








































































































































































































































































on system performance of variation in measurement noise and display

update rate were the same aR found previously for the helicopter.

Some of the basic conclusions which have been drawn as a result of these

research studies are summarized below.

Display driving functions are more important th 'the display format in

determining the pilot's control performance. The results of the various

display evaluations suggest that as long as the basic display/control

relationships are satisfied, all required information is presented, and the

display formats are interpretable, a number of different display formats (in

terms of specific symbology and orientation) are appropriate for the

envisioned IFR formation flight system.

Manual IFR formation flight with the system as modeled for these research

studies appears to be a realisable goal for the conventional helicopter, the

advanced rotary-wing, and the jet fighter. The level of position-control

precision to be expected for a specific aircraft class, given the presentation

of all required information, the use of an appropriate display format, and

optimal display quickening, will be a function of at least the following

variables:

1) Hate at which new information is available for display

2) Level of measurement noise on positon information.

3) Filtering techrgque pased to smooth the noisy data

4) Experience level and capability of the individual pilot

5) Extent of pilot workload required for subsidiary tasks.

It is suspected that other varisibles, such as pilot fatigue, aircraft separa-

tion distances, formation georretry, formation airspeed, command mode

(i. e., fly-to or fly-from), leacd aircraft perturbation, etc., also effect
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postion-control performance. Current research under the JANAIR pr6gram

includes investigation of a number of these additional system variables.I Prior to exact specification of the hardware required for the manual IFR

formation flighit system, these and other seemingly relevant system variables

should be investigated.

The Value of Simulation In System Performance Evaluation

The conclusions •iummarited above are somniat tentative in nature and do

not specify the exact level of system perforinance which can be expected with

the developed system under actual flight conditions. It must be emphasized

that simulation analysis can not be a substitute for actual system tests.

Rather, simulation is a compromise method of evaluating system performance

with a degree of validity which falls somewhere between preliminary pencil-

and-paper analyses and tests of an actual breadboard system. Exactly where

it falls in terms of validity depends on the complexity of the system model..... which is developed for the simulation.

The value of simulation as a system evaluation tool is greatest for those

systems which cannot be easily defined analytically (such as those iAvolving

complex human behavior) andwhich cannot be tested under real-world condi-

tionp without extremely high risks (i.e., in terms of human life and/or

system costs). For this type of system, compromise methods of system

evaluation are necePrary, and they are not meant to replace actual system

tests, but to precede and minimize the extent of these tests.

Although:there are inherent constraints and limitations in the evaluatitn of

system performance by simulation analysis, it is extremely useful in answer-

ing questions such as the following:
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Fi
* Is a given system design or concept fea-lble?

* How does one method or design compare to another?

* What are reasonable minimum and maximum limits on the

variation of a given system parameter?

* What are the effects of varying two or more system
parameters simultaneously?

* Can the human operator perform the required task?

0 Which system tasks should be performed automatically?

* What is the general relationship between system performance

and a given FPyatem paraneter or environmental condition?

If the system analyst couiducts his system investigation scientifically and if

tie teknpers his. forMulation of conclusions and system recommendations by

acknowledgement of/the constraints and limitations of the simulation, he

will find comiputer /imulation techniques to be an invaluable tool in the
sys.tem analysis and design process.
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r. I SSA RY

Activity indires' Mean-square pitch and/or Aroll rates rof the
simulated aircraft

A/C Ai rcrtaft

Autopilot mode Level of akutomatic control included in the
aircraft control system. Range~s from

simple damping in a single axis or the air-
craft to control of the aircraft's heading and
altitude.

Concomitant ta~sk A class of secondary task which is performeod
uiniultanoously with the primiary task and Is
highly quantifiable in nature. In the study

referenced inthpkis p~r, the prlmary~air-

craft position control task was performed
continuously. and the pilot's formati~on flight

display was intermittently blanked out, Then

secondary task cues *ere provided, requiring
that the pilot simultaneously perform the

secondary task at ajor~qed-pace (i.e., the

fquency and time intorv~il of the formation'

feig~ht d isplay inte rrupt~ion as controlled by
tbe excperimenter rather thoti left to pilot

discretion). The levels of the secondary
workload were defined in terms of percentage

of time the pilot was required to perform the

secondary task.
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Data transmibsion and/or The rate at which new infermation about the

update rate follower aircraft's position in space 'with
respect to the lead aircraft of the formation)
is available for display.

Dependent variables Variables of an experiment which describe

system performanci,. These performance

measures are assumed to reflect changes in

the levels of the independent variables of the

experiment and are thus considered to be

"dependent".

. Double-cue flight director Electro-mechanical night instrument cur-

rently used in both fixed-wing and hefcopter

aircraft to provide.informnation about aircraft

pitch androll attitudes. The "double-cue"

flight director has two separate moving ele-

ments, one representing pitch and the other
,, ~roll attitude deviations.

Filter In the referenced studies the filter-simulated

was a digital a-$ filter. The filter is required

to smooth'the aircraft positimn infov'mation

obtained fiom the assurned Sensor system.

Sensor systems, are usualy characterlzed by

a certain level of measurement noise.

LFR Instrument FlIght. Rules -- This term is used
in this report to refer to very luw vilibility

conditions whena P. pilot would have to depend

primarily on instrumentR for vi.ual cues.
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IHAS display format Integrated Helicopter Avionics System -

The vertical situation display format which
was intended as a part of this avionics system

was configured for use in the IFR formation

flight mode in one of the referenced studies.

Independent variables Parameters of a system which are varied to
investigate their effect on system performý-

ance.

N

Mean position error 2 X /N , where X was the measured

position in a specific .axis dur~ing a specific

maneuver and N was the total number of posI-

tion measurements recorded during the ma-
neuver., For the referenced studies N was

equal to the total maneuver length times the

display update rate.

Measurement noise Used to refer to the error in the measurement

of the follower aircraft's position with respect

to the leader. The sensor system was as;.

sumed to include noise with a normal

(Gaussian) distribution described by the

standard deviation. In the referenced studies

these standard deviations were defined in

terms of the bearing (OB)a elevation (cE), and

range (aR) measurements ( in degrees), or in

terms of the longitudinal (@x), lateral (CY),
and vertical (az) position (in feet).
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Perspective display format A display format configured for the fnrmat-c-

flight mode which provided the pilot with a
three-dimensional representation (in two

dimensions) of his formation position with

respect to the leader.

PPI display Plan Position Indicator - A display format

configured for the formation flight mode

which presented a horizontal view of all air-

craft in the formation.

Quickening A method of providing lead or anticipatory

information regarding the system's response.

As used in the referenced studies, it consisted

of adding higher order derivatives (i.e., rate

of change of position) of the systemts response

(change in aircraft position) to the actual posi-

tion error. The resultant sum was used to

drive one element on the display.

R M.S Root-Mean -Square - - Xi2/N where

Xi was the measured position in a specific

axis during a specific maneuver and N was

the total number of position measurements

recorded during the maneuver. The RMS

measure was also used to represent the levels

of pilot and aircraft control activity during

a given maneuver, in which case XI represented

respectively the rate of movement of the con-

trol stick or the aircraft's attitude.
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II
SAS Stability Augmentation System.

Single-cue flight director An electro-mechanical flight display which

has only one moving element to represent

both pitch and roll attitudes of the aircraft.

The element represents both aircraft axes

by movement in two different axes on the

* display.

SSK/FF' Stationkeeping/ Formation Flight.

N
Standard deviation Z (X-XI)I1 N. where R is the mean

value of the observations (X1 ) and N is the

total number of observations.

Subsidiary pilot workload The pilot's workload on tasks other than his

primary task (aircraft position control In

the referenced studies). See the description

of "concomitant task" for more detail on how

this subsidiary workload was simulatec$.

System update time interval Reciprocal of the rate at which the pilot re-

ceived now information about his position with

respect to the formatiol leader for display,

SCoefficient of a-9 digital filtering model which

determines weight of current raw position
measurement versus average over old

measurements.

Coefficient of a-0 digital filtering model which

determines weight of current velocity measure-

ment versus average over old measurements.
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EXPERIMENTAL DESIGN CONSIDERATIONS IN VALIDATING A METHOD

OF MODELING A MAN-ORGANIZED SYSTEM

Bob B. Lukens and Robert A. Brown
University of Alabama
Huntsville, Alabama

ABSTRACT. During the past decade, significant advancements in
business organization modeling have been achieved. The man-organLzed
system is a system whose elements consist of people, material, money,
and information. Various methods and procedures have been developed

to model this business organization. The purpose of the research
project is to investigate the theoretical aspects of validating a
method of modeling a man-organized system.

A new approach to modeling the organization is a method called
Dynamic Organization Network Analysis (DONA). The basis for this
method is the use of state variable equations. A question arises
concerning the validity of the DONA model. This is answered through
anmexperimental system designed to test the model. The experimental

system incorporates a computer simulation with known characteristics.
The simulation is used as a standard for comparing the performance
characteristics of the DONA model.

S

The remainder of this article has been reproduced photographically
from the authors' manuscript.
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EXPERIMENTAL DESIGN CONSIDERATIONS IN

VAUDATI•NG A METHOD OF MODELING A MAN-ORGANiZED SYSi tM

Introduct ion

During the past decade, significant advancements in business organization

modeling have been achieved. Various procedures and methods have been developed

to model systems including man-organized systems. The man-organtzed system is

characterized by elements such as people, material, money, and Information. A

method widely used in modeling large organizations is computer simulation. One

of the most extensle works on compqter simulation of large organizations Is by Jay

W. Forrester. 3 In'his book "Industrial Dynamics" he introduces Lis concept of mcodeling

organizations and ýe describes a new computer language, DYNAMO, to implement

the modeling techrýique. Forrester's method is suited to a project which requires modeling

of fine details of anr organization. However, the method may require years to fully

model a large organization. The need for a method of modeling to be accomplished

in a timely manner caused a search for other approaches.

Within the lost few years, state voriablei have gained attention as a tool to

be used In-systems analysis. 1,4,6,7 The state variable equations have found use in

mechanical, hydraulic and electrical systems. Herman E. Koenig, et. al. in the book

7"Analysis of Discrete Physical Systems" proposed that the analysis may be carried into

soclo-ecornomic systems. The strength of this approach lies in the fact that the systems

Is considared from a control-system point of view. The basic postulate is that the system

is regarded as a conservotivo system. The matching of inputs to outputs requires for-
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mulation according to energy considerations. This approach differs from the economists

approach in that the economisrtviews the system as a iuck %u V will; Willy LIa,,,ua. W1%

outputs. Other quantities such as internal performance characteristics ore not given

detailed consideration by the economists. By using the control theory point of view,

the analylst is capable of manipulating those quantities which control the performance

of the organization.

The Dynamic Organizational Network

Analysis Model

The state variable approach was used In the modeling of a socla-economic system

by Koenig.'8 Koen'ig's procedure paralleled Forrester's in that mathematical relation-

ships have to be developed For all significant operations. This Is very time c.ons.,mino

for a large organization. The fact that only two forms of equations are needed In the

state variable approach caused further considerations of this approach. The state variable

equations are as follows:

T Mt) - P (t) to x(t)

Y(t) - M (t).+ N X(t)

where P, Q, M, and N are matrices characteristic of the system, X(t) Is the vector

of Inputs, Y(t) is the vector of outputs, and the 1Y (t) are state variables.

Rewriting these equations in matrix multiplication Form yields:

[(t] [MN] [x( t ll6
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This form suggests o form appearing in multiple regrestion analysis.2 With

these concepts ;n mind, a modeling method called Dynamic Organizational Network

Analysis (DONA) evolved. J

The DONA method of modeling is a self-generating procedure in that the

matrices characterizing the system are generated from the system through regression

analysis. Regression analysis requires data from the system and this data will certainly

consist of discrete quantities or measurements taken at some time Interval. Since the

state variable equations describe continuous functions,,ao discrete form may be derived

by writing the equations in difference-equation form.

S (t +h) . +,' 1) L 1(t)

I I

Taking first differences to high-pass filter the records, thus eliminating trends,

yields

""" for h I

I VI

where

, (• T• (f + l) - Y'(t)

I(V ) = W(t)- Y(t- 1)

Letting the matrix [S [(P m ).] and substitut ing yields
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The VX, VY, VT, and "- are determined from calculations using actual data

produced by the real system to be modeied. T'he time interval may be one hout , ust

week, etc. By the use of a computer program for multiple regression analysis, the

characteristic matrix, S, can be determined.

.The Laboratory Concept for Volidalion

A question arises concerning the validity of the DONA model and the method

which produced the model. The usual procedure for validating-such a model is by using

information from the real system ,nd determining if the model predicts in an acceptable

manner-when compc! with the performance of the real' system. It was felt that at better method could be use~to validate the DONA model. A laboratory concept was

developed to validate the method, which in turn vqlldaites the model produced by the

method. In this concept the paramaters can be controlled to determine the'range and

responsiveness of the model experimental system shown in Figure 1 is used for the

S validation procedure. The block marked.'"SIMCO" is a computer simulation of a sales

comppnny. This simulatiort'was developed by C.:McMillan and Richard 'V'.onzales. 9

As orglnally written SIMCO was a distributor operation for a single product.' Stochastic

derhand and load tinles were incorporated. SIMCO'was modified to handle a second

product and to.simulate personnel actions; I.e. hires, fires, and transfers. These modi-

fications were made to widen the scope of operations through the addition of the second

produilt and to have some Interaction of elements; e.g. the transfer of personnel from

one product line to the other. All of the characteristics of SIMCO are known. Since

SIMCO is a subrorutine, It can easily be replaced to study the validity of DONA as
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applied to.any other simulated activity.

I - of ... , , .

analysis procedure for developing the "S" matrix. In the laboratory tystem the "S"

motr~x will characterize the SIMCO Sales Company. The DONA model block in Figure

1 represents the followTng matrix equation.

LY(t) x t)J

The left side of the matrix equation ii the DONA output.,

The outputs of SIMCO and the DONA model are finally compared as shown-In

Figure 1. The comparison is made on all parameters desired or deemed 9ppropriTte for

consideration. For example, the DONA model not oidiy produces the ;ystem ouiputs

but also predicts for the next time interval the value of the state variables.

Enperimental Design Consideralions in the Validation Procedure

The problems revealed in this project have provided some valuable ihIsights'

into modeling of a man-organized system using this method. The laboratory, concept

described above has been fully implemented. The entire concept has been written into

a computer proroam and the program has been run and debugged.

Since thi- is a laboratory, the genercition of stimulus data was the first big

problem. Even though the computer program could handle a total of 40 input and state

variables the problem was not the number of variables. The problems centered "Pround

tke bekcivior of the varck(ales.
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It was learned that a rrar-organized system as sin-lated produces variables some

* of which cause redundancies ir the equations. This of course causes singulariltes

* in the matrix. A particular variable of the stimulus data, though time-varying over

the long term, may have a constant value for the simulated time period; and when the

forward and backward differences are taken, the value of the difference is zero. This

same problem can uccu. with a parameter whose first derivative is a constant. The

forward and backward difforences, will be constant but in the multiple regression analysis,

azero varianýe Is computed. A possible solution to the problems of -zero values for

tho. variances is the use of a "dithering signo!," much the same-as the dithering signal
...used In Control s'yerms. The redundancies in the equations can be overcome by careful

selection of the iystem pao'meters.

After tal~lrig cdreful note of the above conditkwars, attention is then directed to

the types and levels of stimulus data, The prediction capabilities of the DONA model

can be tested throughits ab ility to "track" the real syslom or, as in the case of the

laboratory concept, td "track" the SIMCO simulation. The inputs to SIMCO and DONA

may be any one or a .combination of signals composed of random noise, sinusolds, implu~es

or step functions. A particular characteristic to observe is the frequency response of *

the DONA model. The interactions deslgned into the SIIMCO simulation were part of

this test to determine the "worth" of the DONA model and the method to produce the

model.

Problems can also arise in tha comparison phase of the laboratory concept. The

critoriont for agreement in the outputs is based on the quadratic form of the covoriance

matri,.. A recent t',ook by JenWn: ý.:,. Wnlts10 describc, this procedure whkn an analysis
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is required of a multivariate system. The equation of the quadratic form of the covarionce

matrix is as follows:

Probiity(.X, .JT - Proability ( 2m)

where V=-coVT £y j,t), y(k,t)"] , t =1 ....

m degrees of freedom z order of V matrix

This equation is used In two different statistical tests. First, the equation is used to test

the prediction capability of the model as a function of time. It can be determined when
in the time domain the model ceases to predict with the specified confidence, The

* equation then m=y be used to test the •ignificunce of each dimension (variable) in the
model I ]nitead or me su',i 

-,r .,,btit 
a'

mode. nsedormeosur, te vrubilty as function of time the variability is
measured as aofunction of u variable in the model With the time fixed. Again it can

be obse'ved when the- model ceaoes to predict with the specified confidence. Using

this method for corrparlson, of the outputs quantitative 'nformotion Is generated which
gS~es th, perfotmance cho aG(Jeristics of the DONA mocel and the'method usedsto pro-

duce the DONA model. i
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An Investigation of the Effect of Some Prior
Distributions on Bayesian Confidence Intervals

For Attribute Data

Alan W. Benton
Aberdeen Research and Development Center

Aberdeen Proving Ground, Maryland

ABSTRACT

One method of obtaining confidence intervals on the reliability of. a

system or component whose sample outcomes are either a success or failure

is founded on Bayes theorem. In the Bayesian formulation of the problem

one must assume a prior distribution on the random variable of interest,

namely, the reliability. The purpose of this investigation "was to determine

the effect of some prior distributions on Bayesian confidence intervals in

which it was assumed that the prior distribution may be represented by the

beta distribution. It was my intent to restrict attention to alternative

priors one might use when no previoua data or experience exists on a

system.

INTRODUCTION

Of primary importance to Bayesian statistics is the attachment of

probabilities 'to various possible hypotheses, or in this case probable

reliabilities.- The mechanism that performs this role is the prior distri-

bution. The plausible values which the random variable might take on do

not necessarily imply that one believes the probability exactly, they are

only a measure or rough indication of what one tends to believe are the

most likely values.

In Bayesian analysis the prior distribution is combined with the test

data to yield a modified distribution of reliability, namely, the posterior

distribution. That is, the information that we have on a component by way

of the prior distribution is updated with the latest test results. If we let

This article has been reproduced photographically from the author's manuscript.
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W - Reliability, 0 ýS W_ 1

n - Number of tests

r - Number of successes

then by Bayes theorem

f(W/n.r)
f g(n, r/W) f (W)dW

W

where

f(W) - Prior distribution of W

g(n,r/W) - Probabillity of observing r successes in n trials, given W.

f(W/n,r) - Posterior distribution of W.

In practice it is quite comon to assume a beta for the prior distri-

bution. There are several reasons for suggesting the beta, ao-nn•sthem are

M() its random variable has range [0, 1], (2) the beta can fit almost

any unimodal or nonmodal distribution for a r.v. over the unit interval,.

and (3) its ease in computations.. The beta density is given by

f(W) - Wa+i l. Wa_)b, 01W.11

al bI

* 0 elsewhere

where a,b N-1. It may be shown that by altering a and b the shape of the

distribution is changed. See Figure 1. These didtributions indicate the

plausible values which the random variable might take on.

Assuming f(W) to be beta distributed and g(n,r/W) to be a binomial

distribution, the posterior distribution is given by

f (Wn, rrW) f(W)
fW/n,r) n, rw) f (W) dW

n (r -Wn-r (a+b+l)l Wa(l W )b
I = albi

rI() Wr l-W)n-••_ W(lwbd

albl
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(a+b+n+1) I Wa+r (l-14)b+n-r
(a+r) I (b+n-r).

which is also beta distributed.

