicating those lots acceptable for unrestricted usel Grade B, those

lots generally acceptable with certain restrictions; and Grade C, those

lots unacceptable for future use.

Given a sample size of 45 and prescribed quality levels of 15% and 302,
the appropriate table indicates we would allow 6 defects for a Grade A lot and

up to 13 defects for a Grade B lot.

For the Case K a 4
An example here might be the case where an electronics dealer would be

willing to pay x dollars for a lot of batteries which are of Grade A quality,

y dollars (y 4 x) for a lot of Grade B quality, x dollars (a < y < x) for a

lot of Grade C quality and reject as unacceptable, lots of Grade D quality.

If for a sample of size 200, the respective quality levels are 12

(Grade A), 10% (Grade B), and 252 (Grade C), the appropriate table calls for

acceptance numbers 2, 20, and 50.

FURTHR DUCONMDATIOI. The use of the uniform prior distribution is

a fairly conservative approach but would seem to have realistic applications

for newly manufactured items or items for which little t known of the

functioning characteristics.
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It would be interesting to consider some other prior distributions.

A simple one, which seems both reasonable and easy to handle mathematically

I would be to assume p is uniformly distributed on the interval [0, 0.501, I.e.,

assume that no lot is more than 502 defective and guard against misgrading

any lot with fraction defective between 0 and 50Z with equal protection.

Another interesting distribution to consider would be

f (p) -2 (1-p) 0 S p S<I,:

- 0 otherwise

This distribution &so es lots with p almost zero are most likely in

the stockpile, lots with p almost equal one are quite rare and the

probability that a s p 1 b increases linearly as a and b :Incrcase.
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I
...... .. .SAMPLE SIZE

0 .> 20 25 30 35 40 45 50
.01 0 0 0 0 0 0 0 0 0
.02 0 0 0 0 .0 0 0 u 0
.03 0 0 a 0 0 0 0 0 0

.05 0 0 0 0 1 1 2 2 1o6 0 o 0 0 1 1 1 2 2

.07 0 0 0 1 1 1 2 2 2

.08 0 0 1 1 2 2 2 3 3

.09 0 0 1 1 2 2 3 3 3

.10 0 0 1 1 2 2 3 3 4

.11 0 1 1 2 3 3 4 4

.12 0 1 1 2 3 3 4 4 5

.13 0 1 2 2 3 4 5 6.14 0 1 2 3 3 4 5 5 6
-15 1 1 2 3 4 4 5 6 7
.16 1 1 2 3 4 5 5 6 7
.17 1 2 2 3 4 5 6 7 8
.18 1 2 3 4 4 5 6 7 8
.19 1 2 3 4 5 6 7 8 9
.20 1 2 3 4 5 6 7 8 9
.21 1 2 3 4 5 6 8 9 10
.22 1 2 4 5 6 T 8 9 10
.23 1 3 4 5 6 T 8 9 11
.24 2 3 4 5 6 8 9 10 11
.25 2 3 4 5 T 8 9 10 12
.26 2 3 4 6 T 8 1o .11 12
.27 2 3 5 6 7 9 10 11 13
.28 2 3 5 6 8 9 10 12 13
.29 2 4 5 6 8 9 11 12 14
.30 2 4 5 7 8 1o 11 13 14
.31 2 4 5 7 9 10 12 13 15
.32 2 4 6 7 9 10 12 14 15
.33 3 4 6 8 9 11 12 14 16
.34 3 4 6 l 9 11 13 15 16
.35 3 5 6 8 10 12 13 15 17
.36 3 5 7 8 10 12 14 16 17
.37 3 5 7 9 10 12 14 16 18
.38 3 5 7 9 1, 13 14 16 .8
.39 3 5 7 9 11 13 15 17 19
.4o 3 5 7 9 11 13 15 17 19
.41 3 6 8 10 12 14 16 18 20
.42 4 6 8 1o 12 14 16 18 20
.43 4 6 8 1o 12 14 17 19 21
.44 4 6 8 1o 33 15 17 19 2.
.145 4 .6 8 11 13 15 17 20 22
.46 4 6 9 11 13 16 18 20 22
.47 4 7 9. 11 14 16 18 21 23
. 4 7 9 11. 14 16 19 21 23
.49 4 7 9 12 14 17 19 22 24
.50 4 T 9 12 14 17 19 2. 24

j 7a



THREE GRADES N-oo

iP 2 .0 1 .0 2 .0 3 .0 .4 .0 5 - 0 6 - A0 T .0 8 .0 9 . 3 0 . 1 1 .I L 1 3 . 1 4 .1 5

Ii.03 0,1 0,1
.:.0 4 0 .1 0 , 1 0 ,iIlj

.. 05 0,1 0,1 0,1 0,1
.06 0,i 0,1 0j ,i ,0I
• 07 0,1 0,1 0,1 0,1 0,i 0,1

Ii.08 0,1 0,i Oi l ,i , 0 , l ,
.09 0,i 0,i 0,i 0,i 0,i 0,i 0,i 0,i

.10 ,i 0,i 0,I O' 0, 1 ,I 0,1 0,1 0,i 0,

.12 0 , 1 0 , 1 0 , 1 0 , 1 0 , 1 0 ,1 0 , 1 0 , 1 0 , 1 0 , 1 0 .1

S.13 0,1 0,1 0,1 0,1 0,1 0 .1 0,1 0,1 0,1 0,1 0,1 0,1
•.14 0,1 0,I 0,1 0,1 0,i 0,i 0,1 0,1 0,1 0,1 0,i 0,i 0,1
!!.15 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0, i 0,1 0,1 0,1
i!.16 0 , 1 0 , 1 0 , 1 0 , 1 0 ,i 0 , 1 0 , 1 , 1 0 , 1 0 ,i 0 , 1 o .1 0,I 0 ,i 0 , l

• 17 0,1 0,1 0 .1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1
il. 8 o 'l o 'l o ,1 o 'l o 'l o 'l o 'l o 'i o ,I o ,1 o 'i o 'l o 'i o , o , 1

'.19 0,i 0,i 0,i 0,i O,1 0 1 0,i 0,i 0,i 0,i 0,i 0,i 0,i 0,i 0,i I
.20 0,1 0, 1 0, 1 0,1 0,1 0 ,1 0,1 0,i 0 ,1 0,1 0 ,1 0,1 0,1 0 ,1 0 1 '
.21 0,1 0,1 0,1 0,1 0,1 0,1 0,I' 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1
.22 0,1 0,1 0,1 0,1 0,1 0,1 ,1 0,1 0,1 0,1 0,1 0,i 0,1 0,1 0,1
23 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 o .1 0,1 0,1 0.1 0,1
.4 ,2 0,2 0,2 0,2 ,2 0,2 0,1 0,1 0,1 0,1 0 ,1 0,1 0,I 0,o' ,
25 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,1 0,1 0,1 12 1,2

•26 0,2 0,2 ,2 0,2 ,2 0,2 0,2 0,2 ,2 0,2 0,2 0,2 1,2 1,2 1,2
.27 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 ,2 0,2 0,2 0,2 1,2 1,2 1,2
.28 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0 2 0,2 0,2 0,2 0,2 0,2 12 1,2
.9 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0 2 0,2 0,2 1,2 ,2
.30 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 U2 1,2 ,2'
.31 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 ,2
• 3 2 0, 2 0 ,2 0 , 2 0 ,2 0, 2 0, 2 0 , 2 0 ,2 0 ,2 0, 2 0, 2 0, 2 0 ,2 1, 2 1 ,2 '

33 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 03 0,3 0,2 1,2 ,2
• 34 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0 3 03 0,3 0,3 1,3 1,3

35 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 l,3
.36 0,3 0,3 03 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3
.37 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3
.38 0,3 0,3 0,3 0,3 0,3 0,3 0,3 03 0,3 0,3 03 0,3 0,3 0,3 1,3
•39 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,0 0,3 03 0,3 0,3 0,3 1,3
• 40 0,3 0,3 0,3 0 3 0,3 03 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1 3
.41 0,3 0 3 0,3 0 3 0,3 0,3 0, 3 0 3 0,3 0,3 0,3 0,3 0,3 0,3 1,3
42 o,4 o,4 o,4 o,4 0,4 0,4 0,4 0,4 0,4 o,4 o,4 o,4 0,3 0,4 1,4

.:43 0,4, 0,4 0,4 0, 4 O,4 0,4 0,4 0,4 0,4 0,4, 0,4 0,4 0,3 0,4 1,.4
44 o5,4 o,4 o, 4~ o 04o 0,4 o,4 oh 4~ 0, 0.4 0, ). 0.3 0,4 3.,4

i .O~ 0, O~ 0, O~ O~ 0, O~ O~ 0, O~ 0, 0,3 0 1,4
.467 o,4 o,4 0,4 0,4 0,4 0,4 o,4 o,4 0:4 0,4 o,4 o,4 0,3 0,4 1,4
.-84T~ 0,4 0, o, o, o, 0, o, o, 0 , , , 0,3 0,4 1,4
.49 10,4 O0 4 0,4 o,4 o,4 0,4 0,'4 0,4 0,4 0,4 0,4 0,4 0,3 0,4 1,4

.5 0 0, 4 0 , 4 0 , 4 0, 4 0 ,4 0 , 4 0 ,4 0 , 4 0 , 4 0, 4 0 , 4 o ,4 0 ,3 0, 4 1, 4 '

....... . ....



TQ GADES N=10

P2 .16 .17 .. 8 .19.20 .21 .;-P 5) .2 . .

.03
0 4

.05
06

.07

.08

.09

.10

.11

.12

.13.14

.15

.16

.17 0,1

.18 0,1 0,1

.19 0,1 0,1 0,1

.20 0,1 0,1 1,2 1,2

.21 0,1 1,2 1,2 1,2 1,2

.22 1,2 1,2 1,2 1,2 1,2 1,2
•23 1,2 1,2 1,2 1,2 1,2 1,2 1,2
• 24 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
.25 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
•26 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
.27 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2
.28 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2.29 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3, 30 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3.31 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3 2,3 2,3.32 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3 2,3 2,3 2,3.33 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3.34 1,3 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3 2,3 2,3 2,3 ',3 2,3.35 1,3 1,3 1,3 1,3 1,2 1,2 2,3 2,3 2,3 2,3 2,3 2,3 2,3 ,3 2,3.36 1,3 1,3 1,3 1,3 1,3 a,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 ,3 2,337 1,3 1,3 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 23, 2 3 2,3.38 1,3 1,3 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 ',3 2,3
39 1,3 1,3 1,3 1,3 1,3 1,3 2.3 2,3 2,3 2,3 2,3 2,3 2,, '',3 2,3.o 1,3 1,3 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3.41 1,3 1,3 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 2,,3 2,3 2,3.42 1,4 1,4 1,4 1,4 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3.43 1,4 1,4 1,4 1,4 1,4 1,4 1,4 2,4 2,3 2,3 2,3 2,3 2,3 2,3 2,3.44 11,4 1,4 1,4 1,4 1,4 1,4 1,4 2,4 2,4 2,4 2, 4 2,4 2,4 2,3 3,4. 1,4 1,4 1,4 1,4 1,4 1,4 1,4 2,4 2,4 2,4 2,4 2,4 2,4 2,4 3,4.46 1,4 1,14 1,4 1,4 1,4 1,4 1,4 2, 4 2,4 2,4 2,4 2,4 2,4 2,4 3,4

.147 1,14 1,4 1,14 1,14 1,4 1,4 1,14 2,14 2,4 2,14 2,4 2,14 2,4 2,4 3,4.48 1,4 1,4 1,4 1,4 1,4 1,4 1,4 2,4 2, 2,4 2,C4 2,4 2,4 2,4 3,4
49 1,14 1,14 1,14 1,14 1,4 1,4 1,14 2,14 2,14 2,14 2,14 2,14 2,14 2,4 3,4.50 1,4 1,4 1,4 1,4 1,4 1,4 1,4 2,4 2,4 2,4 2,4 2,4 2,4 2,4 3,4

80



THREE GRADES N'15

P2 .01 .02. .o .o5 .06 .01 .08 .09 .10 .11 .12 .13 .114
.02 0,1
.03 0,1 0,1
.o4 0,1 0,1 0,1
.05 0,1 0,1 0,1 0,1
.06 0,1 0,1 0,1 0, 0,1.07 0,1 0,1 0,1 0,1 0,1 0,1

.09 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1

.12 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1

.13 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1

.i 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 1,2

.15 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 1,2 1,2 1,2

.16 O,i 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 1,2 1,2 1,2 1,2 1,2

.17 0,2 0,2 0,2 0,2 0,2 0,1 0,1 0,1 0,1 1,2 1,2 1,2 1,2 1,2 1,2

.18 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2

.19 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2

.20 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2

.21 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2

.22 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2

.23 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,2 1,2 1,2 1,2 1,2 1,2 1,2

.24 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,2 1,2 2,3

.25 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,3 1,3 2,3

.26 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,3 1,3 2,3

.27 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,3 1,3 2,3

.28 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,3 1,3 2,3

.29 0,4 0,4 0,4 0,4 o,4 0,4 0,4 0,4 0,4 1,4 1,4 1,3 1,3 1,3 1,3

.3o 0,4 0,4 0, 0,4 0,4o 0,4 0,4 0,4 0,4 014 1,4 1,4 1,4 1,4 1,4

.33 0,1 0,4 0,4 o,4 0,4 0,4 0,4 o,4 0, 4 14 1,4 1,4 1,4 1,4 1,W
•32 o,4 4 ,4 0,4 0o,4 0,4 0, 4 o,4 0,4 o,4 o,4 1,4 1,4 1,4 1,4 1, 4
.35 0 , o,4 o,4 o,5 o,4 0,5 0, 0,5 0, 1,4 1,4 1,5 1,5 1,1.
.34 o,5 0,5 0,5 o,4 0,4 0,4 0,4 0,4 0,4 0,5 1,4 1,5 1,5 1,5 1,5
.37 0,5 0,5 0,5 0,5 0,95 0,5 0,95 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,I
•36 0,5 0,5 0,5 0,5 0, 5 0,5 0,5 0,5 0 , 0, 5 1, 5 1,5 1,5 1.5 1,5
39 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5

.38 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5

.314 0,5 0,6 0,6 0,6 0,6 0,6 01 0 0,5 0,6 1,6 1,5 1,6 1,6 2,5

.42 0,5 0,6 0,6 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,6 1,5 1*5 1,6 1,5

.1 0,6 0,6 0,6 o,6 0,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 1,6

.142 0,6 0,6 0,6 0,6 0,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 1,6

.43 0,6 0,6 o,60 o,6 ,6 o,6 o,6 o,6 o,6 0,6 1,6 1,6 1,6 1,6 1,6

.44 0,6 0,6 0,6 0,6 o,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 1,6

.47 0,7 0,7 0,7 o,6 o ,7 ,7 0,7 0 6o,7 0,7 1, 61,6 1,6 1,6 1,6

.46 0,6 0,6 0,6 0,6 0,6 0,6 0,7 0,6 0,6 0,6 1,7 1,6 1,6 1,6 1,6.47 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1.7 1,6 1.7 1.6 1,6

.4 o7 ,7 0,7 0,T 0,7 0,7 Oil 097 0,7 0,7 0,7 1,7 1,7 1,7 197 1,7

.49 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7

.50 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7

.81



THREE GRADES N-15

P1
P2 .16 .l7 .18 .i9 .20 .21 .22 .23 .24 .25 .26 .2T .28 .29 .30
.02
.03
.o4
.05r .o6
.06

