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postion-control performance, Current research under the JANAIR program
includes investigation of a number of these additional system variables,

Prior to exact specification of the hardware required for the manual IFR
formation flight system, these and other seemingly relevant system variables
should be investigated.

The Value of Simulation in System Performance Evaluation

The conclusions summarized above are soxx'{?%at tentative in nature and do
not specify the exact level of system performance which can be expected with
the developed system under actual flight conditions, It must be emphasized
that simulation analysis can not be a substitute for actual systemtests,
Rather, simulation is a compromise method of evaluating system performance
with a degree of validity which falls somewhere between preliminary pencil-
and-rpaﬁcr‘analyaea and tests of an actual breadboard system. Exactly where
it falls in terms of validity depends on the complexity of the system model

- which is developed for the simulation,

The value of simulation as a system cvaluation tool is greatest for those
systems which cannot be casily defined analytically (such as those ipvolving
complex human behavior) and.which cannot be tested under real-world condi-
tions without extremely high risks (i,e,, in terms of human life and/or
sysigm costs). For this type of system, compromise methods of system
evaluation are necersary, and they are not meant to replace actual system
tests, butj' to precede and minimize the extent of these tests,

Although there are inherent constraints and limitations in the evaluqtién of
system pferformance by simulation analysis, it 18 extremely useful in answer-
ing questions such as the following:




A ® Is a given system design or concept feaaibla?
® How does one method or design compare to another?

¢ What are reasonable minimum and maximum limits on the
variation of a given system paramcter”?

® What are the effects of varying two or more system
parameters simultaneously?

e Can the human operator perform the required task? i
® Which system tasks should be performed automatically?

® What is the general relatiénship between system performance
i S S and a given ayétem parameter or environmental c ondition?

/
I

If the system analyst couducts hia gystem investigation scientifically and if
e tempers his form,ulation of conclusions and system recommendations by
) ncknowledgemgm of/ the constrainta and limitations of the simulation, he

will find computer gimulation ,techmques to be an invaluable tool in the
eystem analysis and design process,

f
i
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Activity indices

A/lC

Autopilot mode

Concomitant té.,s_k o

GIOSSARY

Mean-gquare pitch and/or roll rates cf the
simulated aircraft

Aircraft

Level of autcmatic control included in the
aircraft control system. Ranges from
simple dé,mping in a single axis of the air-
craft to control of the aircraft's heading and
altitude.

A class of secondary task which is performed K

..slmultaneously with the primary task ard is
hlghly quantifiable in nature. In the study

-referenced in this pﬂper, the primary air-

'-crattl position control task was performed

continuously and the pilot's formatinn :_night

. display was intermittently blanked out,’ Then
secondary task cues were provtded, reqmrmg
that the pilot simultaneously perform the
‘secondary task at a forged-pace (i.e., the
frdquency and time interval of the formation
fhght display 1nterruption was controlled by
t_l_;e experimenter rather than left to pilot
discretion), The levels of the secondary

- workload were defined in terms of percentage
of time the pilot was rejuired to perform the
gecondary task.
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Data transmission and/or
update rate

Dependent variables

- Double-cue flight director

Filter

IFR

The rate at which new infcrmation about the
follower aircraft's position ia gpace {with
respect to the lead aircraft of the formation)
is available for display.

Variables of an experiment which desgcribe
system performanca, These performance
measuresg are assumed to reflect changes in
the levela of the independent variables of the

experiment and are thus considered to be
""dependent”.

Electro-mechanical rligh'f instrument cur -
rently used in both fixed-wing and helicopter

aircraft to provide.information about aircraft -

pitch androll attitudes, The "double-cue"
flight director has two separate moving ele-
ments, one representing pitch and the other
roll attitude deviations. '

In the referenced studies the filter simulated
was a digital a-B filter, The filter is required
to smdq_th' the aircraft positicn information
obtainecg from the a,asu.m,eqlggnqor_' sy,ﬂte_m. -
Sensor systems are usualiy characterized by

a certain level of mesguremnent noise.

Instrument Fighr Rules -- This term is used
in this report to refer to very low vislbility
conditions when » piloct would have tc depend
primarily on instruments for visual cues,
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IHAS display format

Inaependent variables

Mean position error

Measurement noise

Integrated Helicopter Avionics System -

The vertical situation display format which
was intended as a part of this avionics system
was configured for use in the IFR formation
flight m_ode in one of the referenced studies.

Parameters of a system which are varied to
investigate their effect on system perform-
ance.

N

Z Xi/N » where X, was the measured

i=1

position in a specific axis during a apecific
maneuver and N was the total number of posi-
tion measurements recorded during the ma-
neuver.’ For the referenced studies N was
equal to the total maneuver length times the
display update rate.

Used to refer to the error in the measurexhen_t

. of the follower aircraft's pos-itlon with respect

to the leader. The sensor system was as :
sumed to include noise with a normal
(Gaussian) distribution described by the -

/ ltaqdard deviation, In the referenced studies

these standard deviations were defined in
terms of the bearing (o). elevation (og), and
range (OR) measurements ( in degrees), or in
terms of the longitudinal (o), lateral (o),
and vertical (OZ) position (in feet).
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Perspective display format

PPI display

Quickening

RMSR

A display format configured for the formnticn
flight mode which provided the pilot with a
three -dimensional rcpresentation (in two
dimensions) of his formation position with
respect to the leader,

Plan Position Indicator - A display format
configured for the formation flight mode
which presented a horizontal view of all air-
craft in the formation.

A method of providing lead or anticipatory
information regarding the system's response,
Ag used in the referenced studies, it consisted
of adding higher order derivatives (i.e., rate
of change of position) of the system's response
(change'in aircraft position) to the actual posi-
tion error. The resultant sum was used to
drive one element on the display.

Y X2IN ., where
i=1 _

X, was thé measured position in a specific

axis during a specific maneuver and N was

the total number of position measurements
recorded during the maneuver. The RMS
measure was also used to represent the levels .
of pilot and aircraft control activity during

a given maneuver, in which case X‘ represented .
respectively the rate of movement of the con-
trol stick or the aircraft's attitude,

Root-Mean -Square --

650

- IR
. . A
. . . " g dac iy st e T R
o gt ke W tgar o oy sabipgod o o o L R L AL TS AL Nievid I JRF . 2 Dt mi =
R L I e NI Ty & £ o R p




e

B L

e s

SAS

Single-cue flight director

SK/FF

Standard deviation

Subsidiary pilot workload

Syit'em update time interval

Stability Augmentation System.

An electro-mechanicat flight display which
has only one moving element to represent
both pitch and roll attitudes of the aircraft.
The element represents both aircraft axes
by movement in two different axes on the
display.

Stationkeeping/ Formation Flight.

R .
\/{z (X - Xl)z,/N , where X is the mean
i=1

value of the observations (X)) and N is the
total number of observations,

The pilot's workload on tasks other than his
primary task (aircraft position control in

the referenced studies), See the description
of "concomitant task" for more detail on how
this subsidiary workload was simulated,

- Reclprocal of the rate at which the pilot re-
_ceived new Information about his position with

respect to the formation leader for display,

Coefficient of @-B digital filtering mode! which
determines weight of current raw position
measurement versus average over old
measurements.

Coefficient of a-8 digital filtering model which
determines weight of current velocity measure-
ment versus average over old measurements,

651




Eadadat becanlitd® b Ch b sl (8 St ainnb it et

1)

2)

3)
4)
5)

6)

REFERENCES

4

"Display Requirements Study for Helicopter IFR Formation Flight',
Honeywell Document No, 12543-FR1, AD666-277, JANAIR Report
NR 213-034, January 1968,

"Experimental Evaluation of a Formation Flight S{ltem", Honeywell
Document No, 12543-IR5, JANAIR Report 6804002, July 19868,

"Evaluation of Conventional Flight Instruments for Use in Helicopter
IFR Formation Flight', Honeywell Document No, 12543-FR2,
JANAIR Report 680204, February 1868, '

"Effect of Variations in System Data Rates and Measurement
Accuracies on Pilot Performance in the Helicopter IFR Formation
Flight Mode", Honeywell Document No, 12548-FR3, JANAIR Report
680408, April, 1969, : ‘ o

"Effects of Va;yinlg Levels of Autopilot Assistance on Pilot Perfor-
mance in the IFR Formation Flight Mode', Honeywell Document
No, 12543-FR4, Preliminary JANAIR Report, June, 1888,

"IFR Formation Flight Dilphxl System Requﬁgmentl for Advanced
Rotary-Wing and Jet Fighter Aircraft", Honeywell Document No,

' 12543-FRS, Preliminary JANAIR Report, June, 1969,

™)

652




EXPERIMENTAL DESIGN CONSIDERATIONS IN VALIDATING A METHOD
OF MODELING A MAN-ORGANIZED SYSTEM

Bob B. Lukens and Robert A. Brown
University of Alabama
Huntsville, Alabama

ABSTRACT. During the past decade, significant advancements in
business organization modeling have been achieved. The man-organized
system is a system whose elements consist of people, material, money,
and information. Various methods and procedures have been developed
to model this business organization. The purpose of the research
project is to investigate the theoretical aspects of validating a
method of modeling a man~-organized system.

A new approach to modeling the organization is a method called
Dynamic Organization Network Analysis (DONA). The basis for this
method is the use of state variable equations. A question arises
concerning the validity of the DONA model. This is answered through
an:experimental system designed to test the model. The experimental
system incorporates a computer simulation with known characteristics.
The simulation is used as a standard for comparing the performance
characteristics of the DONA model. '

The remainder of this article has been reproduced photographically
from the authors' manuscript.
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EXPERIMENTAL DESIGN CONSIDERATIONS IN

LI A AemwLY I < P
| |

AOD OF MODELING A MAN=ORGANIZED 3YSIEM
Introduct ion

‘During the past decade, significant advancements in business orggnlzutlon

modeling have been achieved. Various procedures and morhoci'q‘_have been developed
to model systems including man-organized systems. The man-organized system is
characterized by‘ elements such as people, maferiul,' money, and information. A
method widely used in modeling large organizations is computer simulation. One
of the most oxhnsl‘,\m works on eompqtorl:imulatlpn of .iorgo_prganlzaﬂom Is by Jay
w. ch-emr.3 ln,ihla book "Industrial Dynamics" he introduces Lis concept of medeling
orgonizations and l!u describes a new computer language;, DYNAMO, to imp lement
the modeling fechrliquo. Forrester's method Is suited to a prb'joct which requires modeling
of fine detalls of cm organization, However, the method 'mu__y require years to fully :
mode! aul.urgo organization. The need for a method of mdolin§ to be occomplflhod
in @ timely manner éousod a search for other approaches,

. Within the los} few years, state variables have gained attentlon as a teol to

be used in.systems analysis, 1,4,6,7

The state varlable equations have found use In

mechonicel, hydraulic and electrical systems, Herman E, Koenlg, et. al. In the book
"Analysis of Discrete Physical Systems"7 proposed that the analysis may be carrled Into
soclo-economic systems. The strength of this approach lies In the fact that the systems

is considared from a control-system point of view, The basic postulate is that the system

is regarded as a conservative system, The matching of inputs to outputs requires for=
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- detailed consideration by the economists. By using the control theory point of view,

* by Koenlg.s'a Koenlg's procedure paralleled Forrester's in that mathemat!cal raloﬂon-
| ships have to be dcvolopcd for all significant operations. This is very time consumlng

‘, for a large organization, The fact that only two forms of equations are needed In the

mulation according to energy considerations. This approach differs from the economists
opproach in that the economist. views ihe sysiem as a biuck box wiihi unly liputs and

outputs. Other quantltics such as internal performance characteristics ore not given

the analylst is capable of manipulating these quantities which contro! the performance

of the organization.

The Dynamic Organizational Network

Analysis Mudel

' The state varlable approach was used in the modeling of a soclo-economic system

\

state variable approo::h caused further considerations of this cpproach. The state \‘mrioble

equations are as follows:

Y1) =P () +Q X0
Y(t) = M ’{’(t);+ N X(t)

where P,'Q, M, and N are motrices characteristic of the system, X(t) is the vector
of inputs, Y(t) Is the vector of outputs, and the ¥ (t) are state variobles.,

Rewriting these equations in matrix multiplication form yields:

vl [ra ¥()

0 MN| | xi
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This form suggests a form appearing in multiple regression am::lysis.2 With

¢
these concepts in mind, o modeling method called Dynamic Organizational Network

- !
7

Analysis (DONA) evolved,

The DONA method of modeling is o self-generating procedure in thot the

matrices charcq’:reri.zing'the system are generated from the system through regression
onalysls. Regression analysis requires data from the system and this data will certa inly

F . consist of discrete quantities or measurements taken at some time interval. Since the

state variable equations describe continuous functions, a discrete form may be derived

by writing the equations in difference-equation form.

Yt +h) / P +D) hQ] - ¥(r)
: = .

Y . |/ M N X(1)
. & ¢

\,

N :
Taking first differences to high=-pass filter tf;c records, thus eliminating trends,

yields )
‘ Hae)l =, [te+n Q (9|
' : i . . for h = 1 ,-:
'] = [ M N v(X) - |
where .
: _
i - 8(Y)=¥(t+ ) - ¥ ()
T =YW -Ye- ) . ?
Letting fhe- matrix (5. = [(P ;\l) S‘] ?nd u‘:bstlﬂuting ylelds
a(1) ; v (1)
= $ .
(v v (X)
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The VX, VY, V¥, and Y are determined from calculations using actual data
produced by the reai system to be modeied. The rime iniervai may be one hou , une
week, etc. By the use of a computer program for multiple regression analysis, the

characteristic matrix;, S, can be determined.

The Laboratory Concept for Validation

.\.

A question arises concerning the validity of the DONA model and the method
which produced the model. The usual procedure for validating such a model is by using

information from the real system and determining if the model predicts in an uccepfoble

- mannerwhen compc;\d w!rh the porformance of the real system. [t was felt Ihat a

" better method could be usod‘fa validate the DONA model. A Iaborotory concept was

developed to vulidute fhe method which in turn vqlndam the model produced by the
mefhod. In this concept fho paramuters can be controlled to defermme the range and

rcspomlvenass of the model, The experimenrul system shown in anure 1 is used for the

" volidation procedure. The black morked "SlMCQ" is a computer simulation of o.sales

compeny. This simulatiowas developed by C.:McMillen and Riﬁhard I#‘;‘-~'\Gonza|es.9
As orginally ?;imn SIMCO was a distributor operation for @ single product. Stochastic
derhand and lead times were'incorporated, SIMCO'was modified to handle a second |

pr;ducf and Et_‘o_simulm_ personnel oc)ﬂohs; i.-'e. hires, fires,. end transfers, These modi-
fications were made to widen the sc;pe of operations through the addition of the second

produgt and to have some interaction of elements; e.g. the transfer of personnel from

one product line to the orhérl. All of the characteristics of SIMCO ore known, Since

SIMCO is a wbroutine, it can easily be replaced to study the validity of DONA as
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applied ta.any other simulated activity.

Tha ONIA mmathadatan., hlasl, fa Cla,
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analysis procedure for developing the "5" matrix. In the laboratory system the "S" !

matrix will characterize the SIMCO Sales Company. The DONA mode! block in Figure

| represents the following malrix equation.

Y +1) ¥ (1)
S

Yit) X(t)

1 The left side of the matrix equaticn is the DONA output., .
| The outputs of SIMCO and the DONA model are finally compared as shown'in o
Figure 1. The comparison is made. on all parameters desired or deemed gppropricte for L

A
| | , . )
consideration, For example, the DONA model not only produces the system.oulputs -

. but also predicts for the next time interval the value of the state varidbles. Y

Experimentol Design Considerat lons in the Validation Procedure

The problems revealed in this project have provided some v'oluabl’e. Tnsights
into modeling of a men-organized system rusing this method. The |obcraf;>ryl Iconcepr i
described above hos been fully implemented. The entire concept has been written into
¢ computer progrom and the progrom has been run anc.i debugged.

Since thi is a laboratory, the generdtion of stimulus data was the first big

problem. Even though the computer program could handle a total of 40 input c'_md state

variables the problem v:us not the number of varicbles. The problems centered ;‘pround

|
the behavior of the variaklns, ;
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It was iearned that a mar-organized system as sirmfloted produces variables some

! of which cause redundancies in the equations. This of course causes singularities

in the matrix. A particular variabsle of the stimulus data, though time-varying over
' - the long term, may have o constant value for the simulatqd time period; and when the
forward ond backward differences are taken, th;a volue of the difference is zero. This
‘ same problem can uceur with @ parameter whose first derivative is o constant, - The
+ forward and backward differences will be constant but in the multiple regression analysis,
a zero Qnricngie is computed. A possible solution to the problems of'.'zero values for )
the variances is the .,.:se of a "dufhermg signa!," much fhe same Gs fhe dithering signal
__used in o:on?rol sys'ems. The redundanc:es in- fhe equohons can be overcome by careful
seiecr ion of rhe tysfem porumefers.

' After tul;ing ct_:reful note of the aoove conditions, attention is then directed to

\ Lo .
the fypes and levels of stimulus data, The prediction capabilities of the DONA model

can be. tested througH tts obﬂnfy to "track" the real syslcm or, as in fhe case of the
laboratory concept td "track" the SIMCO simulation. The inputs to SIMCO and DONA
may be any one or a combmohon of signals composed of rondom nclse, sinusoids, lmplu;es
or step funcnor.-us. A particular characteristic to observe is fhe_ frequency response of _,"

the DONA model, The interactions designed into the SIMCO simulation were part of

T e 4 e Y e T TS T

this test to determine the "worth" of the DONA model ond the method to produce the

model,

Problems cun also arise in tha comparison phase of the laboratory concept. The

criterion for agreemert in the outputs is based on the quadratic form of the covariance

e Rt T e

matriv. A recent ook by Jenking end Wnnslo describes this procedure whan en analysis

,‘:
¢ 659

'w
p




T I

is required of a multivariate system, Thz equation of the quadratic form of the covariance

matrix is as foliows:

Probabitity (X - 3 V™K - 03} = Probabitiny 2 %my
where V =[covT iy (.», y(k,t333 , ¢t = ....,T

m = degrees of freedom = order of V matrix

This equation is used in two different stot istical fests. First, the equation is used to test
the prediction capability of the model as o function of time. It can be determined when

in the time domain the model ceases to predict with the specified confidence. The

. uquanon 'hen may: be used to test the ugmf;cunce of each dimension (variable) in fhe o

mode! !mread of meosur.ng rkn varmbtlity as a funcHon of time rha variability is

measwed .as a:function of a varlable in rhe model wifh the time ﬂxed Agoin nt can
o |
be observed when the model ceckes to predncr with the specmed confidence. Using -

’thns merhod For comparlson of the outputs quanmanve mformaflon Is generated which

‘gwes the perfcrmance cha}octerushcs of the DONA mode! dnd rhe method vsed to pro=

f
duce the DONA mode!., j
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An Investigation of the Effect of Some Prior
Distributions on Bayesian Confidence Intervals
For Attribute Data
Alan W. Benton
Aberdeen Research and Development Center
Aberdeen Proving Ground, Maryland
ABSTRACT
One method of obtaining confidence intervals on the reliability of a

system or component whose sample outcomes are elther a success or faflure
is founded on Bayes theorem. In the Bayesian formulation of the problem .
one muét asaumq a prior distribution on the random variable of interest,

namely, the reliability. The purpose of this 1nvestigatio;wwas to determine

.the effect of some prior distributions on Bayesian confidence intervals in

which it was assumed that the prior diat;ibution'may be represented by the

beta distribution. It was my intent to restrict attention to alternative

+ ' priors one might use when no previous data or experience exists on a

L]

systen.