• CON5TRUCTILON 01 IONFIE,, E !MTEmRV~AL

Since the posterior distribution was found to be beta distributed, it

follows that a confidence interval for a beta varlate is desired. If we

let W-B(a,b), then a 1O0(l-a)% one sided confidence interval is given by

Pr W lW<l f f(W)dW -a
! L

L

An exact lower bound is given by
1

b+n-r+l

where

F (1-0) percentile of the F- distribution with 2(b+n-r+,) and

2(a+r+l) degrees of freedom.

a,b a parameters from the prior

n sample size

r = number of successes

The use of the F- distribution may be seen from the following. From

the change of variable theorem of integral calculus we may write

dW
g(F) - h(W - U(F)) d.

SLet a+r+l

W b4-n-r+i
1W a+r+lb+n-r+l

then
a+r+l

dW 1 b+n-r+l
dF I+a+r+l Fd..WWb+n-r+l

d I b+n-r*6l 6
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and on substitution

a+r+ 1
F) (a+b+n+2) (a+r+. 1 F+r

"* (~+ +i Ff

which is the F- distribution with 2(a+r+l) and 2(b+n-r+1) degrees of freedom.

Now recall

f(W) dW -J f (W)dW 1-1-

1 +RF

where

a+r+lR---
b+n-r+l

Noting that Fa(a) I . /F (l-a), the lower limit is given by

W - b+n-r+l
L 1+ ;44- F1.M

One of the reasons for using the F- distributiof' is that tables of this

distribuilon are frequently nore readily available than those of the incomplete

beta. Also, they are convenient for those values of a most often used,. e.g.,

0.10, 0.05, 0.01.

For sufficiently large sample sizes the normal approximation may be

employed, the approximation being best in the vicinity of W equal to one-half.

For the posterior distribution the expected value and variance of W are:

E(W) a+r+l

E(d =b+n-r+l

and

2 Qa+r+l) b+n-r+l)

(a+b+n+2) 2 (a+b+n+3)

Thus, the l00(l,-o)% lower limit is given by E(W) - z

661-o
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where z 10 is such that

DISCUSSTION

As indicated in the previous section, the lower confidence limit (LCL)

was computed for illustrative purposes. A confidence level of 95% was chosen

and the following prior distributions were selected:

a -1 -1/2 0 1 6
b -1 -1/2 0 0 1

References [1] and"41] give discussion on the reasons for assuming prior

distributions when a and b are both set equal to -1, -1/2, and 0. By letting

a-6 and b=t we give more credence to moderately high relialilities, which

-would appear to be a likely area of interest. For large a and/or b one gets

into the problem of the prior distribution far outweighing the most recent

evidence or sample..

In Figure 2 the lower 95% limit is plotted against the number o0 fail-

ures observed in a sample of site twenty. In general, the results are quite

similar for the other sample sizes investiga'ted (n-l0(5)X25). It may be noted

that the tnwber of failures begins at one! ,This was done since when 'using

the (-1, -1) prior one must assume the occurrence of at least one puccess and

at least one failure in the sample.

An examination of the lower limits plotted on Figure 2 yields the follow-

ing general results:

1. The (-1, -1) prior results in shorter confidence intervals than

&(-1/2, -1/2) prior which in turn Sies a shorter confidence interval than

the (0,0) prior. This holds true for moderate to high reliabilities. The
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order is reversed for low reliabilities.

2. The differences in confidence Interval length become smaller as

n. the sample size. increases.

3. All threj priors [(-1,-i), (-1/2. -1/2), (0,0)] result in shorter j

confidence intervals than those obtained with classical methods.

4. The (6,1) prior does not result in a uniformly shorter confidence 1

interval for moderate to high reliabilities.

Now, let r/n (# success/sample) be an indicator of reliability and

rank the priors accordinB to fheLr interval length. Thus the shortes;

confidence interval indicates' the most optimistic result and the longest

the most pessIminstic result for sample estimates of reliability. The follow-

Ing table presents a summary of these rankings.

Summary of Length of Confidence Intervals for
(-1s-1),(-1/2, -1/2)0 (0% O), (1, O).'Priors;

r/n Shortest - - Longesst'So~es (-l, •-z) (-1/2'1, -1/2) (~) od
0. 75-0.85)

.75-0.85 '(-1, -1) (1, 0) (L//2, - 1/2) 1(0, 0)

0.65-0.75 (1, n) (-1, - .) (-1/2, -1/2) (0, .0)

Thus, for rtn greater than 0.75 the (-1, -1) prior gives the shortest

interval while the uniform prior (o, n) gives the longest interval.
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II

SOME TECHNIOUF.S FOR COW•TRIUUrTTW
MUTUALLY ORTHOGONAL LATIN SQUARLES*

W. T. Federe', A. Hedayat, E. T. Parker
B. L. Raktoe, Esther Seiden, and R. J. Turyn

Mathematics Research Center, U. S. Army
Madison, Wisconsin

AMTAMI~ '"a-osntosof co0imstructing. &_A st -of muuly-
... h..6nil latin squares are-presented and the theoretical aspects
of various methods are discussed. Illustrative examples of con-
structing latin squares and sets of mutually orthogonal latin squares
are given. The methods of constructing latin squares and sets of
orthogonal latin squares are complete and partial confounding, frac-
tional replication, analysis of variance, group, projecting diagonal.,
orthomorphism, pair•ise balanced design, oval, code, product composition,
and sum composition. The methods of construction designated as partial
confounding, fractional replication, analysis of variance, and sum com-
position appear not to have been discussed previously in the literature.
The methods of complete confounding and of projecting diagonals have
been given only a passing reference with no'indication an to the actual
construction procedure. The sum composition method has interesting
consequences in combinatorial theory as well as in the construction of
orthogonal latin squares. Lastly, equivalences of fourteen combinatorial
system to orthogonality in latin squares has been investigated and
described.

*This article has appeared as Technical Summary Report No. 1030 of The
Mathematics Research Center, U. S. Army, The University of Wisconsin,
Madison, sponsored under Contract No.: DA-31-ARO-D-462.
The remainder of this article has been reproduced photographically from
the authors' manuscript.
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SuMNlL I E>JIj N IQ LEzi FRAi - :kN,%6R L'-T ING MUI) [tAI.LY
ORTHOGONAL LATIN SQUARES

W. T. 1'ederer 1, A. I ! fýI ' .ý Parker

B. L.. Raktoe 4. Esthc-r .i-vori anz pi~ . 1. Lryn"

I. Introduiction and Some Itrminokygv

- the pu"rpo-s~e of this paper is to reentý a seoitehd~o~ostru~n

mutually orthogonal latin squares and tc r(xhibit somne squares produced by each

of the methods. The set oif nmotho*~s pr-s._-nt(-a he-roin w~as 'Jiscussed it) a series

of informal semninars held,. cJurin.; VL.- ... : * s jl4-1h -in-: 1 ý '. :iy the

authors at Lcornell Universit-Y. Th- r~., tiv:,tio- ftr th'-se dis5;uss ions was derived

from results obt'5AflCd by Ii.I.-jait 111,.- i--6ir- tne *):.tinrisr 'AJ th.' authors.

New proceaures 1for constructing spt cr.., q ll' r:Lo.Iia ldtin squares and

new viewb of present r:-.vthocs '..t t-. itri-L:. L . *'t. :.I[! ~ir- in or"(-r to d"ivance the

theory of mutual orthogonalit-) in, lat.3t sý;.Thrfcs.

Professor of Nlolugical Statistics . >r'I _.&.-r sit' o lin Visiting Professr,ý,r,
Mathematics Reseiarch Center. U.S~. ;Ttr . U.i .. ity' 0- y.'iscon:Ain lur1
sabbatical leav' 1`40-70).

Assistant Protossor, Cornell Univvrnity.

Professor Mathemcitics, EUniveriit-,- i~. i~V~tr~PcfsoCr~l

University (July. 190)t9.
4Associate Professor, University ut 6t.!j an.;. Vi-iting AbSG.Iadt, Proio'ssur,

Co-rnell University (January to August,110 1J.'

Professor, Michigan State Univursivt. . : i Vistitn;q Plrolt s:i -> A.,vrrwli 'ni-
versity (June, July, August, 1909.

6Mathematician, Raytheon COturp~ntio.: dnd Unst,~P~V'sc ~rcitri-
versity (July. 190~).
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As may be noted from tne taole of contents, the different sections were

written by Jifferent authors. An attempt was made to have a consistent notation

andJ a uniform . stvie. Although r:uch more work is required to finalize the method

in several of the sections enough is known about ther method to use It to con- ....._-_

struct a latin square of any order -,r ti, cc.,nstruct a set of two or more mutually

orthoguro.l latin squares. Also, a number of equivalences may be noted for some

,i th.. :nethocis.

The theory of mutual orthogonality in latin squares has application in the

Iconstruc:tion .,f many r.-lasses uf (,x;,.rirnvnt dotigns anti in mdiny coinbinatoricol

systems. The latter sabject is discusskd in section XVwhere the equivalences

of vdrious coimbinatorijl systems tort, prt,'sntv-j. With regard to the fcrmner sub-

ject. there is dn evor present nved ftir n-,-. (,xcrlnont designs for new experi-

mental situations in urder. for the ,.-Jw.t•,r~tr not to-),have to conduct his ex-

perinient to fit known experiment desiqn,.

6ow- ,t the notatiun and t-rrmi.uh 1,qy that will be utilized is presented

below.

Definition 1,1 . A iltin square ot t.,r-.:r n on to set • with n distinct elements

is an n x n ma trix each of whosi, r .VS d columns is a pcrmutation of the set

~xarnole:

2is i latin square of order 3 on 2= {I..3} .
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IL uftr,itiun 1. Two litAn squaros I (d JII IIIJ LZ (b cj t of order n dr.
ii A j

said to be orthogonal it the ni or.rc.,'e pdi-b i a P, I) , j =,Z,... , ni dre

all distinct. Note that L1 and I . nr,,,." nut .efined on the same set.

.Example.

annd .

Definition 1. 3. rh., members u, a st f t iatin squares L,, L4 , ... , I*C -f

or Jvr r. are sai t,. b.. mutuall/ ipcir.,.. , rt!- ,.,J L . is ,thogur.al t(

I. , ' j, i~j I,.~... ... l-'r'ih t~r- C'n.tj s-: we rr-a- *i s'-. t-e.n-

Latitn n squares and orthogonal latin j-u.,r-s n.rd, ,t Je'lL !L? ycars of hrstory.

• Hedayat I 1969-section DI] has presLent(; a re.,i:ondbly ci.cGd paIfture of this

history which will not be repeated h.rv,. It za; I~la=n,,d to, prel•dre: c, historiala

account of deve•lopmnents related to urthugu;•rdity in la•tin squar•,s and to publish

this material together with a bibliograph:, ,:I.;,wh, r.,
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I1. ijtorial LJ; nfounjing Cýnstructitn of O(njti Sets

•i. i. uoniiiete iC-nfoundinci

""he r. row-column inteisctins may be related to the treatment combin-

"itLons in a n factorial treatment .--sign. To illustrate let us consider the 4

--- ..............- fa ctoria-l-and-the-l-atin square-of -otder --- 4 - hr level% ---- ---

and B. in the factorial will b-. us tx L, .Psignate the rows and the columns of

latin squar.' r . 4 as f, 1! w"'s.

.iiin stu, irs -.t orer 4

clumn 1 - tPe cure.n 4 - ,Bl column .3 (S) column 4 (B)

33
ruw 1 =L)00 (102 03

2 A 10 12 13

row -i 1A,A 20 21 ., 3 Z•-

rhu.;. four cumiinitions ,ut uf thn 1,, .viich hdve 1 0 in the subscript ij,

1. 0 ()0)0 1 , o,. ind I03, . ir. cP0s Lr.", tUfj 13s (A0 and are put in r(ow 1. C(on-

tmnuin:g this proc,'Jure the rumdnd, r of thv- ii combinations are allocated to the

r.Tidinizuq rows rind t') th(: .olunrr;ns c:, sh , - i .

Now, three ither effects tvitn 4 I,,vels eacn Can he set up from the pro-
4. ,• U1  u 2

'*,tiv, ',,Qjmetry PG 1.4 thc * irt. Ar IAR I , AB , and
uuu

I I 1 2jiAh ) . The levels of these effects and the corresponding latin square

produced Ly letting all cumbindtions of the level of an effect be a symbol in the

latin squdre are (see page 3_37 cf Ken-,1thorne [1621] , e.g. I:
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'0 00 4 II 1 2,! + 3 3 1 tI O 1 01 -1 Ozi 111II 0 3~ v IV

•^Ul, 1 01 + 104 23 4 341 IO 1 0 iI =lJ l I12IV' ILII!
0iUu 23 O 4 13 + Z0 + 31 - 1II z-z 111I 1 =IV 4z z~ 1 /=. Z -1 1_

3 03 + 12 + 21 + 30 .IV 30=IV 31=III 3 =[1 1 33 I

0 00+ 13 +21 4 32- a Y 6

(A 2 1 03 + 10 4 22 4 31 - 1 6

u 13~u 02 O+ 12 + 23.+ 30 .6 a 3

0 0+124234 31 -W W Z X Y

( SU31 02 -, "10 + 2-I 4 33- * X "x f W/ z
(AB = + 03 +.11 4 20 + 32 -Y Y X Z W

u i+u 3 uj ...___

301l + 3 +22 8 30 -Z Z W Y X

In the above the complete cunfounding scheme of sources of variation in

the 0(4,3) set and the effects in the fitctorial may be illustrated in the following

analysis of variance table wherein the sums ot squares in the lines of the analysis

of variance are orthogonal to each other:

Source of variation Degrees of freedom,

Correction for mean I

Rows = Aeffect 3

Columns = B effect 3
u 1

Roman numbers = (AS I effect 3

U 2

Greek letters = (ABS) effect 3

Latin letters = (AB I effect 3

Total 16
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Instead of relating the mutually orthogonal latin squares of order 4 to a
D Z4

4 factorial we may relate them to a Z factorial in the following manner. Let

the 16 row-column intersections be numoered as follows:

row .. 2. . ... - ......... .

1 0000 0001 0010 0011
2 olou 0101~ i 011 ilI

S11100 1001 l01 101o1

4 1100 101 1110 1111

Le.,t the factors be a, b, c, anci I .vw t.1 two levels 10 and I) each. Tho rows

Corr es'pond to fa'ctorial effects, A. B. -jnd A-A and the. columns correspond to fac-

rtura I oftects C, 1), and (D). i 1his k,, n Wi cuiistructing latin squares has been
used by Fisher and Yate's J195 71 fur Iitm s(4uareo of order H.) Then, let the

symbols in the 3 latin squares be, rprsnted by th:; following scheme: t .

lac, toriaLuenerator_ _,_ _binti_ _s latin squares

(ACiy. (BL)o,, (ABCU)0 0000 + 0101 4 1010 1 1 1 1 1-II I 1 11 IV
IAC) B , iAB'( D 1 0001 . 0100 LOll0 1110 11 11 1 IV IIf

0' 1

(Ak-; 1 , iBL)o, ABQ:D 1 0010 011i1 ,* [100 4 1 10 IIi 111 IV I II

(AC) . )2D , (ABCDi ) 0011 4 0110 1001 110)0 IV IV 11 If I 1
1 1' 0

(AD) iABo, iBCD) 0000 01 10 loll 1101 W W Z X Y
0' 0

iAU)O. (ABC) 1 , iBCD 0010 0100 1 0O)k1 1 11 X X Y W Z

(AD)I, (ABC 0 , (BCD)1 0001 4 0111 4 10104 1100 = Z Y X Z W

iAl)i, (ABC) , (BCL)) 0101 + 001 . 1000 I 10 = Y z w Y x
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(ACD)0, (BC)0, (ABU) 0000 4 0111 1 110 4 1001 a'0
(ACD)o, (BC)1, (ABD) 1  1010 4 0100 0011 4 1101 = p

(ACDI0, (BC)Q, (ABD)I 1000 + 0110 4 1111 + 0001 =

(ACD)1, (BC)1 , (ABD)Q 00104 0101 ' 1011 4 1100 = 6 b

The correspondence of the latin squares obtained from complete confound-

ing considering a 4 •ctorial and conid ering a 2. fa~toi--s d~moJttated-

in the following analysis of variance table:

Source of variation degrees of freedom

Correction for mean I

Rows = A effect in 4 factorial 3

4
A effect in 24 factorialI

B .. . 4

AB

Columns = B effect in 4 factorial 3

C effect in 2 factorial

D "4

CD . ." 1.

U
Roman numbers,= AB effect in 4 factorial 3

Z4
AC effect in 2 factorial I

BD . 2

( ABCD 2 ' "
u2

Greek letters AB effect in 4 factorial 3

ACD effect in 24 factorial

44BC I

ABD . .4
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Latin letters AB effect in 4" factorial 3

4
AD effect in 2 factorial I

AB( " .. .. I

SU(:D . . .. 4."•

Total i6

4 ~
It should be noted here that the effects in the 2 map directly into the

4 projective geometry or PG(1,2 Likewise, even though one more set of

generators is available, viz.

Generators Interaction

Roman numbers - AD, BC ABCD

Greek letters AC, ABD BCD

Latin leLters - BD, AB ACD

the three orthogonal latin squares produced are the same ones. Since the third

effect above is obtained as the product of the two generators, mod 2, we need

consiJer only the generators. Multiplying those by CD (mod 2) we Ubtain the

generators of the preceding scheme. fI-[nce, even though two different complete

confounding schemes are dcvallabl, there is a simple one-to-one mapping of one

set into the other set. Although nothing interostirg turns up here, it would be

interesting to study the various complete confounding schemes in the latin square

of order 1) as related to the 34 factorial.

As a second illustration of the use of complete confounding to construct

latin squares, let us consider the latin square of order 6. Using the notation

682
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represent a combination by ghij where q, h are members of 1 (3) and i,j are

2 2
members of 1 (4) The effects in the 2 and in the 3 factorials are denoted

respoctively by:

3 '4
A

3 4
B 1)
A 3B 3 C 4 D 4

C3 4 D4 2

The remaining interactions are given below in the analysis of variance table:

Source of variation Degrr-,c of fr.edom

Correction for mean 1

3 4
Rows = A C 5

A3 3

C 4

.3 4AX C4 2

3 4Columns = B.D 5

B I

4
D 2

3 4
B XD 2

Treatments or symbols =A B C D 5

C4D 2.

3 3 4 4
AB3 x C4D6
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Remainder 20

3 4AC x 2

3 4 4

B 3 X .C D

BA x C4D43 4-2B X C D

B3 x C44

A3 B3 x C4 D

A3B3 x D4  2
A 3 B3 x C 4D

3 3 4 2
A B X CD

Total 36

Let us now set 'up the 6 rows and the 6 columns of a latin square of order

6 with the corresponding designation of the 36 combinations as followla

Columns

Rows (BD (B3D4 (B D (B3 D) 3  (B3D 4  (BD34 5

A 34C 4 0000 0304 00OZ 0300 0004 0302

(A3C4 )1  3040 3344 3042 3340 3044 3342

(A 3 C4 )z 0020 0324 002Z 0320 0024 0322

(A3 C 4 3000 3304 3002 3300 3004 3302
34

(A3 C 4)4 0040 0344 0042 0340 0044 0342

(A C ) 3020 3324 30ZZ 3320 3024 3322
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Now let the levels of A3 B3 C 4 D4 correspond to the symbols in a latin

square of order 6 as followsI

Levels_ CombInation for whigh 3gm.3h+4i+4j. mod 6. is constat Symbol

(A B C4D 0000 + 3342 + 0024 + 3300 + 0042 + 3324 * 0

(A B C D 0304 + 3040 +'0322 * 3004 + 0340 + 3022 1

-(A3 -- D) 2  0002.+3344.+ 002* 3302-+ 0044 4 3320 -, 2

(ASB C4D 0300 + 3042 + 0324 3000 + 0342 + 3024 - 3
334

(A B C4D )4 0004 + 3340 4 0022 3304 + 0040 + 3322 4

(A3 B3C4D4)5 0302 + 3044 + 0320 4 3002 + 0344 + 3020 555

This produoes the following latin square of order 61

0 1 2 3 4 5

1 2 3 4 5 0.
S2 3 4 5 0 1

-3 4 5 0 1 2

4 5 0 1

5~ ~ 3 4 2

SAlternatively we could have used lev4ls of A8C4D2 to construct the
•, , following latin square of order bi

iLevels, Combinations for which 3g.43h÷41+21, rood 6,is conjtanty!• h•.•.