.09

.10
.11
.12
.13
.14
.15
.16
.17 1,2
.18 1,2 1,2
.19 1,2 1,2 1,2
.20 1,2 1,2 1,2 2,3
.21 1,2 1,2 2,a 2,3 2,3
.22 1,2 2,3 2, 2,3 2,3 2,3
.23 2,3 2,3 2,3 2,3 2,3 2,3 2,3
.24 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3
.25 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3
.26 2,3 2,3 2,3 2,3 2.3 2,3 2,3 2,3 2,3 3,4
.27 2,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3 3,4 3,4 3.4
.28 2,3 2,3 2,3 2,3 2,3 2,3 2,3 3,N 3 4 3 4 3,4 3,
.29 2,3 2,3 2,3 2, 2,3 3, 4 3,4 3, 4 3, 4 3,4 3,4 3,4 3,4
.30 2,4 2,3 2,3 2,3 2,5 3,5 3,4 3,5 3,4 3,4 3,43 43 4 3,4 3,4
.31 2,5 2,5 2,5 23 2, 34 3,4 3,4 3, 34 3:4, 34 3,4 3, 3,4
.32 2,5 2,4 2,5 2,5 2,5 3,5 3,5 3,4 3,4 3,4 3,4 3,4 3,4 3,4 3,4
33 2,5 2,4 2,5 2,5 2,54 3,4 3, 3,5 3, 3 3,5 3,4 3,5 3,5 3,5
.3 2,6 2,6 2,4 2,5 2,4 3,5 3,5 3,4 3'5 3,5 3,4 3,4 3,5 3,4 4,5
.3 2,6 2,6 2,6 2,6 2,6 3,6 3,4 363,6 3 3 3,4 3 , 4,5 4, 4,5
•36 1,6 2,5 2,6 2,5 2,5 3,6 3,6 3,6 3,6 3,4 3,6 3,6 4,6 4,5 4,5
.37 1,6 2,5 2,5 2,5 2, 3,5 3, 5 3, 3,5 3,6 3 ,6 ,5 4,5 4,5 4,5
.38 1,5 2,5 2,6 2,5 2,5 3,5 3,53 3,5 3,5 3,5 4,5 4, 4,5
.2 1 2,5 2,6 2,5 2,5 3,5 3 3,5 3,6 3,5 3,5 ,, 4,5 4,5 4,6
•.40 1,5 2,6 2,5 2,5 2,5 3,5 3,5 3,5 3,5 3,5 3,5 4,5 4,5 4,5 4,5
.412 1,6 2,6 2,5 2,5 295 3,5 3,5 3,5 3,5 3,5 3,5 4;,5 4,5 4,5 4,5

.42 1,6 2,6 2,7 2,6 2 2,6 2,6 3,6 3,6 3,6 3,6 3,6 4,6 4,6 4,6

.435 1,6 2,6 2,6 2 ,6 2,6 3,6 3,6 3,6 3,6 3,6 3,6 3,6 4,,6 4, 5,,6

.446 1,6 2,6 2,6 2,6 2,6 2,6 2,6 3,6 3.6 3.6 3,6 3,6 4,6 4,6 4.6
45 . 1& 6 2,6 2,6 2,6 2,6 2,6 2,6 3,6 3.6 3,6 3,6 3,6 4,6 4,6 4,6

.48 1,7 2,7 2,7 2,7 2,7 2,7 2,7 3,7 3,7 3,7 3,7 3,6 4,7 4,7 4,6

.49 1,7 2,7 2,7 2,7 2,7 2,7 2.' 3,7 3,7 3.7 3,7 3,7 4 ,7 4,7 4,

.50 1,7 2,7 2,T 2,7 2,T 297 2,1 397 3,7 3,7 3,7 3,7 3,7 4,7 4,7
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THREE GRADES N,20

P2,
P2 .01 .02 .03 .x4 .05 .06 .07 .8 .09 .10 .11 .12 .13 .14 . 5
.02 0,1
.03 0,1 0,1
.0x4 0,1 G,1 0,1
.05 0,1 0,1 0,1 0,1.o6 o,l o,l o.1L o,l oi[l.06 0,1 0,i 0,1 0,1 0,1 i

.07 0,1 0,1 0,1 Cl 0,1 0,1

.08 0,1 0,1 0,1 0,1 0, Ol Ol

.09 0,1 0,1 0,1 0, 0,1 0,1 0,1 0,1• i0 0 , I 0 ,1 0 , i O 'l 0 i v , I , i 0 ,iO l '

.11 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1 1,2

.12 0,1 0,1 0,1 0,1 0,1 0,1 0,l 0,1 1,2 1,2 1,2

.13 0,2 0,2 0,2 0,2 0,1 0,1 0,1 1,2 1,2 1,2 1,2 1,P

.14 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 J.,2

.15 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2

.16 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3

.l7 0,2 0,2 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3

.18 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3

.19 0,3 0.3 0,3 0,3 0,3 0,3 .0,3 1,3 1,3 1.3 2,3 2.3 2,3 2,3 2,3

.20 0,3 0,3 0,3 0,3 0,3 -0,3 0,3 1,3 1,3 1,3 2,3 2,3 2o3 2,3 2,3

.21 0,3 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3

.22 0,4 O h o,4 o,4 0,4 0,4 o,4 1,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3

.23 0,4 n,4 o,4 o,0 4 o0,4 0,4 0,1 ,4 1,4 1,4 1 ,4 2,3 2,3 3

.24 o,4 0,4 0,o4 0,4 0,4 o,4 0,4 1,4 1,4 1,4 24 2,4 2, 4 2,4 2,3

.25 O,k 0,4 ,1 0, 4 0,4 o,4 0,14 ,4 1,14 i,4 1,4 2,4 2,4 2,4 2,4

.26 0.4 0,4 o,4 0,4 0,4 o,4 0,4 1,4 1,14 .,4 1,4 2,4 2,.4 2,4 2,4

.27 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 I,5 1,5 1,5 1,5 2,4 2,4 2,4

.28 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5 2,5 2,5 2,5.29 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5 2,5 2,5 2,5

.30 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5 2,5 2,5 2,5

.31 0,5 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 1,5 1,5 2,5' 2,5 2,5

.32 0,6 0,6 0,6 c,6 0,6 o,6 0,6 1,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6

.33 0,6 0, 6 0,6 0,6 0,6 0,6 0,6 1,6 2,6 1,6 1,6 1,6 2,6 2,6 2,6

.34 0,6 0,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6

.35 0,6 0,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6

.36 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7 2,7 2,6 2,6

.37 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7 2,7 2,7 2,7

.38 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7 2,7 2,7 2,7
39 0,7 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 1,7 27 2,7 2,7
.40 0,7 0,7 0,7 0,7 0,1 0,7 0,7 1,7 1,7 1,7 1,7 1,7 2,7 2,7 2,7.41 0,8 0,8 0,8 o,b 0,o 0,8 0,8 1,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8
.42 0,8 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8.43 o,8 o,8 0,8 0,8 0,8 0,8 0,8 ,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8
4 0,8 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8

.45 0,8 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8

.46 0,9 09 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 1,9 2 19 2,9 2,9
S.47 0,9 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9
.48 0,9 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 1,V 2,9 2,9 2,9.49 0,9 0,9 0,9 09 019 0,9 0,9 1,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9..50 0,9 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9

83



II

THREE GRADES N-20

Pi
P2 .16 .17 .18 .19 .20 -P .22 .23 .24  .25 .26 .27- .28 .29 .30
02

.03

.05o06

.07

.08

.09

.10
.11
.12

.114

.15

.16

.17 2,3

.18 2,3 2,3

.19 2,3 2,3 2,3

.20 2,3 2,3 2,3 3,4

.21 2,3 2,3 3,1 4 3, 4 3,1 4

.22 2,3 2,3 3,14 31 4 3,14 3,4

.23 P,3 3,14 3,14 3,14 3,14 3,14 3,14
.24 2,3 3,4 3,4 3,4 3,4 3,4 3,4 3,4
.25 2,14 3 4 3,4 3,14 3,4 3,4 3,4 3,4 4,5
.26 2,4 3,4 3,14 3,14 3,4 3,4 2,4 4,5 4,5 14,5
.27 2,14 3,14 3,14 3,14 3,14 3,14 4 5 4,5 4,5 4,5 4,5
.28 2,5 3,1:4 3,1:4 3,4 3,4 4,5 4:,5 4,5 14,5 4,5 4,5 4,5
.29 2,5 3,5 3,5 3,5 14,5 15,5 ,5 4,5 4, 5 4,5 4,5 ,5 14,5
.30 2,5 3,5 3,5 3,5 5 14 ,5 4,5 4,,5 14,5 4,5 4,5 5,6 5,6
.31 2 ,5 3, 5 3,5 3,5 4 , ,54 54,5 4,5 4,s ,5 14,5 5,6 5,6 5,6 5,6
.32 2,6 3,6 3,5 3,5 3,5 4,5 1, . 5 4,5 14,5 5,6 5,6 5,6 5,6 5,6
.33 2,6 3,6 3,6 3,6 3,6 4,6 4 ,5 4,5 4,5 5,6 5,6 5,6 5,6 5,6 5,6
.34 2,6 3,6 3,6 3,6 3,6 4,6 :,6 4,6 5,6 5,6 5,6 5,6 56 5,6 5,6
35 2,6 3,6 3,6 3,6 3,6 4,6 4,6 46 46 5,6 5:,6 5:,6 5,6 5,6 5,6

.36 2,6 3,6 3,6 3,6 3,6 3,6 ,6 :,6 4,6 5,6 5,6 5 ,6 5,6 5,6 5,6

.37 2,7 3,7 3,7 3,7 3,7 3,7 4,7 4,6 4,6 5 ,6 5,6 5,6 5 ,6 5,6 5,6

.38 2,7 2,7 3,7 3,7 3,7 3.7 .,7 4,7 4,7 4,7 5,7 5,6 5,6 5,6 6,7

.39 2,7 2,7 3,7 3,7 3,7 3,7 .,7 4,7 4,7 4,7 5,7 5,7 5:,7 6,7 6,(

.40 2,7 2,7 3,7 3,7 3,7 3,7 ,7 ,7 4,7 4,7 5,7 5,7 5,7 6,7 6,7

.1 2,8 2,8 3,8 3,8 3,8 3,8 4,84,8 47 4,7 5,7 5,7 5,7 5,7 6,7

.42 2,8 2,8 3,8 3,8 3,8 3,8 4,8 4,8 4,8 4,8 5,8 5,8 5,7 5,7 6,7

.43 2,8 2,8 3,8 3,8 3,8 3,8 4,8 1 ,8 14,8 4,8 5,8 5,8 5,8 5,8 6,8

.144 2,8 2,8 3,8 3,8 3,8 3,8 14,8 1 ,8 .,8 4,8 4,8 5,8 5,8 5,8 .,8

.45 2, 2,98 3,8 3,98 ,8 3,8 4,8 4,8 8 , 14,8 4,8 5,8 5,8 5,8 6,8

.16 2,9 2,9 3,9 3,9 3,9 3,9 1,9 1,9 1,9 1,9 1,9 5,89 5,9 5,8 5,8

.147 2,9 2,9 3,9 3,9 3,9 3,9 4,9 4,9 4,9 4,9 4,9 5,9 5,9 5,9 5,9

.48 2.,9 2,9 3,9 3,9 3,9 3,9 4,9 4,9 4,9 4,9 4,9 5,9 5,9 5,9 5,9

.49 2,9 2,9 3,9 3,9 3,9 3,9 4,9 4,9 4,9 4,9 4,9 5,9 5,9 5,9 5,9

.50 2,9 2,9 3,9 3,9 3,9 3,9 4,9 4,9 4,9 4,9 4,9 5,9 5,9 5,9 5,9
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II

THREE GADE8 Nm25

P1.1P2 .01 .02 .0 4_.o5.06 .-. 08 .09 .10 .11. .12 13 .14 .15.02 0,1 0,. .0. .
.03 0,1 0,1.04 0,i 0,1 0,i

.05 0,1 0,1 0,1 0,1

.06 0,i 0,1 0,1 0,1 0,1

.08 0,1 0,1 0,1 0,1 0,1 0,1 0,1

.09 0,1 0,1 0,1 0,1 0,1 0,1 0,1 1,2

.10 0,1 0,1 0,1 0,1 0,1 0,1 1,2 1,2 1,2..

.11 0,2 0,2 0,2 0,2 0,1 0,1 1,2 1,2 1,2 1,2

.12 0,2 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 1,2 2,
•13 0,2 0,2 0,2 0,2 0,2 1,2 1,2 12, 1,2 1,2 2,3 2,3 2,
.1 0,3 0,3 0,2 0,2 0,2 1,2 1,2 1,2 1,2 2,3 2,3 2,3 2,3
15 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,2 1,2 2,3 2,3 2,3 2,3 2,3
•16 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 2,3 2,3
.17 0,3 0,3 0,3 0,3 0,3 0,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 3,4
S.1 0,4 0, 0,4 0,4 0,o4 0,o4 1,3 1,3 1, 2,3 2,3 2,3 2,3 3,4 3,4
.20 0,4 0,4 0,4 c,4 o,4 o,4 1,4 1,4 1,4 2,4 2, 24 3,,4 3,4 3,4
.21 0,4 4 o,4 0,14 0,o4 0,o4 1,14 1,4 1, 4 2,14 2,4 2, 4 3,4 3,4 .3,4
.22 0,5 0,5 0,5 0,5 0,5 0,5 1,3 1,5 1,5 2,5 2,4 2,:4 3,4 3, 4 3, 4.23 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,$ 2,5 2,5 3,5 3,4 3, 4.42 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,5 2,5 2,5 2,5 3,5 3,5
•25 0,5 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,5 2,5 2,5 2,5 3,5 3,5.26 0,6 0,6 0,6 o,6 0,6 0,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,5
.27 .,6 0,6 o0,6 o,6 o,6 0,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,6
.28 0,6 0,6 o,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,6
•29 0,6 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,6
.30 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 2,7 2,7 2,7 3,7 3,7.31 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 2,T 2,7 2,7 3,7 3,7
.32 0,7 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 1,7 2,7 2,7 2,7 3,7 3,7
.33 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,7.34 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,8.35 0,8 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,8
.36 0,8 0,8 o,8 0,8 o,8 0o,8 1,8 1,8 1,8 1,8 2,8 2 F 2,8 3,8 3,8.37 0,9 0,9 0,9 0,9 0,9 0,9 1,9 i,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9
.38 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9.39 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9.40 0,9 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9.41 0,10 0,10 0,10 0,10 0,10 0,10 1,10 I,1O 1,10 I,10 2,10 2,10 2,10 3,10 3,10
.42 0,10 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10
.43 0,10 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10
.144 0,10 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10.45 O,11 0,11 0,1I o,11 o,11 0,11 lol 1,11 1,11 1,11 2,11 2,11 2,13. 3,11 3,11
.46 0,11 0,11 o,11 O,1 0,11 0,11 1,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11.T7 0,11 0,11 0,11 0,11 0,11 0,11 1,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11
.8 0,11 0,11 0,11 0,11 0,11 0,11 1,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11
•49 0,12 0,12 0,12 0,12 0,12 0,12 1,12 1,12 1,12 1,12 2,12 2,12 2,12 3.12 3,12
.50 0,12 0,12 0,12 0,12 0,12 012 1,12 1,12 1,12 1,12 2,12 2,12 2,12 3,12 3,12
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THREE GRADES Nw25

P1
P2 .16 .17 .18 .19 .20 .21 .22 .23 2.4 .25 2.6 .27 .28 ,P9 An
.02
.03

.05

.06

.07

.08

.09

.10

.11

.12

.13
.14
.15
.16

.7 3,4
.18 3,14 3,4
.9 3,4 3,4 3,4
.20 3,4 3,4 3,4 3,4
.21 3,4 3,4 3,4 4,5 4,5
.22 3,4 3,4 4,5 4 ,5 4:,5 4,5
.23 3,4 4,5 4,5 4:5 4,5 4,5 4,5
.4 4,5 4.5 4,5 4,5 4,5 4,5 4,5 5.6

.25 3,5 4,5 4,5 .5 4 ,5 4,5 5,6 5,6 5,6
26 3,5 4,5 4,s 4,5 4,5 5,6 5,6 5,6 5,6 5,6.27 3,6 4,6 4,5 4,5 5,6 5,6 5,6 5,6 5.6 5,6 5,6