INTRODUCTION , L
Of primary importance to Bayesian stdtistics is the attachment of_

probabilities to various possible hypotheses, or in this case probable ;

reliabilitiéa.~ The mecﬁapiam thgt performs this role is the prior distri- “:

bution. The plausible values which tﬁe random variable might take on do

not necessarily imply that one believes théprobability exactly, they are

only a measure or Fough indication of what one tends to believe are the

most 1likely values. ' ‘

| In Bayesian analysis the prior disgribuﬁion is combined with the test
dita to yleld a modified distribution of reliability, namely,.the posterior

diutribution. That is, the information that we have on a component by way

of the prior distribution is updated with the latest test results. If we let

'This article has been reproduced photographically from the author's manuscript.
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W = Reliability, O < W< 1
n = Number of tests
r = Number of successes

then by Bayes theorem

n, /W) £ (W)
f(W/n,r) = g(n, r/W) £(W)dW
¥

where

f(W) = Prior distribution of W

g(n,r/W) = Probability of observing r successes in n trials, given W.

f(W/n,r) = Posterior distribution of W.

In practice it is quite common to assume a beta for the prior distri-

bution. There are several reasons for suggesting the beta, -among them are

(1) 1its random variable has range [0, 1], (2) the beta can fit almost

any unimodal or nonmodal distribution for a r.v. over the unit interval,
and (3) ' 1ts ease in computations. The beta density is given by

£(W) = "!”’:i)' wa(1-0)°, 0<ws1
a

=0 e elsevwhetre

where a,b >=1., It may be shown that by altering a and b tﬁe shape of the

distribution 1is changed. See Figure 1., These digtributions indicate the

plausible values which the random variable might take on.
Assuming f(W) to be beta distributed and g(n,r/W) to be a binomial

distribution, the posterior distribution is given by

o flnyr/W) £(W)
f(W/n,r) I{'ﬁ{,r/w)f(hl)d"

n r n-r (a+b+1)! b
_,(r)wu-w) SR va-w

fl (:_‘) WE (1) T (atba1) 1 wa(l_w)bd“"
0 |

albt
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which is also beta distributed.

CONSTRUCTION OF CONFIDENCE INTERVALS

Since the posterior distribution was found to be beta distributed, it
follows that a confidence interval for a beta variate is desired. If we

let WvB(a,b), then a 100(l-a)% one sided confidence interval is given by

1
1 _
Pr [uL<w<1]-j",lf(w)dw = leg i

L

An exact lower bound is given by

1 —
b+n~-r+l

1=a

where

Fy_= (1-0) percentile of the F- distribution with 2(b+n-r+1) and

1=

2(atr+l) degrees of freedom. I
a,b = parameters from the prior

n = sample size

r = number of successes

" The use of the F- distribution may be seen from the following. From

the change of variable theorem of integral calculus we may write
g(F) = h(w = u) .

Let atrtl - :
o btn-rtl
1+ atr+l

b+n-r+1

W
F

then
atr+l
dW _ bin-rtl

_dF (1 o atrtl F)Z

b+n-r+l
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and on substitution

atr+l
+
I Ca+b+n+2) ( a+r+l ‘ T
B(F) = =y T oram ey | v {7 el e
\1 brn-rsl

which {8 the F- distribution with 2(a+r+1) and 2(b+ﬁFr+l) degrees of freedom.

Now recall

{

1 _
S, ron @ -f £ (W)dW = 10
!
o Tre
T+ ®F
where
. atrtl
b+n-r+l

Noting that F:(a) -1 /F:(I-u). the lower limit {s given by

1 1
W= b+n=r+l1

“L . ! tarerr f

l-a

One of the reasons for using the F- distribution is that tables of t;is
distribution are frequently more readily available than those of the incompiete
peta. Also, they are convenient for those values of a most oféen used,. e.g.,
0.10, 0,05, 0.01,

For sufficiently large sample sizes the normal approximation may be

employed, the approximation being best in the vicinity of W equal to one-half.

For the posterior distribution the expected value and v;riance of W are:

a+rel

E(W) = benotil

and

o2 . (atrtl) (btn-r+1)

(a+b+n+2) : (a+b+mr+3)

Thus, the 100(lea)% lower limit {s given by E(W) =z © :
l-o
-
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where 21 a is such that

z
£ en 2
. 1—j e "t/2 4tal-a,

DISCUSSTION
As indicated in the previous section, the lower confidence limit (LCL)
was computed for illustrative purposes. A confidence level of 95% was_chosen

and the followins prior distributions were selected:

. . "
References [1) and [4] give discussion on the reasons for assuming prior

distributions when a and b are both set equal to -1, -1/2, and 0. By letting

a=6 and b=l we give more credence to mod@rntely high reliabilities, thch

would appear to be a likely area of intétest. For large a and/or b one gets

into the problem of the prior-distribu;ion far outweighing the most recent

gvidehce'or sample, -

7
4

In Figure 2 the lower 95X limit iﬁ plﬁtted agaian the number of fail-
ures observed in a sample of size twenty. In general, the results are quite
gimilar for the other snmpie sizes in;eutigated (n=10(5)25), It may be nqtéd:
Ehnt the nuﬁber of failures begins aé one, 'Thi; was done since when using :
the (+1, -1) prior one must assume the occurrehcq of at least one success and
at least one failure in the sample. ' i

An examination of Ehe lower limits plotted on Figure 2 yields the follow-
ing general results: |

1, The (-1, -1) prior results in shorter confidence intervals than

a(-1/2, ~1/2) prior which in turn giyes a shorter confidence interval than

the (0,0) prior. This holds true for moderate to high reliabilities. The

667




order is reversed for low reliabilities.

2. The differences in confidence interval length become smaller as
n, the sample size. increases.
| 3. All threg priors [(-1,-1), (-1/2, -1/2), (0,0)] result in shorter
confidence intervals than those obtained with classical methods.

4, The (6,1) prior-does not result in a uniformly shorter confidence i
interval for moderate to high reiinbiliticl. |

Now, let r/n (# success/sample) be an indicator of reliability and

rank the priors acthdinl to thelr interval lengeth. Thus the shortest, .

\

N
confidence interval indicates the most optimistic result and the longest

the most pessiminstic result for sample estimates of reliability. The follow-

ing table presents & auinary of these rankings.
Summary of Length of‘Confidencd Intnrv;ll for
(=1, =1), (-1/2, =1/2), (0, 8), (1, 0) Priors

e

t/n Shortest —-—_. — Longest
»0.85 (Sl (=12, -1/ @,0° ' (0,0)
0.75-0.85 - (=1, =) (1, 0) - (/% - 1) - (0, 0)
0.65=0.75 (1, 0) (-1, -1)_' (=1/2, =1/2) ~ ,"(o. [

Thus, for r/n greater than 0.75 the (-1, ~1) prior gives the shortest

. 4 , .
interval while the uniform prior (o, N) gives the longest interval,

Y
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SOME TECHNIOUES FOR CONSTRUCTING
MUTUALLY ORTHOGONAL LATIN SQUARES*

W. T. Federer, A. Hedayat, E. T. Parker
B. L. Raktoe, Esther Seiden, and R. J. Turyn
Mathematics Research Center, U. S. Army
Madison, Wisconsin

of various methods are discussed. Illustrative examples of con-
structing latin squares and sets of mutually orthogonal latin squares

are given. The methods of constructing latin squares and sets of
orthogonal latin squares are complete and partial confounding, frac-
tional replication, analysis of variance, group, projecting diagonals,
orthomorphism, pairwise balanced design, oval, code, product composition,
and sum composition. The methods of construction designated as partial
confounding, fractional replication, analysis of variance, and sun com-
position appear not to have baen discussed previously in the literature.
The methods of complete confounding and of projecting diagonals have
been given only a passing reference with no'indication as to the actual
construction procedurs. The sum composition method has interesting
consequences in combinatorial theory as well as in the construction of
orthogonal latin squares. Lastly, equivalences of fourteen combinatorial
systems to orthogonality in latin squares has been Investigated and
described.

#This article has appeared as Technical Summary Report No. 1030 of The
Mathematics Research Center, U. S. Army, The University of Wisconsin,
Madison, sponsored under Contract No.: DA=31-AR0O-D-462.

The remainder of this article has been reproduced photographically from
the authors' manuscript.
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mutually orthogonal latin squares and tc rxhibit some sjuares produced by each
of the methods. The set of methods prosentea herewn was diszussed 1n a series
of informal seminars held during the worrs of july [4=18 ant 2i=25, 1249, oy the

authors at Cornell University, The n. hivation tor these d1s;ussions was derived

E : from results obtiined by licdayat {17 ¢] snd irum tne Sutindse of the authors,
F . .
P New procedures for constructing 1 set . =ute e ortnegonal latin squdres and

new vicws of present methods ot jonstra it i cefe SCstred 1n oraer to advaence the

theory of mutual orthogonality in lati: sgaares,

! Professor of Molugical statistics, “wrocll Linrveorsity and Visiting Professor,
- Mathematics Rescarch Center, U.5. /v 0 s Unidvuesity of Wasconsin ion
i : sabbatical leav+ [9n9~70),
[ 2 : )
§ Assistant Protessor, Cornell Universaty,
boos
b Professor Mathematics, University ! Hhincis, ang Visiting Professor, Cornell
' University (July, 1909),
‘ Agsociate Professor, University ot Gu-lun ans Yis1ting Asscoldte Protessor,
E : Cornell University (January to August, liet),
& Professor, Michigan State Universit, ., 11 Visitang Professoo, Cornell Lni=
b versity (June, July, August, 19v9),
i t
E ’ Mathematician, Raytheon Corporation, and Visiting Pretesscr, Carnell Una-
versity (July. 19u9),
i
Pt
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As may be ncled from the tapje of contents, the different sections were
written by different authors, An attempt was made to have a consistent notation

and a untform style, Although ruch more work is required to finalize the method

in several of the sections_enough is known about the method to use it to con=__.: .

struct & latin square of any order ~r . construct a set of two or more mutually
orthogoral latin squares. Also. a number of equivalences may be noted for some
vt the: methoas,

The theory of mutual orthogonality in latin squares has application in the
construction of many classes of oxj--riment designs and in many cofiblinatorial
systems, The latter subject is discussed in section XV where the equivalences’
of various combinatorial systems are prescntcd,  With regard to the {ermer sub=
ject, there is an cver present need {or new experinent designs for new experi-
mental situations in orde:_jor the nx;,--rimn;{tvr not -m,l;a've to éonduct:hxs ex=
periment to fit kriown experiment designs, |

som» ot the notation and toerminology that will bo atilized {s presented
below,

Definition 1,1, A latin square ot crivr n oon o set ‘\_, with n distinct elecments
{san nxX n ma'tnx cach of whose rows andd columns is 2 permutation of the set

W

—

xample:

11213 _
21 311 1S a latin squarce of order 3 on L: {1.2,3} .
31| e
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Defination 1, 2.

all distinct.

Example:

Definition 1, 3.

orler roare sal;

L. IO T |

‘ ’

Lxompiles

Note that

1

i ) J—

4
said to be orthogonal if the n

Two latin squdres

3

1

0 )
haund 1V | OW

Ldooaant

Hoteallor oy

rlsting of t rutilly orthouonal Iitin

(¢
11

and |

R M

ordered parry

anpd

[F%]

L

Z
b
3y

i [

e
=1

cin Lt

[he members ! a st wf U iatin squares Ly L

« b mutually cperrwiso s rthogonal af i.l

= (b”| of order n arc

j) (i,) = 1,4,...,n) are

and I'z need nat Lo Jefined on the same set,

&"""'t cf

15 uithogural to

50 N€e mean A st con-

Tes Cordt ono,

12T 5] 4] BE

. T3 i T

] s[4]1 2] E
1172 31

[N
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[N

fx_m ) | i
33 ]2] -
21t 1413

" Latin squares and orthogonal latin scuares ndave at least &7

;
i this matcrial together with a bibliograph, «:licwhe .

years of history,

: | -Hedayat |196Y=scction IX] has presente ! o reasonably guod pisture of this
F history which will not be repeated here, [t 1s planned to prepare o historical

account of developments related to orthogotia Uity 1in latin syudres and to publish




i, tastonial Confounding Construction of Oin,ti Sets

ii. i, Zompicte Confounding

2
‘he n row=column intersections may be related to the treatment combin=~

P _ 2
ations 1n a n factorial treatment 4-:sign. To illustrate let us consider the 4

“factorial-and the-latin square ot order 57" “The levels of the main effects, A~~~

and B, in the factorial will be us.:d to dosignate the rows and the columns of

o lauin square Lf Crder 4 as L)1 ws;

latin squares ot order 4

c¢olumn l - By | eolumn 2 = By, |column 3 = (B) , |column 4 = (B)

1 1 2 : 3
row 1 = IA'“ 00 01 02 03
ruwd = u\»l 10 ol 12 i3
row 3 = u’u) 20 214 22 - 23
oWt = 'A;; 30 ] 32 {5

Thu:, four cumpinations cut of the In waich have 1 = 0 in the subscript 1y,

fee, 00, 9, 02, und 03, ‘are dosigrated 48 (A), and are put inrew 1, Con-

0

tinuing this procedure the remaind:r of the 13 combinations are allocated to the
remdining rows dand to the columns as shown abouve,

Now, three uther effects with 4 levels cach cen be set up from the pro-
2 4 Y2
jective geometry PGil, 271 the effect, are tAR ) , tAB ) , and
u,‘uu U, -u.u
uj I 1) i 27
1Ak o The levels of these effects and the corresponding latin square
1 3

produced Ly letting all cumbinations of the level of an eftect be a symbol in the

latin square are (see page 337 of Kempthorne [ 19532] , e.qg, 1

678




0 00+ 11422+ 33 -1 Joo-1 lor=11 [o2-mi]os-iv

u 1 01 +10+ 23+ 32 ~11 10=11 jil=l 12=1v| t3=11

’ui*uluj 2 024 13420+ 31 »1II | 20=1l1|21=1V | ¢e=1 |¢3=1
3 03+ 12+ 21+ 30 =1V [30=1V |31=111] 32=11| 33=1

00 + 13 +21 4 32 ~0a a Y ) g
03+10422+431 -4 | p 8 N o
} 01 412420433 » y. Loy e ] P _ ___-b___,_.__j__ N

02+ 11 423+ 30

L4
o
o
™

Q

0 00+ 12+ 23+ 31 -W

u _ 1 02+ 10 + 21 + 33°=X
Utuu, o )2 03411420432 Y
301+ 134220430 +2

Nl X =
Sixj<in
-<N§><

In the above the complete cunfounding scheme of sources of variation in (
the O(4,3) set and the effects in the {actorial may be illustrated in the following

analysis of variance table wherein the sums of squares in the lines of the analysis

of variance are orthogonal to each othor:

Source of variation : Degrees of freedom .

! ,Correction for mean 1 "
Rows = A effect ' | 3

: ) . Columns = B effect . N 3

; Roman numbers = (AB 1) effect | ' 3

Greek letters = (ABuz) effect . ‘ 3

Latin letters = (ABu3l effect 7 3

; . Total | ' 16

&g‘ . 679
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3
g
.
3
E

s

Instead of relating the mutually crthogonal latin squares of order 4 to a

the 16 row=column intersections be numpered as follows:

-e

2 ) 4
4~ factorial we may relate them to a ¢ factorial in the following manner, Let

c-:alt.—yx,mn - ,
row U T T e e e
1 0000 Q001 0019 0011
2 0100 0101 o110 011t
3 11100 1001 1010 1011
4 ~1100 (1ot 1110 1111

Lot the tactors be a, b, ¢, and 1 with two levels (0 and 1) each, The rows

A

correspand to factorial effects A. B, and AB and the columns correspond to fac-

tonal eftects C, D, and CD . This form of constructing latin squares has been

usod by Pisher and Yates |1957] for latin squares of order 8.) Then, let the

symbols 1n the 3 latin squarcs

iactoria} genarators

tACH . (BD,
0 0
(ACDO. 'BD'x' (ABC D)

(Au;l, |BD)O, (ABC

(ABCDl(

)

l

l

(Aul . (BDtI . (ABL,D)U

H’-.Dl() . cABG»O, {BCD)
1AL . (ABC) , (BCD)
(AD) . (ABC);, (BCD)

u‘«[)nl, (ABC)l. (BCLn

0

l
t
0

0000
0001

nolo -

0ol

N00O

0010

0001
0101

Uombinations

0101 + 1010 = 1111

0100 « 1011+ 1110
Ol + 10Un 4 1101
0110 s 1001 + 1100

1]

1101
VI0D » 1001 ¢ 1111

it

0110 + 1011

-

tH

0111 + 1010 4 L1100

1]

001t + 1000 + 1110

680
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be represented by the following scheme:

»

latin_squares

I 1t IV
In [t v 1ur
mr (v | 1 It
v | | 1T |
w1 Z X Y
X W Z
Y | X 2 w
Z W Y X

.

b —Mw;w

CORD PR TP

VTP

_d




2T T

T

o e

e

T e
1

R T o

L ey i

3 T

B T,

-

g e

(ACD), (BC),, (ABL),

(ACD),, (BC) ,
(ACDY,, (BC),

(ACD)l, (BC)I, (ABD)O

(ABD)l
(ABIT)l

0000 + 0111
1010 4+ 0100
1000 + 0110
0010 + 0101

+ 1110 + 1001
+ Q011 4 1101
+ 1111 + 0001
< 1011 + 1100

] u n
o <« T

Q

a Y ] B
o) 5 Y a
Y |a A L
] ) a Y

.. The correspondence of the latin squares obtained frormrcomplete confound~

Se s nmdcl Bl e L L. L S -
g considering a 42 fMctorial and considering a 2 factorialis démonstrated

in the following analysis of variance table:

Source of variation

Correction for mean

Rows

Columns

Roman numbers = AB

Greek letters

A effect in 4z

factorial

A cffect in 24 factorial

B L2
AB n

B effect in -id

" 24 "

11 24 "

factorial

C effect in Z‘i factorial

D "
ch u
u

l

effect 1n 42

(1] &4 "

" 24 1]

factorial

AC effect In 24 factorial

BD (1]
ABCD "
Y2

= AB

a z‘ 3

" Zd "

effect in 4',' factorial

ACD effect in 24 factorial

Bc "
ABD "

" &4 L1
4

" 2 [
681

degrees of freedom

1
3
1
1
1
3
1
|
[.
3 !
1
|
1
3
i
1
1
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Saabtrhdh e s o et

Latin letters = AB ; effect in 4': factorial 3 |
AD effect 1n 24 factorial 1 |
I S 1 §
pep v 2t | ! o %
o Total 16 ’ - %"‘

It should be noted here that the effects in the Z4 map directly into the

4
E
2 i
4 projective geometry or PG(I,&Z» . likewise, even though one more set of '
. ]
gencrators 1s available, viz, ’ s
Generators _ interaction !
Roman numbers = AD, BC ABCD
Greek letters = AC, ABD BCD
Latin leiters - BD, ABC ACD

the three orthogonal latin squares produced are the same ones, Since the third

effect above is ubtained as the product of the two generators, mod 2, we nerd

consider only the generators, Multiplying these by CD (mod 2) we ubtain the
generators of the preceding scheme, Hence, even though two different complete

confounding schemes are available there ts a simple one-to~one mapping of one
!

PR,

set into the other set, Although nothing interesting turns up here, it would be

; interesting to study the various complete confounding schemes in the latin square !

4
of order 7 as related to the 3 factourial.