S(A BCD2) 0000 + 3344 + 0022 4 3300 + 0044 4 3324
0a

I(A3B3C4D2 0302 + 3040 + 0324 + 3002 + 0340 4 3024 1
(Aa- 0004 + 3342 + 0020 + 3304 + 0042 -•3320 2

(A363 0300 4 3044 + 0322 + 3000 + 0344 4 3022 3
S(A3B C4D2)4 0002 -+ 3340 4 0024 + 3302 + 0040 + 3324 4

i•(A B C4DZ)' 0304 + 3042 + 0 320 + 3004 + 0342 + 3020 5
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latin square of order 6

0o 5 4 3 z I

i 0 5 4 3 2

1 0 5 4 3

32 1 0 5 4.........
4 3 2 I 0 5
5 4 3 1 1

Thus, th," above square is sirmply a column permutation of the previous one. As

tnure , re no other acts ut 5 degrees of freedom leading to a latin square of order

6 Ui. e. A3 , 83, and A3 B3 exhaust tho three single degrees of freedom from the
4 4 4 4 4 2

factorial and C. D* . C D , and C r) exhaust all sets of 2 degrees of

freedom from the 3 factorial i, it is not possible to obtain a latin square of

order 6 orthogonal to either of th,, pruceding onrs using complete confounding

schemes.

F'or a latin square of ordvr 10 we| moy ui levels of A R C 6 D6 , A B Cb D•,

A iC D h, or A B C I6) to form four Jiffercnt latin squares of ordor 10.

II. Z. P4rIdl Confounding

In the last sectlonl us(' ,qA.S' rhod•k u1 complt'te confuunding of effects in a

factorial with tht. rows, columns, anu s'mbols in a latin square. Instoad of

completely confuunding in effect, it uuld bc partially confounded, Fror nxtrplr,

the latin squareuf order 4 could be considered as a 24 factorial as in the

preceding sbction, with the following scheme of confoundlnq:
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Rows 2 =z(C) I =(C), 3 3 (D),, 4 (D),

I (A)0 ,(B10  00o0 0011 0010 0001

2 (A) o (B) 0101 1)10 0100 0111

3 (A), , (B)r) 1 0))( 1011 1010 1001

4 (A)I ,(B)I 101 01110 1100 1111

If we set up the latin square symbols for the ahove as t h e r.

"the symbols correspond to the fulluwing combinations: .

, O,; *0 ) 10 10 101 I 10 1 ! ABOD)0 4 other effects

00: 0 1 1 0101 4 1010 - I I I - fA[3(jD)_ .

1: 3000 1 310 4 001 0 ill I As )'•?1

¼ 0001 0100 4 1011 , 1101 1AB'.D1 "

It is known that this latin squorL' has no orthogon:il mate (Hedayat 1196 9 1j.

rhir means that no orthogonal partitiv: ,)f th, remaining sum of squares can be

madd; which forms a latin square.

If on the other hand, the latin square usord s , thp conbiL'atins
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.:-rrosponding to the Greek letters are:

.: 0000 t 0110 + IU 1 + lI II (ABCDJ0 4 other effects

,• 0011 4 0 10 1 4 1001 + I 100 IABCIDJ0 +

3: 0010 + 0111 + 1000 + 1110= (ABCD)1 + (AC)1 + other effects

bi: 00o1 + 0100 4 10ol + li10 = (ABCD) + other effects

'Inis square has two mutually orthogonal mates and hence there must be partitions

-f tn', !ýuni.6 LA squsr,.,s nto orthuo-.unal components which correspond to the sym:lis

instead of inserting symbols in the latin square of order 4, denote the

s,,•'n•o1: in tieW latin square, by tht., fllowinng partial confounding scheme:

ii add thu two 1,'8 replicates gienerated by ((A)l, (D)0' (BC) and

iAI,. •; I• ABDJ i t(, obt:iin the 4 combinations (0000 4 01 10)*

I10 , IIIlj and denute thrso 4 combinations as symbol 4

ii) jidd th, two 1/ 8 replicctes gnerated by (WI/, (AB)I, (AC)0) and

L, , AL) ) to )bt, in combinations (0 lUl 4 1011) 1 il100

01) anci denote these 'I combinations as symbol i3 ,

ih, addh th.vo I, M replicit,'s gjoncrateJ by I(A)I, iD)o, iASC}I and

f,A,09, ,C)I, iBLIi to ooAtain cornbinations 11000 4 1110) 4 (001o +

111,i .ind jenote these 4 d s symbol N, ,

.. _r ,ii te t wo . ki replicates generated by i(ABi0, (AQ)), (ID)1 and

iABR (BL), ) to outain the combinations (1101 t 0011)

ý',Jl0 100l) and denote these 4 as symbol .
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This procedure results in the following latin square of order 4:

3 • a 6

6 • 3 •

Obviously, one could take any pair of 1/8 replicates such that the 4 combina-

tions are in different rows and in different columns to form the combinations for

a given symbol.

The above type of partial confounding results in the class of latin squares

denoted as half-plaid latin squares. If partial confounding were utilized in rows

as well as in columns the resulting square would be denoted as a plaid latin

square (so-called because of its resemblence to plaid cloth if the effects con-

founded were of different colors). The three types of squares are illustrated

below for a latin square of order 6:

.;uni•letv .:unfoundir~g ot effects

Columns
11 2= 3= 4= 5=

Rows (A)0 ,(C) 0 (A)0 ,(C) IAo10 ,(C 2z (A)l,(C)0 (A.j, (C), (A) ,(C)2

I = (B)0 ,(D) 0000 0010 0020 1000 1010 1020o

2 = (B)o(D), 0001 0011 00Z! 1001 101 1 1021

3 = (B)0 ,(D)z 0002 001Z 0022 1002 1012 1022

4 = (B) ,(D) 0  0100 0110 0120 1100 1110 1120

5 = (B)I,(D)1  0101 0111 0121 1101 1111 1121

6 (B)I,(D)z 0102 0112 0122 1102 1112 112
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Partial confounding of effects with columns

Rows I (C) 2 =C) 3 = (C)2  4 = (CD) 0 5 = (CD) 6 = D)

(180 ,(D) 0  0000 0010 0020 ,1000 1010 1020

2 =B) 0001 00II 002101 01 1.

3 (D 2 0002 00o1 0022 T TZ -Z10 1oo

4 = (B I, ()) 1100 1110 1120- 0100 0110 0-1,0

5 = (B) ,(D) 1 101 1Ill 1121 0121 010'1', 0111

6 (B) I(D)2  1102 1 1z2 01 Iz Oi2 0102

Partiai ccnfounding in both rows and columns

Columns

Rows I IC ) 2 (C ) 3 (C) 4 = (CD)0 5 z (CD) (I)z

I D 0 00 10 2.1) 00 10 20

2 D) 01 II 21 41 01 11

3 D- 2 02 12 1.2 12 zz 02

4 (C D-D2 ) 00 1 22 00 2 z ,11

i OCD4 1 0.2 10 z1 21 10 02

6 (OUD ]01 14 40 14 01 20

In th,, last table abrcývw only th(. subscripts for combinations of factors c

dnd d have bten inserted. Ther,, is som. dif•liculty in inserting subscripts for

fat-turs a and b such that these e(focts are orthogonal to both rows and columns.

In any ov,,nt, this problem require:; further study to determine ,If half-plaid latin

squareb ir,,d plaid latin sq.,r. ld tu latin squares not of the same type as given

by complete confuunding, If tne threu, types et latin squares of order 6 can be

produced by partidl and complete confounding, this would be an interesting reult.
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I11. Fractionial Replication Construction of 0(n,t) Sets

-l 3
Any latin square may be considered as an n fraction of an n factorial

where the rows represent levels of one factor, the columns represent the levels

of the second factor, and the symbols in the latin square represent the levels of

the third factor. As an illustration, consider the latin square of order 3 where

3the 9 nombinations represent the 1/3 fraction of a 3 factorial as follows:

Columns

Rows 0 1 2

0 000 012 021

1 102 I i I 120

2 201 eI0 222

The above is the 1/3 fraction of a 3 corresponding to (ABCd =r14 j 0,ood 3,

Since this is a regular fraction we niay write out the, aliasing structure In this

fraction as follows:

M ABC

A AB' r sC

B 4 AB •: A(;

C + ABC'0 AB3
AB +AC 4.3C

where the effects connected with a plus sign are completely confounded with each

other. In the above latin square thu symbols 0,1,4 correspond to the levels of

the third factor, c. Now if we set up a second latin square in which the symbols,
2say y, ,Ny, correspond to the levels of AB I the resulting square will be

2orthogonal to the first one. The square corresponding to levels of (AB I o 1s
i+91,mod 3
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0004 111 +222l t

2(11 4 01-+ 120~~ * W
-I 3'rhe class of fractional replicates constituted as an ro fi-action of an n

tactorial oecomes an important one to study as it relates to construction of mutu-
-3 9 1 1..

S .aly_. orthogona.lAutin squares... In. particularn, all/ 2 "fractions of--a -2 -and all -.-
Z 6

fractions of a 3 with all possible aliai4ng structures could produce several

sets of mutually orthogonal latin squares. This could have interesting conse-

q u en's In finrlite .eomt.',ry.

Fh- stru,-tur. of tne left-hand s,.t -f pardnietors in an aliasing structure

will ha,., d pattern; for example, tar n = 4, 5, and 7, the patterns are:

n = -4 rn= n = 7

M Ab,: NJ 4 ABC M 4 ABC

A A A

.13 li B

UC C

2 1AB AB3 AB
AB R A3 3 AB 3 ].

Ak AB

AB5B5

AB6

N t.th ,th-,,irh AFK: w ý,) omplptr ly cnntound,2d with the mean, any one of

th,- (Qthtor thret,-factcr interacition compon.nts ABUCv, u,V = 1, 2,... ,-n could

u:s..'. :,..trn uttlzeJ equjlly w-1l1. Also;. nute that the levels of C corresponding

t.. .. .': s pr,1,dujcf ,i latin square and that the levels of effects below the

,J -t.., 3 proliuc• 3 :;ift of - I mutuaIly urthogonal latin squares.-l 3

in general we w.int to look at all possible n-1 fractions of an n factorial,

th. subset of combinations for which the levels of C are the symbols
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in a latin square and to study their patterns especially for n 7,8, and 9. All

possible fractions, or rather all forms of the allasing structure, could be classi-

fied into all types of t mutually orthogonal latin squares, O(n,t) for t 1,2,

,n-l. Perhaps this is the manner in which the geometries of various values

of n can be eiýhaustively studied. In fractional factorial notation we want to

study all possible patterns' of X X in the following matrix equation:
11 1

M

A

B + Xý1XI 00 Y r
C

where the form of the first vector below the letter C will be.determined by the

values in XI1 X , the candidates for entry in-he vector are thd'remaining

2 '3
two- and three-factor interactions, and Y, is the particular set of nr out of nr

combinations for which the levels of any fourth effect in the first vector form a

latin square. Thus, it becomes important to study the properties of IX

even for the 2m system. The irregular fractions would appear to be the most

interesting for n = 7,8, and 9 since regular fractions can be related to complete

confounding in section II. I and to flats and points in the projective geometry.

We now wish to illustrate the use of fractional replication procedures to

construct latin squares which are mateless and which have orthogonal mates. To

illustrate let us consider the four standard latin squares of order 4 which are

(risher and Yates (19571):
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, I. r I I [AiR 17 IDT ' I AI B IC DI 1 A iB ICI DI

jIJDYJA IBD0 A C F)LCDB A D~ j
~J Tjj _c~ F)C-D CBA A D B

S:.quare Square ,I Square III Square IV

Tt is known (H.,dayat 1 l9t,9 that thoe irst three squares are mateless and that

the last square belong:: to all 0(4,3) set.

N .w nurnb,*r thu, •.w- ; ,; I , ,nr din,.te th,'sf, as levels of the factor

a; numb,:r the coGu'mnnS as 0,1,2,3, and .3s 0,1, ,3 for A, B, C, D, respectively,

anr,,j -'A:net,, these as, levels (if the, f~at.tLi 3 Tho.n, in fac~torial notation the above"

3.
.1(i ,.:mbindtions form a onc-fourth fraction of a 4 factorial treatment djsign.

The aliýising s(,.hen, for the fractional replicd•t. given as square IV. is:j

A AR, A R AB• C

[3 A. C A , 4 AB 3;

C A R. AI3BC A BC

", " -- !i t ., . .t(.( onr..ecte,.i w.th a plus 5• n arte completely confounded with

, :. t . Wi,." ct ,o, ; -. r,.. j.r;'irv- two iliasing structures results in

2 3.......... ..."-... lIt,. ,aI si~ni s true:tur,,!s tu.r ti; is 4" fr iCtic:,nl of the 43 factorial: the~su.

. -P. ' A

Ad,.,A..i" B " AB (3

1v ..,1 •.:, r)f Ak ar. -i f A• h t: form tw'o latiln squares, these two

, ... ' '. , 4, t) mLIutual'y rorthogonal latin squares.
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Now;, let us return to the set of four standard squares given above and

wA nntp Ih~ rnlv init T11ri~ ar,,. r...~n f^..-. -. n~j - -i -r

I I, and'III. These are:

additional combinations combinati~ons replaced in IV

Square 1 112, 130, 310, 332 1 10, 132, 312, 330

111 113, 130, 1269, 331 f220p, 231, 'ý3Z_1, 0-

;The alilasing structure (wi'/out the coofficierit- is given on the following page for

all four standard latin sn/ares of order 4. The, 1/4 replicate given by square IV

forms a regular fraction The remaining three fractional replicates are such that

none of the additional e fects are unconfounded with the effects A, B, or C of

the original latin squar of order 4. Since this is true no linear combdbintions

of these effects will be nconfounded. In order to form a latin square which is

orthogonal to'the given e it is necessary that there be'a set of effects which

is unconfounded with th effects in the 9iven square. This is impossible for the

three squares 1, 11, and ITI and hence thr squares are mateless as is well-known.

It would be interesting to ascertdin the aliasing structures for the six

standard latin squares of order 5 belonging to the 0(5,41 s~et and for the fifty

standird latin squares of order 5 for which are known to bu mateless (Hedayat

11969] W. After a study of these fractions, one should continue such a study for

n -7, 8,* and 9. It Is suggested that one consider a Z62 fraction instead of a

431fraction for n = 4 and a 2 9 -3 fraction instead of an 83-1 fraction for

n =8 *The reason for this is that there is much more theory available for the

695



Aliasing structure of effects in the four 1/4 fractional replicates

of a 4 factorial for four standard latin squares of order 4

Square I Square N" Square III Square IV

Effect Effect Effect Effect

Effect 1 . o E .11 it4 1 IIf.

B P

C

AS P p P P p pC

AB 2  P P P

AB3  P P P

AC P p , P C

AC 2  P P P

AC3 P P P

BC P P P P P C

BC P P P P P
3

BC P P P P P
ABC P P P P P P P P P P P C

2
ABC P P P P P P P P P P P P C

3B~ P P P P P P
ABC3 P P P P P P

AB C P P P P P P P P P P P P C

AB .C P P P P P P P PP P P P C223

ABC p P P P P P P P P P P P C

23

- nedns Identical effect C means complete confounding
P means partial confounding bPank means unconfounded
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s 2 in the sm series than for any other value of s . Also, one may use the

generalized defining contrast which has been developed by Raktoe and Federei

[1969] to a considerable advantage in writing out aliasing structures in these

cases. Investigation of the regular and irregular fractional replicates obtainable

I for various values of n 'could lead to considerable advances in the theory of

mutually orthogonal latin squares.

/
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IV. ANOVA Construction of O(nt) Sets

There" should be some procedure which would utilize the orthogonality. of

single degree of freedom contrasts in the analysis of variance (ANOVA) and

which could be utiluized to construct orthogonal latin squares. For example, one

could make ,use of, orthogonal polynomial coefficients fdr row-and cUolumn con--.

trasts and then construct mutually orthogonal latin squares from these. To illus-

Er.it, consider the latin square of order 4 used previously wherein the row-column

4
i:-2t,,:soctions are numbered as a 2 factorial, I.e.

Column
Row 1 2 3 4

I 000o 00 0010. o011

2 0100 0101 0110 0111

3 161)0 10 I 1 1010 1011

4 1100 I 101 1110 1l11

me-relatiun between the 16 contrasts using orthogonal polynomial coefficients

anrd th, 2 4 factorial is given below:
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II
Source of variation df

C. F. M. I

%uw contrasts 3

A\-R c - I Rows linelar k( A 4 d

I- I " quadratic R = AB
AB L % I cubic R= ZA- B

Column contra sts nL

L -CL-.C CI Coumslier

D -2C + C5 ucC
L C 1 1 " quadratic = CQ -

C; =) CO cubic cc 40C 1"-',

Roman numbers a (AB 3

BC a 4RLCL R RcCC q RCL

ABCDz R C I RQ

Q Q Q..

Greek lotters a iAB

SBC = 2.RLCL = idRcCQ L QC CC

4 RL R C cRcCL i QCC

ACD = (-R -•RcCQ R G
L CQ

•U 3

Latin letters = AB (

KAD= 2R C -2R C-RC G
L L C C L C

4RcC I RLCG

ABC x RQ(-C ZCI I RUQ L C Q L
BCD- (-*RL + RC)CQ I CCQ

Total 16

The Individual degree of freedom contrast matrix foi the above It )mj:nj-
tions is t
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The partictlar contrast matrix utilized is not unique as has been

uemonstrated above. All orthogonal contrast matrices resulting in latin squares

could be considered. ror example, other sets of contrasts among rows (or columns)

could be:

2 3 4 1 2 3 4 .... •,

Mean + 4 + + Mean + + 34

R1 0 0 R1 + 0 0

R 0 0 - + or R + 4 -2 0

R + + - - R + + + -3
33

The interaction of row and column contrasts possibly coulO be utilized to allocate

the synols, in the latin square.

We wish to illustrate the methoc of constructing latin squares using

orthugonal polynomial coefficients. WP shall first consider the construction of

thre(-- mutually orthogonal latin squarcs of order.4 and then we shall consider the

construction of a single latin squar; of order 6. In the preceding table on

orthogonal polynomials for n = 4 dcnote all combinations with a plus sign as

belonging to (R1 C ) and those with a minus sign as belonging to (RLCL)0
1, L I L4.