.28 3,6 4,6 4,6 4,6 5,6 5,6 5,6 5,6 5,6 5,6 5,6 6,7.29 3,6 4;,6 4,,6 4 ,6 5,6 5,6 5,6 5,6 5,6 5,6 6,7 6,7 6.7
30 3.7 3.7 4.6 4 ,6 5,6 5,6 5,6 5,6 5,6 6,7 6,7 6,7 6,7 6,7

.31 3.7 3,7 4,7T 4.7 4,7 5,7 5,6 5,6 6,7 6.7 6,7 6,7 6,676,

.3 3,7 3,7 4,7 4,7 4,7 5,7 5,7 6,7 6,7 6,7 6,7 6,T 6,7 6,7 7,8.33 3.T 3,7 4,7 4.7 4.7 5.7 5,T 5.7 6.7 6.7 6.7 6,T 67 6.7 7,8

.34 3,8 3,8 4,8 4,8 4,8 5,8 5,7 5,7 6,7 6,7 6,7 6,T 6,7 7,8 7,8
•35 3,8 3,8 4,8 4,8 48 5, 5 5,8 5,8 6,6 .7 6 6,7 6,7 6,78 78
• 36 3,8 3,8 4,8 4,8 4 ,8 4.,8 5,8 5,8 5,8 6,8 6.8 7,8 T,8 T,8 TO

.3 , , 9 9E9 4,.8 5,8 5,8 5,8 6,8 68 8 7 8 7,87,
.37 3.9 3,9 4,9 4.9 ., TO T
.38 3,9 3,9 .,9 4,9 4 ,9 4,9 5,9 5,9 5,9 6,9 6,8 6,8 7,8 7,8 7,8
•.40 3,9 3,9 4 ,9 4,9 4,9 4.,9 5,9 5,9 5,9 6,9 6 9 6,9 7,9 7.9 7,9

41 3,10 3,10 4,10 4,10 4:,10 4,10 5,10 5,10 5,10 6,10 6,9 6,9 6,9 7,9 7,9
.42 3,10 3,10 4,10 4,10 4,10 4,10 5,10 5,10 5,10 6,10 6,10 6,10 6,10 7,10 7,9
.43 3,10 3,11 4,lo 4,O 4,11 4,10 5,10 5,10 5,10 5,11 6,10 6,10 6,10 7,10 7,10

.46 3,11 3,1 4, 11 4,11 4,11 4,11 5,11 5,11 5,11 5,11 6,11 6,11 6,11 7,11 7,10

.46 3,11 3,11 4,11 4 ,11 4 ,11 4,11 5,11 5,11 5,11 5,11 6,11 6,11 6,11 7,11 7,11

.AT 3,11 3,11 4,11 4,11 4,11 4,11 5,11 5,11 5,11 5,11 6,11 6,11 6,11 7,11 7,11•.48 3,11 3,11 4,11 4,11 4,1n 4,11 5,11 5,11 5,11 5,n1 6,11 6,11 6.11 T,11 7,11

.49 3,12 3,12 4,12 4,12 4,12 4,12 5,13 5,12 5,12 5,12 6,12 6,12 6,12 7,12 7,12

.50 3,12 3,12 14,12 4,12 4,12 4,12 5,12 5,12 5,12 5,12 6,12 6,12 6,12 7,12 7,12
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THREE GR~ADES N=30 1
P2 .01 .02 .03 04 .05 .06 -.07 .08 .09 .lO .11 .12 .13 14 .15

.02 0,1
n3 0,1 0,1

.05 0,1 0,1 0,1 0,1.06 0,i 0,i 0,I 0,i 0,i l

.07 0,1 0,1 0,1 0,1 0,1 0,1

.08 0,1 0,1 0,1 0,1 0,1 1,2 1,2

.09 0,2 0,2 0,2 0,1 1,2 1,2 1,2 1,2 J.

.10 0,2 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2

.11 0,L 0,2 0,2 0,2 1,2 1,2 1,2 1,2 1,2 2,3

.12 0,3 0,3 0,3 0,3 1,2 1,2 1,2 1,2 2,3 2,3 2,3

.13 0,3 0,3 0,3 0,3 1,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3

.114 0,3 0,3 0,3 0,3 0,3 1,3 1,3 2,3 2,3 2,3 2,3 2,3 3,4

.15 0,4 o,4 o, 0, 4 0,3 1,3 1,3 2,3 2,3 2,3 2,3 3,4 3,4 3,4

.16 o,4 o,4 o,4 o,4 0,4 j,4 1,4 2,4 2,3 2,3 3,4 3,4 3,4 3,4 3,4

.18 0,4 o4 0,4 0,4 o,4 1,4 1,4 1,4 2,4 2,4 3,4 3,4 3,4 3,4 4,5

.19 0,5 0,5 0,5 .0,5 0,5 1,5 1,5 1,5 2,5 2,5 3,4 3,4 3,4 3:4 4,5

.20 0,5 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,5 2,5 3,5 3,5 3,5 4,5 4,5

.21 0,5 0,5 0, 5 0,5 0,5 1,5 1,5 1,5 2,5 2,5 2,5 3,5 3,5 4,5 4,5

.22 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,5 4,5 4,5

.23 0,6 0,6 0,6 o,6 0,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,6 46 4,6

.24 0,6 0,6 0,6 0,6 0,6 1,6 1,6 1,6 2,6 2,6 2,6 3,6 3,6 3,6 4,6

.25 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 2,7 2,7 2,7 3,7 3,7 3,6 4,6

.26 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 2,7 2,7 2,7 3,7 3,7 3,'7 4,7

.27 0,7 0,7 0,7 0,7 0,7 1,7 1,7 1,7 2,7 2,7 2,7 3,7 3,7 3,7 4,7

.28 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,8 3,8 4,7

.29 0,8 0,8 0,8 0,8 0,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,8 3,8 4,8

.30 O,G 0,8 0,8 0,8 0,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 3,8 3,8 4,8

.31 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9 3,9 4,9

.32 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9 3,9 4,9

.33 0,9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9 3,9 4,9

.34 0.9 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9 3,9 4,9

.35 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10 3,10 4,10

.36 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10 3,10 4,10

.37 0,10 0,10 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,10 3,10 4,10

.38 0,11 0,11 0,11 0,11 0,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11 3,11 4,11

.39 0,11 0,11 0,11 0,11 0,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11 3,11 4,11

.140 0,11 0,11 0,11 0,11 0,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11 3,11 4,11

.41 0,12 0,12 0,12 0,12 0,12 1,12 1,12 1,12 2,12 2,12 2,12 3,12 3,2.2 3,12 4,12

.42 0,12 0,12 0,12 0,12 0,12 1,12 1,12 1,12 2,12 2,12 2,12 3,12 3,12 3,12 4,1

.143 0,12 0,12 0,12 0,12 0,12 1,12 1,12 1,12 2,12 2,12 2,12 3,12 3,12 3,12 4,12

.44 0,13 0,13 0,13 0,13 0,13 1,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 3,13 4,13

.•45 0,13 0,13 0,13 0,13 0,13 1,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 3,13 4,13

.-46 0,13 0,13 0,13 0,13 0,13 1,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 3,13 4,13

.47 0,14 o,14 0,14 0,14 0,14 1,14 1,14 1,14 2,14 2,14 2,14 3,14 3,14 3,1 4,114

.48 0,14 0,14 0,14 0,14 0,14 1,114 1,14 1,14 2,14 2,1.4 2,14 3,14 3,14 3,14 4,14

.91 0,14 0,14 0,14 0,14 0,14 1,14 1,14 1,14 2,14 2,,14 2,14 3,14 3,14 3,14 4,14

.50 0,,14 o,14 0,14 0,14 0,14 1,14 1,14 1,14 2,14 2,14 2,14 3,14 3,14 3,14 4,14
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THREE GRADES N=30

P1
P21 -1 ,, -1 -In .2C .. 22 .23 .4 . .62. .2T .28 .29 .30
.02
.03
.0).
.05
.06

.08

.09

.10

.11

.12

.13

.15.16

.17 14,5
.18 14,5 4,5
.19 4,5 4,5 4,5
.20 4,5 4,5 14.,5 4 ,5
.21 4,5 4,5 4,5 5,6 5,6
.22 4,5 4., 5,6 5,6 5,6 5,6
.P.3 ,5 5,6 5,6 5,6 5,6 5,6 5.6
.24 4,6 5,6 5,6 5,6 5,6 5,6 6,7 6,7
.25 .,6 5,6 5,6 5,6 5,6 6.7 6,7 6,7 T
.26 It,7 5,7 5,6 5,6 6,7 6,7 6,7 6,7 6,7 6,7
.27 4,7 4,7 5,7 5,7 6,7 6,7 6,7 6,7 6,7 6,7 7,8.28 4,7 ,7 5,7 5,7 6,7 6,7 6,7 6,7 6,7 7,8 7,8 7,8
.29 4,8 :,8 5,8 5,8 6,7 6,7 6,7 6,7 7,8 7,8 7,8 7,8 7,8

430 4,8 ,8 5,8 5,8 5,8 6,8 6,7 7,8 7,8 7,8 7.8 7,8 7,8 8,9
.314A 4,8 5,8 5,8 5,8 6,8 6 .8 7,8 T,8 7,8 7,8 7,8 8,9 8,9 8,
.32 49 4,9 5,9 5,9 5,9 6,9 .8T6,8 7,8 7,8 7.8 8,9 8,9 8,9 8,9
.33 4, 9 1,9 5,9 5,9 5,9 6,9 6,8 6,9 7,9 7,8 8,9 8,9 8.9 8,9 8.9
.314 :9 4,9 5,9 5,9 5,9 6,9 6,9 6,9 7,9 7,9 8,9 8,9 8,9 8,9 8,9

35 4,i0 4,0 5,10 5,10 5,10 6,10 6,10 6,10 7,9 7,9 8,9 8,9 8,9 8,9 9,10
36 4,0 A 4,10 5,10 5,10 5,10 6,10 6,10 6,10 7,10 T,10 7,10 8,9 8,9 9,10 9,10

.37 0i40 4,10 4,i0 5,10 5,10 5,10 6,10 6,10 7,10 T,10 7,10 8,10 8,10 9,10 9,10

.38 4,11 4,11 4,11 5,11 5,11 5,11 6,11 6,11 7,11 7,11 7,10 8,10 8,10 9,10 9,10

.39 4,11 4,11 4,1 5,11 5,11 5,11 6,11 6,11 7,11 7,11 7,11 8,11 8,11 8,11 9,10

.140 11 4,11 4,11 5,11 5,11 5,11 6 11 6,11"6,11 7,11 7,12 8,11 8,11 8,11 9,11

.Ikl 4,12 ,12 4,12 5,12 5,12 5,12 6,12 6,12 6,12 7,12 7,12 7,12 8,11 8,11 9,11
,1,. 1,12 4,12 4,12 5,12 5,12 5,12 6 12 6,12 6,12 7,12 7,12 7,12 8,12 8,12 9,12
.43 4,12 4,12 4,12 5,12 5,12 5.12 6,12 6,12 6,12 7,12 7,12 7,12 8,12 8,12 8,12
•44 4 ,13 4,13 4,13 5,13 5,13 5,13 6,13 6,13 6,13 7,13 7,13 7,13 8,13 8,12 8,12
.45 4,13-4,13 4,13 5,13 5,13 5,13 6,13 6,13 6,13 7,13 7,13 7,13 8,13 8,13 8,13
.146 4,13 4,13 4,13 5,13 5,13 5,13 6,13 6,13 6,13 7,13 7,13 7,13 8,13 8,13 8,13
47 4 14 4,114 4,14 14 5,1 4 5,14 1 6,14 6,14 6,14 7,14 7,14 7,14 8,14 8,13 8,13

.148 4,114 4,11414,14 5:i14 5,i14 5,.L4 6,114 6,14 6,1147,1147,14 7,114 8,1148B,14 8,i14
.49 144 14 4 144,114 5,1914 5,114 6,114 6,14 6,114 7,114 7,114 7,114 8,.4 8,14 8,14
.50 4,114 4,114 4,114 5,114 5,114 5,114 6,14 6,14 6,.14 7,114 7,114 7,14 8,14 8,114 8,J-4
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THREE GRADES ]Nu35

02 nl .0 3 .4 .0 .06 .0T, .08- .09 .10 .11 .12 .23 .14 .12,

.03 0,1 0,3

.0 O ,I 
,,i 

ui
305 0,1 0,1 0,1 0,1o06 0,1 0,i 0,i 0,i 0,i

•07 0,1 0,1 0,1 0,5 1,2 1,2
.08 0,2 0,2 0,2 0,1 1,2 1,2 1,2
.09 0,2 0,2 0, 1,2 1,P 1,2 1,2 1,2i.10 0,2 0,2 0,2 0,2 1,2 1,2 1,2 2,3 2,3

3. 0,3 0,3 0,3 0,3 1,3 1,2 2.3 P,3 2,3 253
.12 0.3 0,3 0,3 0,3 1, 1,6 2,3 2,3 2,3 2,3 3,4
.13 0,4 0,4 0,7 0,4 1,3 1,3 2,3 2,3 2,3 3,4 3,4 3,4 , ..14 O,h o,4 0,4 0,4 1,4 1,4 2,4 2,4 2,3 3,4 3,4 3,4 3,4

.15 o,4 o,4 o,4 o,4 1,4 1,4 2,4 2,4 3,4 3,4 3,4 3,7 34 4,5
16 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,4 2, 3,4 3, 4,5 4,5 4,5
.17 0,5 0,5 0,5 0,5 1,5 1,5 1,5 2,5 2,5 3,5 3,4 4,5 4,5 4,5 4.5
18 0,5 0,5 0,5 05 1,5 1,5 1,5 2,5 2,5 35, 3,5 4,5 4, 4,5 4 ,5.19 o,6 o,6 o,6 o,6 1,6 1,6 1,6 2,6 2,6 3,6 3,5 41 4:5 4:3 5,6
.20 0,6 o6 0, 6 16 1,6 1,6 2,6 9,6 3,6 3,6 4,6 4,6 4,9 5,6
.21 o,6 o,6 o,6 o,6 1,6 1.6 1,6 2,6 2,6 3,6 3,6 3,6 4,6 4,6 .,6.22 0,7 0,7 0,7 0,7 1,7 1,7 1,7 2,7 2,7 3,7 3,7 3,7 4, ,6 5,6