; As a second illustration of the use of complete confounding to construct
[

latin squares, let us consider the latin square of order 6. Using the notation

NP7 SN PI PR

X
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PR

Dot

:,"v‘,.‘! -',-,’j'ﬁﬂ. TR R —
[
C e RS Ty ke g 4 e

ind concepis ol Rakiuv [1563] we Jesignate the & ac 2 272} factorial

represent a combination by ghij where g, h are members of [ (3)and i, are
2 2

members of | (4), The effects in the 2 and in the 3 factorials are denoted

respectively by

R

82 b

a’s®  cipt
¢t

-

The remaining interactions are given below in the analysis of variance table:

Source of variation Degregs of freedom
Correcﬂon fox: mean 1
Rows = AJC" ' 5

a? I
C“ 2
A’x ct 2
Columns = 8°D* 5
8’ 1
D‘ 2
8’ x p* 2
Treatments or symbols = ASBjC“D4 5
A383 1
C‘D‘ 2
2%’ x oo 2
683




Remainder 20

c*o? 2
A x pt : 2
A x c'p! 2
MBxct? o 2
8’ x ¢! 2
B> x c'p! 2
8’ x ¢'p’ 2
apdx c* 2
2%s% x pt ’ 2
238’ x c'p? ' 2
Total 36

Let us now set up ihe 6 rows and the 6 columns of a latin square of order

6 with the corresponding designation of the 36 combinations as follows:

" Columns
3_4 34 3 4 34 3_4 34
Rows (B°D ’O {(B°D )1 ("D )‘,' (8°D )3 (B°D ’4 (8°D )5
(Asc‘)o 0000 0304 0002 0300 0004 0302
u:\"d‘)l 3040 3344 3042 3340 3044 3342
(A’C‘)z 0020 0324 0022 0320 0024 0322
<A3c'r)3 3000 3304 3002 3300 3004 3302
(A3C‘)4 0040 0344 0042 0340 0044 0342
(A’C‘)5 3020 3324 3022 3320 3024 1322
684
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4 4
Now let the levels of A3B3C D correspond to the symbols in a latin

square of order 6 as follows:

Levels

(A’B’C‘D‘)o'

(AsBac‘D‘)l

33,4 .4

(A'BCDY, -

a3picipt

)3
w’s’cph),

(A3BSC4D4)5

This produces the following latin square of order 61

Levels

0000 + 3342 + 0024 + 3300 + 0042 + 3324
0304 + 3040 +‘0.3ZZ + 3004 + 0340 + 3022
0002 + 3344.+ 0020 + 3302 + 0044 + 3320
0300 + 3042 + 0324 + 3000 + 0342 + 3024
0004 + 3340 + 0022 + 3304 + 0040 + 3322

0302 + 3044 + 0320 + 3002 + 0344 + 3020

o] 1[2[3]4a]5
1| 23] 45 {o
2 3 4 5 0 )
3l a]ls|o |1 ]2
4| s5]o] 1|23
5101} 2 14

Alternatively we could have used levels of A383CJ41)z

‘following latin square of order é:
Combinations for which 3g+43h+4i42j, mod b,is constant Symbol

Combination for which 3g+3h+4i+4j, mod 6, is constant Symbol

- 0
. 1
- 2
. 3
. 4
. 5

to construct the

(A’B’C‘Dz)o

a3e3c'n?)

!
ap3c'n?)

2
w's’ctp?),

a3pictn?)

4
(A’s’c‘oz)s

0000 + 3344 + 0022 + 3300 + 0044 + 3322
0302 + 3040 + 0324 + 3002 + 0340 + 3024
0004 + 3342 + 0020 + 3304 + 0042 + 3320
0300 + 3044 + 0322 + 3000 + 0344 4 3022
0002 + 3340 + 0024 + 3302 + 0040 + 3324
0304 + 3042 + 0320 + 3004 + 0342 + 3020
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latin square of order b

0 5 T | 3] 2 1
1 0 . 8 4 3 2
2 ! 0 5 4 3
3 2 n o | s | 4
s 3 2 ] o | s
3 3 3 2 1 0

Thus, the above square 18 simply a column permutation of the previous one, As
there are no other sets ut 5 degrees of freedom leading to a latin square of order
6 I, e, As. 83, and ASBS exhaust tho three single degreos of freedom from the
3‘! factorial and 04. D4. (}41‘)4, and C"r)?‘ oxhausgt all sets of 2 degrees of
frecedom from the 32 factorial )y it is not pussihlp tg obtain a latin square of
arder 6 orthogonal to either of the preceding ones using complete confounding
schemes,

. a 2
For a latin square of order 10 we may use lovels of A’RSC(’D“, AsBsc“D",

u
) 5 506

ASBQCD . urAB [)‘ to form four Jdifferent latin squares of order 10,

Ho 4 Partal Confounding

In the last saction ugse was nade of complete confounding of effects in a
factorial with the rows, columns, anu svmhols in 4 latin square, Instead of
conpletely confuunding an effect, it could bo partially confounded, Fnr example,

the latin square of drder 4 could be considered as a 24 factorial as in the

preceding section, with the following scheme of confounding:
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A

(ki
:

; evmeny

Rows l=(C)G 2=(C): 3=(D)G 4'~‘(D);
! (A)O,(B)O 0000 001 0010 0001
2 (A} .(B)1 0101 Lo 0100 01!
3 (A)l y (B} 1000 1ot 1010 inol

¢ 4 (A1, (B), 1101 1110 1100 SRR

o \ 5|
P ‘ 3
If we set up the latin square symbols for the akoveas -\ 3 N | ther,
“ a 3

the symbols correspond to the following combinations:

[V 1

B

¥

he

NOOK + Ui lO + 1001 +
0011 + 0101 4 1010 4

1000 -+

1100

NN

110 ¢ 0010 « 011

u

= |.’-\BL)D)n 0 "

(l\BCD)I + "

0001 + 0100 4 1011 + 1101 = lf\B(';?Dll : "

IABCD)O + other affects

It 18 known that this latin square has no orthogonal mate (Hedayat (1969 ),

This means that no orthogenal partition of the remaining sum of squares can be

made which forms a latin square,

If on the other hand, the latin squarce used s

687

a I \ &
) a ) 3
\ ) u V)
b y B Q

, the comuinations




sorresponding to the Greek letters are:

o 0000 +« 0110 4+ 1010 + 1111 = (ABCD;O + other effects

S 0011 + 0101 + 1001 4+ 1100 (ABCD)0 + "

1

'H 0010 + 0111 + 1000+ 1110 (ABCD)l + (AC)l + other effects

b 0001 + 0100 4+ 1011 + 110] (ABCD)l + other effects

1nis square has two mutually orthogonal mates and hence there must be partitions

~f the sums of squares nto orthoyoenal components which correspond to the symnols

oo LI sgudre,

instead of tnserting symbols 1n the latin square of order 4, denote the
symbols 1n the latih square by the following partial confounding scheme:

1 add the two 1/8 replicates gonerated by ((A)O, (D)o. (BC)O) and

HAL L 1C) (ABD1y 1 te cbtain the 4 combinations (0000 + 0110) +

(1910 + 1111 and denute these 4 combinations as symbol o« ,

1 add the two by & replicates generated by ”D'l' (AB)l», (AC)O) and

‘em;'). [}

AR (i\l_)ll) 1t obtatn combinations (010l ¢ 1oll) ¢+ 1100 ¢

Onoh and denote these 4 combinatiuns as symbol g3,

it aad the twao 1o 8 replicates gencrated by HA)I, IDJO. (ABC)II and

(1A, 181, B o wbtain combinations (1000 + 1i10) + (00l +

a1l and denote these 4 as symbol vy,
1da the two 1/ & replicates generated by ((AB:O, (AG)I, (I))lﬁ and

uABIX, w:»o, (BD)l) to outain the combinations (k101 + 00l11)

o100+ 10011 and denote these 4 as symbol &,
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This procedure results in the following latin square of order 4:

Obviously, one could take any pair of 1/8 replicates such that the 4 combina-

tions are in different rows and in different columns to form the combinations for

3 a given symbol,

The above type of partial confoun&ing results in the class of latin squares
3 denoted as half-plaid latin squares, If partial cox"mfoundlng were utilized in rows
as well as in columns the resulting squarc would be dencted as a plaid latin
square (so-called because of iis resemblence to plaid cloth if the effects con-

founded were of different colors). The threc types of squares are illustrated

below for a latin square of order 6:

~umplete vonfounding ot effects

AT TR R SN A AT R e

;o Columns

: = 2 = 3= 4 = 5= 6= ~
f Rows (A)o,(C) (A)(L’(C)L (Abg,(CD (A)J,(C)Q (A)-l"C)L (A)g’(C)j_

L = (B),,(D)y 0000 0010 0020 1000 1010 1020

2 = (B)),(D), 0001 0011 0021 1001 1011 1021

L' 3= (B)y, (D), 0002 0o0l2 0022 1002 1012 1022

4= (B)l,(D)0 0100 oll10 0120 1100 1110 1120

- 5= (B),(D) 0101 o111l 0121 1101 1111 1121

" 6 = (B),, (D), 0102 o112 0122 1102 112 1122

i
¥
y
b
} 689




' Partial confounding of effects with columns
Coluiunsd
Rows L=1Cly | 2=1C) |3=1(C), [4=(CD), |5 = (CD) |6=(CD),
l = (B;o,(Dlo 0000 0010 0020 4000 . 1010 1020
2= (B),, (D), 0001 0011 0021 1021 1001 UTT
3= (B)Q,(D)‘ 0002 0012 0022 1012 1022 002
4= (B),(D)y 1100 1110 1120 -~ 0100 - 0110 0120
5 = (B),, (D), 1101l 1l 112l 0121 olol: o111
6 = (B),,(D), 1102 (112 l 122 0112 0122 0102
Partiaj cenfounding in both rows and columns'
Columns .
Rows "= tC:)O 2= 4C)] i= K:)Z 4 = (CD)0 5= (('JD)I = (CD)2
b= Dy 00 1o 20 00 10 20
= (D), 0l L 21 2l 0l 11
3=, 02 12 22 12 22 02
4= (CDZ)O " 00 I 22 00 22 11
5 .2 ch‘»l 02 10 21 21 10 02
PEREN 0l P 20|z 01 20

In th~ last table abave only the subsgripts for combinations of factors ¢

and d have been inserted. There 1s some difficulty in inserting subscripts for

fastors a and b such that thesc cfircts are orthogonal to both rows and columns,

In any event, this problem requires further study to determine 1f half-plaid latin

squares ard plaid latin squares lead to latin squares not of the same type as given

by complete confuunding.

If the three types ot latin squares of order 6 can be

produced by partial and complete contounding, this would be an interesting re@ult.
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I1I. Fractional Replication Construction of O(n,t) Sets

Any latin square may be considered as an n-'l fraction of an n3 factorial
where the rows represent levels of one factor, the columns represent the levels
of the second facggr, and t'he symbols in the latin square represent the levels of
the third factor, As an tllustration, consider the latin square of order 3 where

the 9 mombinations represent the 1/3 frac_tion of a 33 factorial as follows:

Columns
Rows 0 1 2
0 000 01 021
1 10e 111 120 *
2 201 210 222

_ 3 . .
The above is the I/ 3 fraction of a 3~ corresponding to (ABC’huﬂ:O,mod 3,

Stnce this is a regular fraction we may write out the aliasing structure {n this
fraction as follows:

M + ABC : .
A ABZ(‘.2 - BC

B 4 ABZ<.1 v AC

G + ABCY + AB

aB®s act l'sCZ

where the effects connected with a plus sign are completely confounded with each
other. In the above latin square the symbols 0,1,2 correspond to the levels of
the third factor, c. Now if we set up a second latin square in which the symbols,
say a,p,y, correspond to the levels of ABz, the resulting square will be

2
is
orthogonal to the first one, The square corresponding to levels of (AB )1+21 ‘mod 3

691




Lala Saiait B saci)

E
i
4

S Ul Bl

__,auy_ orthogonalm&tin squares. .In "par"ticular.., all; 2

000 + 111 + 222 = u _ a ¥ B
N2 4 21 0 1Nnd - R}

L L a0 RSV v v y
200 4 012 4 120 = y v el

) ) - . 3
The cla;:s of fractional replicates constituted as an r\gé‘l fraction of an n

factorial necomes an important one to study as it relates to construction of mutu~
. . -3 X o
.~ "fractions of.a 29 -and.all

-2
v

- - 6 . - » ’ .
o3 fractions of a 3 with all possible alia’é{ng structures could produce several -

sets of mutually orthogonal latin squares, This could have interesting conse-
quenaes in finite geomeiry,
The struvcture wf tne left-hand set of parameters in an aliasing structure

will have a pattern; for example, tor n = 4, 5, and 7, the patterns are:

_nh= 4 h=5 _n=7
M+ ABC M + ABC M + ABC
A A A
B s B [
> G C. -
2 2 2
AB CAB AR™ - .
Ik ITh AB°
AB'l AB'i
B>
, : ' a®

1

Nt tha: alth/:,-uqh ARC was completel, contoundoed with the mean, any one of
the cther three=-factaer interagtion components ABqu, u,vs=1,2,,..,n~l could
e heen utilized oqually well,  Alsc, note that the levels of C corresponding
to.oorenaols produce a latin square . and that the levels of effects below the
tactor B oproduce a setaf a=-1 mutually orthogonal latin squares,

In yeneral we '.;/ant to look at all possible n-l fractions of an n3 factorial,

1.+, , th subset of( id> combinations for which the levels of C are the symbols
1
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in a latin square and to study their patterns especially for n = 7,8, and 9, All
possible fractions, or rather all forms of the aliasing structure, could be classi-
fied into all types of t mutually orthogonal latin squares, O(n,t) for t = 1,2,

++ey0=1, Perhaps this is the manner in which the geometries of various values

‘éf ‘1 can be exhaustively §tud1e‘d. In fractional factorial notation we want to

study all possible patterns of X 1)( in the following matrix equation:

11712 ,
/
. 7
) M
A
B + anxlz .
C

where the form of the first vector below the letter C will be,determined by the
the candidates for entry 1/nffhe vector ;56' are the'remaining

values in x Xlz,

" two- and three-factor interactions, and .‘;ﬁ;' is the particular set of nz out of n’

combinations for which the levels of any fourth effect in the first vector forma
latin square. Thus, it becomes important to study the properties of Xulxu.
even for the 2 system, The irregular fractions would appear to be the most

interesting for n = 7,8, and 9 since regular fractions can be related to complete

confounding in section II.1 and to flate and points in the projective geometry, ;

We now wish to illustrate the use of fractional replication procedures to
construct latin squares which are mateless and which have orthogonal mates. To
tllustrate let us consider the four standard latin squares of order 4 which are

(Fisher and Yates [1957]):
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la la T T [A in lclp AlB |cID A|B |C|D
BiC|D}A B{D{A|C B|A |ID|C BlA|[D] C
|l DYALB ClA D] B ClDIBI|A CI|DJA}B
DIAJBIC DI{CIB A C{ C|A|B D|C|B|A
Sguare | Syuare 1 Sauare 11 ' Square IV

Tt 15 known (Hedayat [ 1969] ) that thedirst three squares are mateless and that

the last sgquare belong: to dﬁ 04, 3) set.,

Noow numbeer the ~ows an 9,00, 008 and denote these as levels of the factor

a; number the columns as 0,1,2,3, and as 0,1,2,3 for A,B,C,D, respectively,

and denoto these as levels of the facter ¢, Then, in factorial notation the above

: ' . 3. .
“16 cumbinations form a ono=fourth fraction of @ 47 factorial treatment design.

The ralu‘x.'mn.g schenmie tor the fractional replicate given as square [V.is

M .+ ABC
A BC - ARSCY L ap’c?
2 ;
B+ Ay ATG 4 AB C
' 2 .3
Co AR+ ABCS 5 ARG

wher- e clleats connegted with a plus sign are completely confounded with

cart st The Complenion of the oo qining two liasing structures results in
A ]

) . -1 . 3 .
e conplete aliising structuras tor s 4 friction of the 4~ *factorial; these

tw- T

N i 2 3 42
AR e AT BT s AR T

. )
) N [ R 5 ) ‘3
AR« AT B AR C

2 3
T otne Lewels of AR ant sf AL e form two latin squares, these two

Wt gaere TV e aa Od, 4y set of mutually arthogonal latin squares,
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.. I, 11, apd' IIl, These are:

additional combinations|combinations replaced in IV
Square I 112, 130, 310, 332 110, 132, 312, 330

St I | 143, 120, 210,223 | 110, 123, 213, 220
S Mo Ty 213,230, 320, 331 | 220, 231, 321, 330

-The aliasing structure (withbut the cocfficientsd is givenon the following page for
all four standard latin sqyares of order 4. The 1/4 replicate given by square 1V
forms a regular fraction ‘ The remaining threc fractional replicates are such that

ncne of the additional effects are uncenfounded with the effects A, B, or C of

the original latin squares of .ofder 4, Since this is true nc linear combinations

of thésQ effe-é-ts wm-be nconfounded, In order to form a latin square which is

" ' | orthogonal to the given e‘.it.is necessary fhat there be’'a set of effects which
is unconfounded with the effects in the given square, This is impossible forl the
three squares I, 1I, and Il and hence the squares are mateless as is well=-known,

It would be interesting to ascelrmm the aliasing structures for the six

standérd_;la'tin squares of order 5 belonging to the (5,4} set and for the fifty
stgndé;a latin sqﬁares of order 5 for which are knowﬁ to be mateless (Hedayat

' tl969] ). After a study of these fracticns, one should continue such a study for
n=17,8,and9, Itis suggested that one consider a 26-Z fraction instead of a
43-1 fraction for n = 4 and a 29-3 fraction instead of an 83-1 fraction for

n =8, Thereason for this is that there 1s much more theory available for the

o ——— o
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Aliasing structure of effects in the four 1/4 fractional replicates

of a 43 factorial for four standard latin squares of order 4

Square 1 Square ] Square III Square IV
Effect Effect Effect Effect :
[~ . ; [ - . o 4 J
A o |la |8, s [,,, e lea 8 I8 el k ]
e | 83 TR TE )TN B |G B YR TR B lE VAV TG
™ -1 1 1 I- T 11 1 1 1=-1 | T
U I T S I T o ol O SR B IR S e SO EER
B - - - - ;
‘ c - - - - i
AB ple|e|or p P c :
Ag® P P P
ag* P P P
AC P P ' c
act P P )
act | p p
BC P|{ P | P p P c
BC P| PP p: P :_
Bc® | p| P | P B P !
? ABC pl P P|P|P|p| Pl P P{P|P |C
fb ABC p|{ PPl PP |pP| Pl Pl[P| P|P]|P o
F ABG Pl P |l Pl P| PP P Pl P P|P|P C
aeic | pl PPl plp| | 2| Plp| plP]|P ¢
| alct| e | PPl e |p|P| P| PiP| p|P|P c| :_
alcd| el PP P Pl p| b ple|p !
aslc | el el Pl PP |P| Pl 2lP]| P|lRP|P c ’
A e Pl p| P p| p| P plP|P ;1
ap’gil el Pl p|lp|p|P| k|l PlP| R|P|P c ;.
mg )
3 TéSg 21316 12| 7 |12 12| 126 | 1212|121} 3| 3
§ 558 .
~ means ldentical effect C means complete confounding ]
P means partial confounding blank means unconfounded i
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8§ =2 inthe s™ series than for any other value of s, Also, one may use the
generalized defining contrast which has been developed by Raktoe and Federer
[1969] to a considerable advantage in writing Put aliasing structures in these
cases, Investigation of the regular and irreqular fractional replicates obtainable

for various values of n could lead to considerable advances in the theory of

© mutually orthogonal latin squares,
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IV. ANOVA Construction of O(n,t) Sets

There-should be some procedure which would utilize the orthogonality of

single degree of freedom contrasts in the analysis of variance (ANOVA) and

which could be utilized to construct orthogonal latin squares, For example, one

could make use of orthogonal polynomial coefticients for row and column con-. .

irasts and then construct mutually orthogonal latin squares from these, To illus~

trate, consider the latin square of order 4 used previously wherein the row=column

4
Intersections are numbered as a 2

factorial, i.e,

Column
Row | 2 -3 4
T 0000 | ouo1 | 0010 | 0011
2 | nloo Olo1 | o1to | 01t
3 1000 | * 1001 | 1010 | 1011
4 L100 Prot ) 1o i

4
and the 2 factorial is given below:
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Source of variation

C.F. M.