* Do likewise for the R C and R C effects. Then, the four latin square
Q Q C C

symbols are obtained as followst
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(R C )19 (RQCQ)I, (R ) ) 0000 + 0101 + 1010 + 1111 A

(r I . (R C 1 0001 + 0100 4 1011 + 1110 = B
"L LI' 4 U U UU

(RLCL)o, (RQCQ)o, (RcCc)l= 0010"4 0111 4 10'00 + 1101 C

(RLCL)oL, (R•Q')l- (RcCc)O= 0011.+ 0110 + 1001 + 1100 - D

This resuts in the following latin square of order 4

A 8 Ic D

B A D c
C D A B

D C B A

Likewise, if we use the following polynomial contrasts we obtain the two mutually

orthogonal mates of the above squaro:

(RC)1, (RC , -(RcCLo 0001 +0110 + 1000 4 1111 =

(RLCQ),, (Rc L) 4 0 1 01 0 + II + 1.0- 1

S(RC(L~oo Q RQ cO (RCL)1 0011 + 0100 + 1010 + 1101 =-"

(RLC Q)o,' (RQ Cc)l,,, (RCCL)O 0111 + 1001 + 1110 + 0000 =

and

(R CR , 10 110 c
l' C (RCQ L 1 0

(RLC ih (RaC )00' 00 1 Ol 0111 + 1010 + 1100 11
L R0Ct L (CQo 000

(RLC)o, (RQCL)OI (RcCQ l u 0000 + 0110 + IoQjI + 1101 111

(RLCc)o1 (RQCL)lP (RcC' = 0010 4 0100 + 1001 4 1111 = IV

The above results-in the following two latin squares of order 4
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rl

6 il l I IV Iv
cP 6 , IV I III II

a y 6 I I I IV

The above.-method.of..constructing- mutually orthogonal--atin squares-using

polynomial coefficients works for latin squares of order n where n = 2 We

need another procedure for other value of n and shall now construct a latin

square of order 6 from the orthogonal po ynomial coefficients in the table of

single degree of freedom contrasts for 36 combinations. If we observe only

the signs of contrasts we noteýAiat the 36 combinations may be classified into

six sets of four with like signs and two additional sets of six. The latter two

sets• will be used to -build up the six. sets of four into six sets ot six as follows !

where all combinations with a plus sign go in the one level and all those with dflw

minus sign go in the zero level:

,R C)Pi, C 19 (R.CRC), (RCSO 2 from (RC ,(R Cz(RC)(R C).11 (A (R C;
331'2 440 55 ll 2 33 4 4U 5 5 i

{R2z), RC• ,(441,(:•50
2 3 ' . 4 4 ) 0

iR C2)O), (R3 C 3 J;O, (R4 C4 1O, (R5C5 )0  .6

(R2 C2 )O,.iR 3 C.3 I, (R4 C4 )0 , (R5C5 )1 + 2 from •R1C1)o,(R2 C2 )1 ,(R 3C3 )o,(R4 C4 ).I.,R5i5 0
K'(RG 2 IO.,.R 3 •-3C 1, (R4 C4 )1 , (R5 C5C0

(R C )0, (R3 Ci, 0.4R (R C 1

Irom these sets A'G, obt~ain '

4 4
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(i2 + ZI + 34 + 43) 4 (00 4 55) = A

(02 4 20+ 35 + 53) 4 (11 4 44) = B

(01 + 10.+45 454) 4 (22 4 33) = C

(04 + 15 +40 + 51) 4 (23 1 32) = D

(03 + Z5 +30 + 52) + (14 + 41) = E

(13 + 24+31 + 42) + (05 + 50) = F

This results-r, 'the -oilow-ng latin squaie ~f order 6:

"00o'A .. 10 C 20 B 30 E 40 D so r
01 C II B Z1 A 31 F 41 L 5 1 D :

0z B 12 A zz C 32 D 42 r 52 E

03 E 13 F Z3 D 33 C 43 A 53 B

04 D 14 E 24 J' 34 A 44 B 54 C

05 F. 15 D 25 C 5 B3 45 C 55 A

.The pair o.treatments in the second set of parentheses, e.g. (00 + 55), were

" picked f rom the set(of, six in such d manner cs to have i and j In the combina-

tion'l,. contain 0, 1, 2, 4, and 5 sLnec etach letter must appear once in

each -row and once In each column.
It woild b~e interesting and porhaps enlightening to carry out the above"

procedure for n =10 and 12 and to oxhaustively study the complete set of 35

contrasts for nr 6
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V. Group Construction of O(nt) Sets

V. 0. Introduction. The construction of O(n,t) sets based on groups and their

associated mappings such as automorphism, complete mapping, and orthomorphism

is the oldest and still the most popular method for n not of the form 4t + 2

.Eulor [178Z] Implicitly utilized some properties of finite groups of order 2t 4 1

and it for his cýnstruction of O(Zt+1,Z) and 0(4t,2) sets, resp.dctively.

.was MacNeish 1192] who, for the first time, explicitly (however, hot rigorously)

utilized group properties for his construction of O(q , q -) sets and O(n, X}

sots, where q is a prime, m is a positive integer and if n q q 2  q r

is the prime power decomposition of n then X = min(q1 I , q,2 2' q r Their
M M

field construction of o(q , q -1) sets found independently by Bose [19381

m
and Stevens [19391 is based on tho additive group of GF(q ) and its related

cyclic group of automorphisms. The O(n,n-l) sots for n 3,4,5,7,8 and 9

exhibited by Fisher and Yates (19571 are based on cyclic group and abelian groups.

Several beautiful applications of group theory to the existence and non-exiseonuc.

of O(n,t) sets have been found by Mann [1942, 1943, 1944] . The 0(12,5) s-ts

found by fohnson ot alj. [1961] and Bose et al. [1960) are based on abelianr

groups of order 12. Hedayat [1969] and Hedayat and Federer [1969] have foun6d

a series of results on the existence and non-existence of O(n,t) sets through tho

group theory approach. The interested reader on this subject will find the fol-

lowing references together with the references given to these papers very uscfii:

Page [1951] , Page-Hall [1955] , Singer [lq61] , Bruck [1951] , and Sade 1195Li.
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The author has no doubt that the reader can find many more interesting papers

directly or indirectly related this rich subject.

V. I. Definitions and Notations.

There are several forms of definitions of latin squares and orthogonal

latin squares. The following forms are useful for the results which will follow:

-aefinition-V. 1 -. A-latin- square-of order h onan-n;st o-i' nw ni-x 1 matrjh

whose rows and columns are each a permutation of the set •. Every latin square

of order n may therefore be identified with a set of n permutations (p,pZI,..*, pn)

where pI is the permutation associated with the ith row.

Defin~itin V. 1.2 Let L be a latin square of order n on an n-set

i = ,, ,t . Then, ;he set S - (Ll, L.,.. ,Lt} is saidtohea mutually

orthogonal set of t latin squares if the projection of the superimposed form of

the t latin squares on any two n-sets and , I j, f9rms a permutation

of the cartesian. produbt set of -) and 't " Such a set is denoted as an

'O(n,t) set.

Definition V.1. 3. If L= (P11. P " ' Pin and L2 a (Pz21 P " P

are two latin squaros of order n on an n-set , then we may define L1 L2 to

be L3 = (P11PI 1, P12 P, ... , P In P in The generalization to the product of.

t >2 latin squares follows immediately.

V. 2. 2. Construction of O(n.t) Sets Based on a Grou2:

We shall divide the problem into three parts based on whether n is a

prime, or a mixture of prime powers. The proof of the subsequent results can be

found in the references related to this section.
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V. 2. 1. n = Q a prime. Recall that any prime ordered group is cyclic.

Theorem V._2. .1 Let G = {p. P,.. P I be a cyclic Permutation group of de-

gree q gnd order q . Then, S,, = (Li, L2 , . L _I is an_ O(q, q-l) set,

r • here I.l = (PP 1pi
& I. (PI P•• P*

Demonstration V. 2. 1. . Let q 5 . Select any arbitrary generator such as"1 Z 34 5

(_ :_1., which generates a.cyclic permutatjon.gro.up. and, hence, ltin .... ".......

square Li . Then,

35 1]4 z -11 - 13-11 S 1 54 21 4 3152
7 53 1 4 3 152 1 3 5 2 1l 41 1

1 5 L 3 5 , 1 14 L 23 4 L33 15 5 ,L 2 , i4 5

42 3 4 5 12345 12345 2 3 4

For those who do not like to work with permutation groups we present the follow•n:g

theoremi

"1rheoro.n V.,2, 1, , Lol L(r) be an n x n sgaewt ri, j(mod q) 111j:.L (1, 1)th '

it 1j 0 0,,..1,q-l. Then, S) .L(l), LW) ... , L(q-l)} an Qiq,q-1)

L" q is a Drime.

Demonstratign V. 2.1. a2 Lot q a 5; then,

0 123 4 0 1 2 3 4 0123 4 0 1 .. ,4

"12340 23401 3 40 1 2 4 0 1 2 3

L(l) 3 3 4 0 1 ,L(2)u4 0 1 2 3 , L(3)a 2 3 4 0 ,L14) 3 4 0. 1 1

34012 12340 40123 2 34U11

4 0 123 3 410 11 1 .3 4 0 1'340
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Note that L( I I in theorem V. 2. 1. 2 is based on the cyclic permutation

group generated by ( 1  and L(i) z L(1). i a 2,.... ;q-1 .4pne-o

theorem V. 2. 1. e is a special case of theorem V. 2. 1. 1 .

mV. 2.2. n. = q where q is-aPrimernd m =gy 2stiveIntseer. Note that

this case in particular for rn I Includes case 1. We shall present three

k- - theorems for, this case. The first two are -based on cyclic groups and the third

one is based on any group which admits an automorphism of order t

Theorem V. 2. 2. 1. Let G = (PIt P2 ' ... Pn } be a cyclic permutation rtouP of

Sdecree n andSorde n . Then, S ( L 2 1  L IL..., s Ln O(n,X) 8et
21 { 1

where n M~ ,:~

_Qemonstrmtioh V. 2. . 1. Let n 3 = 9 . Select any arbitrary generator such

a (.3 4 5 1 6 7 9 9 2 which generates a cyclic permutation group G and hence,

a latin square L. Then, since X =2,

3 4 5 1 6 7 8 9 2 5 1 6 3 7 8 91 2145 17 5 8 6 9 2 4 1 3
6 3 7 5 8 9 4 'l 9 7 FZ 8 4 1 3 5 6758 6 9 2 4 1 3 4 9 1 7 2 4 3 5 6 7 8

8 6 9 7 2 4 1 3 5 and L2 m 3 4 5 1 6 7 8 9 z
- ------- - - , -. -...

9 7 2 - 4 1 3 5 6 6 3 7 .5 a 9 2 4 -

2 8 4 9 1 3 5 6 7 8 6 9 7 2 4 1 3 5

4 9 1 a 3 -6 -8 4 9 -3 5 6-7
12 3 4 567 8 9 l12 34 5 7 8 9

is an 0(9,2) set,

onjecture. The set S21 Is orthogonally looked, meaning that there does not

exist a latin square L* such that S2 1 U {I,) Is an O(n, + 1) met if n is not
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a prime. Note that for n even this conjecture is correct since any latin square

of even order based on cyclic permutation group is orthogonally mateless.

An analogous theorem to theorem V. 2. 1. 2 for this case is:

Theorem V.232. 2. Let L(r) be an n X n square with ri 4 j (mod n) in its

(i,j) cell, i % 01, 2,. .,n-I. Then = {L(l), L(2), ... , L(X)I Isaan
0(n,x, Let it n =qm. x, q,- I

2Demonstration V. 2. 2. 2. Lot n a q a 3 then,

0 1 3 4 5 6 7 8 0 1 2 3 4 5 6 7 18

1 2 3 4 5 6 7 8 0 2 3 4 5 b 78 Oil|

2 3 4 5 6 7 8 0 1 4 5 6 7 8 0 1 Z3

34 5 6 7 8 0 1 2 6 7 8 0 1 2 3 4 5

Ll)= 4 5 6 7 8 P I 2 3 and L(Z) 8 0 1 1 3 4 5 6 7

5 6 7 8 0123 1 2 3 4 5 6 7 810

617 ?8 0 1 2 3 4 5 3 4 5 6 .8 0 1 2

7 8 0 1 2 3 4 5 6 5 6 7 8 0 1 2, 4

801 3456 7. 7 8 0 2 34 5 6

is an Q(9, 2) set. Note that theorem V. 2. Z. 2 is a special case of theorem V. Z 2. 1

viz. , L() is based on the cyclic permutation group generated by (1 3

and L(i L (1)), i Z,..., %

Theorem V.Z,._3. Let G x (a e the id a,2 a be group

order n A a an automorh ism of order t on . TGen,

1) S =(LI, L2 ,..., Ltis a..n O(n,t) set, where
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e. a32 a

a a83 a C(a(aa)

L aa(a )a~ a. (ia )a

4)if I~n jpartiouLar_ t n n-1, then one can himlrnify theL consltr~ItlOa of an

O(n, n-1) set from the fojlo~wing key latin scuare by- a vollo Rermutation of its

- - -M

2 ta ON~) C? (X) a. N~)

a~) (~ M a x)aa WRt x

.2 t
L a (.) a xr(X)a it(x)*j (x) a. .(X)a (X)

fo an xgtte idntt ele"

We see, therefore, that by means of theorem V. 2. 2. 3 one can construct

an O(n,t) met if we can find a group G and an eutomorphiarn a of order t

In particular, if t a n - I the whole task of construction reduces to the construc-

tion of L0as described above. If n a qmthen because every elementary

712



abelian q-group G of order n admits an automorphism a of order n - 1, we

_,11m ",
can construct on Qtq , q - 1) but Lad se , r , nd .a fl-crc w'e present _

general method of constructing such an automorphism for any n q . In par-

ticular, we shall exhibit such an automorphism for the following n•

n m 2, 3,.6

n 5 m =,2, 3, 4

n - 7 m .... ,

2 2 2 2 2 22
n l 13 17 *19, Z32,29 , and 31

This will then perhaps be the largest table that has ever been produced so far

for O(n,n-l1 sets.

Note that there is rio loss of generality if we limit ourselves to the'follow-

ing elementary abelian q-group of order n "

G {(b. b2., bm bj 0, 1, ,... q-1.0, 1 z I , ,. ,m}

The binary operation on G is addition mod q componentwlse, 'li.z, b f b 2 ...
b )4 b ' b' b'

b2) 4bj b ... b* ) a (c ", where cl = + bi+ (mod q,. Note that

the elements of G are simply the treatment combinations of m factors, each

at q levels. The reason why we have chosen this particular elementary abolian

q-group is that it has a well-known structure to those who are concerned wi11i Cx-

periment design oonstruction. Note also that G is the direct product of m

Galois fields, each of order q.

The generator set for every elementary abelian q-group of order qm con-

sisti of m elements, and for uniformity, we may choose the following ordered
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generator set for G

g = {(100... 0), (01,0 ... 0), ... (00..., 010), (00... 01)}

Note that the structure of every automorphism a on G Is completely

defined If we know the image of each element of g 6nder a . G Is a vector

- '•%'•\ space of dimension m over Gr(qi.

Before proceeding further we need -the following well-known results

Theorem V. . 4. Let G be an elementary abelian Q-group of orde, n q

Then. Auto C Is isomort.icto. the (multlilicattve) arou_ of all non-singular

m X m matrices with entries in the field of integers modq .

The construction of an automorphlsm of order n--I for G* Is equivalent

n-1
to the construction of an m x m matrix A such that A = I but At I if t

is not a multiple of n - I over the. field of integers mod q .

We know from linear algebra that if * is a linear map on a vector space

V ard if x i V such that x o 0 but oxW x, then I is an elgenvalue of 0.

Moreover, If (\X •, is tho set of eigenvaluesIf 4 then '(%a , X
. 1

X. )Is the set of sigenvalues of cn Therefore, for our problem we must

find a linear map on C witha set of eigenvalues" XI having thp property that

for each 1, 1 = I modq) forall sa i,,.2,n-Z and n n-I a 1* Todoto
I ±

let r be a Gr(qm and let ý3 be a generator of the multiplicative cyclic group

of Gr(qm ), i.o. *1 , 1,2,...,n-• while n-l = I . Let f(x) bee

rmoni irr•.iuj-iblr! polynomial over GF(ql for P . Note that fVx) has degree m,

3 is sometime's called a primitive root or mark of F. Nrw, If we let A be the

companion matrix for 3, then it is eas-? to see that A has the desired property.
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Example
•*

let us findan automorphism of order I for G = {(00), (01), (10), (11).

It is sufficient, by previous arguments, to find a 2 x 2 matrix A of order 3

over the field of integer mod Z . Let GF(24) (0, 1, •3, 4 1) with the follow-

Ing addition (+) and multiplication (. tables

4 0 1 3 i+• 0 1 13 ÷ .
- , m - .... -, =i,

o 0 1 13+1 0 0 0 0 0

1 0 1 1 0 11

+ 0 1 U-4'-P_ - _

U , ffi 
3 41

141+1 0 '

Note that P Is a primitive root for Gl'(2 antd fix) a x + x + I Is a monilc

irreducible polynomial for- , since fp) F O(mod 2) The companion matrix

associated with fix) is .*/'

A.4

As a check

3 0
I l A3'

A over G'F(2), A

over Gri .

Let us now determine the image of the ordered generator set g ((10), (011}

under A
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ro Fr110] 0 1,0) + (01)1 [(01)1
JL (01j ~L lo) ol (OL, H )J

Therefore, A(10) (01), A(01) (U1), and since (11) = (10) 4 (0)), (00) 2(10)

4 2(01ý, we have A(11) (10), A(00) (00)

Now-, we have a _roup oG' f order 4 an4darhutohOtphism of order 3..

on G . We can now construct an 0(4,3) set . Since e ' (00), and if we let

x (10) in theorem V. 2.2. 3, we obtain:

3(010) I A(10) A (10) A(1O) A (10).
-: '(0 A20 A3} ,

A( 0 A A 41A(l0 A (10)A (10;) A(l0OA (10)3

23 32
A3 t)/A (lIiACoo) A (IO)A(1) A10A1)

-(10H . . O0. .(10)

(1) 10)1 (00) (01)

(10) 1I1) (01) (00)

Thie other two latin squares are obtained by a cyclic permutation of the last three

rows of Lo Tus,

oo) (01 (11) 110i (00) (01) (11) (10)

1 (01 1 (1. (00) (11) (10) (00) (01)'
L L

.01 (no)" 10 (11 (10 (11 0 1) (00 )',

(10) 00 (01) (01) (00) (10) (01)
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To simplify the notation we set (00) = 1, (01) 2, (11) 3, (10) = 4 to obtain:

I Z 1 3 t z 1 1 4 i,3 4

- 1 4 3 " 3 2 1 3 4 1 2
L O -0 i = and L .