23 0,7 0,7 0,7 0,7 1,7 17 1,7 2,7 2,7 3,7 3,7 3,7 4,T 4,7 4,7
.4 0 0,80 0,10,8 1,8 1.8 3,8 38 8 2,8 ,8 3,7 4,T 4,7 5,7
.2 0, 0, 8 0,8 1,8 1,8 1,8 2,8 2,8 2,8 3,8 38 4,8 4,8 5,8
.26 0,8 0,8 0,8 0,8 1,8 1.,8 1,8 2,8 2,8 2,8 3, 3,8 4,8 4,8 4,8
.27 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,9 3,9 3,9 4,9 4.9 4,9
.28 0,19 0,9 0,9 0,9 1,9 1,9 1,129 2,1 2,2 2,9 3,9 3,9 4,9 4,9 4,9
.39 0,9 0,9 0,9 0,9 1,9 1,9 1,9 2,9 2,9 2,92 3,1 3,2 9 4 ,9 4,9
.30 O,1O 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,130 2,10 3,10 3,10 4,13 4,lo 1,i4
.31 0,10 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,10 2,13 3,10 3,10 4,10 4,10 4,'0
.32 0,10 0,10 0,10 0,10 1,10 1,10 1,10 2,10 2,10 2,10 3,10 3,13 4,lO ,13 4,10
.33 011 0,11 0,11 0,11 1,11 1,11 1,11 2,11 2,11 2,11 3,14 3,11 4,14 4,11 4,11
.34 0,11 0,11 0,31 0,11 1,11 1,11 1,11 2,11 2,11 2,11 3,11 3,11 4,11 4,11 4,11
.35 0,12 0,1 0,12 0,12 1,12 1,14 1,12 2,12 2,12 2,12 3,14 3,12 4,12 4,14 4,14
.36 0,12 0,15 0,15 0,12 1,12 1,12 1,15 2,15 2,12 2,15 3,12 3,12 4,12 4,12 4,12
-3T 0,15 0,15 0,15 0,2 1,12 1,15 1,12 2,15 2,15 2,15 3,12 3,15 4,12 412 4,12
.38 0,13 0,13 0,13 0,13 1,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 4,13 4,13 4,13
.39 0,13 0,13 0,13 0,13 1,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 4,13 4,13 4,13
.48 0,16 0,16 0,13 0,13 ,13 1,13 1,13 2,13 2,13 2,13 3,13 3,13 4,13 4,13 4,13.41i o,14 o,14 o,14 o,14 1,14 i, 1,14 2,14 2 1.,4 2,14 3,14 3,14 4 z4 4,14 4,14
.42 0,14 0,14 0,14+ 0,i 4 1 i4 ,14+ 1,14 2,14 2,14 2,:14 3,14 3,14 4 14 4,24 4,14
.43 o,14 0,iA o,14 o:14 1,14 1,14 1,14 2,14 2,14 2,41 3,14 3,14 4114 4,14 4,14
.44 0,15 0,15 0,15 0,15 1,15 1,15 1,15 2,15 2,15 2,15 3,15 3,15 4oi5 415 4,15
• 45 0,15 0,15 0,15 0,1 1,15 1,15 1,15 2,15 2,15 2.15 3,15 3,15 4,15 4,15 4.15
.4.6 o,16 o,16 o,16 0,16 3,16 1,16 1,16 2,16 2,16 2,16 3,16 3,16 4,16 4,16 4,16
.4 7 0,16 0,16 o,16 o,16 1,16 1,16 1,16 2,16 2,16 2,16 3,16 3,16 4,16 4.,16 4,16
.48 0,16 0,16 0,16 0,16 1,16 1,17 1,17 2,16 2,17 2,16 3,16 3,16 4,16 4,16 4,16
.59 0,1T 0,17 0,17 0,17 1,17 1,17 1,17 2,17 2,17 2,17 3,17 3,17 4,17 4,17 4,1T.50 0,17 0,17 0,17 0,17 1,17 I,17 1,17 2,17 2,17 2,1T 3,17 3,17 4,I7 4,17 4,IT

I.
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I
THREE GRADES N-35

P2 .16 .17 .18 .19 .20 .21 .22 .23
.02
.03
.o4
.05
.06
.07
.08
.09
.10
.11
.12
.13
.i14
.15
.16
.17 4,5
.18 5,6 5,6
.19 5,6 5,6 5,6
.20 5,6 5,6 5,6 5,6.
.21 5.6 5,6 5,6 6,7 6.7
.22 5,6 5,6 6,7 6,7 6,7 6,7
.23 5,7 6,7 6,7 6,7 6,7 6,7 7,8
.24 5,7 6,7 6,7 6,7 6,7 7,8 7,8 7,8
.25 5:8 5,7 6,7 6,7 7,8 7,8 7,8 7,8
.26 5,8 5,8 6,8 6,8 7,8 7,8 7,8 7,8
.27 5,8 5,8 6,8 6,8 7,8 7,8 7,8 7,8
.28 5,9 5,9 6,9 6,9 7,8 7,8 7,8 8,9
.29 5,9 5,9 6,9 6,9 7,9 7,9 8,9 8,9
.30 5,10 5,10 6,io 6,10 6,9 7,9 7,9 8,9
.31 5,10 5,10 5,10 6,30 6,10 7,10 7,10 8,9
.32 5,10 5,10 5,10 6,1o 6,10 7,10 7,10 8,10
.33 5,11 5,11 5,11 6,11 6,11 7,11 7,11 8,10
.35 5,11 5,11 5,11 6,11 6,11 7,11 7,11 7,11
.35 5,12 5,12 5,12 6,12 6,11 7,11 7,11 7,11
.36 5,12 5,12 5,12 6,12 6,12 7,12 7,12 7,12
.37 5,12 5,12 5,12 6,12 6,12 7,12 7,12 7,13
.38 5,13 5,13 5,13 6,13 6,13 7,13 7,13 7,13
.39 5,13 5,13 5,13 6,13 6,13 6,13 7,13 7,13
.41 5,13 5,13 5,13 6,13 6,13 6,13 7,13 7,13
.41 5,14 5,14 5,14 6,14 6,14 6,14 7,14 7,14
.42 5,14 5,14 5,14 6,14 6,14 6,14 7,14 7,14
.43 5,14 5,14 5,15 6,14 6,14 6,14 7,15 7,14.145 5,15 5,15 5,15 6,15 6,1 6,15 7,15 7,15
.45 5,15 5,15 5,15 6,15 6,15 6,15 7,15 7,15
.46 5,16 5,16 5,16 6,16 6,i6 6,16 7,16 7,16
.48 5,16 5,16 5,16 6,16 6,16 6,16 7,16 7,16
.49 5,17 5,17 5,17 6,17 6,17 6,17 7,17 7,17
.50 5,17 5,17 5,17 6,17 6,17 6,17 7,17 7,17
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THREE GRADES N=35
{P1

P2 .24 .25 .26 .27 .28 .29 .30

.02

.03

.14

.05

o16

OT
.08

.19

.20

.12

.13
' .14;' .1 5

,!: ,16 ..

1 .18 '

.20 7,8

.26 7,8 8,9

.27 8,9 8,9 8,9

.28 8,9 8,9 8,9 8,9

.29 8,9 8,9 8,9 9,10 9,10

.30 8,9 8,9 9,10 9,10 9,10 9,10

.31 8,9 8,9 9,10 9,10 9,10 9,10 9,10

.32 8,10 9,1.0 9,10 9,10 9,10 9,10 10,11

.33 8,10 9,10 9,10 9,10 9,10 .0,i.1 10,11

.34 8,11 8,11 9,10 9,10 10,11 10,11 10,11

.35 8,11 8,11 9,11 9,11 10,11 10,1 10,11

.36 8,12 8,12 9,11 9,11 10,11 10,11 10,11

.37 8,12 8,12 9,12 9,12 10,12 10,11 10,11

.38 8,13 8,12 9,12 9,12 9,12 10,12 11,12

.39 8,13 8,13 8,13 9,13 9,13 10,13 10,12

.40 8,13 8,13 8,13 9,13 9,13 10,13 10,13

.41 8,14 8,14 8,14 9,14 9,14 10,13 10,13

.42 8,14 8,14 8,14 9,14 9,14 lO,14 i0,14

.43 8,14 8,14 8,14 9,14 9,14 lO,14 l,14

.44 8,15 8,15 8,15 9,15 9,15 9,15 10,15

.45 8,16 8,15 8,15 9,15 9,15 9,15 10,15

.46 8,16 8,16 ,16 9,16 9,16 9,15 10,15

.48 8,16 8,16 8,16 9,16 9,16 9,16 10,16

.48 8,16 8,16 8,16 9,16 9,16 9,16 10,16

.59 8,17 8,17 8,17 9,17 9,17 9,17 10,17
•50 8,17 8,17 .8,17 9,17 917 9,17 10,17

~91



IMIRVR npAnvs NmmhA

P1
P2 .01 .02 .03 .04 .05 .o6 o7 o.3 o9_ .1o al .12 .13 .i4 .15

,C2 0,1
.03 0,1 0,1
.Oh4 0,1 0,2. 0,3.

.05 0,1 0,1 0,1 0,1

.06 0,1 0,1 0,1 0,1 1,2

.07 0,2 0,2 0,1 1,2 1,2 1,2

.08 0,2 0,2 0,2 1,2 1,2 1,2 1,2S.09 0,3 0,3 0,2 1,2 1,2 1,2 2,3 2,3

.10 0,3 0,3 0,3 1,3 1,3 2,3 2,3 2,3 2,3

.11 0,3 0,3 0,3 1,3 1,3 2,3 2,3 2,3 2,3 3,4

.12 o,4 o,4 o,4 1,4 1,4 2,4 2,3 2,3 3,4 3,4 3,4
• 13 0,4 0,4 0,4 1,4 1,4 1,4 2,4 3,4 3,4 3,4 3,4 4,5
.14 0,5 0,5 0,5 0,5 1,5 1,5 2,4 2,4 3,4 3,4 4,5 4,r 4,5

.15 0,5 0,5 0,5 0,5 1,5 1,5 2,5 2,5 3,5 3,4 4,5 )4,. 4,5 4,5

.16 0,5 0,5 0,5 0,5 1,5 1,5 2,5 2,5 3,5 3,5 4,5 4,5 4,5 5,6 5,6

.17 0,6 0,6 0,6 0,6 1,6 1,6 2,6 2,6 3,6 3,6 4,5 4,5 5,6 5,6 5,6

.18 o,6 o,6 o,6 o,6 1,6 1,6 2,6 2,6 3,6 3,6 4,6 4,6 5,6 5,6 5,6

.19 0,7 0,7 0,7 0,7 1,7 1,7 2,7 2,7 3,7 3,7 4,6 4,6 5,6 5,6 5,6

.21 0,7 0,8 0,7 0,7 1,7 1,7 2,7 2,7 3,7 3,7 4,7 4,7 5,7 5,6 6,7

.21 0,8 0,8 0,8 0,8 1,8 1,8 2,8 2,7 3,7 3,7 4,7 4,7 5,7 5,7 6,7

.22 0,8 0,8 0,8 0,8 1,8 1,8 2,8 2,8 3,8 3,8 3,8 4,8 4,8 5,8 6,7

.r3 0,8 0,8 0,8 0,8 1,3 1,8 2,8 2,8 3,8 3,8 3,8 4,8 4,8 5,8 5,8

.24 0,9 0,9 0,9 0,9 1,9 1,9 2,9 2,9 3,9 3,9 3,9 4,9 4,9 5,9 5,8

.25 0,9 0,9 0,9 0,9 1,9 1,9 2,9 2,9 3,9 3,9 3,9 4,9 4,9 5,9 5,9

.26 0,10 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 3,10 4,10 4,10 5,9 5,9

.27 0,10 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 3,10 4,10 4,1O 5,10 5,10

.28 0,10 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 3,10 4,1O 4,10 5,10 5,10

.29 0,11 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 3,.1 4,11 4,11 5,11 5,11

.30 0,11 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 3,11 4,11 4,11 5,11 5,11

.31 0,12 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 3,12 4,12 4,12 5,12 5,12

.32 0,12 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 3,12 4,12 4,12 5,12 5,12

.33 0,12 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 3,12 4,12 4,12 5,12 5,12

.34 0,13 0,13 0,13 0,13 1,13 1,13 2,13 2,13 3,13 3,13 3,13 4,13 4,3.3 5,13 5,13

.35 0,13 0,13 0,13 0,13 1,13 1,13 2,13 2,13 3,13 3,13 3,13 4,13 4,13 5,13 5,13

.36 o,14 0,14 0,14 o,14 1,14 1,14 2,14 2,14 3,14 3,14 3,14 4,14 4,14 5,14 5,14

.37 0,14 0,14 0,14 0,14 1,14 1,14 2,14 2,14 3,14 3,14 3,14 4,14 4,14 5,14 5,14

.38 0,15 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 3,15 4,15 4,15 5,15 5,15

.39 0,15 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 3,15 4,15 4,15 5,15 5,15

.40 0,15 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 3,15 4,15 4,15 5,15 5,15

.41 0,16 0,16 o,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 3,16 4,16 4,16 5,16 5,16

.42 0,16 0,16 0,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 3,16 4,16 4,16 5,16 5,16

.43 0,17 0,17 0,17 0,17 1,17 1,17 2,17 2,17 3,17 3,17 3,17 4,17 4,17 5,17 5,17

.44 0,17 0,17 0,17 0,17 1,17 1,17 2,17 2,17 3,17 3,17 3,17 4,17 4,17 5,17 5,17

.45 0,17 0,17 0,17 0,17 1,17 1,17 2,17 2,17 3,17 3,17 3,17 4,17 4,17 5,17 5,17

.46 0,18 0,18 0,18 0,18 1,18 1,18 2,18 2,18 3,18 3,18 3,18 4,18 4,18 5,18 5,18

.47 0,18 0.18 0,18 0,18 i,±.8 1,18 2,18 2,18 3,18 3,18 3,18 4,18 4,18 5,18 5,18

.48 0,19 0,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 3,19 4,19 4,19 5,19 5,19

.59 0,19 0,19 0,19 0,19 1,19 1,L9 2,19 2,19 3,19 3,19 3,19 4,19 4,19 5,19 5,19

.50 0,19 01,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 3,19 ,19 4,19 ,19 5,19
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THREE aRADPS Mahn

P1
Pp .16 .17 .18 .19 .20 .21 .22 .2i
.02
.03
.04

.05

.06

.07

.08

.09

.10

.11

.12

.13

.14

.15

.16

•17 5,6
.18 5,6 6,7
.19 6,7 6,7 6,7
.20 6,7 6,7 6,7 6,7
..? 6,7 6,7 6,7 7,8 7,8
.22 6,7 6,7 7,8 7,8 7,8 7,8
.23 6,8 7,8 7,8 7,8 7,8 7,8 8,9
.24 6,8 6,8 7,8 7,8 7,8 8,9 8,9 8,9
.25 6,9 6,9 7,8 7,8 8,9 8,9 8,9 8,9
.26 6,9 6,9 7,9 7,9 8,9 8,9 8,9 8,9
.27 6,10 6,10 7,10 7,9 8,9 8,9 8,9 9,10
.28 6,10 6,10 7,10 7,10 8,10 8,10 9,101 9,10
.29 6,11 6,11 6,11 7,11 7,10 8,10 9,10 9,10
.30 6,11 6,11 6,11 7,11 7,11 8,11 9,11 9,10
.31 5,12 6,12 6,12 7,12 7,11 8,11 8,11 9,11
.32 5,12 6,12 6,12 7,12 7,12 8,12 8,12 9,12
.33 5,12 6,12 6,12 7,12 1,12 8,12 8,12 9,12
.34 5,13 6,13 6,13 7,13 7,13 8,13 8,13 9,13
.35 5,13 6,13 6,13 7,13 7,13 8,13 8,13 9,13
.36 5,14 6,14 6,14 7,14 7,14 8,14 8,14 8,14
.37 5,14 6,14 6,14 7,14 7,14 8,14 8,14 8,14
.38 9,15 6,15 6,15 7,15 7,15 8,15 8,14 8,14
.39 5,15 6,15 6,15 7,15 7,15 8,15 8,15 8,15
.40 5,15 6,15 6,15 7,15 7,15 8,15 8,15 8,15
.41 5,16 6,16 6,16 7,16 7,16 8,16 8,16 8,16
.42 5,16 6,16 6,16 7,16 716 b,16 8,16 8,16
.43 5,17 6,17 6,17 7,17 7,17 8,17 8,17 8,17
.44 5,17 6,17 6,17 7,17 7,17 8,17 8,17 8,17
.45 5,17 6,17 6,17 7,17 7,17 8,17 8,17 8,17
.46 5,18 6,18 6,18 7,18 7,18 8,18 8,18 8,18
.47 5,18 6,18 6,18 7,18 7,18 8,18 8,18 8,18
.48 5,19 6,19 6,19 7,19 7,19 8,19 8,19 8,19
.49 5,19 6,19 6,19 7,19 7,19 8,19 8,19 8,19
.50 5,19 6,19 6,19 7,19 7,19 8,19 3,19 8,19
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THREE GRADE X-40

P2 .24 .25 .26 .2 .8; .2 -.2 9 .
:. 03

.04

.05

.06i! .07
o08
.09
• 10
.11
.12
.13
14
.15
.16
-17
18
.19
.20
.21
.22
.23
.24
.25 8,9
.26 9,10 9,10
.27 9,10 9,10 9,10.28 9,10 9,10 9.10 10,11.29 9,10 9,10 10,11 10,11 10,11.30 9,10 10,11 10,11 20011 10,11 12.31 0,11 100,111 11,12.34 9,13 10,12 0, 1 11,12 11,12 11,12 12,13.35 9,13 10,1 10,13 11,12 11,12 12,12 12,13
.33 9,12 10,12 10,12 1,1 3 11, 12 1 12,13
34 9,13 11 0,1 11,12 11,12 1213 12,1339 9,15 94513 0,15 10, 1 2,1 11,15 12,13
S 9,13 9,1 10,15 10,1 11,13 11,15 12,15.36 9,16 9,16 0,16 0,16 11,13 1 1 ,16 12,15.32 9,14 9,16 10,16 10,16 11,16 11,16 1213.43 9,17 9,17 10,14 10,17 11,1? 11,16 12 1* k 9,17 9,17 10,17 10,17 1017 11,17 11,1?.43 9,17 9,17 10,17 10,17 10,17 11,14 11,17