Auw contrasts

- —

A\'-R L- ZRC

1

Rows lincar = K, = A4 ¢B

R 2=V Pt =S-SR

3
1 Ry
B -ARL+ Rc ] l quadratic = RQ = AB
‘ABsRQ 1 ! ' cubic::RC:zA-B
Column ¢ontrasts 3
C = -CL- ZCC ! | Columns linear = CL = C+ 2
.. - . L1] ¢ d = - :‘! .
D = ZCL + C’C ! 1 quadratic CQ -
CD = (JQ ! 1 " cubic = CC = AC-1 -
ul‘
Roman numbers = (AB ") 3
AC = RLCL + 4RCCC | 1 Rl CL
BD = 4RLCL + RCCC ] r { RC("(;
D= | | >
ABCD RQCQ RQ LQ
i ua
Greek lotters = (AB ) 3a
ABD = -ZRQLL + RQ("C ! ! Rl.('Q
BC = ?.RLCL - ARCCC+ 7 ><
4RLCC--RClJL I l RQCC
ACD = (-RL-'JRC)CQ 1 ! RU('L
Ui
Latin letters = |(AB ) 3
AD = ¢R C‘L-ZRCCC-RLCC+
4R.C, | k | Co
ABC = RQ(-CL- ZCC) l | RQ('L
BCD = (-ZRL + RC)CQ ! I RG C:Q
Total 16

tions is:
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The particular contrast matrix utilized is not unique as has been
gemonstrated above, All orthogonal contrast matrices resulting in latin squares

could be considered, For example, other gets of contrasts among rows (or columns)

zould be:

1 2 3 4 1 2 3 4

Meanj + + + +| Mean| + + + 4

Rl ~ . 0 o0 Rl - 4+ 0 O

R?. 0 0 - t+{or Rz + 4+ =2 0

. R3 + + - - R3 + 4+ + =3

The interaction of row and column contrasts possibly could be utilized to allocate

the synihols in the latin square, et

We wish to illustrate the method of constructing latin squares using
orthogonal polynomxal coefflcter'nts.»""wﬂ shéll first consider the construgtlon of
throee m.ut,ually orthogenal latin squares of érder 4 and then we shall conslder the‘
construction of a single latin éqﬁarc; of orde} 6, In the preceding table on
crthogonal polynomials for n = 4 denote all combinations with a_plus sign as
belonging to (RLCL)I and those with a minus sign as belonging to (RLCL)O .

Lo likewise for the RQCQJ and RCCC eftects, Then, the four latin square

symbols are obtained as follows:
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. BT AR P AR RS
-~
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The above results in the following two latin squares of order 4

(R Cp);, RyColyr (RGCQ), = 0000 + 0101 +1010 + 1111 = A
RO (R O, = =
; (R OV, ROC ), (RC ) = 0001 + 0100+ 1011 + 1110 = B
L .
i = + =
; 5 (RLCL)O’ (RQCQ)O, (RCCC)l 0010 + 0111 1000 + 110]) C
| = .
f i (RLCL)O’ (RQCQ)P (RCCC)O- 0011.+ 0110 + 100} + 1100 = D
{ This results in the following latin square of order 4
2 A B [c] D]
= B |[A [D]| C
' : C | D |A]|GB |
v DJjc |[B]| A
A
u - -
L } Likewise, if we use the following polynomial contrasts we obtain the two mutually
i orthogonal mates of the above square:
- : 7 \J ST )
\ ] . - : [P + =
i . o (RLCQ)P (RQCC)'O’ (RCCLIO : 0001 + 0110 + 1000 1111 = ¢
(R Cq'» (RaCclys* (RCy)y = 0010 4 0101 + 1011 +1100 =
I;.A N ) i . .ot . - - N ‘ .
3 (R Cqlg» (RCglgr (RGCp)| = 0011 40100 + 1010 + 1101 = y
F ')- "RLC_‘Q’O’ (RQCC)I' (RGCJLa0 = 0131 +1001 4+ 1110 + 0000 = -5
i 'gnd_ 7 ‘
] . . r,i' ,J“ o
(RLCC)I’ (RQCL)O' (RC(’Q’O s 0001 4 01) l\+ !010 + 1}00 = |l
(R, G)gr RqCylgs (RoCol| ® 0000 + 0116471041 + 1101 = 111
(RLCC)O, (RQCL)I’ (RCCQ)Q = 0019 + 0100-+ 1001 + 1111 = IV

B S U S WV
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~(R,C)) (RC“\

6 a P Y I 1 v | 1

Y (B a 5 A IV 1 mr [ 1
a 6 Y B I | o | oI
B vy | 6 a I O v

polynomial coefficients work§ for ldtin squares of order n where n = Zp . We
need another proceduré for othér vah;e of n and shall now construct a latin

sguare of order 6 from the orthogonal plynomial coefficients in the table of
slngie degree of freedom éontrasts fér 36 combinations, If we observe orily

the signs ofﬂ contrasts we npte((h"at the 36 combinations may be classified into

six sets of four with like signs and two additional sets of six. The latter two

sets will be used to build up the six sets of four into six sets of six as follows

where all combinatiors wl}h a’plué ‘'sign go in the one level.and all those with «

minus slgn go in the zero level:

(R C )1, 1R 1, (R C4)0,

(R 04)1,

171

2Colyr 1o (Fgt5lg

(R C 2o (R3C,3 0’ |R4C4_)0, (R5C:5)0 ' ‘

(RyColgrRyCy)y 4'or (RsCs)y 1€

(RZCZ'O'E‘R g, ,l' (R C-i)l’ (R5CS)o +

iR C )1. (R3b } lR4cqu,(R505Dl +

, (R (R, C

trom these sets we obtain
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+ 2 from (R, C)),,(R,C ,(R 3)0,(R4CG)1.|R5&,5)0

The above method of constructing mutually orthogonal latin squaresiusing - - -

(RgCylg + 2 from (R.C )» (RyC o) (RyC )1 (R,C 1 (RGC),




)

¢
b
f (12 4+ 21 + 34 + 43) + (00 + 55) = A

(02 + 204 35 + 53) + (11 + 44) = B |
é (Ol 410 445 +54) + (224 33) = C
‘ (04 + 15440 + 51)+ (23 1 32)= D

(03 +25+430 +52) + (14 +41) = E

(13 424431 +42) 4 (05 +50)=F

Gt o DR it he it 2
© i el g o ey a1 8 et

This results’in the tollowing Tatin' square of rder 63

00 A 10 C 20 B 30 E 40 D 50 1
01 C 11 B 21 A 31 F 4] L 51 D 7
02 B | 12A[ 2 Cc|32D/l4r |52E
03 E [ 13 F | 23 D 33 C |43 A | 53 B /
04 D | i4 E | 24 V' i4 A 44 B 54 C Vd
. B § /
05 F |15 D| 25 E- | 35 B |45 C | 55 A /
s - . oot - - //
f ¢ ' The pair-o_f_treatments in the second sot of parentheses, e,g., (00 + 55), were S
' ' , " picked from the set/ of 8ix in such a manner as to have i and j in the combina="
- tion "ij, contain 0, 1, 2, 3, 4, and 5 sincc cach letter must appear once in
each row and once in each column.
r It would be interesting and perhaps enlightening to carry out the above B
[ procedure for n = 10 and 12 and to exhaustively study the complete set of 35 ;
f . ‘eontrasts for n= 6 , ' ’ '4
§.
§
f 1
; !
P
-
P 705
§ 4
1
3
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V. Group Construction of O(n,t) Sets

V. 0. Introduction. The construction of O(n,t) sets based on groups and their

associated mappings such as automorphism, complete mapping, and orthomarphism

is the oldest and still the most popular method for n not of the form 4t + 2,

Euler [1782] implicitly utilized some properties of finite groups of order 2t + 1

and 4t for his c\Q{mstmcuon of -(j(it-;l; 2) and O(4t,2) | sets, respdctively, "1t
' i

. was MacNeish [1922] who, for the first time, explicitly (however, not rigorously)

" utilized group properties for his construction of O(qm, qm-l) sets and Qin, \ !}

t f {
sots, where q is a prime, m is a positive integer and {f n = ql qz qrr
: . {

is the prime power décomposition of n then \ = min(q:‘ s q; yeany qrr) . The
field construction of -;.O(qm, qm- 1) sets found independently by Bose [1938]
and Stevens 11939] is based on the additive gréup of GF(qm) and its related
cyclic group of automorphisms., The Oin,n~l) scts for n = 3,4,5,7,8 and 9

.exhibited by Fisher and Yates (1957 are based on cyclic group and abelian groups,

Several beautiful applicat‘i.ons of group theory to the existence and non-exié;cncu

- of Ol(n,t) sets have been found by Mann [1942, 1943, 1944], The 0O(12,5) scts

found By johnson et al, [1961] and Bose et al, [1960] are based on abelian
groups of order 12, Hedaya;c [1969]) and Hedayat ancll Federer {1969] have fourd

a series of results on the existence and non-existence of O(n,t) sets through the
group theory approach., The interested reader on this subject will find the fol-
lowing references together with the references given to these papers very useful:

Page [1951] , Page-Hall [1955] , Singer [1961] , Bruck (1951], and Sade [1954] .
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--Définition Vely I

The author has no doubt that the reader can find many more interesting papers

directly or indirectly related this rich subject,

V.1l. Definitions and Notations.
There are several forms of definitions of latin squares and orthogonal

latin squares, The following forms are useful for the results which will follow:

whose rows and columns are each a permutation of the set Z Every latin square
of order n may therefore be identifird with a set of n permutations (pl,pz, oo ,pn)
where Py is the permutation associated with the ith row,

Definition V,1,é. Let Li be“a latin square of order n on an n-set 21"’
i=1,2,..,,t . Then, theset S = “‘1’ Lyvsens Lt} is said to he & mutually
orthogonal set of -t latin squares if the pr&}’e\’cttbn of the luperimﬁosed form of
the t latin squares on any two n-sets ‘\-:i :and 2:1, i j, forms a permutation
of the cartesian produ&t set of _\_:17 and :’ . Such a set is denoted as an
*Ofn,t) set,

Definition V, 1, 3. If L = (P;, Plovees,y Pln and L, ® (PZI' Py seey Py

are two latin squares of order n on an n=set Z‘,, then we may define l;le to
be Ly = (P, Py PlaPyyyee, PP, ). The generalization to the product of.

t >2 latin squares follows immediately,

V.2.2. Construction of O(n,t) Sets Based on s Gr

We shall divide the problem into three parts based nn whether n is a

prime, or a mixture of prime powers, The proof of the subsequeant results can be

found in the references related to this section.

708

- A-latin-square of order ' on-an neset ) I8 AR AX A matix ¥




e

A V.2.l, n.= qaprime. Recall that any prime ordered group is cyclic,

Theorem V,2,L.1. Let G={P,,P,....,P } be acyclic permutation group of de-
i q

dgree q and order q . Then, S11 = {Ll"LZ""',',Lq-l} is.an O(q,q-l) set,

IR TN

i 41 i
where I'l = (Pl, PZ’ ey Pq) .
Demonstration V, 2.1, 1, let q = 5, Select any arbitrary generator such as
12345 '

-35714) -Which generates a cyolic permutation group. G and, hence, a latin.

square I..l . Then,

E
£
¢
g,
3

Lssalf; 2l 4] s 3[1 5(1(4]2]3 4l 3]11512
_ 2| 4f 5 3[1 4 3[ 1512 315121114 511423
Ly=|sp 4 2)s), L, =3 s]2f1]4], Ly=qa]3]|s]2], Ly={2[a]5 ]3]

1alsli]s]z s| 1|4]2]3 2la s3] 351214

112345 1 2] 3]4]s 1{2]afals 1121345

F'or those who do not like to work with permutation groups we present the followling
theorem: .

"rheg.;am Ve 2, 1, 2, Lgr. L(ri paan nx n gauare with ri+ j (modq) jndws (i, 1ith
cell, L,i=0,1,.,,,9=1. Then, 51.3 = {Lh, L2), vuv, Lig=l)} is 8n Quq, g=1)
setdf q is.a prime.

Demonstration V. 2,1, 2, Let q = 5; then,

f of1]2]3]a o[1]2]3]4 ol1(2[3]4 oli]e]s]a
': 1{2]3]4]o0 2l3lalo alaol1 ]2 ANEBE
i Lib={2|alafolt|,varaafofr{af3], Ldrafi{z]a]alol, L) =[3a]al1 |2
§ 3lajol1]2 1[z]3]4f0 alol1]2]3 2 (3140 |1
: 4(0]112]3 3[4jo]1]2 2f3l4j0]1 1{23]a |0
{
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Note that L(1) in theorem V.2.1.2 is based on the cyclic permutation

2 2--- q-l'
1

group generated by ¢ i 1 p ) and L{i) = Llll), 1 32,3,...,0-1, Henece

theorem V, 2,1.¢ 1s a special case of theorem v.2.L1,

V.2,2, n= qm where q is a prime and m any ggultive integ ;. Note that

this case in particular for m = 1 includes case |, We shall present three

one is based on any group which admits an automorphum of order t , .
Theorem V,2,2,1, Let G={P1,P2,...,Pn} e 2lic permutati g £
degree n and order n . Then, S, = (L,Lyheees L, } d3.8n OMn,\) get
where n=q" and » =gq-1, |

Qemgggtratlg}\ Vo2, 2.1, Llet n s 32 =z 9, Select any arbitrary qenerafor such
2 :) which generates a ¢yclic parmutiﬁoh group G and hence,

a latin square L, Then, since \ = 2,

3Tdfs[1]6l7([8[9]2 s[11el3]T]8]912]4
Sl1je[3]7]8]9 (24 715|869 ]2|a] 13
b|3[7]5(8]9 2[4/} 9(7]2]8f4]1]3]5]¢
T 58 lej9f2|4() |3 491235678
Loaj8lelo|7|2a|4|i|3]|5] and Ly»|3|4]|5)1]6[7|8]9 ]2
9 {72 ]8[4]1[3]5]6e 6|3|7)5([8]9l2|4]!
2|8 (a9 1[a]l5][e]n glejolr|2f4f1]3}s
419 (1t je|3ls(e|7|s l2a{8lafo1|a|s|e6]7
L2 (34|56 |7 |89 1234|5678 ]9

is an 0O(9,2%) set,
Gonjecture, The set 521 is orthogonally locked, meaning that there does not

exist a latin square L such that S, U @) 1 an O(,\ +1) setif n is not
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a prime.  Note that for n even this conjecture is correct since any latin square
of even order based on cyclic permutation group is orthogonally mateless,

An analogous theorem to theorem V, 2,1, 2 for this case is:

Theorem V,2,2,2, Let L(r) bean nX n square with ri+ j (mod n) in_its

(i,)) gell, 1= 0,1,2,,..,n=1, Thep 8§, % {L(l), L2), ..., LX)} is an

On,\) setif n=q™ and X = a-1.

Demonstration V,2,2,2, Let n=q = 3z then,

o1 {ef3lals]|e]7](s o1 f2a(3]als]e]|7|s
{2 3[4afs]e|[7]8]0 2l3flas]e |7 ]s]o
2134856780} 4|slel7|8fo]ijz|s
slalsfejr]sf{ofi]e 6l7|8 (ot ]2]3]als
Ld)=j4a (5 f6[7|8]|0|1|2]|3|and L2ra [8[O|L [2]3]a]|5|6]7
| 516 7]8(0]1]2]3]« I [2[ala]s 6750
6 |7(8|lol1]2[3]4]s 3lafs]el7 s ol e
T7 8 ]oft1]2]3|4]5]¢ s{e|7(s8foftf2a]s]4
glof1fe]|sla]s|el 7lafo]tf{2]|3|4]5]6

is an Q(9,2) set, Note that theorem V,2,2,2 is a apecial case of theorem V.2.2.1

01 2., n-l

viz,, L(l) 1s based on the cyclic permutation group generated by 023 o

and L(i) = L‘m,' 13 2,000,0

Theorem V, 2,2, 3, Le_t G = {4:l = e the identity, IYRERE an} be a grgup of

grder n and o an aytomorphism of order t on G. Ihen,
1)y §= {Ll’LZ"”’Lt} is an Oin,t) set, where
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e ﬂz soe an
| N i i
| [+ 4 (02) 24 (az,az ) [ 4 (Bz)an
! ) i t {
: Li < o (63) (5 4 (83)32 YY) a (&3)ﬂn
} . .a ‘an) a ‘an)az Ceee - o lan)an

¢) lfin particylar t = n~l, then one can simplify the constryotion of an
0(n, n=1) et from the {ollowing key latin square by 8 gyolio permytation of its
jast n-l pows.
e a(X) O‘z(x, e at(x)
alk) | alxXa(x) a(x)uz(x) see _',a(x)at'(x)
Ly *| o | alwe | ePmidin | L. | afetm) _
at(x) at(x)a(x) ﬂ‘(x )az{x) Y at(x)at(x)

forany x 4o G exgept the idaentity element.
We see, therefore, that by means of theorem V, 2.2, 3 one can construct
an Ofn,t) set if we can find a group G and an automorphism a of order t ,

In particular, if t = n=1 the whole task of construction reduces to the construc-

tion of Lo as described above, I{ ns qm then because every slementary

Y




abelian §-group G of order n admits an automorphism a of order n~1, we

~.m m .,
can construct an O(4 ,y4y =1) sel based on G and a. Hore we presant a
m
general method of constructing such an automorphism for any n=q . In par=-

ticular, we shall exhibit such an automorphism for the following n:

) . na2™ ma2,3,..,,9
j O R : ; |
1 nusm,m=2,3,4

n=?", mE 2,3

e .2

oy newtn 172, 102, 222

,292, and 31° .
This will then perhaps be the largest table that has ever been produced so far

i© . for Qnyn=1) sets,

[P

Note that there is no loss of generality if we limit ourselves to the follow=

ing elémantary‘ab‘ollan q«group of order n = 'qm .
G“ LS {(bl bz.‘l.” bm), bj = 0, 1, 2, e pq-l') =l (:, ..;,m} .

The binary operation on G*- i8 addition rﬁod 4 componentwise, yiz,, (bl. b2 e
bm) H‘b'l bfz ‘i p';n)'t (c1 Cp ven Cp ! where ¢, = b1 + b; (nﬂ'od q.) . Note that
the alements of _G':‘ are simply theytreatment comblnations of m 'factdrs cach

at q levels., The reason why we have chosen this particular elementary abelian
(=group is thai it has a wellekhown structure to those Qho are concerned with cx=
' periment design construction., Note also that G':t ie the direct pro&um of m

, Galois tields, each of order q ,

The generator set for avery elemaentary abelian g=-group of order qm gon=

sists of m elements, and for uniformity, we may choose the following ordercd
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&
generator set for G .

g = {100 .,, 0), (01,00,., 0), ... (00,.., 010), (00 .., OL)} .

5

‘ *
i Note that the structure of every automorphism a on G 18 completely

. *
defined if we know t);;e image of each elementof g under a . G 1is a vector

\~ T space of dimension m over GF(q).

)
U Before proceeding further we need the following well-known result:

" 'Theorem V,2,2,4, Let G be an elementary sbelian g-group of order n = q" .
en, A o G is isomorphic to fhe; (multiplicative) group of all non-singular
m X m matrices with entries in the ticld of integers mod q .