341 I 143 4F37 I 2

We are now ready to exhibit a generating matrix of order n-f = q

with entries from Gr(q) for those n promised before.

n Generator Orden m Generator Ordor

22... . 1 0 . .. 7 . .. ;i .•

F 1

010,

1'4 31,

0 1 0 00 0 0 0 00

0 0 0 0 0I. 1 0 0 0" 0 j 0
0 0 0 0 00 1 o 0

UI 0 0 0 0 63
.0 0 0 1 0o o 10 0

0 0 0 0 000 0 1 0 0 0.0028 0000100 0 25 2 00 0 0 1 0 0 0 0 511
0 0 0 0 0 1 ( 0 0 0 0 0 0 1 0 0 00 0 0 0 0 0 10 0 0 0 0 0 0 10 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0

1 0 1 1 1 0 0 00 0 0000000 1
1 1 110 a 0 1
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n Generator Order n Generator Order

1*1Liii 8 33 [001 26

r 1 0001

"o0 1 0 - 0 0 0-
34 0 0 0 i 0 0 0 42

o So0~ 1
oI 1 0) 0 0'

0 001 00 I
0 00 0 0 0 728 5 0 0 I 124

,•. ,00 0 0 0 1 12 9. 01..
/I 1 4 0 o o "

5 2 48

4" 0i 0 0 10 624 ii ý3 3 120

3. 3 0 3

13 01 . D 16
01L 342 13

j2 1681

172 ~ 14 ~ 4 j 360

L ]528 27 ý33728

R4 31~ 32 [:1 960

To shed more light on the given procedure we go through another example. Let

3
n 2 Then
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G - ((00), (001), (010), (Oil), (10)0), (101), (110), (111)}

g = O((00), (010ý, (001)} and A = 0 .
I0

Ag t 0 0°(010) " (001)

-10 L](01)i (101)]

S ot x in theoremn V. 2Z 2. 3 be (100 i The,

A(100) = (01.0)

2
A (1o00= (001,

3
A (100)= 10 11 j,

A (100) (110)

6A (10 0)1 and

,1 7A (100)= (100i

Therc'fore, w-e obtain L0 as follows: .0.0

"(000) (010) (001) (101 , ( ..

(010) (o00) (011) (111) (10i) (100) (0oi) (110)

(001) (1i,) (000 ( (1o 0) (110o (, 0 0 1) (o0o) (101)

(101) (111) (100) (000) (010) (011) (110) (001)
LO (111) (101) (110) (010) (000) (001) (100) (011)

(110) (100) (111) (011) (001) (000) (101) (010)

(011) (001) (010) (110) (100) (101) (000) (111)

(000) (110) (101) (011) (oil0 ) (010) (111) (000

Setting (000) = 1, (010) = 2, (001) = 3, (101) = 4, (111) = 5, (110) = 6

(0 11)= 7, (100) = 8, then L0 in a compact form will be:
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.1 3 4 5 6 7 8

3 7 5 4 8 3 6
" 3 7 1 8-, 6 5- 2 4

L0 4 Z 7 6 3
5 4 6 - 1 3 8 7

5 7 3 1 4 2
E0•';''•-- ...---------------------------------------------------

7- -- -

8• (4 3 7 2 5 l

Now, we can derive L L,.., L6 from L0 by a cyclic permutation of the

last rows f 1, for example,

1 2 " 3  45 6 7 8 1 2 3 4 5 6 7 8

8 6 4 3 7 5 1 7,. 3 2 6 8 4 1 5

2 1 7 5 4 8 3 6 8 6 4 3 7 2 5 1

3 7 1. 8 6 5 I4 4 1! 1 7 15 4 8 3 6
L 4 58 1 2 7 6 3 L - - ---' 3 7 1 8 6 5. 2 4

5 4 6 b 1 3 8 7 4 5 8 1 2 7 6 3

8 57 314 6 8 5 7 3 1 4 2

2j ~ s 6 8 68'5 73 14 2

ind so on. Note the way L1 is derived from L0 : except for the first row of

11.0 'ird 1.,, which are idrntical, the Ith row of L0 becomes the (1+1)th row

u, L4 , dnJ the last row L 0 becomn.s the second row of L1 . In general L

is derived from L .I1in the same fashion as L is derived from 1,0

mI m2  m
V. Z., n3 -q 1  q2  qr where qi is a prime such that q 0 q if i 0 j

and• m : s 3 positive integer, 1,2, r
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m m m
Theorem V.2. 3. 1. Let n q q "...'qr be the prime aower decomposition

ml
of n . Then. there exists an 0(n,. set based on a aroup. where y= min q,
m m
2  , q r - •

-onstruction. Let n1  q1  ' Then, by the method of theorem V. 2. 2. 3 construct

-an-.O,(nI n- 1) -set - L8, -. L, L• i), -L,--,...I,r . Nowv, let
---------- -1ý 71 -1-

8 =L 11,)L12,...:LI,}, i 1,2,...,r . Then, H (Al, A2 ,...,A } is

an O(n, V) set where A = a L ID... * Lrj denotes the Kronecker product

operation.

Demonstration V.2,3,1. Let n a 12 = 2 * 3 ) Then, -y 2,

1 _ "3 1 ,1 3

S3 1 2 2 3 1

S t 2 L 2 2  4 3 a
2 1 . 2 3

3 4 2 4 - 3 4 3 Z 1!

4 •l 34 Z2 1 4 3"

S (L L12 ) and $' • {L2., L22 } Then, the reader can easily

verify that

H = (A1 = L1 1  L2 1 . A2 U L1 2  LZZ

is an 0(12, 2) set.

Re•ark. Let n and y be the same as in theorem V. 2. 3. 1. Then It can be shown

that automorhism, method falls to produce more than y mutually ortlgonal latin
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I
squares. We shortly show that this inherent defeat Is due to the mapping not

the i:zvup structure.

S. -. ?.1.Consider for eaoh positive integer n an abstract group G of

order n with binary operation 4 * Let 19 be the collection of all one-to-ont.

mappings of G into itself. Then two maps cr and i in 0l are said to be

-oth~onal lfiota ay -g* in O.

(a. Z) g

has a unique solution Z in G . In particular if o- Is an identity map then 0p

is said to be an orthomornhi.ri map. A t-subset of 11 is said to be a mutually

orthogonal set If every two maps In this t-subset aie orthogonal.

Let L(i) be an n x n square. We make a one-to-one correspond.noe

between the rows of Lo' and the elements of G . Thus, by row 3c we shall

m ean the row corresponding to the elemont x In G . Similarly we make a one-

to-one correspondence between the columns of L(.) and the elements of G,

The cell of L(, which occurs in the intersection of row x and column y is

called tho cell (X,y)

Theorem V. 2. 3.2 .t a- oe in Q Put -in the cel (x,.y) 9. L(i) the-eleren

4r X) 41 y of G . Call the resulting sauare L(o), Then Lia- is a latin scuare

.of ordeg n 2n G. Moreoverif (a{•I2, ... "r t} is a set of t mutually ortho-

gonal maps then (L(a-l),..., L(a-t) is an O(n,t) set

Demonstration V. 2. 3.•2. Let G = (0, 1, 2) with the binary operation x + x2 2

x (mod 3), xi in G . Then the maps a and k with the following definitions

aro orthogonal.
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r(0) = 0 2(0) z 0

u(Z) =2 4,(Z) = I

The corresponding latin squares to cr and 4, ares
0 Z0 7 T J.!:

- -0... -, 1(,

2 0 1 1 2 0

which are orthogonal.

V. 3. Qunstqction of 0(nt) sets baoed on t different troups of order n

Up to now we have been concerned with the construction of O(n,t) sets

using a groupfof order n which admits certain mappings. In this section we want

to show that for some n's and t's one can construct 0(n,t) sets based on t

different groups each of order n , This approach proved useful because it lead

to the construotion of an 0(05, 3) set. We should mention that our motivation i
to search along these'lines has stemmed from the following theorem, with a nega-

tive f1~vor, proved by Mann (1944J

Theorem Y. \ It is imDossible to constru _t an O(S,2) j Jtt based on two dif-

ferent Bermutatlori croues.

For a while we thought that this :theorem might be true for other orders.

However, it was found that, fortunately, this is not the case as the following two

theorems shows

Theorem V. 3.2 It is mossible to construct 0(7, 2) mets based on two different

cyclic ipermtutetion arouns of order 7
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.troo_: By construction (Ll, L2} is an 0(7,2) set where

1 3 4 5 J 67 1 2 3 4 5 6 7

3 7 1 1 4 2 5 2 3 4 5 6 7 1

6 5 2 31 7 4 3 4 5 6 7 1 2
L . 4-- -6 3- -5 -L-

.7 5 7 6 4 3 5 " 6 7 1 2 3 4

5 3 4 721 6 6 7 12 3 4 5

4 b I 5 7 3 2 7 23 4 5 6

L and L are based pn two different permutation groups as can easily be seen

from the different stru ture of their rows. To be specific L1 Is based on the
* 1234567 d l aeonh

cyclic permutation group generated by (3 6 1 4 2 5)baed on the

cyclic perrnutation growp generated by ( 2 34 67 1 Note that, since Lland

L are based on cycliclpermutsation groups, then by theorem V.2.1.1 (L1) and

(L ) can be embedded in C(7,6) sets. However, whether or not {L1, LJ can

be embedded in a larger set Is an open problem.

Theorem V. 3. 3 It is Poshslble t construcLt 0(15, 3) sets based on three dLf-

erent cy.clic Permitatlon arouw•s of order 15.

We remind the roader that every group of order 15 is cyclic.

Prout: F41, .owIstructc.n (I1, 12, L 3  is an 0(15, 3) set where
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F{
0 1 2 3 4 5 6 7 81 9 10 11 1 1

5910H 6 8 j 9 - 13 14 0 1
- 710 11 12 13 14 0 1 2 3 4 2* .

10 11 12 13 14 .0 z 3 4 5 6
1 0 1 12 13 1 4 0 1 2 3 4 5. 6 7

L T 13 14 0 1 2 3 4 5 6 7 a 9 10 13
L2 14 0 0 2 3 4 5 6 7 8 9 10 1.. 12 13,

35 4 S. 6 7 8 9 10 11 [2 1 1 1 4 4

-9r 'IT AT ToZ[z, 14 o -6 "1 4 s
-r -o 75- lz 11 14 0 1 2 3 44 5
1 0 1713 14 0 1 2 3 4 5 6 7 -9 80

0 1 2 3 ""4 5 6 77 8 9 10 11 12

!eneratedby 2 3 4 S 6 7 H 9 10 1 14 0 1

0 3 4 5' 6 7 8 910111 13 14L 0I '14

I1110 7~ 91413 6 03 4 2 A 5 12.
I r 24 6 3 12 5 13 1 7 10 10 4 8
-2 To 9 13 7 8 14 5 11 b 3.L1 '.IJ.LLL
10 4 3 5 6 0 12 14 2 13 7 90 111 1
; *4 9 7 14 13 1 8 12 10 5 b 3 21 0 11
9r3 612 5-11-0 8 14. 14 13' 7 10 1 11 2SLl af 7 1 14 2" 1 0 1 9 1z 5 .6 4 1 11 1 O

7 6 5 0 12 10 1 3 8 114 4
6 13 14 1 8 4 2 1 I 7 0 12 5 3 9

13 5 120 I 0 I 9 10 2 14 8 1 3 6

8 2 1 3 1 10 .13 .Q, 0 12 7 1L

8 0 11 9 10 13 7 3 12 .4 2 1 14 6 5

(0 1 2 3 4 5 6 7 8 9 10 11 12ý 13 14\generated by 11 10 7 9 14 13 o 0 3 4 2 8 5 12) , and
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0 1 2 3 4 5 6 7 8 .9 10 11 1 Z 13 14
,7 4 8 9 11 Z 5 12 _1.3. O 0 I 1 1 3 6

12 14 I I n 1 A, 2O 6 - Q f1, l..!4 i 3, 0 6..13 8 4 9 7 12 11 1 2

4 b 91 . 7 1 7 . 3 13 11 10 12 1 2 14It1 5 10 121 , 9 3 14 0..1 1 4 9 6_ 7? 13

14 2 0 1 8 0 11" 13 5 12 , 3
L b 8 .,7 -4 13 0 1O 512 -U .. 149

S.. ... 3 0 1 4 ......... j. iL
3- - -- 1- 9

S:8 9A -614 .-- 2 :I .- 8 : :41 --i I -ý .0" J1 •1 .. 0.

9TT ---4 -6 10 - -3IT-:,13 10 Ill. .5 6. ,A 1 . .. 14 2- 9 7 6 i
3 0 14 -o 11 4 9 '6 8 13 12 10 j5 1
9 7 8 12 14 11 S 113 3 4 .

10 12 5 13 1'_ I r74 Z 1 3 9 4 7 87 1

generatedbYI ( Z '3. 4 5 r 7 '8 9 :10. 11 12 13 14)4 8 9 1 2 5 12Z 3 1O 0 14 1 3 6

Whether or not tLl, L L. L3} .on embedded in an 0(15 p )l t > 3, set

* is an open problem.

V. 4. Concluudinu Remark : -

Johnson. al, 119011 and Bose e.t a. jl.0Oj independently found, by an

electronic Computer, five ýnutuaI y)rthogonal latin square$ by first finding five/
mutually orthogonal maps /[or an cibelian group of 6rder 12. The 0(12, 5) set

exhibited below is the .et found by, Tuhnson et all [1961] . Note tibat the top

square is obtained, Mfter a proper renaming, as the direct product of a latin square

of order 2 and a cyclic latin squar.'2 of order t being both orthogonally mateless.

Morr'over. evw.ry )ther square is. ubtained ny proper row permutations, determined

b,., an orthomorphism, from the top square.

[inali Rer.i.rk. The group method fails to produce an O(n,t) set, t > 2 for any

S,.h "..rrr,= 4t • 2 . This is so because the Ca~'ley table of any group of order

r -it .-, which is a latin square of order n, is orthogonally mateless.
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1 2 3 4 5 61 7 81 9 10 11

5 0 l 1 . 3 4 I , 6v 8 9 10"

I4 5 0 1 2 3 10 11 6 7 89
3 4 5 0 1 2 9 ' 10 1 6 7 8S2 13 1 4 1 5 0 1' 8, 110 11 6 1 7 1

1 2 3 4 5 0, 7,8 9 10 1l 6
6 7 8 9 10 11

11 6 7 8 9110 5s 0 1 2 3 4-bi. 7 7 8 9 4 5 3 1 2 3

i7 = t•9 o 1 2 ..

0 1 2 3 4 5 6 7[ 8 9. 10 It 0 1 2 3 41 51 6 7 -81 9110 11

6 7 8 ' 9 1 0 7 1 -6 1 , 2 3 4 . $ _I ,3 4 ,5 0 1 1 2 9 _J 1 1 1 -. 6 7 " , 8-

10 1 1 7 S .9 4 5 0 1 2 3 '6 7 8 9 10 11 0 1 2 3 4 -5

4150 1 1. , O i 6 .7- 8 -- 9 -- S 0 1 2• 3 .4 1.1 6 7 8 1 0"

11 6l 6 7" 8 9 0 5 0 - 1 •2 F-3 1 4 9 10 1 1 6 7 8 3 4 ,.. 0 1 2

-- 
.

!73 
4 0 i .1

S0 1 2 3 4 11 6 7 8 9 19 110 7 8 9 ro . 1, V 6. '-8 1 2 3 4 5 ,.0

6 10 7 1 6 7 8 3 4 1 5 0 1 2 4 5 1 I1 2 3 16 '11.6 7 " S 9

10 il 1 6 1 2 3 4 5 0 1 1 6 7 8 9 4 511 0 1 .2 3 4.

211 6 7 S .0 7 8 9 0.9 62 11 6

.8 9 L10 11 6 7 8 3 4 5 0 1 2 4 5 /0 1 
8 3 1 6

-- =- I _1 I Aa 74 0 7 1 I0 11 3 1i 6 7 8 9 10 0 -114 1 
'\V,`

0 3 45 0 7 8901 61
. 3 ,• f • o ' 2 9 lo 7 - 7• 8 -9 , t 7 6 , .T- '

0 Z 3 4 5 6 7 S. 9 11 111 6 
1 3 3 4.. 5 6 7 8 9 'o 11

1 1 6 4 5 07 10 1Z 3 2. 6 4 5 0 11 8 9 101 11.1 6 7

= "0 ,0 7 L 6 -, O 8 '9 10 11 6 1 2. 3 4 S 0
, , ..9.. 9 1 1 1 6 1. Z 3 4 5 0 8 9 1 0 1 1 '6 7 2 3 4 5 0 1

9 -10 11 1 6 7 8 13 4 5 0 1 21 1~ 1 7 18 ',9 10 5 1 0 __ 2 3 4

3 4 5 0 1 2 1 9 10 1 6 70 1 8 3 6 1 7 8 9 4 5 . 0 1 _j

8 9 10 1 1 6 7 4 2 3 4 5 0 1 68 7 
18 1 9 1 0 1 1 0 1 21 6

_ 4 ,5 0 1 2 3 110 11 6 7 8 ] 9 11 -1 I 'l L 7 91 3 1 4 1 5 1 0 1
7 .6 7 8 10 5 4 5 0 4 10 1411 6 7 J 0

3 7 8 9 11.0.. 1 0 1 2 3 4 5 3 4 5 8 I a,2 9 -FI I7

2 3 4 5 0 1 8 9 10 11 6' 7 1 2 3 4 5 0 7 8 -110 1 6
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V1. Projecting Diagonals Construction of O(n t) Sets

A very simple procedure (sort of the "man-on-the-street" approach) of

constructing balariced 'Incomplete block 'and partially balanced Incomplete block

designs for v = k ittms in incomplete blocks of size k hits been utilized

•,' ... :• , ,S-ince th#44lte 1940 .y- the-aithor "rd-ha= -its- owunerpvtt in -oons~~trutii -Olnt) 0...

sets. First we s l illustrate its use in incomplete block experiment design

construction, and thbn we show how it applies to the construction on O(n,t) set.

Th., theQretical basis for tnis method may be derived directly from the preceding

se9tion.

The procedure becomes apparent through !an example. Suppose that v 9

and k 3. After writing thb first square as illustrated below, take iuccessiv, ,

diagorals of the preceding square and use them to form th'e incomplete blocks of

a square, thus:

/ Sqiuare I Square 2 Square 3 Square 4
3 5,9 1- 6 8 1 4 7

2•a 6 7 2 4 9 Z 5 a
"3 4 8 3 5 9 6 9

As we have noted this Is a resolvable balanced incomplete design with the para-

r r = k ; k = 3, r = 4 = k 4 1, b = 12 k(k+l), and X = 1, where

'h, r ws .)f the above squares form the Incomplete blocks.

X. form a partially balanced incomplete block design for v a k in in-

c,ýmplete blocks of size k one may use any 2, any 3, ... , any k arrangements

(or squares j. To illustrate the formation of a partially balanced incomplete block

728
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design for v = 6 = k(k-1), r 2=or 3 k, and k' = 2 simýly deletý the

numbers 7,8, and 9 from the last k = 3 arrangements. The deletion of cqrtain

symbols from the set 1, 2,... ,v Is known a.s "variety cutting". For k = 25

' and k'= 5 partiaily balanced incomplete; block designs may be constructed for

v land k =k , v= 15 andk = 3, and v =20 and k' =4 by the above

"variety cutting" procedure.

2
Also, the suc essive diagonals method is useful for v = k. in1 Incomplete-

blocks of si-.,e k for any odd k . For example, for v - 225 and k = 15 four

arrangements or squares may be quickly constructed by the above method. like-

wise, the "variety cuttinq• proceduie may be utilized to obtain 2 or 3 arrange-

ments for v= Ip,: 2 p, p. 15, varieties. .

The above method has Its counterpart-in constructing mutually orthogonal

...latin squares arnd this posslity is briefly mentioned in Fisher and.,Yates 119571

in this context, AgZ. the'm thod becomes apparent through an examnple. First

write the latin square in stai¢dard order and of the form given below for the first..

"square, thaen project the main right diagonal of the preceding square into the first

column of a square, and then write the symbol order in the same manner as in the

first square. As a first example, let! the order of the latin square be 3; the

squares are:

first square second square third square

1 2 3 1 2 3 1 2 3

a 3 1 1 1 2 3
3 2 2 3 1 1 2 3
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Thus, the main right diagonal of the first square is 1, 3,2 which becomes the
rr

fNzi co4umn ot the second square. Then, write the first row as 1,2,3, the

second rowas 3,1,2, and the thira row as Z,3,1. For the third square,

wnich is not a latin square, the right main diagonal of the second square is

1,1,1 and this becomes the first column of the third square; tbe rows are then
-- -- .. -.completed... -if Wehe taikethi-r-ight main diagonal of the third square, we ob-

tain the first square.