.40 9,1 ,1 10,17 I01 0 1 1,i15 12,14
.46 9,17 9,15 1015 1018 10,18 11,18 11,15.4' 9,18 9,18 10,18 10,18 0,18 11,18 11
.48 9,19 9,19 0,19 I10,19 10,19 11,19 11,1949 9,19 9,19 10.19 10,19 10,19 11,19 11,19

.50 9,19 9,19 10,19 10,19 10,19 11,19 11,19
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THREE GRADES N-45

P1
P2 .01 .02 .03 .04 .05 .06 .07 .08 .09 .1o .11 .12 .14 .15
.02 0,1
.03 0,1 0,1 ,.
.o4 0,l 0,I 0,1
.05 0,1 0,1 0,1 0,1

.07 0,2 0,1 0,2 1,2 1,2

.07 0,2 0,2 0,2 3,2 1,2 1,2

.08 0,3 0,3 0,2 1,2 1,2 2,3 2,3

.09 0,3 0,3 0,3 1,: 2,3 2,3 2,3 2,3

.10 0,3 0,3 0,3 1,3 1,3 2,3 2,3 3,4 3,4

.11 o,4 0,4 o,4 1,4 1,4 2,4 2,3 3,4 3,4 3,4

.12 0,4 0,4 o,4 1,4 1,4 2,4 2,4 3,4 3,4 3,4 4,5

.13 0,5 0,5 0,5 1,5 1,5 2,5 2,5 3,4 3,4 4,5 4,5 4,5

.14 0,5 0,5 0,5 1,5 1,5 2,5 2,5 3,5 4,5 4,5 4,5 4,5 5,6

.15 0,6 0,6 0,6 1,6 1,6 2,6 2,6 3,6 3,5 4,5 4,5 5,6 5,6 5,6

.16 0,6 0,6 0,6 1,6 1,6 2,6 2,6 3,6 3,6 4,6 5,6 5,6 5,6 5,6 6,7

.17 0,7 0,7 0,7 1,7 1,7 2,7 2,7 3,7 3,7 4,6 4,6 5,6 5,6 6,7 6,7

.18 0,7 0,7 0,7 1,7 1,7 2,7 2,7 3,7 3,7 4,7 4,7 5,7 5,6 6,7 6,7

.19 0,8 0,8 0,8 1,8 1,8 2,8 2,8 3,8 3,8 4,8 4,7 5,7 5,7 6,7 6,7

.20 0,8 0,8 0,8 1,8 1,8 2,8 2,8 3,8 " A 4,8 4,8 5,8 5,8 6,7 6,7

.21 0,9 0,9 0,9 1,9 1,9 2,9 2,9 3,9 3.,9 4,9 4,8 5,8 5,8 6,8 6,8

.22 0,9 0,9 0,9 1,9 1,9 2,9 2,9 3,9 3,9 4,9 4,9 5,9 5,9 6,9 6,9

.23 0,9 0,9 0,9 1,9 1,9 2,9 2,9 3,9 3,9 3,9 4,9 4,9 5,9 6,9 6,9

.24 0,10 0,10 0,10 1,10 1,10 2,10 -,10 3,10 3,10 3,10 4,10 4,10 5,10 5,10 6,10

.25 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 3,10 4,10 4,10 5,10 5,10 6,10

.26 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 3,11 4,11 4,11 5,11 5,11 6,11

.27 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 3,11 4,11 4,11 5,11 5,11 6,11

.28 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 3,12 4,12 4,12 5,12 5,12 6,12

.29 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 3,12 4,12 4,12 5,12 5,12 6,12

.30 0,13 0,13 0,13 1,13 1,13 2,1%', 2,13 3,13 3,13 3,13 4,13 4,13 5,13 5,13 6,13

.31 0,13 0,13 0,13 1,13 1,13 2,13 2,13 3,13 3,13 3,13 4,13 4,13 5,13 5,13 6,13

.32 o,14 o,14 0,14 1,14 1,14 2,14 2,14 3,14 3,14 3,14 4,14 4,14 5,14 5,14 6,14

.33 0,14 o,14 o,14 1,14 1,14 2,14 2,14 3,14 3,14 3,114 4,14 4,14 5,14 5,14 6,14

.34 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 3,15 4,15 4,15 5,15 5,15 6,15

.35 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 3,15 4,15 4,15 5,15 5,15 6,15

.36 0,16 0,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 3,16 4,16 4,16 5,16 5,16 6,16

.37 0,16 0,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 3,16 4,16 4,16 5,16 5,16 6,16

.38 o,16 0,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 3,16 4,16 4,16 5,16 5,16 6,16

.39 0,17 0,17 0,17 1,17 J,17 2,17 2,17 3,17 3,17 3,17 4,,17 4,17 5,17 5,17 6,17

.40 0,17 0,17 0,17 1,17 1,17 2,17 2,17 3,17 3,17 3,17 4,17 4,17 5,17 5,17 6,17

.41 0,18 0,18 0,18 1,18 148 2,18 2,18 3,18 3,18 3,18 4,18 4,18 5,18 9,18 6,18

.42 0,18 0,18 0,18 1,18 1,18 2,18 2,18 3,18 3,18 3,18 4,18 4,18 5,18 5,18 6,18

.43 0,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 3,19 4,19 4,19 5,19 5,19 6,19

.44 0,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 3,19 4,19 4,19 5,19 5,19 6,19

.45 0,20 0,20 0,20 1,20 1,20 2,20 2,20 3,20 3,20 3,20 4,20.4,20 5,20 5,20 6,20

.46 0,20 0,20 0,20 1,20 1,20 2,20 2,20 3,20 3,20 3,20 4,20 4,20 5,20 5,20 6,20

,47 0,21 0,21 0,21 1,21 1,21 2,21 2,21 3,21 3,21 3,21 4,21 4,21 5,21 5,21 6,21

.48 0,22 0,21 0,22 1,21 1,21 2,21 2,22 3,21 3,21 3,21 4,21 4,22 5,21 5,21 6,21

.49 0,22 0,22 0,22 1,22 1,22 2,22 2,22 3,22 3,22 3,22 4,22 4,22 5,22 5,22 6,22

.90 0,22 0,22 0,22 1,22 1,22 2,22 2,22 3,22 3,22 322 4,22 4,22 5,22 5,22
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I
P2 .16 .17 .18 .9i .20 .21 .22 .23
.02
.03
.04
.05
.06
.07
.08
.09
.10
.11
.12
.13
.14
.15
.16
•17 6,7

.18 6,7 6,7

.19 6,7 7,8 7,8

.20 7,8 7,8 7,8 7,8

.21 7,8 7,8 7,8 8,9 8,9

.22 7,8 7,8 8,9 8,9 8,9 8,9

.23 7,9 7,9 8,9 8,9 8,9 9,10 9,10

.24 7,10 7,9 8,9 8,9 9,10 9,10 9,10 9,10

.25 7,10 7,10 8,10 9,10 9,10 9,10 9,10 9,10

.26 6,11 7,11 8,10 8,10 9,10 9,10 9,10 10,11

.27 6,11 7,11 7,11 8,11 9,11 9,10 10,11 10,11

.28 6,12 7,12 7,12 8,11 9,11 9,11 10,11 10,11

.29 6,12 7,12 7,12 8.12 8,12 9,12 10,12 10,11

.30 6,13 7,13 7,13 8,13 8,12 9,12 10,12 10,12

.31 6,13 7,13 7,13 8,13 8,13 9,13 9,13 10,13

.32 6,14 7,14 7,14 8,14 8,014 9,13 9,13 10,13
.33 6,14 7,14 7,14 8,14 8,14 9,14 9,14 10,14
.34. 6,15 7,15 7,15 8,15 8,15 9,14 9,14 10,14
.35 6,15 7,15 7,15 8,15 8,15 9,15 9,15 10,15
.36 6,16 7,16 7,16 8,15 8,15 9,15 9,15 10,15
.37 6,16 7,16 7,16 8,16 8,16 9,16 9,16 10,16
.38 6,16 7,16 7,16 8,16 8,16 9,16 9,16 10,16
.39 6,17 7,17 7,17 8,1T 8,17 9,17 9,17 10,17
.10 6,17 7,17 7,17 8,17 8,17 9,17 9,17 10,17
.41 6,18 7,18 7,18 8,18 8,18 9,18 9,18 10,18
.42 6,18 7,18 7,18 8,18 8,18 9,18 9,18 10,18
.43 6,19 7,19 7,19 8,19 8,19 9,19 9,19 9,19
.44 6,19 7,19 7,19 8,19 8,19 9,19 9,19 9,19
.45 6,20 7,20 7,20 8,20 8,20 9,20 9,20 9,20
.46 6,20 7,20 7,20 8,20 8,20 9,20 9,20 9,20
.47 6,21 7,21 7,21 8,21 8,21 9,21 9,21 9,21
.148 6,21 7,21 7,21 8,21 8,21 9,21 9,21 9,21
.49 6,22 7,22 7,22 8,22 8,22 9,22 9,22 9,22
.50 6,22 7,22 7,22 8,22 8,22 9,22 9,22 9,22
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THREE GRADES N=45

P2 .24 .25 .26 .27 .28 .29 .30
.02
.03
04
.05
.06
.07
.08
.09
.10

.12

.13

.14

.15

.16

.17

.18

.19

.20

.21

.22

.23

.24

.25 10,11

.26 1.0,11 10,11

.27 10,11 10,11 11,12

.28 10,11 11,12 11,12 11,12

.29 11,12 11,12 11,12 11,12 12,13

.30 11,12 11,12 11,12 12,13 12,13 12,13

.33. 11,12 11,12 12,13 12,13 12,13 12,13 12,13

.32 11,13 11,13 12,13 12,13 12,13 12,13 13,14

.33 10,14 11,14 12,13 .12,14 12,13 13,14 13,1 4

.34 10,14 11,14 12,15 12,14 13,14 13,14 13,14

.35 10,15 11,15 11,15 12,14 13,15 13,14 13,15

.36 10,15 11,15 11,15 12,15 12,15 13,15 14,15

.37 10,6 11,16 11,16 12,16 12,15 13,15 13,15

.38 i0,16 11,16 11,16 12,16 12,16 13,16 13,16

.39 10,17 11,17 11,17 12,17 12,17 13,17 13,16

.4o 10,17 10,18 11,17 11,17 12,17 13,17 13,17

.42 10,18 10,18 11,18 11,18 12,18 12,18 13,18

.42 10,18 10,18 11,18 11,18 12,18 12,18 13,18

.43 10,19 10,19 11,19 11,19 12,19 12,19 13,19

.44 10,19 10,19 11,19 11,19 12,19 12,19 13,19
5 10,20 10,20 11,20 11,20 12,20 12,20 13,20.46 10,20 10,20 11,20 11,20 12,20 12,20 13,20

.47 10,21 10,21 11,21 11,21 12,21 12,21 13,21
.48 10,21 10,21 11,21 11,21 12,21 12,21 13,21
.49 10,22 10,22 11,22 11,22 12,22 12,22 13,22
.50 10,22 10,22 11,22 11,22 12,22 12,22 13,22
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• ' " THREE GRADES N-50

I.a
P2 .01 .02 .03 .04.8 .o9 .10.11 .12 .13 .14 .15

.02 0,2.03 0,1 0 ,i1.
" o4. o,1 o,l o,1 l
i .05 0,1 0,1 0,1 1.2

o..6 o,2 0,2 1,2 1,2 1,2
'".07 0,2 0,2 1,2 1,2 12 2,3

.08 0,3 0,3 0,3 1,3 2,3 2,3 2,3

.09 0,3 0,3 0,3 1,3 2,3 2,3 2,3 3,4
1004 o,4 o, 1,4 2,4 2,3 3,4 3,4 3,4

.11 o:4 o,4 o,4 1,4 2,4 2,4 3,4 3,4 3,4 4,5

.12 0,5 0,5 05 1,5 1,5 2,5 3,5 3,4 4,5 4,5 4,5

.13 o,6 o,6 o,6 1,5 1,5 2,5 3,5 3,5 4,5 4,5 4,5 5,6

.14 o,6 o,6 o,6 1,6 1,6 2,6 3,6 3,6 4,5 4,5 5,6 5,6 5,6.15 0,7 0,T 0,7 1,7 1,7 2,6 3,6 3,6 4,6 5,6 5,6 5,6 6,7 6,7

.16 0,7 0,7 0,7 1,T 1,7 2,7 2,7 3,7 4,7 4,7 5,6 6,7 6,7 6,7 6,7

.17 o,8 o,8 o,8 1,8 1,8 2,8 2,8 3,7 4,7 4,T 5,7 6,7 6,7 6,7 7,8.18 0,8 0,8 0,8 1,6 1,8 2o8 2,8 3,8 4,8 4,,8 5,8 5,8 6,T TO 7,8

.19 0,9 0,9 0,9 .,9 1,9 2,9 2,9 3,9 4,9 4,8 5,8 5,8 6,8 7,8 7,8

.20 0,9 0,9 0,9 1,9 1,9 .2,9 2,9 3,9 3,9 4.,9 5,9 5,9 6,9 7,8 7,8

.21 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 4,10 5,10 5,9 6,9 6,9 7,9

.22 0,10 0,10 0,10 1,10 1,10 2,10 2,10 3,10 3,10 4,10 5,10 5,10 6,10 6,10 7,10

.23 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 4,11 5,11 ,u 6,11 6,10 7,10

.24 0,11 0,11 0,11 1,11 1,11 2,11 2,11 3,11 3,11 4,11 5,11 5,11 6,11 6,11 7,11

.25 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 4,12 4,12 5,12 6,12 6,12 7,12

.26 0,12 0,12 0,12 1,12 1,12 2,12 2,12 3,12 3,12 4,12 4,12 5,12 6,12 6,12 7,12

.27 0,13 0,13 0,13 1,13 1,13 2,13 2,13 3,13 3,13 4,13 4,13 5,13 6,13 6,13 7,13
•.28 013 0,13 0,13 1,13 1,13 2,13 2,13 3,13 3,13 4,13 4,13 5,13 6,13 6,13 7,13
.29 o,14 o,14 0,14 1,14 1,14 2,14 2,14 3,14 3,14 4,14 4,14 5,14 6,14 6,14 7,14
.3o 0,1 0 0,14 1,14 1,14 2,14 2,14 3,14 3,14 4,14 4,14 ,14 6 ,14 6,147,14
.31 0,15 0,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 4,15 4,15 5,15 6,15 6,15 7,i5
.32 0,15 U,15 0,15 1,15 1,15 2,15 2,15 3,15 3,15 4,15 4,51 5,15 6,15 6,15 7,15
.33 o,16 o,16 0,16 1,16 1,16 2,16 2,16 3,16 3,16 4,16 4,16 5,16 6,16 6,16 7,16
.34 0,.6 0,16 o,16 1,16 1,16 2,16 2,16 3,16 3,16 4,16 4,16 5,16 6,16 6,16 7,16
.35 0,17 0,17 1,17 1,17 2,17 2,17 3,17 3,17 4,17 4,17 5,17 6,17 6,17 7,17
.36 0,17 0,1T 0,17 1,17 1,17 2,17 2,17 3,17 3,17 4,17 4,17 5,17 6,1.7 6,17 7,17
.3 0,18 0,18 0,18 1,18 1,18 2,18 2,18 3,18 3,18 4,18 4,18 5,18 6,18 6,18 7,18
.3 0,18 0,18 0,10 1,18 1,18 2,18 2,18 3,18 3,18 4,18 4,18 5,13 6,18 6,18 7,18
.3 0,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 4,19 4,19 5,19 6,19 6,19 7,19
.4 0,19 0,19 0,19 1,19 1,19 2,19 2,19 3,19 3,19 4,19 4,19 5,19 6,19 6,19 7,19
.4 0,20 0,20 0,20 1,20 1,20 2,20 2,20 3,20 3,20 4,20 4,20 5,20 6,20 6,20 7,20
.4 0,20 0,20 0,20 1,20 1,20 2,20 2,20 3,20 3,20 4,20 4,20 5,20 6,20 6,20 7,20
.4 0,21 0,21 0,21 1,21 1,21 2,21 2,21 3,21 3,21 4,21 4,21 5,21 6,21 6,21 7,21
.4 0,21 0,21 0,21 1,21 1,21 2,21 2,21 3,21 3,21 4,21 4,21 5,21 6,21 6,21 7,21
•.4 0,22 0,22 0,22 1,22 1,22 2,22 2,22 3,22 3,22 4,22 4,22 5,22 6,22 6,22 7,22
.4 0,22 0,22 0,22 1,22 1,22 2,22 2,22 3,22 3,22 4,22 4,22 5,22 6,22 6,22 7,22
.'4 0,23 0,23 0,23 1,23 1,23 2,23 2,23 3,23 3,23 4,23 4,23 5,23 6,23 6,23 7,23
.4 0,23 0,23 0,23 1,23 1,23 2,23 2,23 3,23 3,23 4,23 4,23 5,23 6,23 6,23 7,23
.4 0,24 0,24 0,24 1,24 1,24 2,24 2,24 3,24 3,24 4,24 4,24 5,24 6,24 6,24 7,24
.50 0,24 0,24 0,24 1,24 1,24 2,24 2,24 3,24 3,24 4,24 4,24 5,24 6,24 6,24 7,24
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THREE GRADES N=50