7 .
The construction of an automorphism of order n~1 for G s equivalent

to the construction of an m X m matrix A such that an-t

=1 but A' w1 df t
1s not a multiple of n=-1 over the {leld of integers modq . .
We know from linear alqebr$ that if & is a linear:ma_p on a v’gctor space
V ard if x ¢ V suchthat x» 0 but onlnh= x, then | is an elqenva.lu; of ¢,
Morcover, It {x ,\,, .00, A, ) 18 the set of etq;n\;aiueslbf {¢, then‘(k’l, A :,
ceny A :) 13 the set of gigenvalues of o° . Therafore, fo:_' our probl'em we must
: fmd a linear map on G“ with a set of eigenvalues” xi having ghp'p}opgrty t!m:'
for each |, xjs ¢ 1 (mod q) forall s = l,2,..,.,n=2 and xr-l =1, Todoso ‘-“.
let F bea c_r(q”‘) and let 3 be a generator of the multiplicative cycllc group )
of Gl”(qm). 1. €, ﬁl + 1, 1=1,2,,..,n=2 while |3n-1 =] ., Let f{(X) bea T
monis xrrmuclﬁln pol_yr.o'mial o;)ér. GFtq) for B, Note that f(x) has degree m,

3 ts sometimes called a primitive root or mark of F. Ncw, if we let A be the

companion matrix for 3, then it is easy to see that A has the desired property.

v
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~ Example

- . . ' ¥
let us findan automorphism of order 3 for G = {(00), (0l), (10), (1)}.
]
It is suffictent, by previous arguments, to find a 2 X 2 matrix A of order 3
over the field of integer mod 2 . Let GF(Z?') = {0, 1,R B+ 1} with the follow-

ing addition (+) and multiplication (.) tables

g p |B+1} 0 ! B "y Boja+ L
pellp+i] Ll o | Tla.a]o]es+r] v | p -
) f
~
_ T~ w2 2
Note that 8 is a primitive root for Gl'i27) and fix) &2 x +x+ 1 is a monic
M i

irreducible poi;?ﬁaﬁ{l'éi‘“fa““ﬁ;"‘.e;"m;:e fi3) 8 O(mod2) . The companion matrix

IS

associated with f(x) IR ‘/"m _
, . )
L !
NA .
. 1 i
o :' \ -
As a check { (// | ' A ‘
, | S , |1 1 0
A = # over GF2), A = =
1 2 L1 o : 0 ! 01

over GF(dr ., -

Let us now determine the image of the ordered generator set g = ((10), (01)}
N

under A,
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17 o) {"o (10) + & (01) (01)]

ro
A‘;‘Al_l i | on =[_|uo;+x(on i} (m_i ‘

Therefore, A(10) = (0l), A(Ol) = (l), -and since (i1} = (10) + (0}), (00) = 2(10) J
. ! 4
+ 2{01), we have A(ll) = (10), A(00) = (00), 1

- el T [ — R *I e s B AR
... New; we have a group G’ of order 4 _and.an autoh

on G . We .can now construct an O(4,3) set , Since e = (00), and if we let

1

x = (10) 1n theorem V,2,2. 3, we obtain:

L.

(00) AUy A%0) a%(0)

A(10) A10) A(10) A10) AZ(10) | Ao) A%uo):

| A%a0) | A"‘uu)z_\uo/' 20017 00) | a%a030)
a0y || A%aoaner | aluoalao | a%ion’ud)

- / — I _ F—
(00) (obL i (10) '
o1y - (00) o ()

(- 107 00 (@)
(10) th (0 (00) .

The other two latin squares are obtained by a cyclic permutation of the last three

rows of L() . Thus,

001 ] o ] an | «oi] |0y ] ©n) | (in) | (10)
(rov | (11 | 01y | 00) (ll») {1a) | (00) | (0l)y
L = . 2 Lz
: on | woy aoy | and {ao {an {on | vey|
() | 1oy | 0y | ron| |on | 00 | oy | anf .




1
PR ‘.
ey

agl

312

To simplify the notation we set (00) =1, (01) = 2, (11) = 3, (10) = 4 to obtain:

4

We are now ready to exhibit a generating matrix of order “n-

with entries from GF(q) for those n promised bhefore.

[ Y L T ..
< e .I... T~ —
o - 5 =
¢ T — - )
: LT ooo0COC O~ —
| S I | '
OO0 O0OCO0D COLOOCS ~CO
SooT—~S "0O0000 —~20GC
. . ococ—-0cT D0CO—-0O0OC
[&3 . .
= o0 ~c oo cco—~Do oo —
o o—-0cCcoD cc ~oO00C O —
c e - ,
@ ooz o — C D000 Q0 O —
1] .
So 0D, —~O0OT 0000~
i ) .
COOC00 00O~
D "y ~ o
E ~3 ey ~ ~
5 .
o o ) o«
2 = -y 0
@] .
B L0 1
. - COO0OO0 0D~
- "
.A .000010 o-ocCc = o o
. _0010_ coo—0cC cT-ToCc -0 o0Oo
L d -
o ) o—co oo ~co0ooc ©OCO0—0008 -~
S
o |
o o000 — L O D0 O — O —-—0D0COO0O ~
@ 1
&) . , coooo—~ —m200O0O0OO0OCO0C
L - —) o oococoococo -~
] ]
~N < Nl ')
= ~ N ~ ~
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L ol
L 0 ~N - a0 o o o o o
o ~ -« ~ -« ~ 0 ©° oy o
0 .
XN .
9 o~ oo~0o o —-o - —
o T _ll.- 113_ 1....5_ -14_113a —
m —_o — O -0 0 a —Cc N
L o ~ o m o n oW o™ o~
s COoO—~, —OooQg— conm: ) L ) =) il Y Sl I Shuiihl )
(&} .”.”.,ﬁ _.lll—
s ~ - o ~~
= 33 53 n ~ - - — — ~l “
0} P x - - ~ © x o
i ® & ~ ~N ~ -+ G ~ T
[ ™~ N} o~ ~3 oy <
O . o
=i
- ]
oo —~0O FEEA . :
B R | } T
m.v. : c —-C Q. . 0.013..:—0'!,'0].
L d . B : —
Pt —~2 —_c 0D 12_,.0100 .02..15__11._12_
O ) - L e |
o —_ cooc ceN, -0 0™ - GO g O — o~
9 | &y . t ] T 2O SoN, CDCET )
O oo — 0003.r||||._
\b -
o ~N ~
-~ ~: < ~
~ < -~ . [ >
c - ~ e wn w ~ -~ ~ ~
Ed —

Let

To shed more light on the given procedure we go through another example.

. Then

2
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n

{(000), (001), (010), (0L1), (100), (101), (110), (211)}

o
[[]

O O =
— e
S |

{(100), (010;, (0C1)} and A=

_—0 0

41
u

. Ag (010) oony |

o] [ (100) (010)
!
1 (001) (o) |

0 1
0 0
1o

Clet’w i theorem V.2 2.3 be (1007 Then,

CA(100) = (010)

TRy, PATE

a%100)= (0011
3

A (100)= (1011 »,

atoor= (i
5

A>(100)= (110) ,

N ' ' 8100 NQI) , and
i : ' o

AT(100)= (100} .

SrEngo T Ao gl ook Ve =t o S

Therefore, we obtain L0 as follows: L ' ' e

1000y | @10) | (001) | cron | 1kt Loy Jeor1) | ooy’
(010) | (000) | (011) ] (11-1) | (101) | (100) {(001) | (110)
001) { (011 | (000) | (100) '(110 $xr11) [1010) | (101)
(lofy'{ (111) {(100) | (000) | (010) | (01l) | (110) | (0O1)

0 (111) | (lol) [ (110) | (010) | (000) | (0OL) | (100) | (OL))
' (110) | (100) | (1113 ] o11) | (001) | (000) | (101) | (010)
(011) | (001) | (0103 | (110) | (100) | (101) | (000) | (111)
(100) | (110) | (101) | (o11) | (01l) | (010) | (111) ] (000 .

—
]

Setting (000} = 1, (010) = 2, (00l)= 3, (101)= 4, (l11l1)=5, (110) =6 ,
(011)=7, (100) = 8, then Lo in a compact form will be:
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1(2]3]415]|6 |7 |8

217|514 |8 |3]6

317l l8lefs ]2 |4

Ly=| 4[58 [1[e|7]6]3

514)16i21113]8]7

6|8 57131 (4]2
7131216 ({84118 . _
“GEELL R - -

Now, we can derive Ll’ Lyveooy Ly from L0 by a cyclic permutation of the

last 7 rows of 1,0. for example,
11213 (4516|718 Fl1e 13415 (6|78
Blel4|3|7 (2|81 73126 (8|4 ]1]s
2 1[7]5]4(|8]3]6 B|l6[4t3 (7 (|2 ]5]1
Ifryp (816|524 L7514 (8 |3]6
e lals{s[ a7 el s 57 1 |86 |5 ]2]a|
sS4 6]t ]38 7 45|81 1271613
61851131142 6 (8 (517|311l |4a]2
T332/ 61814)1 |5 6|8 (57131 |4f2

and so un, Note the way Ll is derived from Los except for the first row of

1,0 and ’“1‘ which are ldentical, the lth row of Lo becomes the (1+1-)th row

of Ll‘ and the last row uf Lo becomes the second row of L1 . In general Lj

is derived from LJ-I in the same fashion as L, 1is derived from Ly »

m, m m
V. 2. 3, n o= ql q2 qrr, "where q1 is & prime such that qi‘qj if iw]j

and moois oA posttive integer, 1= 1,2,,,,,r ,
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m m m

Iheorem V,2, 3,1, Let n = q, l, q, 2, ceeyq rr be the prime power decomposition

m

of n . Then, there exists an O(n,y set basedona group, where y= mim’ql 1,
m, m, :
qz g ey qr , - 1 .

e

. m
Construction, Let n o= q i . Then, by the method of theorem V, 2, 2, 3 construct
| .
80 00 myml) st By ® Ly bigs ey Ty ophy 4= L2peeyr o Now, let ,
" s’f: {LH,JLR,...,LW}, i=1,2,...,r , Then, H= {AI,AZ,...,Ay} is

......v-.- S

an O(n, y) set where Aj = L“ ® LZJ Do ‘DI‘rJ . @ denotes the Kronecker product

operation. .
Eol
¢ Demonstration V,2,3,1. Let n =12 = 224 3 « Then, y= 2,
(! .
| 11213 ‘ 1]2
E 8, = Ly = |3 37_71_,le- f1] 2 ,
| ' 3f1]2 {2{3f1
N _ Y
. rya2l 3|4 2] 3]4 L]2]3
5, = \1‘21‘3214_3.10‘.2,4 ZI'Lzs‘s‘l
' 3)4i]2 2143 4l3jaf1]
’ 4/ 312} 1 ' 3laj1]2 2|1 14)3

" 7 " ' 1
§ = {Lu. le} and S, say {L“, Lza} . Then, the reader éan ear_luy
verify that
He= (A =1,9L,. A =L,3L,,!

is an O(l2, 2) set,

o N

Remark. Let n and y be the same as in theorem V,2.3.l. Then it can be shown

that automorphism method fails to produce more than y mutually ortﬁtgonal latin

f

L‘ : 721
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Squares. We shortly show that this inherent defect is due to the mapping not

o the yroup structure,

Definition V, 2, 1. Consider for each pPositive integer n an abstract group G of
ordgr n with binary operation *, Let Q be the collection of all one=to-oné. ,

mapptnqs of G lnto 1tse1t Then two maps ¢ and y in Q are said to be

T rthggaga “if for any g in’ CS.

Lo = e e e

(0 2) = (mZ)-l =
has a umqu'.e solution Z in G. In particular if ¢ is 'an identity map then
. 18 satd to be an o rthomgrgn S map, A t-subset of Q1 is said to be a mutuauy
orthogonal set Lf every two maps in this t-subset are orthogonal,
‘Let L(+) bean nX n square, We make a one-to-one corfuponddnce :
brotweér} the rows of Li*) and the ele_menfs ofb G, Tﬁus, by row % we shall
mean the row c_or;'espondan to the element x in G, Slmllarly we make a one- o
to-one correspondence between the columns: of L(*) and the elements of G.

The cell of L(.) whlch occurs (n the 1ntersection of row x and column y is
called the cell (x,y) . ) ‘
Theorem V, 2, 3,2 Lg_tcg_e_l_gﬂ.l’utlg;he_ie_u (x,-f)g_fL(-)th_g}gmm _ .
- lex) *y of G, gallthe resulting square Lic). Then Lie) _LLLL!_Q_Q_MQ . & \
oforder n on G. Moregver ;f {u‘l, rrz., ...,"crt} is a set of t mutually ortho- | ’
gonal maps then “‘“’1)' cen, L(at)} isan O(n,t) set,
Remonstration V, 2, 3,2, Let G = (0,1, 2} with the binary operation X +x,m

xj(mod 3, xi. in G. Then the maps ¢ and y with the following definitions

are orthogonal,




L et el

SRR T

c(0)=10 $(0) =0
e(ly= 1 wly=2
og(d)= 2 bE)y=1,

0 (o qtié
CLeds [1)2.)ol., L= |2 o]0 o
2 1 1 0
which are orthogonal,
anﬁmg_tm O(n,t) sets based on t different groups of order n
t T /

- Upto ‘\.now we have been concerned with the construction of O(n,t) sets
uuhq a qroup!':iof 6rdet n which admits certain mapplnqg. In this section we want
‘to-show that fé_yr som-e n's Qnd t's one ;an construct O(n,t) sets based on t
dlffergnt qroup:_lp each of order n . This apprbach prove& useful because it lead

to the construction of an O(l5, 3) set. We should mention that our motivation

to aearch along thue llnu has stemmed from the fouowlnq theorem, with a nega-

tive flavor, proved by Mann [1944] .

 Theerem V. 3.). n.tummmmmm_uowz) aet based on two dif-

{ ation )

f‘or a while we thought that this theorem might be true for other orders.
However, it was found th’at, fortunately, this is not the case as the following two
thecrems show: ‘
Theorem V, 3,2, It is possible to construct O(7,2) sets based on two different
sxgugmmmw 7.
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. cyclic permutation group generated by |

Proof: By construction {Ll’ LZ} is an 0O(7,2) set where

Lje|3[als5|e]7 1j2{3]|4|5]6]7
dl7)6 1] 4]2]5] 21314 (5]6]7] 1"
6|sla|3|i|7]a __ 3lals|ef7]1]2]

L= 24176l sisiy - Lys{afsle)ritieals| -

lr{rlsl2alel4]3 516|771 (2]3]|4
s{3laj7]2]1]6 67|11 ]2]|3[4]Ss
4ale]l 5L7 3f2 7 ]2 |3l4f5]6] .

| | | , .
x‘.l and Lz are based !Fn two different permutation groups as can easily be seen

from the different struc{ture of their rows, To be abeclﬂé Ll is based on the

v

ob
1234 7 '

| 3176 1 5) and I..z is based on the
cyclic permutation group generated by (l Z! : ; T) . Note that, since L1 and

=3 o s U,
O 20 N

. | :
1_Z are baged on cycuc'\_\ permutation groups, then by theorem V,2,1.1 {I..l} and

(L can be embedded f‘~n 01(7,6) sets. However, whether or not {tl, LZ] can

be embedded in a larger sct is an open problem.

Thegrem V, 3,3, It is posgible to congtryct OS5, 3) J.megun.ﬂ_é_-
ferent ¢yclic permutation groups of order 15,

We remind the reader that every group of order 15 is cyclic,

Prouf: By zonstruction “l’ L. 3} 1s an O(l5, 3) set where
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0 12} 3 al5t6l 7218|9110 11 (1211314
71 4] 8] 9f1r]2fs5]12 113}l ollse | 11 3l 6
12Tirialiolalgt 2l 3 Yol ogf 21 64 41 91 3
i ]te4] 3V of eli3f gl a4 lol zi12 1t s 13y Ligl 21
4l ofol 7l s i3f3alatpolnal ! 2 1141 01 8
il sfiofi2] 2T9l 3T1alol 11 4] 81 6ll7l13
4] 2] of t1 s8itol 91 61721 4 (11 113 1 & o3

y Ly ol 8 7l al13iollo]l 51241 |4 | 3} 21 1'["9
sfidfuafiif 3{-71of 211f14] 61 ol a8t 4110 ]

B \ 89 a4l 610kt (12013 L5 210 k-3 b4l |
03 it ]s 41 1 [ 34 g (.2 191 6112 |
' 3014 [ 1t lel 9felaftajiziof 511
9l 7] ol s]t2znefir 1o fshia] 34 1 | p 214
(o Ji2fs]13] 1 [wftajofe[3] of 4] 1] 8]il

0 1 2

i 4 5 o Ve 9 o 11 1z 13 14) :
7 4 8.79 Il .

L2 5 12"?.\;‘,3 10,0 14 1 3 6
i';.“, - )

A
i !
S .

1.1,'

Jenerated by (

Whether or not {Ly, L,. L} can bk’ embedded in an O(8,t), t >3, set’

LY \ o

.

(N i ) . N

© 18 an open problem, - o o

"

c

[
4

- Vid, Concluding Remark -~ = .

Koy

jé?hnson et al, [1901] and Bose gt al, [1960) ,lndependently found, by an-
eleétronié computer, five ;nutﬁall\;" brthogonal latip sqt;xe_ares Ey first finding five
mutually orthogonal maps ifpr an abelian group of c;;:rd.er 12, The b(lZ, 5) set
exhibited below is the s;(‘.t ;found by}‘ Johnson P_tg_l_. '[1961] . Note that the top
squaré i3 obtalned, after a proper renémxng, as the direct product of a latin square
of order & and a cyclic latin square o:",c;rder b beind both orthogonally mateless.
Mor-~over, every other s_quaré 18 uh-tain‘ed by propér row permutations, determined

by an orthomorphism, from the top square,

Final Remark, The group method fatls to produce an O(n,t) set, t 2> 2‘. for any

4 the forme 4t » 2, This 1s so because the Ca'!gyley table of any group of order

n o= 4t + 2, which i1s a latin square of order n, is orthogonally mateless,
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VL. Projecting Diagonals Construction of O(n,t) Sets

A very simple procedure (sort of th|e ""man-on-the-street " approach) of

constructing balarnced 'lné'omple'te block and p&rtlauy balanced incomplete block
2 _

designs for v = Kk u’éms,ih mcomblete' blocks of size k hds been utlllzed

sets, First we s : 1 ulustrate 1ts use in mcomplete block experlment desiqn
construction, and th\en we show how it applles to the construction on O(n, t) set.
The theoretical basis for tnis method may be derived directly from the preceding
sgrc;tf;n. , .

| The procedure becomes a'pparéht through an example, Supp'oéewg that v = .-9

and k = 3, After writing th® first square as illustrated below, take g'uccel,sivb'"

dxagorra'ls/of the preceding square and use them to form the incomplete blocks of

a square, thus: , . r
Square |  Square 2 Square 3 Square 4 ;
1le]s 1] 599 ‘1168 1147
415 |6 2] 67 214 |9 2158
IRERE 3| 4|8 3ls |7 ale|o

As we have noted this is a resolvable balanced incomplete design with the para-
e
noeters v o= 9 o= k')'-, k=3, r=s4d=k4+1,b=12=k(+), and x =}, where

s
N opg

thi rows f the above squares form the lncomplete blocks.
1. form a partially balanced incomplete block design for v = kz in in-

complete blocks of size k one may use any 2, any 3, ..., any k ananqemenf‘s

‘ |
(or squares), To illustrate the formation of a partially balanced incomplete block
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design for v = 6 = k(k=l), r = 2,0or3 =k, and k' = 2 nimlly delete the
qymbers 7,8, and 9 from the last k = 3 arrangements, The deletion of certain
symbqls from the set_ 1,2,...,v is known as "variety cutting”, For kz = 25

‘and k'= 5 partiaily balanced 1ncomp1etéi block designs may‘bﬂe constructed for

* T -
-veloand k =2,v=15andk =3, and v =20 and k' = 4 by the above

.nvariety- ‘;‘-‘tti_ﬂG"—t;roc edure, e

Also “the succiessive diagonals method ls useful for v = k.z ini incom&ple't.'ev

A

blocks of size k for any odd k. For example, for v = 225 and k = )5 four
arrangements or squares may be quickly constructed by the above method, Like~-

I \ : .
wise, the "variety cutting” procedure may be utilized to obtain 2 or 3 arrange~-

menfs for v =15p, 2 <p< 5, varleties. ) P ;

;: o - ' The above method has its gounterparr in constructing mutually orthogonal

latin squares and this possiimty {s briefly mentioned in Fisher and Yates [1957)

‘ 3 in this context. 'Aqakthe 'rh th_od becomes apparent through an example, . First

write the latin square in stafndard order and of the form given below for the first
" square, then project r.ﬁe main right diagonal of the preceding square i'nt'o- the first
: colum_n of a square, and then write the symbol orger in the same manner as in the

first square, As a first 'example, let the order of the latin sqdare be 3; the

e e et s e s e oo

squares are:

first square i second square o third square
: 1] 213 111213 11213
| 2| 3]t 7 B N B O 1123
: if1] 2 2|3 ERERE
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Thus, the main right diagonal of the first square is 1,3,2 which becomes the
fiiai column ot the second square. Then, write the first row as 1,2,3, the
second rowas 3,l,2, and the thirdrowas 2,3,1, For the third sduare,'

whnich is not a latin square, the right main diagonal of the second square is-

l,1,1 and this becomes the first column of the third square; the rows are then

- —compléted; ~ If W thes take thé right main diagonal of the third square, we ob=

tain the first square,
As a second illustrative example, the five squares for order n = 5 which

are constructed by successively projecting diagonals, are:
{ ..

first square ' second square third square
233 5 | NEERE Tz]3[4]5
d{3fals i 17\131'.512 NBBBE -
a5 f2 fsl1{2f3]4 2| 3{4(5(1
Talsitfe]s| el3]a]s] s{t[2]3]4
. lsfifalsqe 45123 3jals]1]2
fourth square: fifth square
TITAs] - [TTE3 e 8 )
? sl1]2]3]4 1le]3lals] '
| EIEIRREAE R EICAE ,
3[4]5]1}e 1j2]3/4]5
’ 2| 3]4)5] 1]2]3(4]5

The {fth square s not a latin square 6ut may be utilized to construct the first
square through use of the method of successive projectidns of the main diagonals.