As a second illust~attve example, the five squares for order n 5 which

are. constructed by successively projecting diagonals, are:

first square second square third squareS12],31415 J12 3 45 1 3f4 5,
Z 43 4i5 1 2 4 5ý1213

' 45 123 3 451 Z 3 4 5
4• 5 [1 3 Z,344 5 1 2 3 4,

5, 1 34 3523 34 5 1

fourth. square, fifth square

5 1 2.34 1 2 3•14 1

45 23 1 234 5

14345 1.34

lh,', Mfth sq,ýdrQ is not a Iatin square out may be utilized to construct the fir.&t

square through use of the method of sucoessive projections of the main diagonals.

The me:hod may oc utilized for any odd order ni and will produce q1 " 1

crthogonal latin squares for ni ql..qZ . . ,qs where q < andq . . .
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is the prime power decomporition of n . Thus, for n = 15 = 3(5) a pair

(q, -I = 3--1 a 2) of orth~gonal latin squares is easily produced. For n - 35

5(7), a quartet of mutually orthogonal latin squares is readily produced by the

projecting diagonals method.

~i

i ,
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VII. Relating Between Complete Confounding and Simple Orthomorphiams

We shall illustrate the ideas by going through a complete example taking

z4
n =. 12 s 2 X 3 . For this purpose we take the ring of 12, elements (obtained

by utiliking Raktoe's [1969] results) as follows.

- .4

0 0 0 0

"" 1 3 1 • 4

x 3x 2 2

x+ 3x4 3

R i I= 0,1,2,3,4,5,,3x, 3xsl, 3x42, 3x+3, 3x+4, 3x+5}
14 3 14 ,,,,

R is a. commutative ring under addition and multiplication (moddd6,

12
3x 4 3x 4 3,' 4x 4 4) in the following sense:

e.g.: (a). (3x+3)+ (3x+4) = 1x *. 7 = 1; here" we ha~e to reduce

only mod 6 to. get the answer.

(b). (3x+l) - (3X44) 9X 15x + 4

-' 3x .4 3x . 4

"- 3 +*O x + 13+0] x + [044] (3x2 + 3x) 44

3 3 = 1; here first we had to reduce

mod 6, then mod 3x 3X 4 3 leaving us immediately 3 and

4, which is irreducible mod 4x + 4, thus resulting in I

732 .
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Explicitly, to facilitate arithmetic, Ve addition and mutliplication of these 12

elements are:

+ 0 1 2 3 4 5 3x 3x+l '3x+2 3x+3 3x+4 3x+5

0 0 1 2 3 4 5 3x- 3x+ I 3x+2 3x+3 3x+4 3x+5

1 Z 3 4 5 0 3x+ 1 3x+Z 3x+3 3x+4 3x+5 3x

'2 4 5 0 1 3x+2 3x+3 3x+4 3x÷5 3x 3x+1

A_3 -2 3x+ 3+ 33*44 _3t2

4 2 3 3x+4 3x+5 3x 3x+I 3x+2 3x+ 3

5 4 3x+ 5 3x 3x+1 3x+2 3x+ 3 I1X4 4

3x 0 1 2 3 4 5

3x+ I 2 3 4 5 0

.3x+2 4 5 0 1
3xi 3 0 1 2

3x+4 2 3

'3x+5 4

0,O 1 2" 3 4 5 3x 3x4 I 3x+2 3U43 3x.+4 3x+5
/J . ......~J U UU0 0 0 0 0 o- 0 0 ' 0 0 O' 0

I 1 2 3 4 5 3x 3x+ 1 3x4 2 3x+ 3 3x+4 3x+5

4 0 2 4 0. 2 4 0. 2 4

3 3 0 3 3x 3x+3 3x '3x+3 3x 3x+3

4 4 Z0 0 4 2 0 4 2

5 I 3x 3x+5 3x,+4 3x+ 3 3x+2 3x+I

3x 3x+3 3 3x+3 3 3x+3 3

3Xk+ 3x+4 5 3x I 3x+2

"W3x2 3x+1 3 3x+S I
, 3x+3 3x+ 3 3 3x

3x+4 3x41 5

3x+5 3x+4
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Now, dssociate with a latin square of order 12 the 3 x4 2  [3X 4] X [ 3x 41

U| x I? lattice square with the following breakdown of the 143 degrees of

froedom:
V

4 3
A 2 C 3'
4
B 2D3

4 4

A B 2 C D 3

S C3 3x+3 3B

' ... A4C 6 B4C3 • 4B43 6 4B23
43 43 4 43 4 23A4D 6 B4D .6 A4B4D 6 A4BD 6"

433 4 43 4 3 ' 4 233
ACU 6 BCD '6 A BCD ~ 6 ABC D6
A 4C3D3 6 B4C3D3 6- A4B4C3D3 N6 A4B2C3D3 6

4 3 3x+ 4 3 3x3 4ý 4 3 3x3 4 2 3 3x3A C D 6 B C D 6 A B C D 6. A4B C D 6
A 4 C3 D 3+3 6 8 4 C3 D3x.+3' 6 A 4 a4 C3 D3x+ 3 6 A 4B 2C3 D 3x+ 3 6

For any row or column confounding we need to confound effects totaling up tdo 11

degrees of freedom. There are natural candidatps -available, !n fact, we may

choose for our first lattice square the confounding scheme-in many ways. A

,ichemn resulting in a pair-of orthogonal latin squares is the followingi
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Using the complete confounding approach as outlined above, on'e can construct

whin [ i2.-i;, qJ-1) = 4 mutually orthogonal latin squares and "no more as can

S easily be observed from tie degrees of freedom table.

rrom the multiplication table of our ringq R,,, we observe that 1, 5,3.1,.

3x+2, 3x+4 and 3x+5 are the 6' non-zero divisors (I.*. elements withi-multlplioa-
t -iVe inese-s). .roIowi..g Bose, Chakravartl and Knuth [i960- . we consider

simple automorphisms in R of the form:
12

a•r i-r r

wtWre r" is a given fixed element having a multiplicative Inverse (bicause only

these elements are capable of producing automorphisrna of RIz) . Let now ou".

aim be to produce two orthomorphisms which in turn will produce an 0(12 112)

set. ror this purpose consider the automorphisms,.

(ri -: r '

,(ri= r . r

No'w V'-a implies the condition that r in the equation jr' . r-rJ c c has a

unique solution for e~very c of R I in our setting this means that r(r - 1) = c

has a unique solution, i.e., rcr + 5) c has a unique solution which in turn

implies that (r 3 . exists in R

Substituting in the values of r we see that:

[1 4 5J does not exist in R 1
-1I

45 5 1 It I t I

-l
[13x+lj + 5J does not exist In R

738•
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j [j(3x+Z) 4 5] -l1 3x+ )io! exists in k',.

(3x+4) + ]1 does not exist in-' R12

j(3x+5) 4 5] = j3x+4J eissnR12(3X+ ~ 4 593+4 exists .An R 12

Hence we have obtained two Oa~rs of orthomorphisms namely:

""nd'
a (r) (3x + Z)r a (r) =(3x+5)r

The OtiZ, 2) set presentedgab6ve using complete confounding corresponds to

-;,the first pair of maprs. It may be easily shown that simple maps of the type

a •(r) Ik r * r lead to 0(12, Z) seLs or in general to an, O(n, a) set, where
a m n 10 .1, 1, 1 k 1) and - so. that the ,.pleteon-

1 p2 -1. .) n

founding approach is equivalent to the dbnatrut;io-eof a set of a orthomorphisms.

I 73
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V!i1. J, 7- e R-rr,-,irks on "(;rthon .rphirm" Construction of OCn tJ Sets

•. je u;..; r_, I tt L. i. P',i:~kr sn;rcwed by a combination of classifica-

ir. 0!. Z.' =.. . , - uf ibumut phic repetition accessible

tu cat Joiwn on ccrputt.r ttiti tlowea Dy computer runs) that there are obtain-

able only 5 orthogonal laor; squares of order 12, all restricted to be copies of

F ~ =-7 sq iesrated by r-ow 'pertnUtatiofls. i7

'The researchers cited call this the method of orthomorphisms. Parker con'siders

".-s : .. . . _ &.,ly :ist , fro-iks of luck; 'urther, Paiker feels that

Pdrk.-r rmtmc an;:ther 'i"i-lir also n, hard Cldssification of cases followed

by zorrputer runs, which Marshall Hall [foe.ls is more important than that cited

aoc.e. D -: -a r :: rV.:,r- n ri.--a I squres of the type mentioned can be ex-

tcnacj to ; ;,,rn..ete se. r.r. cr, :; .e. , furthcr orthogonal latin squares are

allow,-".' t,V.. be, czMr.pletely gnera.I

,',, ;;" ,, _.. ..... . .r ,. squarcs of order .40 In like

.................-. ,-, ... ......l.- . ,'oian rc.up of order ZO is an interest-

ar.-; r.er tor :. t -- COr4V.'�"�v:)7I onf. might even produce a complete set

,I, ' r~i s'ý.-Ires q,:•i'aler. :o .i planr-r. Knuth and Parker discussed the

pr.o..•�' :~ j' 3, -.i nc!.: tr. ':exhrustive' s,.arch is out of the question;

- f - . " -in attr,'ctiv,' result.

'- i •., :', r V ,. . , at "h,. : ;-p'r,-'~ut3t~c. '"orthomorpnism" of Bose

at .. .......... . ... .•-: .. ;rc~;;r -f 'rdcr IS, and proved by Hasse-

.- ' .... -,V.t Ci JII| not ... so obtained. He dropped
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-.jh r viurk ; tr ** pori. I i :()uI'l "Lit' S' !,It)y y It I1 j u:~ n

crtr;CAqural squa:ý,. -f or-4er 15

irv(-stigator, (The fa~cts for crdor i.z mnertioned aD'-,vp rule cut char'ces here.

pcs- ght, -produce -sets-Gf -orthogonrs-l latin: squar-63-01..roviýPerrz'uta -qrcup ty-'pe

j~kv; uto -sms of the~ qrmp latkin. sc-uares tzý elimrinate -or, that fa~iirv-;

er~a1Jce - isornorp~i.c r,:petitiom. It moild not be shrewd to program a computer.

pr ~ iu:: :l f .:~. 1tir r' forrc rurnlnin ti;r.,. ar<" t

bl: e Lx•~~c .ien!r: c an; nint *',f ffUcjcc'n(y it wo'-uldC beI nt -i S~ a . 7..

.. j* anzt d c a r'>i'u!tior; or; :thý ý.-fmpul cutpait~. Aft-1r a set of ruw-permutt,;l

Pitin squarps ipc-3sibly exhaustivo for cirder 1., but almost certainl, nly .iv

ýirp[ :r o)r.4er 2,1 Arq.' r--.QUg tnrit computer sparching would require~

of; ~n.iuchtp,'occ-',i with tho-- noŽxt step, Produ~ a n I;I

trr~vis~isof se, fctc:nisji(sb.~rpt~ the-, fit the2se t'-,qi-.ý

S~f sS1~''.'i' ' iC : "I- -c iic r Ij to f,:-rr o rtrh i:Jna I md tc eS Ctn

- f - :1 .(f a ~1k ar - StIf ivŽ~ocr c

I rur ~ts'ir h fiI:,;,-~ ;wr, a. I- ~e n ,-. impy I --y l p (-s sI;

2 1 r. Mfg 14 -7l- 1 11d liv.. 4 - orP s 't 1n: .3w~
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' is well- ,:,..wn thdt rernoving one line from the plane, usually callpd

the line f inflnity., the remdlr.,rtq n + n lines can be arranged into Zn lines

passing through two points at infinity which are arbitrary up to notation and

2!

coord'ina-t-zation -of the plaie.-and h _-rM lines telonging to n l'1 mutual!y -

orthogonal latin squares. If the line at infinity is chosen to be a secant and

there are -r li,.--s. -he hn:. paz -,.1:roagh the two pc.ts of the oval such

n!

that ea:h of the n- I latin squares consists of n secants and non-
2%

intersectors passingq through eacn of the n- I points at infinity other than the

* pCin's of the s 0"

Isin.g the cescribe~ rneh,,od. it was assumed that a plane of order 10

Sexist•s. Pr tn• a�sutvli.--,::;s ,wou1:j e exhioited arbitrarily up to

r'.otati ,r . . CA o t a I s ; ~r, c-: w-; s *-p 1i ' twi Že -n- line! of infinity and the

r 7mair'.I:; 2'.. i . .s ', :l-'-ttz; ;A la T' hor oy trial ani error twenty

-.. ,. . .7:r . :-. . nil latin, squares. The method

L.; . . -'r.s r q -.qu,;,.. ,iffr-s r frcwr ther nrie describ.-d in literature.
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u m~ki.urta tely. no mrn)i-, Sqjudre.S COUld e~ I~. VJ *k d ,. :ri '1 , 1 .4 q:

Computer ;-stdblos.ied that the :w. sqW,, .reo did 1;ot -/ied 1.- dddIt on |l I•,.t i-i

orthogonal mate. Clearly it could happen that the choice .A[ the first two -..vrs

u t . same method was applied to the planof order 12 .Here .
S- hfortuniat~.•'- ?he 6a meoreth . er

the trial arid error method failed to produce even two orthogonal squares. 1t

may be worthwhile to remark that the constructicn of !h.- plane and con ':,*.r'.

,he search for orthogonal latin squares does not require the assumption that

the oval consists of the maximum number of points r, However. If the

plane does not include an oval consisting of n - 2 points the lines coul- nr."

be classified into two categorir,s onl/ a:r]J this ccmphicates the constructicn

the plane. Let us illustrate the.rnenod in the cas- n equals It, . 1:

easy, to show that in this case the :o.,al mdi.;t tconsis, of at least (6 poii-.

However, the case of an oval of 6 points, would be ignoresi sinc,, in':

case every quadrangle would have to have ccllinear ciiagonals. n•; t: !

hand, a plane of order ten must be a non-Desarguessian -i-r h enc, :-,s''
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a r'i : !,,,i, - ' , i+JJ: -;i,' w1J :jla..+nc-lI.. Sup ox~so thit 'he

I lr~e ,.. r El:. , quA.Jid::•ie '/th :.,::ulhliedr Jiagonals and suppvse :hat the

plane contains an oval consisting of seven points then the 104 points of the

plane--wr -h do not belong to the oval could be classified into three categories:

1i) points lying on 3 secants. I tangent 7 nonintersectors

'iii 6

Let u s -arne the nuinber of points in each category by x. y, z respectively.

Clearly x + y 4 z = 104

Counting the intersectiors of thc: secants and the tangents we get the

further equations:

3x- -105 i
",: -l)z - ••

The unicLue solutiuns of this systerr, of 'quations are x 20, y = 45, z 39

()rre coula start thro corstruction •, thr, pla•:e under the present assumption and

i:-vesw••atc, the possioilities ut ,: • ,nq o~tnlgodna1 latin squares in this way.
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X. Code C(onstructlon o0 f jn, t) )ots

Given an n-symbol alphabet. e.,;., 1.Z . ... n, anu a3 set c, I.-'JI,

of the n symbcls. we denote the set of ail k-tzple. by Ck Th:z -..

be thought of as a vector space or as a k-dimensional hypercube with edges Cf

.. length-1 n . Any Cubset of C_ is denoted as a block code with a block 1en!th
' .. . . .. . . . •. .. . . ..".. . . . . .. L . . . . .- t: - - - - - :---- -- - .. .- - ...7 - 2 . - - C . ' _

of k The elements of the subset are denoted iis edei WdrS; T-i-ezf.=---- -

symbols by which any two code words differ is called the Hamming distan',..

If any pair of code words in the subset differs b'. a Hamming differernt, r;

least r, the block code is called a distance r code. A distarnce r

called an (r-lI/2-error correcting code because fewer than ir-lu/2 .zhanties

leaves the word closer to its original form than to any other code word in the

subset. For similar reasons, a distance r code has also been desiqnatcI as

an ir-l)-error-dectectino code,

In an Interesting paper, Golomb and Posner 11964] discuss the rr.lati:.n-
2

ships between a subset of n code wu,ds and an injrt set and elat-. '..

to ideas developed from a consideration ot a set of n super rooks , ,
t+Z

on the n chessboard such that no two super rooks attack each (:th. r.

new concepts of rook domains and took packing were found to be veryu' - I,

providing a geometrical view of the results.
F 2

Any subset of n words from C, whiPh forms a sing1•-rrror-i. "-
3.nw

code may be used to construct a latin square of order n Is dT1y pair ot

triples differs by at least two symbols. Likewise, any subset of r' w.,r
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from J with a Hamming distance of t + I may be utilized to construct

an. C' n ti set. These results arp embodied in th fnilliwinn th-i-,va ',-,•,-

Golomb and Posner f 1964] ":

Theorem X. 8.1 The following three concepts are equivalent:

_qn Orin,t) set

...- )s et of.n. non' ttok-nc 1s929 02r 9 •--.
•/ ~2

Cor even t, also the following, a set of n super rooks of rower t/2 the

n board such that no cell is attacked twice, that is, such that the rook

aomains are ronoverlapping.

iii) A-distanoe t + I code of block length t + ith n ya

n-s.ymbol alphabet.

ror those interested in code construction, reference may be made to

Mann l(119A] and Peterson I11QlJ and the literature'citations therein. We shall
2

merely illustrate the method of construction of an O(n,t) set from n words

of lengtn t 2 2 ar:d Hamrnming distance 1 4 1 through an example. Let n -3

and t '2 . Then tne n ' code words with length 4 and Hamming distance

and the corresponding latin squares are:

latin squares of order 3
0 I 2 0 I 2

I)(MO ( I 1 022, n 21 0 0 1

1012 121) 1201 tz' produce I I Z 0 and 1 2 0 1

,021 2102 2 010 1 2 0

wher e th- first symbol corresponds to row number, the second to column number,

70



!tie third in symbul.± in the list latin square. and the fourth to symbols in the

second Latin square. The two latin squares form an -)!3.2! set. Note that an,

pair of the quddruples differs in at least three symbols.

The analogy of the above with many of the concepts from fractional repli-

cation and orthogonal arrays is immediately apparent. Theequivalences ot.many

-- -- t- - r---- es lt --- e"in h fierds need to be systematically noted much in the same

manner that Golomb and Posner [1964] note various equivalences among Orn~t,
a t*2

sets. error-correcting codes, and n nonattacking rooks on an n chess-

boa rd.
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XI. Pairwise Btlianced Design Construction of O(n~t) Sets

Cer.tral to the constructions of orthoconal latin squares of Bose and

Shrlkhande [1959) and of Parker 11959, 1960] is the following which might be

called a -rolk theorem, " being credited to no specific investigator.. From a set

•_f • oh~orH~~ 4 ~s o- rd- n-g._ma nnuc ,r e~ ii

(t42)-tuples on n symbols such that each pair of distinct Posilions contains

each ordered pair of syrnols (exactly once); the converse construction can also

be carr.ed out. iSome, such as Bose, prefer to call the set of (t-4)-tuples ar.

orthogonal array. j There is nothing difficult to prove in this construction. Two

arbitrary positions in the it-.t')-tphS are identified.with row and column indices

in matrices, and each other position with entries in one of the matrices. The

equivalence between orthogonality of l|tin squares and the conditions on the

it-Zi-tuples is then fairly apparent.