P2 .16 .17 .18 ,i9 Pi
.8 .9 .20 .21 .22 .2

.03

.04

.05

.06
.07
.08
.09
.10

.12
.13
14
.15
16

.17 7,8

.18 7,8 7,8

.19 7,8 8,9 8,9
.20 8,9 8,9 8,9 8,9.21 8,9 8,9 8,9 9,10 9,10.22 8,9 8,9 9,10 9,10 9,10 9,10
.23 8,10 8,10 9,10 9,10 9,10 10,11 10,11.24 7,11 8,11 9,10 9,10 10,11 ioii 10,11 10,11.25 7,11 8,11 9,11 9,11 10,11 10,11 10,11 11,12.26 7,12 8,12 8,12 9,12 10,12 10,11 11,12 11,12.2' 7,13 8,13 8,12 9,12 10,12 11,12 . 11,12 11,12.28 7,13 8,13 8,13 9,13 10,13 10,13 11,12 11,12.29 7,14 8,14 8,14 9,14 9,13 10,13 11,13 12,13.30 7,14 8,14 8,14 9,14 9,14 10,14 11,14 11,14.31 7,15 8,15 8,15 9,15 9,15 10,15 10,14 11,14.32 7,15 8,15 8,15 9,15 9,15 10,15 10,15 11,15.33 7,16 8,16 8,16 9,16 9,16 10,16 1,16 11,16•34 7,16 8,16 8,16 9,16 9,16 i0,16 10,16 11,16.35 7,17 8,17 8,17 9,17 9,17 10,iT 10,17 11,17.36 7,17 8,17 8,17 9,17 9,17 10,17 10,17 11,17.37 7,18 8,18 8,18 9,18 9,18 10,18 10,18 11,18.38 7,18 8,18 8,18 9,18 9,18 10,18 10,18 i1,18.39 7,19 8,19 8,19 9,19 9,19 10,19 10,19 11,19.4o 7,19 8,19 8,19 9,19 9,19 10,19 10,19 11,19.41 7,20 8,20 8,20 9,20 9,20 10,20 10,20 11,20.42 7,20 8,20 2,20 9,20 9,20 10,20 10,20 11,20.43 7,21 8,21 8,21 9,21 9,21 10,21 10,21 11,21.44 7,21 8,21 8,21 9,21 9,21 10,21 10,21 11,21.45 7,22 8,22 8,22 9,22 9,22 10,22 10,22 11,22.46 7,22 8,22 8,22 9,22 9,22 10,22 10,22 11.22.47 7,23 8,23 8,23 9,23 9,23 10,23 10,23 11,23.48 7,23 8,23 8,23 9,23 9,23 10,23 10,23 11,23.49 7,24 8,24 8,24 9,24 9,24 10,24 10,24 11,24.50 7,24 8,24 8,24 9,24 9,24 10,24 10,24 11,24
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rI

Pf-

j'n:z'. ."ri. UJ

P2 .24 .25 .26 ; 28 .22 .30
.02
.03
o 04
.05
.o6
.07

K .08
.09
.10.11

.12

.13
.14
.15
.16
.17
.18
.19
.20
.21
.22
.23
.24
.25 11,12
.26 11,12 11,12
.27 11,12 12,13 12,13
.28 12,13 12,13 12,13 12,13
.29 12,13 12,13 12,13 13,14 13,14
.30 12,13 12,13 13,14 13,14 13,14 13,14
.31 12,14 13,14 13,14 13,14 13,14 14,15 14,15
.32 12,15 12,14 13,14 13,14 14,15 14,15 14,15
.33 12,15 12,15 13,15 14,15, 14,15 14,15 15,16
.34 11,16 12,16 13,16 14,15 14,15 14,15 15,16
.35 11,17 12,17 13,16 13,16 14,16 15,16 15,16
.36 11,17 12,17 12,17 13,17 14,17 15,16 15.16
.37 11,18 12,18 12,18 13,18 14,17 14,17 15,17
.38 11,18 12,18 12,18 13,18 1,8 14,18 15,18
.39 11,19 12,19 12,19 13,19 13.19 11.19 15,18
.40 11,19 12,19 12,19 13,19 13,19 14,19 15,19
.141 11,20 12,20 12,20 13,20 13,20 14,20 14,20
.142 11,20 12,20 12,20 13,20 13,20 14,20 14,20
.43 11,21 12,21 12,21 13,21 13,21 14,21 14,21
.44 11,21 12,21 12,21 13,21 13,21 14,21 14,21
.145 11,22 12,22 12,22 13,22 13,22 14,22 114,22
.46 11,22 32,22 12,22 13,22 13,22 14,22 14,22
.A7 11,23 12,23 12,23 13,23 13,23 14,23 14,23
.148 11,23 12,23 12,23 13,23 13,23 14,23 14,23
.49 11,24 12,24 12,24 13,24 13,24 114,24 14,24
.50 11,24 12,24 12,24 13,24 13,24 .4,24 14,24

I
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I I

FOUR GRADES N=50

ACCEPT. ACCEPT. ACCEPT.Pi P2 P3 NOS. Pl ?2 P3 NOS. P1 P2 P3 Nos..o1 .05 .10 0,2,4 .05 .10 .15 2,4,6 .10 .20 .25 4,10,11
.15 0,1,7 .20 2,4,9 .30 4,9,.14 '.20 0,1,9 .25 2,4,12 .35 4,9,17.25 0,1,12 .30 2,4,14 .40 4,9,19.30 0,1,14 .35 2,4,17 .45 4,9,22.35 0,1,17 .40 2,4,19 .50 4,9,24.40 0,1,19 .45 2,4,22
.45 0,1,22 .50 2,4,24 .25 .30 4,12,13.50 0,1,24 .35 4,12,17

.15 .20 1,7,8 .40 4,12,19.10 .15 0,5,6 .25 1,7,12 .45 4,12,22.20 0,4,9 .30 1,7,14 .50 4,12,24-
.25 0,4,12 .35 1,7,17.30 0,4, .40 1,7,19 .30 .35 4,15,16
.35 0, 4,7 .45 1,7,22 .40 4,15,19.40 0,4,19 .50 1,7,24 .45 4,14 2.45 0,o4,22 .50 4,:.4,24
.50 0,4,24 .20 .25 1,10,1i

.30 1,9,14 .15 .20 .25 7,9,10..15 .20 0,7,8 .35 1,9,17 .30 7,8,14.25 0,7,12 .40 1,9,19 .35 7,8,17•30. 0,T,14 .45 1,9,22 .40 7,8,19.35 0,7,17 .50 1,9,24 .45 7,8,22.40 0,7,19 .50 7,8,24
.45 0,7,22 .25 .30 1,12,13
.50 0,7,24 .35 1,12,17 .25 .30 7,12,13

.40 1,12,19 .35 7,12,17.20 .25 0,10,11 .45 1,12,22 .40 7,12,19.30 0,9,14 .50 1,12,24 .45 7,12,22
.35 0,9,17 .50 7,12,24
.40, 0,9,19 .30 .35 1,15,16.45 0,9,22 .40 1,15,19 .30 .35 7,15,16.50 0,9,24 .45 1,14,22 .40 7,15,19

.50 1,14,24 .45 7,14,22.25 .30 0,12,13 .50 7,14,24
.35 0,12,17
.40 012,19 .20 .25 .30 10,12,13.45 0,12,22 .10 .15 .20 5 7,8 .35 10,11,17.50 0,12,24 .25 5,4,12 .40 10,11,19

.30 5,6,14 .45 10,11,22.30 .35 0,15,16 .35 5,6,17 .50 10,11,24.40 0,15,19 .40 5,6,19.45 0,14,22 .45 5,6,22 .30 .35 9,15,L6.50 0,14,24 .50 5,6,24 .4o 9,14,19
.45 9,14,22
.50 9,14,24
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FOUR GRADES Nw60

ACCEPT. ACCEPT. ACCEPT.
Pl P2 P3 NOS. P1 P2 P3 NOS. P1 P2 P3 NOS.
.01 .05 .10 0,2,5 .05 .10 .15 2,5,8 .10 .20 .25 5,12,13

.15 0,2,8 .20 2,5,11 .30 5,11,1T

.20 0,2,11 .25 2,5,14 .35 5,11,20

.25 0,2,14 .30 2,5,17 .40 5,11,23

.30 0,2,1'f .35 2,5,20 .45 5,11,26

.35 0,2,20 .40 2,5,23 .50 5,11,29
•140 0,2,23 .45 2,5,26
.45 0,2,26 .50 2,5,29 .25 .30 5,15,16
.50 0,2,29 .35 5,114,20

.15 .20 2,9,10 .4o 5,14,23
.10 .15 0,5,8 .25 2,8,14 .45 5,14,26

.20 0,5,11 .30 2,8,17 .50 5,14,29

.25 0,5,14 .35 2,8,20

.30 0,5,17 .40 2,8,23 .30 .35 5,18,19

.35 0,5,20 .45 2,8,26 .40 5,18,23

.4o 0,5,23 .50 2,8,29 .45 5,17,26

.45 0,5,26 .50 5,17,29

.50 0,5,29 .20 .25 2,12,13
.30 2,11,17 .15 .20 .25 9,11,13

.15 .20 0,9,10 .35 2,11,20 .30 9,10,17
.25 0,8,14 40 2,11,23 .35 9,10,20
.30 0,8,17 .45 2,11,26 .AO 9,10,23
.35 0,8,20 .50 2,11,29 .45 9,10,26
.10 0,8,23 .50 9,10,29
.145 0,8,26 .25 .30 2,15,16
.50 0,8,29 .35 2,14,20 .25 .30 8,15,16

.40 2,14,23 .35 8,14,20
.20 .25 0,12,13 .45 2,14,26 .4O 8,14,23

.30 0,11,17 .50 2,14,29 .45 8,14,26

.35 0,11,20 .50 8,14,29

.4o 0,11,23 .30 .35 2,18,19

.45 0,11,26 .40 2,18,23 .30 .35 8,18,19

.50 0,11,29 .45 2,17,26 .40 8,17,23
.50 2,17,29 .45 8,17,26

.25 .30 0,15,16 .50 8,17,29
.35 o,14,20
.1O 0,14,23 .20 .25 .30 12,14,16
.45 0,14,26 .10 .15 .20 5,8,10 .35 12,13,20
.50 0,14,29 .25 5,8,14 .4o 12,13,23

.30 5,8,17 .45 12,13,26
.30 .35 0,18,19 .35 5,8,20 .50 12,13,29

.40 0,18,23 .40 5,8,23

.45 0,17,26 .45 5,8,26 .30 .35 11,18,19

.50 0,17,29 .50 5,8,29 .4o 11,17,23
.4h5 11,17,26
.50 11,17,29
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FOUR GRAuks N=70

ACCEPT. ACCEPT. ACCEPT.
PI P2 P3 NOS. PI P2 P3 NOS. P1 P2 P3 NOS.

.01 .or .10 0,3,6 .05 .10 .15 3,6,9 .10 .20 .25 6,14,i
.15 0,2,10 .20 3,6,13 .30 6,13,20 j
.20 0,2,13 .25 3,6,17 .35 6,13,24
.25 0,2,17 .30 3,6,20 .4o 6,13,27 A
.30 0,2,20 .35 3,6,24 .45 6,13,31
.35 0,2,24 .4o 3,6,27 .50 6,13,34
.40 0,2,27 .45 3,6,31
.45 0,2,31 .50 3,6,34 .25 .30 6,18,19
.50 0,2,34 .35 6,17,24

.15 .20 2,10,12 .4o 6,17,27
.10 .15 0,6,9 .25 2,10,17 .45 6,17,31

.20 0,6,17 .35 2,10,24

.30 0,6,20 .40 2,10,27 .30 .35 6,22,23

.35 0,6,24 .45 2,10,31 .4O 6,20,27

.4o 0,6,27 .50 2,10,34 .45 6,20,31

.45 0,6,31 .50 6,20,34

.50 0,6,34 .20 .25 2,14,16
.30 2,13,20 .15 .20 .25 10,13,16

.15 .20 0,10,12 .35 2,13,24 .30 10,12,20
.25 0,10,17 .40 2,13,27 .35 10,12,24
.30 0,10,20 .45 2,13,31 .40 10,12,27
.35 0,10,24 .50 2,13,34 .45 10,12,31
.4O 0,10,27 .50 10,12,34
.45 0,10,31 .25 .30 2,18,19
.50 0,10,34 .35 2,17,24 .25 .30 10,18,19

.40 2,17,27 .35 10,17,24
.20 .25 o,14,16 .45 2,17,31 .40 10,17,27

.30 0,13,20 .50 2,17,34 .45 10,17,31

.35 0,13,24 .50 10,17,34

.40 0,13,27 .30 .35 2,22,23

.45 0,13,31 .4O 2,20,27 .30 .35 10,22,23

.50 0,13,34 .45 2,20,31 .4O 10,20,27
.50 2,20,34 .45 10,20,31

.25 .30 0,18,19 .50 10,20,34
.35 0,1724
.40 0,17,27 .20 .25 .30 14,17,19
.45 0,17,31 .10 .15 .20 6,10,12 .35 14,16,24
.50 0,17,34 .25 6,9,17 .4o 14,16,27

.30 6,9,20 .45 1i,16,31
.30 .35 0,22,23 .35 6,9,24 .50 14,16,34

.40 0,20,27 .40 .6,9,27

.45 0,20,31 .45 6,9,31 .30 .35 13,21,22

.50 0,20,34 .50 6,9,34 .4O 13,20,27
.45 13,20,31
.50 13,20,34
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FOUR GRADES N-80

ACCEPT. AC .T. ACCEPT.
P1 P2 P3 NOS. Pl P2 P3 NOS. P1 P2 P3 NOS.
.01 .05 .10 0,3.7 .05 .10 .15 3,7.11 .10 .20 .25 7,16,18

.15 0,3,11 .20 3,7,15 .30 7,15,23

.20 0,3,15 .25 3,7,19 .35 7,15,27

.25 0,3,19 .30 3,7,23 .40 7,15,31

.30 0,3,23 .35 3,7,27 .45 7,15,35

.35 0,3,27 .40 3,7,31 .50 7,15,39

.40 0,3,31 .45 3,7,35

.45 0,3,35 .50 3,7,39 .25 .30 7,20,22

.50 0,3,39 .35 7,19,27
.15 .20 3,12,14 .40 7,19,31

•10 .15 0,7,11 .25 3,11,19 .45 7,19,35
.20 0,7,15 .30 3,11,23 .50 7,19,39
.25 0,7,19 .35 3,11,27
.30 0,7,23 .40 3,11,31 .30 .35 7,24,26
.35 0,7,27 .45 3,11,35 .40 7,23,31
.40 0,7,31 .50 3,11,39 .45 7,23,35
.45 0,7,35 .50 7,23,39
•50 0,7,39 .20 .25 3,16,18

.30 3,15,23 .15 .20 .25 12,15,18
.15 .20 0,12,14 .35 3,15,27 .30 12,14,23

.25 0,11,19 .40 3,15,31 .35 12,14,27

.30 0,11,23 .45 3,15,35 .10 12,14,31

.35 0,11,27 .50 3,15,39 .45 12,14,35

.140 0,11,31 .50 12,14,39

.45 0,11,35 .25 .30 3,20,22

.50 0,11,39 .35 3,19,27 .25 .30 11,20,22
.140 3,19,31 .35 11,19,27

.20 .25 0,16,18 .45 3,19,35 .40 11,19,31
.30 0,15,23 .50 3,19,39 .45 11,19,35
•35 0,15,27 .50 11,19,39
.40 0,15,31 .30 .35 3,24,26
.45 0,15,35 .40 3,23,31 .30 .35 11,24,26
.50 0,15,39 .45 3,23,35 .4o 11,23,31

.50 3,23,39 .45 11,23,35
.25 .30 0,20,22 .50 11,23,39

.35 0,19,27

.4o 0,19,31 .20 .M5 .30 16,19,22
.145 0,19,35 '.10 .15 .20 7,12,14 .35 16,18,27
.50 0,1939 .25 7,11,19 .40 16,18,31

.30 7,11,23 .45 16,18,35
.30 .35 0,24,26 .35 7,11,27 .50 16,18,39

.o0 0,23,31 .40 7,11,31

.45 0,23,35 .45 7,11,35 .30 .35 15,24,26

.50 0,23,39 .50 7,11,39 .40 15,23,31
.45 15,23,35
.50 15,23,39
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I

FOUR GRADES N=90 I
ACCEPT. ACCET. ACCEPT.