The method may be utilized for any odd order n; and will produce ql-l
crthogonal latin squares for n = ql._qz..... vdg where q, < q1+l and ql,qz,... ,qs

A)
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is the prime power decompq,éltlon of n. Thus, for n =15 =2 3(5) a pair

3
E ' - {q)=1= 3-1=2) of orthpgonal latin squares is easily produced. For n = 35 =
L | ; |
O 5(7), a quartet of mutug;lly orthogonal latin squares is readily produced by the
I . .
projecting diagonals method.” | . A
e ' " _ \
{
. -‘\_’ -
) ‘ w . ! ,‘ - .
! ¢ |
o i
: E[ ) .
) |
3 , .,
1§
i
|
b
|
E \
|
%
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VII, Relating Between Complete Confounding and Simple Orthomorphisms
We shall illustrate the ideas by going through & complete example taking
f : 1
. ' n=1l2= 22 X 3, For this purpose we take the ring pt 12 elements (obtained
: ' by utilizing Raktoe's [1969] results) as follows:
— i _ i R 24 ,__ll, - GF3) -13 - - _ y_‘
i - 0 0 0 0
' 1 o= 3 |} => 4
X x| 2 2
X+l 3x+3 ,
Rig = Iyt Iy = (0,1,2,3,4,5,3x, 3x41, 342, 3x+3, 3x+4, 3x45}
Rx-a" is a commutative ring under addition .énd multiphcition (modddé, :
. ", H : . ° 7 . - :.
3x" 4 3x + 3, 4x + 4) in the following sense: :
€.g.t (a). (3x+3)+ (3x+4) 3 bx + 7 = |; hereiwe ha}ve to reduce ’
"only mod 6 to get the answer, . 3 ll
(bl (3x+l) + (3x44) = u9x° 4 15k 4 4 i
= 3x')' 4 3x{ 4 : . !
2 2 Y
= [ 340] %7 4 [340] x + [044) =(3x" + 3x) + 4
= 3+ 1= 1; here first we had to reduce"
“mod &, then mod le + 3x + 3 leaving us immediately 3 and
4, which is irreducible mod 4x + 4, thus resulting in 1.
\
. 732 '
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Explicitly, to facilitate arithmetic, ‘N:g/a:dditlon and mutliplication of these 12

elemants are.
sl 0 1 2 3 4 5 3% kel 3xe2 3x43 Ix+4 3xsS
0 (P 0_ 1 2 3 4 5 Ix 3x+1 342  Ix+3  3x+4  Ix+5
1 2 3 4 5 0 3x+]l 3x+2  3x+3  3x44 345 3K .
7 2 | 4 5 0 1 3x42 3x43  3x+d4 3x45 X 3x+1
Temeegie Do 0 0Ll 2o 3%e3 k44 3xeE 3% IX4l 343
4 |23 3x44 3x45  3x 3x+l  3x42  3x43
5 : 4 3x45 3x | 3xel  3x42  3x43  pxid
x | 0 . 2 3 4 5
. 3x+l ) , 2 3 4 5 0
{‘ ' J3x42 ‘ t 4 5 0. 1
. 343 0 12
- 3x+4 2 3
?..! 3x+5 | | '4‘
' c 0 1 2 3 4 5. 3x x4l 3xe2  3Ix43  3x4d  3x45
bl 0. o 0o o o 0 o o' o0 0 0 0
- ¥ I 2 3 "4 5 3% x4l 3x42  3xe3  3xed . 345
| 2" 4 0 2 4 0 2 4, o 2 4
‘ 3 3 0 '3 3x 43 3x Ix+3 3x 3x43
| il 4 20 4 2 o 4 2
5 - - 1 3x Ix+5 3x+4  3x+3  3x42  3x+1
' - 3x ' 3x+3 3 x+3 3 x+3 3
wel| T 3x44 5 x 'l Ix+2
“ 3x42 3+l 3 x5 |
IX+3 \ Ix+3 3 Ix
Ix+4 il 5
Ix+5 Ix+4
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Now, agssociate with a latin square of order 12 the 32“2 = [3x 4] X [3x 4]

= 12 x 12 lattice square with the following breakdown of the 143 degrees of

freedomy
P - 3
NN T S
. e 3 A“B? B 03433 R W
a*g® 2 cir¥*
3 _3x+3
C ¢’ 3,
v .
L
/‘ 3 4 3 4 4 3 4 2 3 N
CATC .6 B'C 6| ABC 6 | A'B°C 6
a*p’ 6 sfpd 6| a%e'D’ 6 | a*s?p? . 6
Meip? . Aend el atetcn® Ve | ats?cp? 6
Cateto™ 6 | efed™ 6| ats'cp™ o | a'efcd™* 6
F - . chsbb-‘” 6 B4C3D3x+3 6 '- A4B4C3D3x+3 6 A4BZC3D3X+3 6

For any row or column confounqu we need to confound effects totaling up tc»",\,l 1
degrees of freedom, There are natural candidates available, In fact, we may
S " Cheose for our first lattice square the confounding scheme.in many ways, A

schemn resulting in a pair-'of orthbgon;l latin squares is the fpllowlnqx.
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Using the complete confounding approach as outlined above, on’f.e can construct

- S )
tin | (& =i), (3=1)] = & mutually orthogonal latin squares and no more as can

- . easily be observed from the degrees of freedom table,

From the multiplication table of our rilnq: Rl we observe that 1, 5, 3 +l

i

4 " simple auto'mor_phum's in Rl?. of the form: ' . v

off1 = r'r S ' .

1 where r is a mven fixed element having a multiplicative inverse (because only

these elements are capable of produclnq automorphlsms ot‘ Rlz) s Let now qu‘r ]
aim be to produce two orthomorphisms which in turn will produce an 0(12, 2)

set, For this purpose consider the automorphisms: : -
i, .

|

L ., - S e = ¢
L . . ) ‘ ‘ ulri= r:.- r . E
i . . . . . . . !
ks " 4 .
Now ['=o implies the condition that r in the equation [r ¢« r=r] a ¢ has a -
G

. ) ]

In our setting this means that r(r ~1) =0

i

unique solution for every ¢ of R, .

. has a unique solution, i.e,, rr + 5)'7 c has a unique solution which in turn

. -

implies that (r ¢ 5';-1, ox15t8 in RM_ .
Substituting in the values of r we see that:

[1+ 8] -1 dees not exist in R
-l " "

12

" " n N o

[5+ 5]

[ (3x+l] + 5] -l does not exist in R

12




) -
L — ! S
——a _ \
: v >
j ) N
-1 =1
[(3x+42) + 5] " = [3x+l} - exists in RIZ' .
[(3x+4) + 5] -1 does not exist in RIZ
’ . ) -)‘ - . - S .
[ (3x+5) + 5] L, | 3x+4] ! exists in sz .
. . . T ' N
Hence we have obtained two pajrs of orthomorphisms namely: j
" ' a(r)= (3x+2)r ; g (r) = (3x45)r B
L - ( i
The 0(12 2) set presented/’dbmze using complete confounding corresponds to
the t‘irst pair of maps. It may be easily shown that simple maps of the type [ "
; » oy 1 : ',
a(r) ‘= r «r lead to O(lZ 2) .setaor 1n generalto an' O(n, a) set, where \\
o n, n, ™ _ﬁ_ N
= mln B, =1, Py =L, s0e., =1) and n s P so ‘that the cpmplete 'con-'
1 2 | Qk ﬂ e 4 \
foundinq approach is equlvalent to the c!onstruc:l;ion-of a set of.a orthomorphlsms.
j | . . R (“\_ .
f o - \
A
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TRITE

Lttt A M R

VIil. surme Remarks on “Crthonorphism” Construction of Oin,t) Sets

Gl ang D ftu L. . Paiker snewed by @ combination of classifica-

1 B e ttars P i e we 4~
tior of Sacog with SOnGLIC

[}

34 elinination ol isumotphic repetition accessibie

1L cut down on computer time, followea by computer runs) that there are obtain~

orthogonal laun squares of order 12, all restricted to be copies of

LAt squares Telated by fow peFmutations.
1The researchers cited call this the method of orthomorphisms. Parker considers
this o onethe 4L uut only nase . o freaks of luck; wurther, Parker feels that
Tl e ihol phasio DUl hiv plecise Jgefintion, )

Pary-r mazc anather finding. alsc by hard classification of cases followed
by computer runs, '&hxch Marshall Hall feels 15 more xmportaﬁt than that cited

anowe,  Tonopaldr Lo

ral sgudr(rs ¢f the type mentioned can be ex-
tended to a4 cumplote set ot ary sorty 1, e, , further orthogonal latin squares are
allewnrd to be compluetely goneral,

WwWhat might oo chtananle for crinsgonal squares of order 20 in like
tanmrcr, toeeeporeuting tho non=oy chic Abohan group of order 20 is aﬁ iﬁterest-
iy mAayer for speculation = corcotvanty OnRE hnght even produce a complete set

Sitkoscnal squares egquivalent o a planes, Knuth and Parker discussed the
oroclem ano L iy, and szacluae s thet exhaustive searcsh 1s cul of the question;
GEiil o soptanate 3ample f mase . mLont preguoe an attractive result,

i sarser leLaeg @t the oo ampermutition C'orthomorphism® of Bose

an; N Laohnoaper anar dnr tne gre

uo ~f mrders 15 and proved by Hasse-

Mlma A SreeAra s that g e slote ot osald not e so cbtained, He dropped

740
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further work; butl some porcistonss Could quite 1 ssibiy yie bt suh as five

crthiogoral squa:es o f order 15,

Aorosirid stta e on Lrasr 15 L0 24 magnt Do ynerlaken Dy an ar o1tk sl

investigator, (The facts for order 2 menticned apove rule cul charces here,

ight produse sots-of orthogonal latin. squares-of row=perruted group type, - -

23109 autemorpnisms of the group latin sguares to ehiminate = or, that {ailing,

ceguce — jsomorphic repetition, [t would rot! be shrewd tc program a computeas

-

L. awCo il tramaveizels L8y group latin sgoere, {or running Wime and cutpas

wouli he excosaive; waern for any hint of oficieney it wolld be necessary 1o tur
J

113Ut 03 de A reciuttion on the zomputer cutpats Aftsr @ set of row-permute.

latin squares (pG3sibly exhaustive for orger 15, but almost certainly caly a
sample for order 20 large rnough that computer searching would reguirs

| raalistiz amounts of e, wne might procesd with the noext step, Produce ail

N . . . R . . .

anbvarsals of the ser of orthoconal squares Ly computat, then fit these togotn.: : L
1

1=1ail possiple wavs ragan by corpatern to fores orthogonal mates of the pre i ')

-

s:t of Aothcgsnal 10 scuares,  Unhike Parger's assertion apove anout ¢.rgs

b ooraer=ia 2guan o, thers o8 & o Anewn dargament implying rrpossibiily

proswoing b4 ortooygenal latin sgueres ot order 15 o, this maonrid At e,

TR T ETTT Ry T e——m
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' 1s well-axnown that removing one line from the plane, usually called

2
the line of ntinity . the remaining n +n lines can be arranged intc 2n lines

passing through two points at infinity which are arbitrary up to notation and

eoordinatization-of the plare,and n -n

. lines beldnging to ‘n'*'1. mutua

orthogonal latin squares, If the line at infinity is chosen to be a secant and

thern

1

r

B
[
-
—
-
(%23
.
y
]
—
)
oy
b4
w
G
W

through the 'wo peints of the oval such

n
that eaczh of the n-1 latin squares consists of secants and T non-

o~ D

o~

lniérsectors passing through each of the n-1 points at infinity other than the

_peints of the oval,

T 'I'singthe described method, 1t was assumed that a plane of order 10
eX18is, niertnis assumtion 2l lines could ne exhioited arbitrarily up to

notaticn, 7 o of ‘nese lines nne was taxen to he the line of anfinity and the

remainir; 27 used o cosrnranze the wlane, Then by trial and error twenty

e e were b we lon bereenor twee urinogonal latin squares, The method

Use1 ty mAangtr ot (rese sguares Jiffers from the one described In literature.

By ol s L "9



Uonturtunately no mors squares could e foand aSaing tas ae o gl

computer ostablished that the 'wo squares dig not yield ar additional nmatuvidy

orthogonal mate. Clearly it could happen that the choice of the {irst two was

'unfortupate.” The same method was applied tot

forty 8¢ e plane of order .12 , Here

the trial and error method failed tc produce even two orthcgonal squares. (it
may be worthwhile toc remark that-the constructicn of the Llane and consesusntl
; the search for orthogonal latin squares dces not require the assumption that

3

3 the oval consists of the maximum number of points rn+ 2 , However, if the
plane does not include an oval consisting of n + 2 points the lines could nce
be classified into two categoriss only an this cemplicates the consruction -4
the plarne, Let us illustrate the .meiod in the case n eguals 1o, vy

eas, to show that in this case the oval must consis’ of at least 6  point:,

However, the case of an oval of ¢ points would be 1gnored sinc. in 15

case every quadrangle would have o have ccllinear diagonals., On e the

hand, a plane of order ten must be a non-Desarguessian and hence must =

743




Ay tepenerats 1gsdrancle wit o soccolhinear diagenals.  Suppose that the

plare costainn @ quadiengle vith nonollinear diagonals and suppose that the

plare contains an cval consisting of seven points then the 104  points of the

"~ plane wr ‘h do-not belong-te the oval could be-classified into-three categories: -

th) points lying on 3 secants, 1 tangent 7 nonintersectors %
i
1
111} " " 2 " 3 N 6 " :
TN : " B | b 3 " 5 " ;
?
Let ys name the number of points in each category by x, y, 2 respectively,
Clearly x +y + z = 104, .
Counting the 1ntersectionrs of the secants and the tangents we get the
further equations:
3x -, - 105
#
Weoe 102 - 325 k!
i
The unique solutions of this system of nquations are x =20, y =45, 2 = 39, 1
i

Ore coula start the constructior of the plane under the present assumption and

1mvestigate the possinilities of urtannng orthugonal latin squares in this way,

RSy S

Pl L bt T




X. Code Construction of 7in,t) oets

Given an n-symbel alphabet, e, ., 1.2,....,n, ana a set ol Kx-tapl

of the n symbcls, we denote the set of all k~tipies Ly Ck ne

be thought of as a vector space or as a k~dimensicnal hypercube with edges cf

T i

dength_n .. Any subset of C,__ is denoted as a

it T VT, RS I AR e = s s mmem, s

of k . The elements of the subset are denoted a8 &o

symbols by which any two code words differ is called the Hamming distanz«.
If any pair of code words in the subset differs by @ Hamming differenma o7 2t

least r, the block code is called a distance r code. Adistance I ouuc ..

called an (r-1)/2-error correcting code because fewer than ir~1)/2 zharges
leaves the word closer to its original form than to any other code word 1n the
subset, For similar reasons, a distance r code has also been designated as

an tr-l)-error~dectecting code,

In an interesting paper, Golomb and Posnar | 1964) discuss the relation-
. 2
ships between a subset of n  code words and an Oin,t) set and relate s s
. 2 .
to ideas developed from a consideration of a set of n super roors ot oW .
t+2 . , ..
on the n chessboard such that no twc super rooks attack each ctiver.  Thr

new concepts of rook domains and rook packing were found to be very oot

providing a geometrical view of the results,

2
Any subset of n words from C3 n which forms a single=orrer=-ete "y

code may be used to construct a latin square of order n as any pair of *H.o

)

triples ditfers by at least two symbols, Likewise, any subset of nS ower s

745




from L witha Hamming distance of t + 1 may be utilized to construct

ar CCn 1y set, These results are embodied in the follawing thaoram (from

Golomb and Posner [1964]):

Theorem X, 8.1 The following three concepts are equivalent:

i) an Oin,t) set I
ot Asetof nt f power: t ‘on the fi
for event, also the following, a set of nZ super rooks of power t/2 on the

t+2
n board such that no cell is attacked twice; that is, such that the rook

domains are ronoverlapping.

thh) Adjistance t + | code of block length t + 2 with nz words froin an
n=symbol alphabet, '
T'or those tnterested in code construction, reference rlrmy be made to
Mann [ J948] and Peterson [196]] and the iilerature ‘citations therein, We shall
merely tllustrate the method of construction of an O(n,t) set from nz words
of lengtn t + 2 ard Hamming distance t + | through an example. let n =3
and t z . .Then the n"' = 9 gode words with length 4 and Hamming distance
“ } and the corresponding latin squares ares

latin squares of order 3

01 FJ c 1 2
noon 01y 0222 0 0 1 2 0 0 i 2
1012 112 120t to produce ! 1 2 |0l and | 2 |0} !
2021 2102 2210 2 2 0 1 2 1 2 0

where the first symbol corresponds to row number, the second to column number,
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the third 1o symbols 1n the first latin square, and the fourth to symbols in the
secord latin square, The two latin squares form an 13,2 set., Note that any

pair of the quadruples differs 1n at least three symbols,

The analogy of the above with many of the concepts from fractional repli-

manner that Golomb and Posner [1964] note various equivalences among Oin,t)
2 _ 1+2
sets, error~correcting codes, and n nonattacking rooks onan n chess-

board.
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X1, Pauwise Balanced Design Construction of O(n,t) Sets

Certral tc the constructions of orthogonal latin squares of Bose and

Shrikhande {1959} and of Parker [1959, 1960] is the following which might be

) ) 2
(t+«2)=tuples on n~ symbols such that each pair of distinct positions contains

each ordered pair of symtols (exactly once); the converse construction can also

be carried out, (Some, such as Bose, prefer to call the set of (t+2)~tuples an
arthogonal array, 1 There 1s nothing difficult to prove in this construction., Two

arbitrary positions in the (t+2)=tuples are identified-with row and column indices

e Ve B o

in matrices, and each other position vith entries in one of the matrices, The
equivalence between orthogonality of latin squares and the conditions on the
it-2i=tuples 13 then fairly apparent.