Parker [19 601 contributed the following to the construction of orthogonal

latir, squars. if tnere exists a p-a.ir of orthogonal latin squares of order m, then

th',r, exists a pair c; orthogonal latin squares of order 3m + I.

-et :h, 3m I symbols !- X ..I.. X and :he residue classes (mod Zm 1).

For•a "t.: l ni s; uare, arrray

, -i X 0

-i i 0 X

i iM



C,: ech 1, 1 <_ i << m, each row is one of tee ordereJ,'uddruprIe5.. 1i1 turn, tI'

i•s.: quadruples is built up by adding each integer imood Zrn I to -ill t,,ur

pjositcns at once, the X. symbols being unchanged by the acddition. lee :set

of 4m(Zm 1 1) ordered quadruples just described contains in each pair of distinct

P-, cs tions-exactly one occurrence of each ordered pair made up of ar, X an. a

------------------------ --------- -- --

-sidue class in either order, and of each ordered pair made up of two distinct

residue classes. The required set of ordered quadruples is completed by adjoin-

ing: i all ordered quadruples (j,j,jj), 0 = 0, 2 tir; Iiii 5•-t r[ ordor,.d

quadruples on the XI symbols corresponding to a pair of orthogonal latin squares

.:f c~rder "m guaranteed by the hypothesis to exist.

Bose and Shrikhande (1959, published 1959 and 1960 partly in a 3-author

paper with Parker) developed a sequence of constructive theorems which led in

steps to disproof of Euler's conjecture for all orders 4t - 2 > 6 . Their central

theorem given here does not exhaust their methodg, but virtually all their results

res" on this theorem. We begin with a definition. A pairwise balanced design,

PBin; k k ) is a collection of subsets of a set of n elements, each sub-

set having number af elements one of the k , and such that each pair of cistirct

elements in the set of n occurs in a unique subset of the PB . (Note: unlike

in balanced incomplete block designs, the subsets of a PB are not rý,strictfd to

nave equal numbers of elements. Now for the main theorem of Bose and Slh-ikhande.

Ita PBan;k,,...,kt) exists, and for each i, I < i < t, a set of m orthogonal

latin squares of order kI exists, then a set of m - I orthogonal latin squares uf

order exist. Loosely speaking, the sets of ordered tuples for each subset

1423



of the PB are construczed and these fit together to form a set of ordered tupl-

Sfur the full set of, n elements. The decrease from m to m -I orthogonal latin

squares occurs because in fitting the pieces together to form the large set of

ordered tuples, it is necessary that each set of ordered tuples formed from a

subset of t _n

'o -tha-t subset. (It is sufficin that this conidition be fulfilled I' h osrc

tion. Thus the theorerýi might be stated in slightly stronger form: "Iff... l< i< t

.i set ot m orthogonal Ilatin squares of order k. with a transversal exists, then

d set of m orthooonal latin squares of order n exists. ") Now for a more nearly

formal version of tne proof. If there exists a set of m orthogonal latin squares

2of order n, 'then there exists a set of the apprb>priate sort of n ordered

(m.fll)-tuples with each symbol repeated in an (m~l)-tuple m- I times. (The

condition mentioned is satisfied with m..)-tuples if the set of orthogonal latin

squares has a transversal. ) One need simply put together the ordered tuiples on

each subset of the PB in turn, subject to the Important, condition that within

each subset of the PB, each tuple of repetitions of each symbol be included.

Carrying this out on the alphabet of the symbols in each suoset of the PB, one

has the construction for the set of orthogonal latin squares in the conclusion:

,.•_h crd.-red tuple of a repeated symbol among the n is used only once.

A representative and very interesting example (Bose and Shrikhande in-

formed Parker that this was the first case of disproof of Euler's conjecture pro-

',iced in their joint work at a blackboard ) yields 5 mutually orthogonal latin

sq.•uares of order 50 via the P8 construction. One forms the affine plane of

7-•



cr•., ther adjoins exactly n_. Idneal point on each line of one class of paral-

Slel lines. This yields a PB(S0; 8,71. Since there exist 6 orthogonal latin:

squares of each order 8 and 7, there exist 6 - I 5 orthogonal latin squares

of-order 50

trivial PB designs, having a single subset of all elements, any PB has a sub-

set with at most one more element than the square root of the number of elements

in the large set. Thus other techniques are requisite to produce more than %n

orthogonal latin squares of order not a prime-power.

14
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XII. Product Composition of O(nt) Sets

About -0 years ago, for the first time, Tarry [18991 in his half-page note

asserted that if there exists an O(a, 2) set and if there exists an O(b, 2) set

then there exists an O(ab, 2) set. He exhibited the following 0(12, 2) set, by

tion. Note that in the following square the set of first integers belong to one

latin square and the set of second integers belong to the second latin square.

N(, more description is qiven by T-irry.

2-3 I-I 3-Z 8-12 7-10 4-l 1 1-6 10-4 12-5 5-9 4-7 6-8

i-I 2-Z 1-3 ')-10# 8-11 7-12 12-4 11-5 10-6 6-7 5-8 4-9

I-Z 3-3 2-1 7-11 0-12 8-10 10-5 12-6 11-4 4-8 6-9 5-7

1l-14 10-7 12-8 5-6 4-4 (%-i 2-1?. 1-10 3-11 8-3 7-1 9-2

2-7 11-8 IO-q 6-4 5-5 4-1 3-10 2-11 1-12 9-'1 8-2 7-3

10-8 !2-9 11-7 4-5 6-6 5-4 1-11 3-12 2-10 7-2 9-3 8-1

5-12 4-10 h- 1-3 10-I 12-2 8-9 7-7 9-8 2-6 1-4 3-5

6•-10 5-11 4 .!2 IZ-1 11-Z 10-3 9-7 8-8 7-9 3-4 2-5 I-6

4-i1 6_-12 5-1010-. 12-3 11-1 7-8 9-9 8-7 1-5 3-6 2-4
S-fý 7-4 9-5 2-9 1-7 3,-9 5-3 4-1 6-2 1'1-12 10-10 12.-11

'4-4 A-5 7-6 3-7 2'-H 1-, 1•- 5-2 4-3 12-10 11-11 10-1 Z

7-5 1)- f, 8-4 1-8 3-1) 2-7 4-2. 6-3 5-1 10-11 12-12 11-10

Tlrry not obser-v any generalization of his method. Perhaps this was

,jue to the fact that he, like so many other researchers, was only concerned with

sets of type 0(n, 2) . Probably h-' was not aware of the existence of a larger set.

•bot 23 years later MacNeish [19221 demonstrated:



* 1) The existence and a construction of an O(ri, n-1) set for n a prime or

prime power integer.

2) A generalizationi of Tarry's procedure viz., if there exists an O(a, r) set and

* if there exists an 0(b, r) set then thlere exists an C~ab, r), set.
cfa a

Jo~wf.i rid P, 0#v ~ tt 1 2 t
.. .. )~'* .1. .... "-- - * I L~

* is the prime-power decompositionof n- 7th&6 there-exists an O(n, 0~ set where

r= min p-li 112,..It}

MacNeish co~ld not embea nis O(n, r) set generated ir, 3.) in a larger

set. This unsuccessful attempt, reinforced by Euler's conjecture, led MacNeish

to prove (erroneously) geometrically that O(n, ti sets do not exist for t > r

and therefore, as a confirmation of Euler's conjecture. The preceding argument

o~f MacNeish is known as MlacNcish's conjecture in the literature. By constructing

an UZI 3) aut Parker [ 19591 qavfe a o;ounter example to MacNeish's conjecture.

Later Bose, Shrikhande, and Parker [19601 completely demolished Euler's con-

jecture except for n = 6. It should be mentioned that NMac-Neish's conjecture

has not been totally disproved yet. ror instance, no one ýs yet as far as we know,

*hai constructed an 0(15,4) set (an 0:15. 3) set is given In section V for the

first time) or an 0(ZO, 3) set. We believe that MacNeish should be given sub-'

stantial credit for his non-erroneous contributions. It is to be regretted that

* MacNeish is often cited in the literature only for his false conjecture.

Even though Tarry and MacNeish did not attach any name to their pro-

* cedure, it Is not difficult to see that it is the method of Kronecker product of

matrices. Therefore, we can state, more formally, their rosults as follows:



Theorem iTarr'y-MacNeish). If (A1 , A, A.) is an O(n,r) set and if
21 r

'LO, a02  1M. I is an O(m,rj set, then {A1 lBI, A 2 I ..., VAr Br

where I denotes the Krunecker product operation of matrices, is an O(nm, r)

3(4..

The preceding arguments clearly support the.choice of the title -for -this-

-- l iiin, tot"e choice of the name for the procedure given In

seccwon X11l. ,

I
4
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XIII. Sum Composition Construction of O(n.t) Sets

XJII. 1. Introduction. Perhaps one of the most useful techniques for the con-

struction of combinatorial systems is the method of composition. To mention

some, here are few well-known examples: 1) It there exists a set of t ortho-

gonl-la n--squares of order- n and .if there exists -a-set-of. t - orthogonal -latin

.squareigofotder n2 , then there exists a s9t of t orthogonal latin

squdres ol order nIn . 2) If there are Steiner triple systems of order v and

v2' th-ere is a Steiner Iriple system of order v --- vv 2 ' 3) If HI and H2 are

two Hadamard matrices of order nI and n2 respectively, then the Kronecker

pro'duct of HI and H2 is a Ha iamard matrix of order n1n 2 . 4) If Room

squares of order n-I and n2 exist, then a Room square of order nIn 2 exists.

) If BIB lv.,k,\ ) and BIB(v 2 , k,\ k ) exist and If f(\ V 2) k, then

BIB (v 2 , k,\\ k z) exists where f(Q\ v) denotes the maximum number of con-

2
straints which are possible in an orthoqonal array of \size k2 v, with v2 levels,

strength 2, and index \ 2 b) As a final example, the existence of orthogonal

t
,irrays (\ Vv, qi, v, t), I 1,2, .. , r implies the uxistence of the orthogonal

drry (\',,q,v,t), *where k = \ V M2 v v ' v rv and qr= min(q 1,q,

qr

The reader will note that each of the above examples involved a product

type composition. The method that we will describe utilizes a sum type compo-

sition, by means of which one can possibly construct sets of orthogonal latin

squares for all n > 10

XII. 2. Definitions. In the sequel by an O(n, t) set we mean a set of t mutu-

ally orthogonal latin squares of order n .



a) A transversal (directrix) of a latin square L of order n on an n-set 2:

! . .71 r .. c...•.. .•- z h 'h16,, lie uf the:se ceils exhaust the set

"a.. and every row ancd column of I I- represented in this collection. Two trans-

versals are said to be parallel it they have no cell in common.

b) A collection of n cells is said to form a common transversal for an O(n, t)

two common transversals are said to be parallel if they have no cell in common.

LxaLiý.Ple. The ":,,idrline~i anmi parcn:n'sized cells form twc parallel common

tr: .. er , :w: "lL- :ui&;wW.nl. ON(, •) •Lc.j

rI 2 (3) 4 1 23) 4~

(2 1. 4 3 (4) 3 2 1

1 (4) 1 2 2 (1) 4 3

L4 ()3 4 j (2))

X1II, 3. Compo:sina Two Latin Squares of Order n, and n

A very natural question in tne theory of latin squares is the followiný:

C;iv., v.,, litin squares L and L ol order nI and n (n n. respectively'.

In may' .,,:iy -.-y .in onre compose 1. and L in order to obtain a latin square1 2

.. -. ,r m, wnert m Is 3 function of n1 and n2 only? This question

.'r. r pirtially answered as follow•. FIrst, it is well-known that the Kronecker

U; i• =• a -h"tin q•u•reý -,f order m r n n2 irrespective of the

..:orL1~atcr[al strux-ture of L and Seccndly, we show that if L has a

- ... inatorial s;tructur., then one cdn construct a latin square L of

* *e7 .c



order n = n1 + n 2 . Naturally caough we call this procedure a "method of sum

composition".

Even though our method of sum conmpusitiun dues niot wutk fut all pairs

of latin squares, It has an immediate application in the construction of ortho-

gona,l latin squares including those of order 4t + 2, t > 2 . We emphasize that,

the 6fi HS 4, teiirtcfie rt 6hadti sbae 6 ee y fhe _met hod-

of sum composition is completely different from those of known orthogonal latin I
squares in the literature. Therefore, it is worthwhile to study these squares

for the purpose of constructing new finite projeotive planes.

We shall now describe the method of "sum composition". Let L and L

be two latin squares of order nI and n., n, a n 2 , on two non-intersecting

sets •1 ( a.,"an1} and 1 {b 1,b 2 ,...,bn b respectively. If L

has n2 parallel transversals then we can compose 11 with L to obtain a

latin square L of order n = n + n. . Note that for any pair (hn, n2 ), there

exibts L and L2 with the above requirement, except for (2,1), (2,Z), (6,5)

and (6,6).

To produce L put L and L2 in the upper left and lower right corner

respectively. Call the resulting square CV, which looks as follows-

Name the n tranaversals of L in any manner from 1 to n2 . Now fill the

call (1, n1 + k), k = 1,2,.,.,n,, with that element of transversal k which

appears in row I, I I,1?., . ,n1 , . il also the cell (n1  kJ). k- 1,Z, .... n,

Mh-



with that element of transversal k which appears in column j, j 1,2,... ,nI .

OII L•U lt: £eIiLng square u:, . Now every entry of C is occupied with an

element either from :l r ' or C2 is obviously not a latin square on

SU However, if we replace each of the n entries of transversal k

with bk, it is easily verified that the resulting square which we call L Is a

'rh procedure described for fillinq the first n1 entries of the row (column)

n k with the corresponding entries of transversal k is, naturally enough,

li•L. tLhu jiJjectiur, cA trdnSvosa[l K on the first n1 entries 2f row (coiqnj

n kI
We shall now elucidate the above procedure via an example. Let X =

1.2, .4 ,, - {(,f 7.. 8

4, .

.1 2 4 -4 3 67 8
1., and L, 7 86I 'A

:',L34 5' 8 6 7

Note thdt the cells on the same curve in L form a transversal.

I1 Z. 3 4 5 1 2 3 4 5 1 2I 3
5 1 2 3 4 5 1 2 3 4 4 5 1

4 5 1 2 3 4 5 1 2 3 4 3 4

{21 = and CZ
3 34512 2 3 345 1 2 512

. A45 1 Z 34513 4S45
6 7 S 1 3 5 2 4 6 7 8
7 8 6 5 2 4 1 3 7 8 6

4_ 8 7 1 1 3 5 2 8 6 7

w 1l . '



And finally

16 7 8 4 511 Z 31
7(8 -3 4 5 11
8 5 1 6 7 2 3 4
.J 4 7 h 5 1 Z

L= 2 f 78 i 4 5
1 352467 8
5 2 4 1 3 7 8 6

... .... .. ...... . .. . . .

which is a latin square of order 8on U •2 (1,2,... ,8}

Remark. Note that it is by no means required that the projection of transversals

ýýr, the rows and columns should havo the scrne order.in,. Ir.deed, for the fixed

set of orderer n 2 transversals, we have n I choices of projections on columns

and n2 1 choices of projections on the rows. Hence we can generate at least

(n2 ! I2 different latin squares of order n = n n composing L1 and L 2 .

XIII. 4. Construction of OGn ,2) Sets by Method of Sum Compositlon. In order

to construct an O(n,Z) set for n = n 4 n., we require that rl. Znn2 and

there should exist an 0(n 2 ,2) set, and an O(n, 2) set with 2n 2 parallel

transversals. It is easy to show that any n > 10 can be decomposed in at least

"one way into n 4 n which fulfill the above requirements. We now present two
1 2

theorems which state that for certain n one can construct an O(n,2) set by the

method of sum composition.

Theorem XIII, 4.1. Let n P" 8> 7 for any odd prime p dnd positive integer

a, excluding n= 13, Then there exists an O(n, 2) set which can be construeý..d

by composition of two 0(nl,2) and On 2 ,2) sets for n (n1 1-)/2 and

n n I n 2 .

'= -



We shall first give the method of construction and then a proof that the

cc~nstructed set is an O(n,Z) set.

_Oorstruction. Let B(r) be the n x nI square with element ra + a in its (14)
Ij

cell, ai. •) , r in Gr(. in 1,j = ,,...,n Then it is easy to see that

(8-),- xS a(y)), y-x - x. 1, is-an 0.(n,3) set. -Considerthe n- -ells-ir-i(1) .-

with , e a k a fixed elemernt in G(n. Then the corresponding cells inJ O

BWx and Byi form a common transversal for the set {B(x), B(y)} Name this

zcr.m ,on transversal by k . It is lhen obvious that two common transversals k

and k , k v k2 are parallel *,,.- lnnce {B(x), B(y)} has nI common parallel

trd•sversuis. Now let tAI,A) bt iny Oin 2 ,Z) set, which always exists, on

a set U; non-intersecting with Gr(n F for any X in GF(n1 ) we can find

in 1-, - pairs of distinct elements belonginy to GFl(n 1  such that the sum of

the twc, elements of each pair is equal to \ . Let {S} and {T} denote the

coliection of the first and the second elements of these (n - l)/Z pairs respec-

tively.. Note that for a fixed \ thes t (S) can be constructed in (n -C )(n -3)

I jii;tinct ways. Now fix \ and let L denote any of the (n I latin

sq'ua:s that can be generated oy the surn composition of L(x) and AI using

transvorais acetermined by the n elements of (S} . Let L be the latin square

• .. , •r::.. the 7ortpjsition of Lt y) and A2  using the na transversals de-

Ir• -. *,* "ne E.',merit. .f (T} in: the following projection rule: Project trans-

versals t , = 1, ,,.. ,n on the row (column) which upon superposition of

), cn 1I ,his row (column) should coincide with the row (column) stemmed

!r.:)rr. the- tra:nsversal \-t. Shortly we shall prove that (LI, L.) forms on O(n, 2)



The preceding arguments shows that {L1 ,L L can be constructed non-

isomorphically in at least (n -3)(n z)nI(n -1)(n -3).. 1] ways. For instance

in the case of nI = 7, there is at least 1209b non-isomorphic pairs of ortho-

gonal latin squares of order 10 Therefore, Euler has been wrong in his con-

- J . ecture by - very-wlde mazrgn. .

N~ote that w~e can co-ostruct infinitely many bO'irs of orthogonal latin squares

of order 4t + 2 by the method of theorem XIII. 4, I. For p -_7 mod 8 and L? odd

p L (St & 5)/ 3) . Hence n 1 n. = 4t - 2.

Prcof.. The constructional procedure clearly reveals that:

A. L and L are latin squares of order n on GF(n ) U P2

B. Upon superposition of L on L the following are true:

b . Every element of S2 appears with every other element of Q%

b., Every element of U. appedrs with every element of GF(n1 )

b3, Every element of 41'(n1  appears with every element of Q.,

Therefore, all we have to provo is that ever-y element uf GF(nQ appears'with

every other elemne;nt of Gr(n1 ? , Tu prove( tnls recall that B~x) is urthogonal t.

Biy') . However, since we removed the n, transversals from B(x) determin:d

by the n2 elements of {S} and n2 transversals from B~y) determined by the

n elements of {T} therefore the following 2n n1 pairs have been lobt.

(xu Crj, ya, 4 a,) with a. 4 a N for any 1tG1(n1 ), -Y*

We claim that the given projection rules guarantee the capture of these lost pairs

by the Zn n bordered cells. To show this note that the superposition of the

21
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prolected transversal S from B(x) on the projected transversal t = X -s from i

B(y) will capture the nI pairs.