P1 P2 P3 NOS. P1 P2 P3 NOS. P P2 P3 NOS.

.01 .05 .10 0,4,8 .05 .10 .15 4,8,12 .10 .20 .25 8,18,21

.15 0,3,13 .20 4,8,17 .30 8,17,26

.20 0,3,17 .25 4,8,22 .35 8,17,31

.25 0,3,22 .30 4,8,26 .40 8,17,35

.30 0,3,26 .35 4,8,31 .45 8,17,40

.35 0,3,31 .40 4,8,35 .50 8,17,44

.40 0,3,35 .45 4,8,4o

.45 0,3,40 .50 4,8,44 .25 .30 8,23,25

.50 0,3,44 .35 8,22,31
.15 .20 3,13,16 .40 8,22,35

.10 .15 0,8,12 .25 3,13,22 .45 8,22,40
.20 0,8,17 .30 3,13,26 .50 8,22,44
.25 0,8,22 .35 3,13,31
.30 0,8,26 .40 3,13,35 .30 .35 8,27,29
.35 0,8,31 .45 3,13,40 .40 8,26,35
.4O 0,8,35 .50 3,13,44 .45 8,26,40
.45 0,8,40 .50 8,26,44
.50 0,8,44 .20 .25 3,18,21

.30 3,17,26 .15 .20 .25 13,17,21
.15 .20 0,13,16 .35 3,17,31 .30 13,17,26

.25 0,13,22 .40 3,17,35 .35 13,16,31

.30 0,13,26 .45 3,17,40 .40 13,16,35

.35 0,13,31 .50 3,17,44 .45. 13,16,40

.4o 0,13,35 .50 13,16,44

.45 0,13,40 .25 .30 3,23,25

.50 0,13,44 .35 3,22,31 .25 .30 13,23,25
.40 3,22,35 .35 13,22,31

.20 .25 0,18,21 .45 3,22,40 .40 13,22,35
.30 0,17,26 .50 3,22,44 .45 13,22,40
•35 0,17,31 .50 13,22,44
.4o 0,17,35 .30 .35 3,27,29
.45 0,17,40 .40 3,26,35 .30 .35 13,27,29
.50 0,1T,44 .45 3,26,40 .40 13,26,35

.50 3,26,44 .45 13,26,40
.25 .30 0,23,25 .50 13,26,44

.35 0,22,31

.40 0,22,35 .20 .25 .30 18,23,25

.45 0,22,40 i0 .15 .20 8,13,16 .35 18,22,31

.50 0,22,44 .25 8,12,22 .40 18,22,35
.30 8,12,26 .45 18,22,40

.30 .35 0,27,29 .35 6,12,31 .50 38,22,44
.40 0,26,35 .40 8,12,35
.45 0,26,40 .45 8,12,40 .30 .35 17,27,29
.50 0,26,44 .50 8,12,44 .4o 17,26,35

.45 17,26,40

.50 17,26,44

105



I
FOUR GRADES N=1O0

ACCEPT. ACCEPT. ACCEPT.

P1 P2 P3 N O3. P2 P3 NOS6 ! I P

.01 .05 .10 0,4,9 .05 .10 .15 4,9,14 .10 .20 25 9,2u,23

.15 0,4,14 .20 4,9,19 .30 9,19,29

.20 0,4,19 .25 4,9,24 .35 9,19,34

.25 0,4,24 .30 4,9,29 .40 9,19,39

.30 0,4,29 .35 4,9,34 .45 9,19,44
435 0,4,34 .40 4,9,39 .50 9,19,49

.40 0,4,39 .45 4,9,44

.45 0,4,44 .50 4,9,49 .25 .30 9,25,28

.50 0,4,49 .35 9,24,34

.15 .20 4,15,19 .40 9,24,39

.10 .15 0,9,14 .25 4,14,24 .45 9,24,44

.20 0,9,19 .30 4,14,29 .50 9,24,49

.25 0,9,24 .35 4,14,34

.30 0,9,29 .40 4,14,39 .30 .35 9,29,33

.35 0,9,34 .45 4,14,44 .40 9,29,39

.40 0,9,39 .50 4,14,49 .45 9,29,44

.45 0,9,44 .50 9,29,49

.50 0,9,49 .20 .25 4,20,23
.30 4,19,29 .15 .20 .25 15,19,23

.•15 .20 0,15,19 .35 4,19,34 .30 15,19,29

.25 0,14,24 .40 4,19,39 .35 15,19,34

.30 0,14,29 .45 4,19,44 .40 15,19,39

.35 0,14,34 .50 4,19,49 .45 15,19,44

.40 0,14,39 .50 15,19,49

.45 o,14,44 .25 .30 4,25,28

.50 o,14,49 .35 4,24,34 .25 .30 15,25,28
.40 4,24,39 .35 15,24,34

.20 .25 0,20,23 .45 4,24,144 .40 15,24,39

.30 0,19,29 .50 4,24,49 .45 15,24,44

.35 0,19,34 .50 15,24,49

.40 0,19,39 .30 .35 4,29,33

.45 0,19,44 .40 4,29,39 .30 .35 14,29,33

.50 0,19,49 .45 4,29,44 .40 14,29,39
.50 4,29,49 .45 14,29,44

.25 .30 0,25,28 .50 14,29,49

•35 0,24,34
.40 0,24,39 .20 .25 .30 19,24,28

.45 0,24,44 .10 .15 .20 9,15,19 .35 19,23,34

.50 0,24,49 .25 9,14,24 .40 19,23,39
.30 9,14,29 .45 19,23,44

.30 .35 0,29,33 .35 9,14,34 .50 19,23,49
.40 0,29,39 .40 9,14,39
.45 0,29,44 .45 9,14,44 .30 .35 19,29,33

.50 0,29,49 .50 9,14,49 .40 19,29,39
.245 19,29,44
.50 19,29,49
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FOUR GRADES N=125

ACCEPT. 'CCEPT. ACCEPT.
P1 P2 P3 NOS. P1 P2 P3 NOS. P1 P2 P3 NOS.

.01 .05 .10 0,5,11 .05 .10 .15 5,12,17 .10 .20 .25 11,25,29
.15 0,5,18 .20 5,11,24 .30 11,24,36
.20 0,5,24 .25 5,11,30 .35 11,24,43
.25 0,5,30 .30 5,11,36 .40 11,24,49
.30 0,5,36 .35 5,11,43 .45 11,24,55
.35 0,5,43 .40 5,11,49 .50 11,24,61
.40 0,5,49 .45 5,11,55
.45 0,5,55 .50 5,11,61 .25 .30 11,31,36
.50 0,5,61 .35 11,31,43

.15 .20 5,18,23 .40 11,31,49
.10 .15 0,11,18 .25 5,18,30 .45 11,31,55

.20 0,11, 14 .30 5,18,36 .50 11,31,61

.25 0,11,30 .35 5,18,43

.30 0,11,36 .40 5,18,49 .30 .35 11,37,42
35 0,11,43 .45 5,18,55 .40 11,37,49

.40 0,11,49 .50 5,18,61 .45 11,37,55.45 0,11,55 .50 11,37,61

.50 0,11,61 .20 .25 5,25,29
.30 5,24,36 .15 .20 .25 18,24,29

".15 .20 0,18,23 .35 5,24,43 .30 18,24,36
.1 .25 0,18,30 .40 5,24,49 .35 18,24,43

.30 0,18,36 .40 5,24,55 .40 18,24,49

.35 0,18,43 .50 5,24,61 .45 18,24,5

.40 0,18,49 .50 18,24,61

.45 0,18,55 .25 .30 5,31,36: .50 0,18,61 .35 5,31,43 .25 .30 18,31,36

.4C 5,31,49 .35 18,31,43
.20 .25 0,25,29 .45 5,31,55 .40 18,31,49

S.30. 0,24,36 .50 5,31,61 .45 18,31,55

.35 0,24,43 .50 18,31,61

.40 0,24,49 .30 .35 5,37,42•45 0,24,55 .40 5,37,49 .30 .35 18,37,42

.50 0,24,61 .45 5,37,55 .40 18,37,49
.50 5,37,61 .45 18,37,55

•.25 .30 0,31,36 .50 18,37,61

.35 0,31,43

.40 0,31,49 .20 .25 .30 24,30,36
•.45 0,31,55 .10 .15 .20 12,18,23 .35 24,30,43

.50 0,31,61 .25 11,18,30 .40 24,30,49
.30 11,18,36 .45 24,30,55

•30 .35 0,37,42 .35 11,18,43 .50 24,30,63

.40 0,37,49 .40 11,18,49

.45 0,37,55 .45 11,18,55 .30 .35 24,37,42
•.50 0,37,61 .50 ii,18,61 .40 24,37,49

.45 24,37,55

.50 24,37,61
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FOUR GRADES N=150

ACCEPT. ACCEPT. ACCEPT.
P1 P2 P3 NOS. P1 P2 P3 NOS. P1 P2 P3 NOS.
.01 .05 .10 0,6,14 .05 .10 .15 6,14,21 .10 .20 .25 7,29,36

.15 0,6,21 .20 6,14,29 .30 14,29,44

.20 0,6,29 .25 6,114,36 .35 14,29,51

.25 0,6,36 .30 6,14,44 .40 14,29,59

.30 0,6,44 .35 6,14,51 .45 14,29,66

.35 0,6,51 .40 6,14,59 .50 .4,29,74

.40 0,6,59 .45 6,14,66

.45 0,6,66 .50 6,14,74 .25 .30 14,37,43

.50 0,6,7" .35 14,37,5.
.15 .20 6,22,29 .40 14,37,59

.10 .15 o,14,21 .25 6,22,36 .45 14,37,66
.20 0,14,29 .30 6,22,44 .50 14,37,7b
.25 0,14,36 .35 6,22,51
.30 0,14,44 .A0 6,22,59 .30 .35 14,44,51
.35 0,14,51 .45 6,22,66 .40 14,44,59
.A0 o,14,59 .50 6,22,74 .45 14,44,66
.45 0,14,66 .50 14,44,74
.50 0,14,74 .20 .25 6,29,36

.30 6,29,44 .15 .20 .25 21,29,36
.15 .20 0,22,29 .35 6,29,51 .30 21,29,44

.25 0,22,36 .40 6,29,59 .35 21,29,51

.30 0,22,44 .45 6,29,66 .40 21,29,59

.35 0,22,51 .50 6,29,74 .45 21,29,66

.140 0,22,59 .50 21,29,74

.45 0,22,66 .25 .30 6,37,43

.50 0,22,74 .35 6,37,51 .25 .30 21,37,43
.40 6,37,59 .35 21,37,51

.20 .25 0,29,36 .45 6,37,66 .40 21,37,59
.30 0,29,44 .50 6,37,74 .45 21,37,66
.35 0,29,51 .50 21,37,74
.4o 0,29,59 .30 .35 6,44,51
.45 0,29,66 .4O 6,44,59 .30 .35 21,44,51
.50 0,29,74 .45 6,44,66 .40 21,44,59

.50 6,44,74 .145 21,44,66
.25 .30 0,37,4 .50 21,44,74

.35 0,37,5

.40 0,37,5 .20 .25 .30 29,37,43
•45 0,37,6 .10 .15 .20 14,22,29 .35 29,37,51
.50 0,37,71 .25 14,22,36 .40 29,37,59

.30 14,22,44 .45 29,37,66
.30 .35 0,44,51 .35 14,22,51 .50 29,37,74

.40 0,44,3 .. 40 14,22,59

.45 o,44,66 .45 14,22,66 .30 .35 29,44,51

.50 o,414.7 .50 14,22,74 .40 29,44,59
.45 29,44,66
.50 29,44,74
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I

FOUR GRADES N=200

ACCEPT. ACCEPT. ACCEPTP1 P2 P3 NOS. P1P2 P3 N0S P. P2 P3 NOS..01 .05 .10 1,9,19 .05 .10 .15 9,19,29 .10 .20 .25 19,39,4.5 1,9,29 .20 9,19,39 .30 19,39,59.20 ,9,39 .25 9,19,49 .35 19,39,69.25 1,9,49 .30 9,19,59 .40 19,39,79.30 1,9,59 .35 9,19,69 .45 19,39,89235 1,9,69 .40 9,19,79 .50 19,39, 9
.40 1,9,79 .45 9,19,89.45 1,9,89 .50 9,19,99 .25 .30 19,49,59
.50 1,9,99 .35 19,49,69

.15 .20 9,29,39 .40 19,49,79.10 .25 1,19,29 .25 9,29,49 .35 19,49,89

20 1,19,29 .30 9,29,59 .50 19,49,99
.25 1,19,49 .35 9,29,69
.30 1,19,59 .40 9,29,79 .30 .35 19,59,9

:35 1,19,691 .45 9,29,89 .40 19,59,79
.40 1,19,79 .50 9,29,99 .45 19,59,89
.45 1,19,89 .50 19,59,99
.50 1,19,99 .20 .25 9,39,49

.30 9,39,59 15 .20 .25 29,39,49.15 .20 1,29,39 .35 9,39,69 .30 29,39,59.25 1,29,49 .40 9,39,79 .35 29,39,69
.30 1,29,59 .45 9,39,89 .40 29,39,79.35 1,29,69 .50 9,39,99 .45 29,39,89.40 1,29,79 .50
.45 1,29,89 .25 .30 9,49,59.50 1,29,99 .35 9,49,69 .25 .30 29,49,59

.40 9,49,79 .35 29,49,69.20 .25 1,39,49 .45 9,49,89 .40 29,49,79
.30 1,39,59 .50 9,49,9g .45 29,49,89
.35 1,39,69 

.50 29,49,99
.40 1,39,79 .30 .35 9,59,69.45 1,39,89 .40 9,59,79 .30 .35 29,59,69.50 1,39,99 .45 9,59,89 .40 29,59,79

-2S .30 1,49,59 .50 9,59,99 .45 29,59,89.50 29,59,99
.35 1,49,69 .10 .I5 .20 19,29,39.40 1,49,79 .25 19,29,49 .20 .25 .30 39,49,59.45 1,49,89 .30 19,29,59 .35 39,49,69.50 1,49,99 .35 29,29,69 .40 39,49,79

.40 19,29,79 .45 39,49,89.30 .35 1,59,69 .45 19,29,89 .50 39,49,99.40 2,59,79 .50 19,29,99
.45 1,59,89 

.30 .35 39,59,69.50 1,59,99 
.40 39,59,79

.45 39,59,89

.50 39,59,99
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FOUR GRADES N=300

ACCEPT. ACCEPT.