Parxer [1960] contributed the following to the construction-of orthogonal

latir, squares., [ftnere exists a palr of orthogonal latin squares of order m, then

there exists a paur of orthogonal latin sguares of order 3m «+ |,

Lot the 3m - 1 symbols be X ..., ,X_ and :he residue classes (mod 2m+ 1), :

)\
Form the tlatin sguare) array
X . i -1
4 X -1 1
1
N -1 X 0
! :
-1 1 0 X . :
L
%
i
!
!
|
¥ % '




tereach i, 1 < i< m, eachrow 1s one of the ordered quadrupics.  In turn, the

1 118t of quadruples is byilt up by adding rach integer (mod 2m + 11 to all four

pusilicns at once, the xl. symbels being uncharged by the addition.  1ne set

of 4mi2m < 1) ordered quadruples just described contains in cach pair of distinct

£ )
% —; ---bcsitions _exactly one occurrence of each ordered pair made up of ay _xi ang a

residue class in either order, and of each ordered pair made up of two distingt 77T
residue classes. The required set of ordered quadruples is completed by adjoin~

1nGg: 1 all ordered quadruples (3,1,5,5), ) = 0, ..., 2m: 11} a et of ordered

quadruples on the x‘ symbols corresponding tc a pair of orthogonal latin squares

\
L
A

<f crder ‘'m guaranteed by the hypothesis to exist.

1

: - Bose and Shrikhande (1959, published 1959 and 1960 partly.in a 3-author
N L ]
aper with Parker) developed a sequence of constructive theorems which led in
steps to disproof of Euler's conjecture for all orders dt + 2> 6, Their central

9 , y . .
1 ' theorem given here ddes not exhaust their methods, but virtually all their resul's

res: on this thecrem. We begin with a definition. A pauwise balanced design,

£8in; kl“ .. .kt) is a collection of subscts of a set of n clements, each suyb-

set having number of elemeénts one of the kx‘ .and such that ecach pair of distinct

clements in the set of n occurs in a unique subset of the PR . (Note: unlixe
in balanced incomplete block designs, the subsets of a PB are not restricted to

nave equal numbers of elements.) Now for the main theorem of Bose and Shrikhande,

If a PBin; kl" o ’kt) exists, and for each 1, 1< i<t, asetof m orthogonal
f latin squares of order k1 exists, then a set of m~-1 crthogeonal latin squares uf

order n exists. lLoosely speaking, the sets of ordered tuples for each subset

: 752
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of the PB are construcied and these fit together to form a set of ordered tuples

]

fur the full set of, n elements, The decrease from m to m~1 orthogonal latin .

squares occurs because in fitting the pieces together to form the large set of

of-that subset, (It §s sufficient that this condition be fulfilled in the construc-

tion. Thus the theorem might be stated in slightly stronger form: "If ... l<i<t

3 set of m orthogonal iatin squares of order ki with a transversal exists, then

asetof m corthogonal létin squares of order n g_&is_t’_s,. ") Now for a more nearly E
formal version of Fnc proc;f._’ If Ehe;e exists a set of_-’m. grthogonal latin squares 7 :
of order n, “then there exists a set of the ap'pr'opriate'-sort of nz ordered
im+1li~tuples with each symbol. repeated x‘p an (m+l)=tuple m+1 times. (The
condition mentioned 15 satisfied with (m+<Z)-tuples if the set éf orthogonal latin

1 squares has a fransvérsél. ) One need simply put .toqether the ordered tuples on
ecach subset of t.he PB in turn, subject to fhe important condition that within
each subset of the PB, each tuple of repetitions of each symbol be included,

Carrying this out on the alphabet of the symbols in each subset of the PB, one

has the construction for the set of orthogonal latin squares in the conclusion;

~ach crdered tuple of @ repeated symbol among the n is used only conce. J
A representative and very interesting example (Bose and Shrikhande in-

formed Parker that this was the first case of disproof of Euler's conjecture pro-

duced in their joint work at a blackboard) vields 5 mutually orthogonal latin

squares of order- 50 via the PB construction. One forms the affine plane of

e
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crder 7, then adjoine axactly one ideal point on each line of one class of paral~

lel lines. This yields a PB(50; 8,7), Since there exist & orthogonal latin

squares of eadh order 8 and 7, there exist 6-1 = 5 orthogonal latin squares 1

of-order 50 ;

e rerrma Y_w‘-——_v—m e g e

“here i8-8 Lifiitation-on tha-Bose=Shrikhande BB

trivial PB deéigns, having a single subset of all elements, any PB has a sub~-
set with at most one more element than the square root of the nurmber of elements

in the large set, Thus other techniques are requisite to produce more than \n

orthogonal latin squares of order not a prime=power,

75/




Xif. Product Composition of O(n,t) Sets

About “0 years ago, for the first time, Tarry [1899] in his half-page note
asserted that if there exists an O(a, 2) set and if there exists an Ofb, 2) set

then there exists an O(ab,2) set., He exhibited the following 0O(l2,2) set, by

IS AR T AT T

B 1<_;,9mp_ogi_ag;—twaf@(—.}r%) ;—and@(% emonstrate the truth:

tion. Note that in the following square the set of first 1hteéers belong to one

B
£
i

latin square and the set of second integers belong to the second latin square,

Nu more description 18 given by Tarry,

2-3 l=1 3=2 [B=12 7-10 4-i1 |il=6 10-4 12-5| 5=9 4=7 6=8
=1 2=2 1=3 |9=10¢' 8«11 7=12 [12=4 11=5 10-6]| 6=7 5-8 4=9
=2 3=3 2-1 |7«11 0-=12 8=10 | 10-5 12=6 11-4]| 4=8 6-9 5=7

11-9 10=7 12=8 |5-~6 4-4 =3 2=12 1~10 3=1l] 8=3 7-1 9-2

b e i 8 K i b R i et e

12=7 11-8 10-9 [6=d4 5=5 4=t 310 2-11 1=12| 9-1 8-2 7-3
10-8 12=9 11=7 |4=5  6-6  5-4 =11 3-12 2-10)7-2 9-3 8-l
512 4-10 b=l =3 10-1. 12=2 | 8-9 7-7 9-8 2.6 1-4 35 }
6=10 5=11 4-12[12=1 112 10=3 | 9=7 B8 7-9 |.3-4 2=5 I=6 E
4=10 6=12 5-10(10=2 1223 1i=l | 7=8 9-9 8-7 |1-5 3=6 2-4 §
B=t, T=d 9=5 |2=9 =7 3-8 | 5=3  4el 6=2 [L1=12 10-10 i2=11 :

Dud  K=b Teb |3=7  2=8 1=9 | 6=1 5-2 4-3 [12-10 11-11 10-12 '

7=5 A=t 8=-4 |1-K 3=y 2=7 4=2 6-3 5-1 {10~-1] 12-12 1lI~10 4

Tarry <14 not observg any generalization of his method. Perhaps this was
due to the fact that he, like so many other researchers, was only concerned with

sets of type O(n, 2) . Probably he was not aware of the existence of a larger set,

About 23 years later MacNeish [1922] demonstrated:
ST
Srid

o i BRASGA s 2 it e 12




1) The existence and a construction of an O(n, n~1) set for n a prime or
prin.e power integer.

2) A generalization of Tarry's procedure viz., if there exists an Of(a,r) set and

M'there exists an O(b,r) set then there exists an Cf(ab,r) set.

aph hat-if 1p.2

is the prime-power decomposition of .n then there.exists an O(n,r) set where
.
r= min{pil-l, i=1,2,...,t} .

MacNeish could not embec his O(n,r) set generated in 3) in a larger

set, This unsuccessful attempt, reinforced by Euler's conjecture, led MacNeish
to prove (erronecusly) géometrically that O(n,t) sets do not exist for t >r |
and therefore, as a éonfirmatlon of Euler's conjecture, The preceding argument

of MécNétsh is known as MacNeish's can;écture in 'the Iliterature. By con.struétxng
‘an Gi2l, 3) set Parker [1959] gave a counter exampie to MacNeish's conjecture,
later Bos-e, Shr-lkhar'xde, and Parker [1960] compietely demolished Euler's con-
jecture except fpr ‘n = 6, It should be mentioned that MacNeiSh's éo‘njectu.re .
has not been totally disproved yet, Flor instance, no one as yet as far as we know,
has constructed an O(ls,v‘l) set (an Otl5,3) set is given in. section .V for the

first tuhe) or an Q(20,3) set. We believe that MacNeish should be given sub-

stantial credit for his non-errcneous contributions, It 1s to be regretted that

. MacNelsh is often cited in the literature only for his false conjecture,

F ' Even though Tarry and MacNeish did not attach any name to their pro-
- cedure, it is not difficult to see that it is the method of Kronecker product of

matrices, Therefore, we can state, more formally, their results as follows:

o BEE A
i”i. R




Theorem (farry-MacNeish), If {Al, Ayyiuny Ar} is an O(n,r) set and if

‘ (8], B,y -v.y B} Isan O(m,r) set, then {AIQBI, A, Q Byyeee,y A® Br} ,
where @ denctes the Kronecker product operation of matrices, is an O(nm, r)

sct,

SoRtrast to the choice of the name for the procedure given in

section X1,

<%
-

The preceding arguments clearly support the choice of the title for this — &
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X111, Sum_Composition Construction of O(n,t) Sets

z111. 1. Introduction., Perhaps one of the most useful techniques for the con-

struction of combinatorial systems is the method of composition, To mention

some, here are few well~known examples: l) 1f there exists a set of t ortho=

,,v,-,_gon;:-l»~lm1n-»squaresr—offgrderwnr rrandr-irf» -theref-existsf-awsevot-—t— Lonhogonal.laun».:w e

-squares of order nZ‘ then there exists a set ot' t orthogonal 1atin

and
]

3 If hl and I—:z are

5quares o! order n.n 2) 1f there are Steiner triple systems of order v

a2’

there is a Steiner *riple system of crder v = v\ v

M 12

2!
two Hadamard matrices of order n and n, respectively, then the Kronecker

preduct of I-{1 and Hz is a Ha'iamard matrix of arder nln2 . 4) If Room

squares of order | and n_, exist, then a Room square of order n,n_, exists.

2 172

. . ) 2 .
5) 1f BIB 'v-.k,\l) and BIB_(-/Z.p:,\Z) exist and {f f(\ zvz)i k, then

BIB (v Vs RN l\ z) exists where f(\ zvi) denotes the maximum number of con-

straints which are possible in an orthogonal array of\sxzc \ 5V ;, with v, levels,

strength 2, and index 6} As a final example, the existence of orthogonal

z L[]
arrays (M ivr, qi,vl, t), | = l,2,...,¢r 1mplies the existence of the orthogonal

array (\vt,q,v,t). ‘where A\ = \ \1"’\r’ Ve v "'Vr" and q = min(ql.q

l 2 2’

cea gy

The reader will note thaf each of the above examples inveolved a product
type composition, The method that we will describe utilizes a sum type compo-
sition, by means of which one can possibly construct sets of orthogonal latin
squares for all n > 10, |
X1I1.2. Definitions . In the sequel by an O(n,t) set we mean a set of t mutu-

ally orthogonal latin squares of order n .

~350-




: p
% |
‘ a) A wransversal (directrix) of a latin square L of order n on an n-set Z ; 1
IE 12 a ~olloction of n zells such that the T0iTiE5 of these ceils exhaust the set
% < and every row and column of | i< represented in this ccllection, Two trans- j
| versals are said to be parallel if they have no cell in common,

:
!
&
¢
e
i
£
&
%

b) A collection of n cells is sa;d to form a commog transv_;;_ﬂ for an Ofn, t)

£
48
5

E

gl if the collecden—xs a-transversal for each of- tl‘msa“' t “lmn mml‘e’s_ Simﬂarly,""'“’
two common transversals are said to be parallel if they have no cell in common.

bxample. Tne underlined and pareninesized cells form twe parallel common

e e e A T ot b

trensvers.as o the whiowing Of4, 2) sei,

2 (3 4 12 (3) 4
2y 1 4 3 (49 3 2 1 ;f
3o 12 2 (1) 4 3
4 3 2 (1) 3 4 1 (2)

AI11,3. Composing Two Latin Squares of Order n and n, ‘ ‘

A very natural question in the theory of latin squares is the followiné: E
Lvaen twe latin squares L1 and 5‘2 of ordet n and n, (n 2n, ) respectwely i
[ hew many ways ¢an one compose Ll _and L2 in order to obtain a latln square :
by owd order m, where m 15 a function of n and n, only? This question ‘:
car bo opartially answered as follows, TIirst, it is well=known that the Kronecker :
ProIuE ;'.1 'y ;‘2 18 a laun =guare of crder m = nlnz irrespective of the i
combinaterial struture of Ll and !.2 . Secondly, we show that {f I.1 has a \
wcrtaan . Lpanatorial structure, then one can construct a latin square L of ’

7L




order n = n1 + n, . Naturally €aough we call this procedure a "method of sum

composition”,
Lven though our method of sum compusition dues not work for all pairs

of lat‘in squares, it has an immediate application in the construction of ortho=-

N [

gona} latin squares rmcluding those qf'orrdﬁexjr 4t+2,t2>2, Weemphasize that'

~~tR& GombIRatorial structure of orthogonal 1ati squares constructed by the mathod

of sum composition {s completely different from those of known orthogonal latin
squares in the literature, Thérefore, it is worthwhile to study these squarcs i
for the purpose of constructing new finite projective planes,

We shall now describe the method of “sum composition"., let Ll and LZ

be two latin squares of order ny and Ny My > n,, on two non-intersecting
g N = o= ] 1y,
sets X, (al,_az, ees anl} and 5 {bl,bz, crey b"z} respectively, 1f L
1
has n, parallel transversals then we can compose L, with L, to obtain g

l 2 B

latin square L of order n = np+n, . Note that for any pair (n), nz)', there

2
axists L.1 and LZ with the above requirement, except for (2,1), 2,2}, {6,5)

e

and (6,6),

To produce L put L and l.Z in the upper left and lower right corner

1
respectively, Call the resulting square Cl’ which locks as follows:
.
Il L,

Name the n_, transversals of L1 in any manner from 1 to n Now till the

2

cell (i, ny + k), k=1,2,44,4 Py with that element of transversal k which

2 .

appears inrow i, | = 1,?.,...,n1 . Till also the cell ()~ kb, k= 1,2,0.. P

-3
»




with that element of transversal k which appears in column j, j = 1,2,... ny

Caii chie sesuiting square Liz . Now every entry ot Cz is occupied with an

element either from El or .‘.‘Z, But Cz_ is obviously not a latin squarée on

e U +, . However, if we replace cach of the n, entries of transversal k

o At SqUATE z‘5‘f~"es"rd;é?‘*ﬁ'-"esﬁ“"*x'£":'U’"if;f

2

The procedure described for filling the first n, entries of the row (column)

1

nl + k with the corresponding entries of transversal k is, naturally enough,

callvd the prujection ot transveisal k on the first n entries of row (column)

n, +k,

We shall now elucidate the above procedure via an example., Let }.‘l =

{1.2.,.5.4,5}, :.{ = {(h,7,8},

&1

12 3 4 5 1 2 3 451 23
5 1 2 3 4 5 12 3 4/4 5 1
43 1 2 3 4 51 2 3|2 3 4

“1T s a5 1 e and G, 1y 451 2|8 1 2
2 4 4 5 | 2 345 1|3 45

6 7 K I 35 2 4|16 7 8
2 8 b 5 2 41 3/78 6
o6 T 4135 2|8 6 7
l'{!,xﬁ
v .t

) !

with bk' it is easily verified that the resulting square which we call Lisa

P T




And finaily

-

6 7 8 4
7 8 ¢ 3
8 6561 6
3 49 6 7

L= 2t 7 8 .
1 3 5 2 .
5 2 41 g

' which is a latin séuaré of order 8 on =

Remark. Note that it is by no means required that the projection of transversals
ot. the rows and columns should have the same ordering. Irdeed, for the fixed

set of crderea n, transversals, we have n

2 choices of projections on columns

i
Zl

and nzt choices of projections on the rows., Hence we can generate at least

(nzl 12 different latin squares of order n = n o+, composing L1 and LZ .

~ XIl.4, Construction of O(n,2) Sets by Method of Sum Composition. In order }

to construct an O(n,2) set for n = n we require that n, > an and

1t Ry 1

there should exist an O(nZ,Z) set, and an O(nl.Z) set with 2n.

2 parallel

transversals, It is easy to show that any n > 10 can be decomposed in at least

11 one way into nl +'n, which fulfill the above requirements. We now present two

2
theorems which state that for certain n one can construct an O(n,2) sct by the

method of sum composition,

Theorem XI11, 4,1, Let n = p” > 7 for any odd prime p und positive integer

o, excluding n = 13, l'rheg there exists an O(n,2) set which can be constructed
by composition of two O(n,2) and Oin,,2) sets for n, = (nl-l)/z and

+n

n=n1 2 ) .




“{Bth)y Bix), By}, Y t‘xﬂ; x#1, t1s:an O(n,,3) set. "Gan'sid'er'thp"n"'_‘;fﬂ'_l’_z_:"_infs_(fl)' T

We shall first give the method of construction and then a proof that the

coenstructed set is an O(n,2) set,

ot AR A o

Gorstruction. Let B(r) be the nlx n square with element ra+aj inits (i,))

cell, a a’, D=#r In GF(nl). L,i=L2,...,n Then it {5 easy td see that

l -

'_,_'l

i B e g

4

with w @ = k a fixed element in Gr(nl) . Then the correspbnding cells in

Bix) and Biy) form a ccmmon transversal for the set {B(x), B(y)}. Name this

sermmon transversal by k . It 1s then obvious that two common transversals kl

and k,, k, # k, are parallel and hence {B(x), Bly)} has n; common parallel |
trarsverseis, Now let {AI,AE} be any Omz,dJ set, which always exists, on

a set & non=-intersecting with GF(nli. Forany \ in GF(nl) we c¢an find

i) = 12 pairs of distinct elements belonging to Gi'tn,} such that the sum of

1

the two elements of each pair 1s equalto \ ., Let {S} and {T} denote the

zoliection of the first and the second elements of these (nl- 1)/2 pairs respec-

tively, Note that for a fixed \ the st (S} can be constructed in (nl-l)(n -3) f

.ol atstinct ways, Now fix \ and let L1 denote any of the (nZ! )2 latin

s7ua:es that can be generated ny the sum composition of L(x) and A1 using

1

transversals determined by the n, elements of {S}. Let L?. be the latin square

Aerived fror the somposition of Loy and A.’. using the n, transversals de=- l

2
tormir ity ne elements wf (T} and the following projection rule: Project trans-

versals tx' 1= ], 2, )M, on the row ({calumn) which upon superposition of

L, on 1.1 this row tcolumn) should colncide with the row (column) stemmed
from the transversal \-tl . Shortly we shall prove that “‘VLZ} forms on O(n,2)

[ Xa ¥ ELIEY
U
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o

The preceding arguments shows that {LI'LZ} can be constructed non-
tsomorphically in at least (nl-wnz! )“[nl(nl-l)(nl-d). ..1] ways., For instance
in the case of n1 = 7, there is at least 12096 non-~isomorphic pairs of oriho=

gonal latin squares of order 10 . Therefore, Euler has been wrong in his con=-

)ecture by very wtde margm.

of ordet 4t + 2 by the method of theorem XIIl.4.1. For p=7 mod 8 and e od

e ———— eam—

PQ = (Bt + 5)/3), Hence n, + n, = 4 + 2,

Prcof: The constructional procedure clearly reveal$ that:

A, 1,l and L2 are latin squares of uorder n on GF(n,) U Q.

l

8. Upon superposition of L1 on I‘z the following are true:
bl' Every element of 2 appears with every other element of .

b,. Every element of @ appears with cvery element of GF(n)) .

Efvery element of d;i‘(nl) appears with every element of 2,

Therefore, all we have to provg 1s that every element of GF(nl) appears’with

every other element of GFin,) . To prove this recall that Bix) is orthogonal to.