P1 P2 P3 NOS. Pl P2 P3 NOS. P1 P2 P3 NOS.
.01 .05 .10 2,1i ,29 .05 .0 .15 14,29,44 . . . f .25 2.59,74--

.15 2,14,44 .20 14,29,59 .30 29,59,89

.20 2,1t,59 .25 14,29,74 .35 29,59,104

.25 2,14,74 .30 14,29,89 .40 29,59,119

.30 2,14,89 .35 14,29,104 .45 29,59,134

.35 2,14,104 .40 14,29,119 .50 29,59,149

.40 2,14,11 .45 14,29,134

.45 2,14,134 .50 14,29,149 .25 .30 29,74,89

.50 2,14,14 .35 29,74,104
.15 .20 14,44,59 .40 29,74,119

.10 .15 2,29,44 .25 14,44,74 .45 29,74,134
.20 2,29,59 .30 14,44,89 .50 29,74,149
.25 2,29,74 .35 14,44,10
.30 2,29,89 .40 14,44,119 .30 .35 29,89,104
.35 2,29,10 .45 14,44,134 .40 29,89,119
.40 2,29,11 .50 14,44,149 .45 29,89,134
.45 2,29,134 .50 29,89,149
.50 2,29,149 .20 .25 14,59,74

.30 14,59,89 .15 .20 .25 44,59,74
.15 .20 2,44,59. .35 14,59,104 .30 44,59,89

.25 2,44,74 .40 14,59,119 .35 U4,59,104

.30 2,44,89 .45 14,59,134 .40 44,59,119

.35 2,44,104 .50 14,59,149 .45 44,59,134

.40 2,44,119 .50 44,59,149

.45 2,44,134 .25 .30 14,74,89

.50 2,44,149 .35 14,74,104 .25 .30 44,74,89
.40 14,74,119 .35 44,74,104

.20 .25 2,59,74 .45 14,74,134 .40 44,74,119
.30 2,59,89 .50 14,74,149 .45 44,74,134
.35 2,59,104 .50 44,74,149
.40 2,59,119 .30 .35 14,89,10
.45 2,59,134 .40 14,89,119 .30 .35 44,89,104
.50 2,59,149 .45 14,89,134 .40 44,89,119

.50 14,89,149 .45 44,89,134
.25 .30 2,74,89 .50 44,89,149

.35 2,74,10 .10 .15 .20 29,44,59

.40 2,74,119 .25 29,44,74 .20 .25 .30 59,74,89

.45 2,74,134 .30 29,44,89 .35 59,74,104

.50 2,74,149 .35 29,44,104 .40 59,74,119
.40 29,44,119 .45 59,74,134

.30 .35 2,89,104 .45 29,44,134 .50 59,74,149
.40 2,89,119 .50 29,44,149
.45 2,89,134 .30 .35 59,89,104
.50 2,89,149 .40 59,89,119

.45 59,89,134

.50 59,89,149
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THE ABBA SEQUENCE:

A PROCEDURE FOR COMPARISON TESTING

Arthur Pllersdorf
Terminal Ballistics Division
Ballistic Research Laboratory

Aberdeen Proving Ground, Maryland

This paper introduces, if not a novel* concept, certainly a new

acronym: ABBA, more precisely, A-B-B-A.

ABBA is an acronym and, as will be seen shortly, a mnemonic term.

The ABBA sequence is discussed here as an alternative to the AB method.

The latter term describes an accepted and effective comparison procedure -

repeated alternation. It is the sequential procedure usually followed in

comparing representative items of two batches, A and B. The two syllables

formed by the letter sequence A-B-B-A, may be vocalized, although "ABBA"

is not an English word. The letters, ABBA however, show the critical

difference in the implied pattern. In contrast to the unidirectional

A-B-A-B, etc., ABBA is an iterative doubling back In a sequence of four

operations, let two each be applied to two populations, A and B. Then the

sequence looks like:

A B

1 2 (a)

SUMS: 5 5

(NOTE: The numbers in the columns, the ktIs are, strictly

speaking, ordinal rather than cardinal numbers.)

*We learned at this Conference, at the lunch table, to be exact, that what
we call the ABBA sequence was applied at the National Bureau of Standards
many years ago.
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The A-B comparison process is not periodic or cyclic. It starts I
at t hs left a-d moves right; then again at the left, thence to the right,

viz.:

A B
1 2
3 4 (b)

SUMS: 4

The purpose of the AIM sequence is to improve confidence limits.

These confidence limits are not of the fiducial, or statistical variety.

Rather, these limits are of the human variety, and refer to the confidence

of three groups in the experimental data of mutual Interest. These groups

are: the experimenters, the technicians and, of course, the statisticians.

The procedure we propose will be recognized in its fundamental logic

as related to the statistical principle of blocking. This blocking principle

is exemplified in Latin and Graeco-Roman squares or similar planned arrays*

of experimental data. It is our view that our procedure is a prior fundamen-

tal. It tells how to obtain the data which is later treated better, from

the statistical viewpoint. The experiential basis of the proposal my be

singularly our own, but we doubt this very much.

Our underlying postulates are these:

1. Measuring a physical property, injecting a chemical, or shooting

a sample of amunition is equivalent, sut generis, to experimental treatment.

Hence, plural measurements (treatments) and population samples are combina-

tions.
'see, for eumle, the Youden rectangle concept.
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2. The uncertainties of temperament, temperature, and time, give

rise to sources of error, bias, and sequential or cumulative effects.

3. Firing a gun, of any caliber, inserts heat int., a dynamic system.

Thermal energy transfer may cause changes in such kinetic parameters as

velocity, yawing motion, or recoiling motion. These effects are known in

ballistics. Hence, we view each shot as a treatment.

4. Planting seeds in each of several plots (2 sampling each ground

lot) is also a treatment. Let all its' seeds be planted first in one plot,

and then its' seeds be planted in the second area of soil. Our view is

that the seed of the first plot was "treated" differently. It might be in

colder soil longer, or have more time to absorb initial moisture. Also,

during the planting of Plot 1, the "planter" may have lost or increased its

tension. The "planter" may be a human being, or a mechanical device in-

corporating control cables and springs. Tension is still tension.

5. Therefore, 'it is desirable that similar times shall have elapsed

during the seeding (treatment) of all three plots of ground.

6. As a first approximation, the sums of the ordinal integers, in

plain English - the step numbers, should be as nearly equal as we choose.

The equalities may be required at any time during or after the experiment

(see (a) on the first page of this article).

7. A first choice is that the sums of the ordinal numbers (the

cumulative sum of the sequential positions) at the end of an experimental

interval shall be equal. If columns are lots and rows are samples, then

the sums of columns A, B, etc. (Sk ) should be equal*.

WEpilogue: We were pleased to hear Dr. Youden recall how he had once worked
on this equality of column sums and had found the attempt had been
made for another purpose in an old math book.
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8. More generally, we may prefer that the total time intervals of

the preceding treatments, or sequence summations, are equal. This would

mean that the sums of the columns across as many rows, from the second row

to the last, should be equal. We shall see that we can have this half the

time.

From the foregoing, a basic value judgment can be inferred. In an

ABAB comparison, the time intervals within a column are equal. These are

the tinv Intervals between successive samples within the group or lot. The

test samples of A:-I, 3, 5, and B:-2, 4, 6, have equal chances of something

going wrong, intime, within the groups, A and B, But the environment, equip-

ment and personnel are also subject to error-random or otherwise. We choose

to equalize the error sources - time, temperature, and, psychologically,

temperament. These nmy affect the sample behavior more than its standby time.

Finally, if we study the array in (d) below, we see a singular difference

between ABBA and ABAB. Both are alike in that samples precede and follow the

others, one treatment at a time (A-l precedes B-2; B-2 follows Al; and precedes

A-3, etc.). But In the ABBA sequence, equal members of treatments In both

columns precede and follow another treatment (position or ordinal integer)

within the column. In brief (cf (d)), there are pairs in the columns.

Our value judgment of vertical pairing for achieving better balance,

I.e., less cumulative, sequential bias, is supported by C. C. Li (1):

"The criterion for balanced sequences is that every treatment is

preceded nr followed by all the other treatments, the same number of times."

The foregoing is cited as an advantage of alternate pairing with only

two populations or lots (A and B). With three or more lots, (columns), the

114



pairing is found only in the extreme or "doublinq-back" columns: 1.'.;

under A and C only:

A B C

1 2 3

6 5 4 (c)

7 8 9

12 11 10

Ek1  26 26 26

ON THE ASPECT OF SAMPLE SIZE

If the sample number per 'ot, r, is very large, the difference in the

sums of the ordinal numbers under A and B (Ekt) becomes relatively small.

If the total number is forty, twenty samples per column, or lot, then dalet*

40 or <40 -4411 . 820. Since every element In the B column Is one greater

than that in the same row in A, ZA1 + 20 a EB, and EA m 400, ZBi - 420.

The final difference, 20, is only 5 percent of the 1At. For N w 60, the

percentage difference is even less. Hence, for the final cumulative effect,

an A-B-A-B may be just as good as an ABBA sequence. But, who has tested or

compared thirty pairs of experimental Nike-Hercules motors In one day? -

under "steady-state" conditions? - with a priori certainity that the experi-

ment will be completed?

The advantage of ABBA comes when there are interruptions, either

unforeseen or scheduled.

THE ABBA SEQUENCE AND THE DIAGONAL SEQUENCE

As indicated previously, the ABBA sequence has several features of

interest. For two samples, usually a standard and an experimental sample,

*See Dalet N and the ABBA Sequence, below.
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the ABBA sequence is an iteration of the staggered diagonal cycle. This

is seen in the following array:

A B

1 2

4 3

5 6
8 7 (d)

9 10

12 11
zkt  39 39

In the two column array above, starting at A and ending at B is the

first swing. Starting the next cycle at B, the 2nd column, and completing

the cycle by advancing to the next vacancy in the row, terminates at A. If

we havea series of columns, k, equal in number to the rows, r, we can have

a staggered cycling sequence which provides a diagonal of starting points,

e.g.:

CASE 5 X 5

A B C D E
1 2 3 4 5

10 5 7 8 9

14 15 11 12 13 •e)

18 19 20 16 17

22 23 24 25 21
-k 65 65 65 65 65

The diagonal (1, 6, 11, 16, 21) gives us an r X k square.

Thus, if r a k, even if r is odd, we can attain the desired equality

of finl column sums. This staggered cycling, or diagonal inception of
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I
each succeeding row, is found in Youden's rectangle. ii

Fc- Lhuse who my insist on the repeated alternating cycle (A-B, A.B),

for whatever reasons, the following is reassuring: A two-population A.BA

sequence is nearly a repeated A-B. View the second and third (under B) as

one sample (of two items) and the fturth and fifth steps (under A) as the

other sample of two items. We are then testing alternate pairs. The

difference is that we begin with singleton A (Al), and end with singleton

B (ON), when the sample number for A equals that of B.

(Recall: A B

(singleton) 1 2) PA"

'B" (4 3)

(5 6) 'A" (f)
"" (8 7)

(9 10 (singleton)

Note that the ABBA sequences of (d) and (f) above, give equal sums of the

ordinal numbers at every even-numbered row. This equality holds for any

number of columns.

If, as is often the case, r is much greater than k, we have another

problem. We can form successive k by k squares, as a choice. Then, at the

very best, we have a series of squares, at least 3 x 3. In these 3 x 3

squares the ordinal sums are equal only every third row. If such a series

of odd-sided squares has a total number of rows which is even, it would of

course be better to use ABA. Then every second row is equal, Including

the last. If both r and k are odd and r doesn't divide into k, what do we

do? Let k a 3, r - 5. A 3 by 3 diagonal, plus a doublet (ABC - CBA) gives

equal sums at stage r 3 and r 5 (g) or at r 2 and r 5 (h).
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CASE 3 X 5:

(g) A C (h) A
1 2 3 1 2 3

6 4 5 6 5 4

8 9 7 7 8 9

Ek1 , 15 15 15 14 15 16

10 11 12 12 10 11

15 14 13 14 15 13

k 40 40 40 40 40 40

Here we have the compromise or combination of diagonal and ABBA cycles.

DALET N AND THE ABBA SEQUENCE

A new symbol is appropriate for indicating the sum of the ordinal

numbers of the total samples available for an experiment. The symbol we

propose is . ,dalet*. Dalet Is a triangle, like its Greek descendant,

delta, but dalet points from right to left. It it applicable to both letter

-N and to number <10 as a symbol of summation.

The sum of an aritlhmetic progression of the integers from zero to an

indefinite integer, N, is obtained from the equation:

t N
*' '- N (1;

1

Hence, dalet N, or dalet any number is a "triangular number" in Pascals

Triangle. The symbol dalet and equation (1) are useful for determining if

the sums of the columns of ordinal numbers can be equalized.

d omie (pronounced dah-let) is the name of the ancient Hebrew letter which
is fourth In the alphabet. It is the precursor of the Greek "delta."
Dalet means Na tent flap.' Later, it came to mean 4a door."
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Let us distribute the N inteqers from one to N. in rnmw (r) an.

columns (k), with equal numbers of integers in each column. Then -4N, or

"dalet" N - kr (kr + I) (2)

In two columns of ten rows, the arithmetic progression, 1 to 20,

sums to: 2 . 10 ((2 * 10) + I) or 210. (-a20 a 210). (3)

To determine if there can be equality of sums of individual columns,

of equal rows each, It is necessary to use formula (2) and let k be odd:

Then 21k** . r (kr+l) implies 21k or 21r (kr+l). (4)

But 2 does not divide into k (2 4 k);

.. 2jr (kr+l), and some integer, S w [r.(kEl)] (5)

So that.4- k e S (6)

..klkr (kr+l) (7)

An array of odd-numbered columns gives a sum that yields an integer

quotient regardless of whether rows are odd or even.

klk .r • (kr+l) (8)

If the rows (r) are odd, and the columns (k) are even, then

k ( . Ck does not divide into ...etc.) . (9)

If kr Is even, then kr+l is odd and 2 1 kr4l, since 2Ikr and 2 1 r

(r is odd); then

r (kr+l) is not an integer.

" alb : a divides into b.
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if the columns be even. Examoleg,

1 2 1 2 3 4

4 3 8 7 6 5
5 6 9 10 11 12
10 11 16 15 14 13

17 18 19 20
.a0 10•rk (rk+l) 210

420 n 210 a is not an integer.

The reader will note that the foregoing treatment applies to the case

of equal sample rumbers, or rows, however small, for each population sample

or column. The same procedure, however, can be applied to a group of unequal
simples, i.e.,

1. Determine N, the total number of samples.

2. Determine -4N.

3. Divide by k, the number of columns or populations or lots. If the

quotient is an integer, the sums of the ordinal numbers can be equal for all

columns or lots.

ON CASES OF UNEQUAL SAMPLE SIZES

For statistical inferences based on application of Student's t and

the t-like (t*) statistics, it has been shown that both statistics have the

sum value when two samples are of the same size. The mathematical

expression for df* (degrees of freedom for the t-like or t* statistic)

simplifies considerably when n, a n2 . Further, when the two groups are of

equal stze, the value of df* reduces to 2(n - I), wholesomely large, If the

variances(1) of the tw groups $12 and S22 are equal (2). This Is taken to

/orl precrsely, this Is the estimate of the variance with dt n - 1.
These comments can be explored in Reference 1 (Li).
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