1

Biy) . However, since we removed the n, transversals from B(x) determined
° -

by the n, elements of {8} and n_ transversals from B(y) determined by the

2 2

n, elements of {T} therefore the following 2n,n, pairs have been lost,

2 "

(:-cux &aj, ya, + a)) with a, ta =y for any vy« GF‘(nl), YN,
We claim that the qiven projection rules guarantee the capture of these lost pairs

by the i!nzn1 bordered cells, To show this note that the superposition of the

FH*‘I




, ) projected transversal s from B(x) on the pro)'ected transversal t = \ =s from
B(y) will capture the n1 pairs.
1 (Xa, + @, ya +a) with o +a = k = [y(r=5) +8]/(l+y)

_ %
. \it these transversils have been projected on row border and n, “pairs

if these transversals have been projected on column border, Now because

k + k' =\ and if sl £, then kl: kZ and kl#kz hence the Zn?_nl pairs

whi ok have been resulted from the projection of transversals determined by {s}

and {T} will jointly cabture the .’.nznl lost pairs and thus a proof,

We shall now clarify the above constructional procedure by an example,

Example. Let n = 7. GRT) - {0,1,2....,6}, Therfor x=2,y=x =4

we have

{81), Bi2), Bl =

N1 2 3 4 5 6 01 2 3 45 6 01 2 3 45 6
1 2 3 4 35 6 9 2 3 4 5 6 0 | 4 5 60 2 3
2o+ 5 ko0 | 4 5 60 1 2 3 I 234560
34 5 6 0 1 2 6 01 &4 3 45 5 6 01 2 3 4
4~ 601 2 3 | 23 45 60 2 345 601
5 60D 1 2 3 4 145 6 0 1 2 6 01 2 3 45
te ) 2 3 4 5 5 60 1 2 3 4 3 45 6 01 2
raor :‘._,_=ml-l}/'2=slct szz:{T,S,Q}and
o= 9 T 8 9
A A =4 % 7.9 7 &, Finally for x =0, {s}={1,2,3} and
[T - -
18891

{Th = {b,5.4}) we have {Ll.L,}=

RS FIEI |

3 -
i
k-
2
1
3
S}
t
E 1
i: 3
3]
'; .
3
¥
;
*
3
1<
'(‘\ 'y
N
IR
i
q
b
1
i
2
i
]
1

s iR Ak Spmen e




0789 456123 01 23789]|654
789560 1|234 4567893|210
89 &0t 27345 127280 ¢4o0ls a1
9 01 2378{456 578923 4/l 06
1 2347809560 7895¢601[432
3457892601 89123417065
5 6789 34/01 2 9 45 60 7 8|3 21
2106054 3789 304152617 809
4 32 1 065|897 63041 5 2i9 78"
b 3@ -0:h9- -7 & '3'-’?',6‘:’ 30 “-4'"“1—"".57'%"9

the reader can easily verify that {Ll’ Lz) is an O(lQ,Z) set, '
Remarks.

1) The method of theorem XII1. 4.1 fails for n, = 13 only because there is no

i

0(6,2) set., Otherwise, there will be no orthogonality contradiction on the other

parts of 1.1 -and l‘a with their 6 X 6 lower right square missing.

"2) In the case of n = 7, if welet (S} = {0,1,3} and {T) = {2,4,5} thenthe

requirement y = x-1 is not necessary, lowever then we dp not have a unified
-1

projection rule for the formation of La a8 was provided for the case y = x by

theorem X111, 4.1, To give the complete list of solutions let (a 1ay) and

%2
(bl.bz,b3) be any two permutations of the set {8,9,10}. If we project trans-

versals (0,1, 3) on the rows (al,a z,a,) and columns (bl,bz,b_s) in the forma-
° 7

tion of Ll' then the following table indicates what permutation of transversals

{2,4,5} should be projected on the rdows (al,a,,a ) and columns (b,,b .bg)

3 1’72

in the formation of L, . Obviously these permutations will be a function of the

pair (x,y) .

B T
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rais Ruws Columns
(x,Y) al’aZ'aJ ) bl’bZ’bJ
2,3) 4, 2,5 4, 2,5

{This table is by no means exhaustive, )
Tne reader may note that whenever y = x"1 in the above table the given
solution(s) are different from the one provided by the method of theorem XIII, 4. L.

Thus we can conclude that any pair of orthogonal latin squares of order 7

based on the GF{7) can be composed with a pair of orthogonal latin squares of

PRI




order 3 and make a pair of orthogonal latin squares of order 10, In addition,

since we ‘have six choices for (al,az,a3) and (bl’bz’bs’ hence from every

line in the above table we can produce 36 non-isomorphic O(10,2) sets or

¥ B PARDYT 9% QTAT hGT T S Ty

l6 X 36 = 576 sets for the entire table, Since all these pairs are non-isomorphic

- with abl-previ m-X1 4.1, thus by the method of sum

composition one can at least broducé' 12,672 non~isomorphie O(IO,Z) se“tms.
We believe that for other values of ny there are sets of {S} and (T}

together with proper p.ojections which makes the restriction y = x unnecessary.

Theorem XIIl, 4.2, Let n = 2° 28 for any positive integer o . Then there

exists_g_b_ O(n,2) set which can be constructed by composition of two O(nl,Z)

f ’ i _
- and Omz,?.) sets fgr”nZ = nl/& and n= n+n, .
- .

R

We 'shall here give only the method of construction, A similar argument

v e, )

as in theorem XIII, 4,1 will show that the constructed set is an O(n,2) set,
Cbgstrggtign. In a similar fashion as in theorem XIII, 4.1 construct the set
(B(l!, B(x), B(y!} over GFi2%), Let also {AI,AZ} be any Otn,,2) set, which

. always exists, on a set  non-intersecting with GF‘(Z“) ., Forany \ 2 0 in

!f : GF(Za) we can {ind nl/Z pairs of distinct elements belocnging to GF(Z") such
t that the sum of the two elements of each pair is equal to » , Let (S} and (T}
denote‘the collection of the first and the second elements of these nl/Z pairs

from the sum composition of B(x)

:

g ; respectively. Note that for a fixed A the set {8} can be constructed in
|

i ~4),..1 distinct ways., Now form L

nl(nl-z Nn )

from the sum composition of B(y) and A& using the same pro-

1
oL and I\1 and L

2
jection rule as given in theorem XIII, 4. 1. Now ““1'1‘2) is an O(n,2) set,

B T
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Diccussicn, The necessary requirements for the construction of au Gin, iy sei,
n=n4n,,t< n,s by the method of sum composition are: The existence of an

1,t) set, nl_>_ tna, with at least tn‘Z common parallel transversals, and an

O(na,t) set, These conditions are chviously satisfied whensver nl and nz

While for some values of n there exists only a unique decomposition ful=
filling the above requirements, for infinitely many other valucs of n there are
. abundant such decompositions,

It seems that 1f there exists an O(nz,?.) set and if n = ny+ny, n2 .’.n‘2

i then one can construct an O(n,2) sct by the methed of sum composition if n
is a prime power, To support this observation and she.d some more light on the
method of sum composition we present in subsequent pages some highlights of the
results which we hope to complete andlsubmn for publication shortly,

In the following for each given decomposition of n we exhibit an O(n,2)

set which has been derived by the method of sum composition. We shall represent

the pairs in.a form that the curious reader can edsily reconstruct the original sets,

Hereafter the notation L, 1 L, means that L, is orthogonalto L

1 e 1 2
1) 12 =09« 3
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CAB?789123(564 $64897CABI12)
| 231%564ADC|897 645ABCI127809
- 8972313 CAl6SE6 231B3CAB8972/564
o 564897CAB|312 N 789CABGLIGIL2
;f 312A3C978{6458 ABC231564|978
ol ovlchetszsx '2“7::1§=:§§
o 4 2
| gl%%ﬁ%%?t*%% %T%%TT%TTTTT
L 726348591|3cCcaA 35716824469(CADB
4839135267|CAB 816924735BCA
- Mg, v Ay
. JE)C'
P




- e v e e TR B

14 = 1i + 3, the only decomposition which fulfills the necessary raquire~

2}
ments,
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15 = 12 + 3,15 = Il «+ 4 are the only Jdecompositions which fulfill the neces-

3)

However, we consider here the latter decomposition since

sary requirements,

wo can utilize the properties of Galois field GF(ll),
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We do not know whether there exists either an'{ (8]

&)

(18,2) set with 8 common

parallel transversals or an O(15,2) set with 14 common parallel trans-

versals., Therefore the only decomposition of 22 which fulfill the necessary .

redguiremants are 22 = 19 + 3 and 22 =2 17 + 5,

22 =19 43,
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XIV. Computer Construction of O(10,t) Sets

In about fitteen years the effectiveness of computers in searching for

orthogonal sets of latin squares of order ten has increased strikingly. S8till

the problem is so large that there seems to be little reason for optimism that the

—More precisely, tf({as. most . .

quite plausible) fio Stthogonal triple of
orthogonal latin squares of order ten exists, then the number of cases to con=
s1der seems too large for an exhaustive proof by computer tc be achievable. The
numbar of latin squares of order ten 1s astrqnomical.

Abcut 1953 Paige anu Tompkins [1952) programmed SWAC to search for
squares orthogonal to a fixed latin square of order ten. A few hours of running
procuced ne orthogunal square, and was regarded as a bit of experimental evi~
dence for the truth of Euler's conjecture.  Calculations bas'ed on the Vprogress
mac: 1n.the search led tc the extrapolation thatover fifty million years of computer
time would be requireqd tu search for all squares orthogonal to a latin square of
order ten put into SWAC 1ntially, (At about the same time a similar program was
‘-‘-'nt',n'n. and similar results Obta:-',(,‘.i.' with MANIAC at Los Ala;mos; this attempt
s oot been reported in print,)

In 1959, after Fuler's conjecture had been disproved for all orders
41 . 2 - b, Parker programmed UNIVAC 1206 tu search for squares orthogonal
t. a latin square of order ten. The running time was sharply less thaa fer SWAC
<t SMANIAC, about thirty r.inutes for the majorﬁ:y of'latin squares. This was

accomplished by generating and storing all Jtransyersals of the input latin square,
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then searching for all ways to form latin squares from the list of transversals.

(A transversal, or directrix, is a set of cells of a latin square, one in each row,

-

one in each column, and one containing each digit.) The striking gain in speed

over the earlier efforts occurred largely because the number of transversals of

¢ of:order-tencisToughly 8505 much-less-than A0t--andy

of course, the search was several levels deep. (SWAC and MANIAC wete pro-
grammed to build up starts of latin squares toward orthogonal mates by filling in

cells to form rows.)

- There were two main outcomes from considerable running of Parker's 1206 7 //I

- program: l) Orthogonal triples of order ten latin squares are not numsrous; more ,

precisely, only a small fraction, if any, order ten squares exten;! to __t,r!ples{ //

t , Scome 400 latin squares were run, Some were random, some were computer Qﬁ£put
ied back as input apd hence known to have an orthogonal mate, and some \_N.eré
considered interesting candidates for 1ntuit1ve reasons by Parkér and others,’

' Not cnce did an exhaustive search for orthogonal mates of an input latin'square
include a pair orthogonal to one another., Mild evidence may be cla,im'ed-sup-

porting the opinion that no order-ten orthogonal triple exists, 2) Of a zomputer~

generated sample of 100 random latin squares of order ten (program by R. T.

Ostrowski), 62 have orthogonal mates, Thus, unlike tfiples, order ten ortho-
gonal pairs are quite common. Euler's intuition for order ten was not only wrong,
but in this sense wrong by a large margin., It was this finding which tempted
Parker for a time to believe that repeated runs of the program should have a good

chance of producing at least a triple, but many failures dimmed this optimism.
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In 1047 Inhn W, 8rown oregrammed IBM 7054 to decide whether an input

.latin square of order tan can be extended to an orthogonsl triple. The running

time was one half minute, Almost needless to say, transversals again were

—.. _generated, Searching for patterns of transversals towatd extension to 8 triple

endeavored to get every drop of speed from the machine, As before, hundreds

of 1nput order-ten latin squares produced no orthogonal triple.
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XV. On the Equivalence of O(n.t) Sets With Other Combinatorial Systems

p

53 ‘

E i XV.0. Summary

E In this section we have densely summarized some of the results obtained

- by author and at least fourteen others in crder to demonstrate the importance of

well=known and hnportant corhbmatorial systéms with certain parameters aré
alctually equivalent to a set of mutually orthogonal latin squares, A schematic
representation of these equivalences has been demonstrated in four wheels which
we have lcallad "Fundamental Wheels of Combinatorial Mathematics",
XV.1. Introduction

The theory qf mutually orthogonal latin squares o‘wes'ifs _hﬁportance to the
fact that many well-known combinatorial systems are actually equivalent to a
e _set of mutually orthogonal latin squares; viz,, tinite projective plane, finite
Euclidean p‘llane, net,"BlB ,. PBIB, orthoqone;l arrays, a set of inut_pally orthogonal
matrices, error correcting codes, strongly regular graphs,. com;-alrete graphs, a
\ balanced set of (-restrictional lattice designs, difference sets, Ha'damard
matrices, and an arrangement of non attacking rooks on hyperdimensional chess
board, These combinatorial systems are unquestionably potent and effective in
all branches of conbinatorial mathematics, and in particular, in the constructxbn
of experimental designs. Therefore, a statement that the theory of mutually
orthogenal latin squares is p?rhaps the most important theory in the field of
experiment de‘gigng is not in the least exaggerated as far as this author is con-

cerned,
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Qur purpose in this section is to demonstrate the relation of a set of {
| mutually orthogonal latin squares with the above mentioned combinatorial systems,

We shall present the essence of the known results available only in scattered

literature in one theorem which we consider to be a "fundamental theorem of

combinatorial mathematics Y, For the definitions of these combinatorial systems *

tha forthéoming ihaarem.see.the List of referances. given-at.the. -

énd ‘o:f thié paper.
XV.<2. Notation
for the sake of concisenass wee introduce the following notations:
. 0) <()(n.!) donotes a set of t mutually orthogonal latin squares of order
no.
1y MOMm,t) denotes a set.of t mutually orthogonal nXx n rﬁatrices.
2)  OA(n,t) denotes a set of cvrihoqcmal arrays of lee nz, depth t, n
1r,‘vels.‘ and strenqgth 2,
' 33 Net{n,t) denctes a net of order n and degree t, A ‘ j‘
4)  Cuden,r,tim) denotes a 2t of n o code words each of length r such
that any two code words are at least ot Hamming distance >t on an
m=set o with m Jdistincet clements, We remind the reader ihat guch ] 1

a4 cude 18 alsc collod (t=l=crror detacting code or (t=])/2=error cor=

roecting sode becayse such 4 code is capable of detecting up to t-l '

creers and cotrect up b it=ly 2 errors in each transmitted code word,
5, PBIBb,v,r, k"\l'xd, denotes a partially balanced incomplete block

design with b Dblucks vach of size k, v treatments with r replication

e ¢t oach, and association indices \1 and ka .
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6) SR-Graph (A) denotes the strongly regular graph with incidence

—

matrix A.

7) Non #(n,t) denotes an arrangement of n mutually non attacking

rooks on the t=dimensional n X n chess board.

2;5)..denotes a-finite prolective §

Desarguessian ),

9) &(2,8) denotes a finite Euclidean plane of order s ,

10)  BIB(b,v,r,k,\) denotes a balanced incomplete block design with b
blocks each of size k, v treatments with r replications of each, and
association index X\ .,

i | K=-Graph (A) denotes the complete graph with incidence matrix A .

12) DIF(v,k,\) denotes a difference set with parameters v, k, and \ ,

13) BLRL(s) denotes a balanced set of t?restrictlonal lattice design for
s treatments, Note that a l=-restridtional l/:alanced lattice designs for
simply a BIB design.

14) HAD(n) denotes a symmotric normalized Hadamard matrix of order n .,

Hereaiter we also adopt the following two notations:
{) A <s=b> B3 means A implies B and B implies A ,

i{) A ==> B means A impliecs B, Whether or not B implies A {s

undecided,
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¢, The Resylt:

Theorem

1a)  lor any pair of positive integers n and t we have:
1) O(n,t) = MOM(n,t+2)

2 Oyt OAIRFZ) e e e

3] Oin,t) <= Net(n,t+2)

2
4) . O(n,t) &= Code(n ,t+2, t+i;n)
51 Otn,t) == PBIB(nz,n(HZ).n.t+2,0,1)

61 Olin,t) <=> SR=-Graph (A) where A {s the incidence matrix asgoclated .

with PBIB in 5), |
7} Otn,t) e Non #(nz,n“')') .
by It t = n=] then also:
¥t Gin,n=l; e PG(2,n)
71 Oin,n=l) = &£(2,n)
[) Qun,n=l) <a==> BIB(n2+n+1. na+n+l, n+l, ntl,l)

2 2
i1) Cinyn=l) <= Code(n +n+l, n +n+l, 2n;2)

1y ~in,n=1) -« KeGraph (A) wnere A {8 the incidence

malrix agsociated with BIB In 10)

'
Liv Qin,n=l) <= DlF(n"+n+1, n+l,l) .

: 1¢ ro= p™ where p s a prime and m is a positive integer then also the

doedlownige

et bt it

141 Cap L pTel) <mo BLRL(PT) .

mn;'(\




(d) I n=2r and t=r-2, r>3 then the following are also true;

15) Ofer,r=2) —¢HAD(4r2)

T RSP PRISETEIT

16 Otar,r-2) =m0 BIB(4s2 - 1, 4r2-1, 2t5-1, 2621, r2-1)

17)  O(2r,r=2) = Code(dr’=1, 42«1, 2r%;2)
18)  O(2r,r=2) = Code’(Bi'z, &?,_’_;rz;z);w N

A complete schematic representation of this theorem can be demonstrated
- ir. fuur wheels which will be called "fundamental wheels of combinatorial mathe-
- matics", For the sake of compactness we shall omit the associated parameters .

with each system in these wheels except for O(n,t) . By knowinq&he values

of n and t in the given O(n,t) sets,then the reader can easily find the

associated para}neters with other systems in the wheels from the proper part of

above theorem,

.
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ON CONFIDENCE LIMITS FOR THE PERFORMANCE
OF A SYSTEM WHEN FEW FAILURES ARE ENCOUNTERED .

Sam C. Saunders
Boeing Scientific Research lLaboratories
Seattle, Washington

3 ansambltan. are Bo reliable that no failures are observed within the

: time available for testing. This can pose a problem in both interpreta=-

tion and analyris. We consider here the nroblem of determining lower

X confidence bounds on the relfability of a complex system, such as the

i Saturn 1-C, when each component is assumed to have an exponential life

and different components have different multiplicities within the system.

. We discuss the assumptions necessary to obtain confidence limits using

y the likelihood of the data when only a few failures are encountered. The
: bounds resulting from two models are compared. The first model is

Bayesian with uniform prior distribution of the failure rates. The

second model regards the failure rates virtunlly as unknown constante.

Here the argument {s made that models of the first type are deficient

in several regards in comparison with the second.

0. INTRODUCTION. The problem of determining the probability of
successful operation of a large complex system when one has data only on
the reliability of the componenis has, over the past decade, been the subject
of many investigations. However, much of the literature was of a propristary
nature and was never published, for example, sea [1], [2] and the references
there.

Some of the studies, see [7] and [9), were based on an asymptotic
theory for which the precision of the approximation is unknown. Currently,
much of the analysis is based on Bayesian methods utilieing subjective prior
' assunptions, see [12] and [13].

Because estinating the probability of failure under some models
requires that at least one failure be observed, the statistician may be
placed in the uncomfortable position 'of having less confidence in his
estimates of reliability when fewer failures obtain. Ultimately, when the
system becomes near perfect and no failures are observed the statistician
has no confidence if his procedures are necessarily based on failure analysis.
In this ungatisfactory situation it is an understandable reaction of persons
with good engineering judgment and statistical intuition, to form a distrust
of statistfcal inference and its '"numerologists," éee [3]. Some recent
surveys have been made to determine the most useful and applicable procedures
for current needs. One of the most comprehensive is [8].

-

k‘ b ey .
4 [




TP W AL T O

In this note we examine some statistical techniques which do
not depend upon the sampling method vet are applicable when there is
a paucity of observed failures among the components which have been
tested. The archtypical situation for this study will be the Saturn
1-C and the data which was available priot Lo the first launch, as
given in Table I.

The remainder of this article has been reproduced photogrsphically
from the author's mapuscript.
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