(xa + a V& +,a with a. :a k (y-s) + a]/(l+y) I
.\It these transvers'als have been projected on row border and nh. 'pairs

•: I - 7-" " ~"Wfth" . 4 k:s 'l)" ").... A
if these transversals have been projected on column border. Now because

k + k' = \ and if sI A ., then k1 I k 2 and k!- k' hence the 2n2n, pairs

wmo.. r~n,ivv, beern resulted from tM. proje'ction of transversals determined by {S}

and IT) will jointly capture the In 2n lost pairs and thus a proof.

We shall now clarify the above constructional procedure by an example.I
1

r.xa rnple. Let n, 7, Gor() {6l1,...... Then for x = 2, y = x 4 4

We havt,

tBil), BtZ), Bý41•' .

• 1 2 3 4 516 0 1 2 3 4 5 6 0 1 2 3 4 5 6

I ?. 3 1 5 b 0 2 3 4 5 6 0 1 4 5 6 0 1 2 3

S4 -4 5 6 0 1 2 3 1 2 3 4 5 6 0

3 4.• J12 6I0 1 4 3 4 5 5 6 0 1 2 3 4

4 0 1 2 3 4 5 6 0 2 3 4 5 6 0 1

S.01 3 4 3 4 5 , 0 1 2 6 0 1 2 3 4 5

Z, 3 4 5 i 0 1 2 3 4 3 4 5 6 0 1 2

Fir 1'/ n - /2 " 3 let S {7,8,9J and

; . 9 7 8 1

A ,A '. 7, (3 7 8 . t'inally for X 0, (S)= {1,2,31 and

4 7 8 8 9 7

VT} (& s5 4} we have {LL }

""1'

• • I |I | I - | II d | li I d =I



0 7 8 9 4 5 6 1•2 3 0 1 2 3 7 8 9 6 5 4
7 8 9 5 6 0 1 2 3 4 4 56 7 8 9 3 2 1 0
890 0 C 27 3 5 n 7A A A

9 0 1 2 3 7 8 4 5 6 5 7 8 9 2 3 4 1 0 6
1 2 3 4 7 8 9 5 6 0 7 8 9 5 6 0 1 4 3 2
3 4 5 7 8 9 2 6 0 1 8 9 1 2 34 7 0 6 5
5 6 7 8 9 3 4 0 12 9 4 5 6 0 7 8 3 2 1
S-1 0 6 5 4 3 7 8 9 3 0 4 1 5 2 6 78 Q

S43 2 1 0 6 5 8 9 7 6 3 0 4 1 5 2 9 7 8 '
~:~b~m4 3-i- I-G-9- -7-48 2 3-0 4 -.1 -5-.&---9 7 - --.

the reader can easily verify that {L1 , L2 } is an 0(1, 2) set.

Remarks.

1) The method of theorem XIII. 4. 1 falls for r, 13 only because there is no

0(6,2) set. Otherwise, there will be no orthogonality contradiction on the other

parts of L and i, with their 6 x 6 lower right square missing.

"* 2) Inthecaseof n= 7, if we lot IS)= {0,1,3} and {T) {2,4,51 thenthe

requirement y = x is not necessary. l1ow"ver then we do not have a unified
-l

projection rule for the formation of L Qs was provided for the case y = x by

theorem XIII. 4.1. To give the complete list of solutions let (a 1 ,a 2 ,a 3 ) and

(b b 2b 3) be any two permutations of the set (8,9,10}. If we project trans-

versals (0,1,3) on the rows (a 1  a ,a 3 ) and columns tb 1,b,,b 3) in the forma-

t.Uon of LP, then the following table indicates what permutation of transversals

{2,4,5} should be projected on the rbws (a,a,,aO) and columns (b1,b 2 .b 3

in the formation of L 2 . Obviously these permutations will be a function of the

pair (x,y)

6L-



(x,y) ala,,a 3  blbZb 3

(2,3) 4, 2, 5 4, 2, 5

(Z,3) 2,5,4 2, 5, 4

S_____ -_ __4~7

(Z,5) 4, 'Z. 5 4, 2, 5

(2,6) 2, 5, 4 2, 5, 4

(3,41 4, 5, 4 2, 5, 4

(3,5) ?., 5,4 4P ,2 5

(3,5) 4. 2, 5 5, 4, 2

(3,5) 4, '. 5 z- 5, 4

(3, 5) 4, Z 2P , 4

(3,6) 4, ZZ,5 2, 5, 4

13,6) 5, 4, 2 4, 2•, 5

(4,5) 2, 5., 4 2,5,4
-- -4

(4,6) 5 4, 2 4, 2, 5

(4,6) ?, 5 4 '2, 5, 4

f4,6) 5, '4, 2 5, 4, 2

iThis table is by no rneans exhaustive.

The reader may note that whenever y x in the above table the given

solution(s) are different from the one provided by the method of theorem XIII. 4. 1.

Thus we can conclude that any pair of orthogonal latin squares of order 7

basFxi on the Gr(7) can be composed wit, a pair of orthogonal latin squares of

' A"' .-
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order 3 and make a pair of orthogonal latin squares of order 10 . In addition,

since we -have six choices for (a 1 ,a 2 ,a 3 ) and (b,,b,,b3 ) hence from every

Sline in the above table we can produce 36 non-isomorphic 0(10,2) sets or

16 X 36 576 sets for the entire table. Since all these pairs are non-isomorphic4--- ~- with alt1 ~vvoirAirs-i -pr.duoowd .byýýtheorem-X-EI.-4.1I thus b~y-_thv method-of sum

composition one can at least produce 12,672 non-i;somorphic 0(10,2) sets.

We believe that for other values of nI there are sets of (S} and {T}
-l

together with proper p.,ojections which makes the restriction y = x unnecessary.

Theorem XjII. 4.2 Let ni = .> 8 for any Positive inteer Then there

astsjan O(n, Z) set which can be constructed by composition of two O(nt,2)

and O(n 2 ,2) sets for n2 2 n1/2 and n a nI + n 2

We shall here give only the method of construction. A similar argument

as in theorem XIII. 4.1 will show that the constructed sut is an O(na) set.

Construction. Tn a similar fashion as in theorem XIII. 4.1 construct the set

(BliP, Bix), B(y)l over GF(2c') . Let also {A1,A,) be any 0(n,,,) set, which

always exists, on a set S2 non-Intersecting with GF(Za) . For any X * 0 in

GF(2 we can find n 1/2 pairs of distinct elements belonging to GF(2•) such

that the sum of the two eloments of each pair is equal to X . Let {S} and (T)

denote the collection of the first and the second elements of these n /2 pairs

respectively. Note that for a fixed X the set {S) can be constructed in

1np(n1rf2I(n1 4). . .I distinct ways. Now form Ll from the sum composition of 8(x)

and Ai and L from the sum composition of B(y) and A using the same pro-t1 2

jection rule em given theorem XIII. 4.1. Now (L1 ,L,} is an O(n,Z) set.Sae given



Example. Let n 8, GF(8) = (0,1,2,... ,7) with the following addition (+)

and multiplication (X) tables:

+0123567 X 0 1 3456 70 0 1 2 3 4 5 6 7 0 0 0 0 0 0 o 0 0-
1 0 6 4 3 7 2 5 1 0 1 2 3 4 5 6 7

Z 2 6 0 7 5 4 13 2 0 2 3 4 5 6 7 1-3- -~*-- ,~4-7--V-- --- 6 2: 3 ~ '4 :6- A--------- i 0 6 --- 67 U
5574 6 20 31 5 056 71 23 4

6 6 215 73 04 60 67 1 234 5
7 75 3 2 61 4 0I 710 71 23 45 6

Then for x 2,y x =7 we have

/ .(Sdl), 9(2), B(7))

12 3 4 567 0 14Z3 4 567 0 1 234 56 71 06 43 7 25 2 6 075 41 3 7 53 26 1 402 60a75S4 13 3 47 0 1652Z 1 06i43 72 5
3_4 7 0 1652 4 35 10 27 6 2 60 75 41 3
4 3 51 0 276 7 46 2 03 1 3 47 0 165 25 7 46 20 31 '~1,2157 3 04 4 35 10 27 6621 57 3 04 7 53 26 14 0 5 74 62 03 17 53 2 6 140 10643 7 25 6 2 157 30 4

For n. n /2 z 4 let SI (A,B,CD} and

A Bi C D A 8 C D
(AA 8 BA DC D CB8A

CI D AB B AD C
1)C B A C DA B

n.L we~ have L.,=
A 32 CD 5 670 1 3 4  0O1 D3 4 AC 15 7 62b AOD C 4 13 6 2 57 7 5C 2 6 3D A0 13 43 4A 0 1 D 4C7 526 D C6 3A 72 53 40 1C D 5 A 27 6 10 4 3  

2 6a1 5 CA D 1 4 3D C 4 BA03 1 2 6?5 3 4A 0 1 D 7 52 6S2 D 57 A C33 4o01 A 3 5c D27 4 4 1

OC 43 eD A 57 62 3 A IDC3 0 42 67 5

7 1 23 4 AI cDA 20 1 74623 1-a TdC
4 63 51 0 21CDcA B 25 0 31746 2 AD C

which is ani 0112,2 set.

.• • :- -•:, -- '- ... ... •-• • -• •3 - --7 0 -••6 -• .•- ':;3 • •3:• :G :• 7 •~ -•i - .•....... .. •-_..•-'G! :-



D~czin Thc neesa- ris.drar.. 'c ft -- c~cusCU"t',uh U, s ks

n =n 4 n, t < n,, by the method of sum composition are: The existence of an

O(nit) set, n1 , atn 2 , with at least tnr common parallel transversals, and an

O(n zt) set. These conditions are obviously satisfied whenever n and n

While for some values of n there exists only a unique decomposition ful-

filling the above requirements, for infinitely many other values of n there are

abundant such decompositions.

It seems that if there exists an 0(nzZ) set and if n = n, + n,, nh> 2n2

then one can construct an O(n,Z) set by the method of sum composition if nI

is a prime power. To support this observation and shed some more light on the

method of sum composition we present in subsequent pages some highlights of the

rusults which we hope to complete and submit for publication shortly.

In the following for each givLn decomposition of n we exhibit an O(n,Z•

set which has been derived by the method of sum composition. We shall represent

the pairs in. a form that the curious reader can easily reconstruct the original sets.

Heruafter the notation L1 j L 2 means that L is orthogonal to L1 .

I) 9 -, 3

A C1C45679123 123456A3C8 97
I CA 123456976 g 7 s 3 1 2 B CA645
CA378I2123564 56 4897CA1 23
2315 64AA C197 645 A C3 1 278 9
* 9.7 a 3 1 a CA 4 5 6 2 3 1 5 C A 8 9 7 5 6 4
564197 CA3312 769CA 4 56312
3 12A5C97 645 A I • 3 3 64975
9 7 T 16 CA 645231 z cA7 8 912345 6

7 2 6 3 4 5 91 3 CA 357166 24 9CAI
4 1 3 9 1 226 7CA 5 81 69247353 C AK



2) 14 11 4 3, the only decomposition which fulfills the necessary require-

ments.

A a c 3 4 5 6 7 8 910 0 1 2 3 • 567 A3 C 910

1- C 9 10 0 91 0 3 4 5 A -6 7 1 8 910 0 1 2 C 5 6 4

10 0 1 2 34 5 6 i A C1C7 9 2 3 4-5 6Aj S 8V
67891001A1, C5*34 10012 3C67S9's3

6 78 9 1 A a C 2 3 456 7 10 0 1 .2 A "1 I C 4 5 3
23 45 6 7 AIC0 1 8 9 10 7 6 9 A I C 2 3 4 5 6 0 1 10

9 10 0 1 2 A _ C 67 8 34 5 4 5 A I C 9 10 0 1 2 37 8 6

5 6 78 & B C 1 2 3 4 910 0 .1 1A 8C 5 67 8 910 03 4 2

1 23 A 5C7 6 9100 4 56 A 5c 1 2 3 45 6 7 8 10

6 9 A 8 C 2 34 56 710 01 .3C 8 9 oo1002 3 A 6 7 b

4 A B a 89100 12 3,5w- 7 C 45 6 78910 0 AD3 2 31

0 5 10 4 9 3 S 2 7 1 6 A 5 C 6 10 3 7 04 615 9 2 A 5 C

7 1 6 0 5 10 4 9 3 8 2 B ,C 'A 3 7 0 4 8 5 9 2 610 C A 5

3 8 2 7 1 6 0510 69 C A 5 9 2 610,) 7 0 81 5 C A

,3 15- 12 & 3, 15 = i 1 , 4 a re the onl' Jecoi:pjsitlons which fulfill the neces-

sary requirements. However, we consider here the latter decomposition since

w; c•an utilizie the properties of Oalois field GF'I).

i'."
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I+

h) We do not know whether there exists either an 0(18,2) set with 8 common
parallel transversals or an 0(15,2) set with 14 common parallel trans-
versals. Therefore the only decomposition of 22 which fulfill the necessary
rPrutirpmrnt.q Arp 22 = IQ 4 3 Andi 22 = 17 + 1;

a: 22 w 19 + 3,

A 3 C 3 4 5 6 7 8 9101112 13 14 15 1617 18 0 1 2
S C 5 6 7 8 910 It 12 13 14 15 1617 I1 0 1 A 2 3 4
C 7 8 9 10 11 12 13 14 15 16 17 16 0 1 2 3 A 2 4 3 6
9 10 11 13 14 15 1 6 17 IS 0 1 2 3 4 5 A B C 671

-12- .4 -0Tn 6 0 4 - 3 ýý614 *I -c4 -IA 0
18 0 1 2 34 5 6 7 91011t A 5C c15U6 17 12 13,14

141 51671 01 2 A1 A 6 C 7 8910 1 1214•3 4
5 6 7 8 9.1 1 12, 13 14 1ABC012 4617
1 9 1 2 4 6 A4 c1 16 12 23 1 4 1 +617 78 0 1 9
451731 67 A D 17 1 0 AB..6 6 7 8 9 10 1 2 3
7 9014 1516718 0 1 2 A+ B 611102 11 1 1 3 4 5
1 2 A B C 6 17 18 0 11 1 15 16 17 IS 6 7 8 9 5

4 5 6 7 8 A 8, C113415 16 • zz17 18 +6 0o 39101
7 8 9710 AoB C 14 15 16 17 1 0 1 2 3- • 4 5 6 11 3

10 11 12 A B C 161 16 0 1 •Ol2 34 67 13 14 1•5

13,14 A BC ci8 0 1 2 3 4 5 6 7 8 9 10 121516 17
16 A C 1C 2 34 5 6 7 8 9 10 1 12 13 4 15 17
o 17 5 13 11 9 7 5 3 1 18 16 14 12 10 8 6 1 2 AE- I
3 1 18 16 14 12 10 8 6 4 2 0 17 15 13 11 9 7 5 1 C A

5 4 2 0 17 15 1311 9 7 5 3 1 6 16 14 14 1 10 S C A B

13 14 15 16 17 18 0 1 2 3 4 5 A B C 9 10 11 12 9111 A 11 811 3 6
7 8 9 1011 12 1314 15 16 17 A 5 C 2 3 4 5 6 0 1 18
1 2 3 4 5 6 7 a 9 10 A B C 14 15 16 17 18 0 12 13 1114 15 1617 180 1 2 3 Al Bc 7 8910 11 121356 4
8 9 101112 13 1415 A u C 0 1 2 3 4 5 6 7 17 1616
2 3 45 6 7 B A B C 12 13 1415 161718 0 110 11 9

15 16 17 18 0 1 A B c 5 6 7 8 910 11 1213 14 3 4 2
9 10 1112 13 A sBC 17 180 12 3 456 7 815 1614
3 4 5 6 A B C 10 1112 13 1415 1617 18 0 1 2 8 9 7

16 17 16 A BC 3 4 5 6 78 9 10 11 12 13 14 15 1 2 0
10 11 A B Ci1S 16 17 18 0 1 2 3 4 5 6 7 8 9 13 1412
4 A B C 8 .9 10 11 12 13 14 15 16 17 18 0 1 2 3 1 7 5
A B C 1 2 3 4 5 6 7 8 9 1011 1213 14 1516 16 017
B C 13 14 15 16 17 18 0 1 2 3 4 5 6 7 8 9 A 11 12 10
C 6 7 8 9 1011t 12 1314 1516 1718 0 1 2 A B 4 5 3
18 0 12 3 45 &7 899101112 1314 Al3 C 1617 15
12 13 14 15 16 17 16 0 1 2 3 4 5 6 7 A 3 C It 9 10 8
6 7 8 9 1011 12 1314 151617 18 0 A 5 c 4 5 2 3 1

LI 18 6 13 1 a 5 3 10 17 5 12 0 7 14 2 9 16 4 A8-
5 12 0 7 14 2' 9 16 4 11 16 6 13 1 8 15 3 10 17 C A I

17 5 12 0 7 14 2 9 16 4 1118 6 13 1 8 15 3 10 3 C A



b: 22 -17 + 5,

A B CD 5 6 7 8 9 10 1112 13 14 15 16 0. 1 2 3 4
B C D 9 6 7 89 1011121314,1516 0 A 1 2 3 4 5
C D E 7 8 9 10111213141516 0 1 A 9 2 3 4 5 6
D 5 8 9101112131415 16 012 A C 34567
E 910111213141516 0 1 2 3 A. C D 4 5 6 7 8

10111213141516 0 1 2 3 4 A B C D Z 5 6 7 a 9
1213141516 0 1 2 4 C D 511 6 7 8 9 10

16- IV - -- 2-3 4-4 1. A ~ A -- -~13 -1-13 '1 -7--~I--f94 Al-
1 2 3 4 5 6 7 8 A 5 C D Z 1415 I16 0 9 1011 1213
3 4 5 6 7 8 9 A B C D 5 1516 0 1 2101112 1314
5 6 7 8 910 A B C D 8 16 0 1 2 3 4111213 14 15
7 8 91011 A B C D 2 0 1 2 3 4 5 6121314..1516
9 10 11 12 A B C D E 1 2 3 4 5 6 7 8 13 14 15":16 0

111213 A B C D E 2 3 4 5 6 7 8 910141516 0 1
1314 A B C D E 3 4 5 6 7 8 9 10111 21516 0 1 2
15 AkC D 24 5 67 8 910 11 1213 14 J& 0 1 -2L...L..I.
0 1615 14 13 12 11 10 9 8 7 6 5 4 3 2 1 A D C D E
2 1 0 16 15 14 13 12 11 10 9 8 7 6 5 4 3 B C D E A
4 3 2 1 0 16 15 14 13 12 11 10 9 8 7 6 5 C D E A B
6 5 4 3 2 1 0163151413121110 9 8 7. D E A I C
8 7 6 5 4 3 2 1 0 16 15 14 13 12 11 10 9 E A I C D

0 1 2 3 4 5 6 7 8 A B C D E 14 15 16 10 11 12 13 9
9 10 11 12 13 14 15 16 A B C D 5 5 6 7 8 1 2 3 4 0
1 2 3 4 5 6 7 A B C D E 13 14 15 16 0 9 10 11 12 8

10 11 12 13 14 15 A B C D E 4 5 6 7 8 9 0 1 2 3 16
2 3 4 5 6 A B C D 3 12 13 14 15 16 0 1 8 9 10 11 7

11 12-13 14 A B C D E 3 4 5 6 7 8 9 0 16 0 1 2 15
3 4 5 A B C D 5 11 12 13 14 15 16 0 1 2 7 8 9 10 6

12 13 A B C D E 2 3 4 5 6 7 8 9 10 11 15 16 0 1 14
4 A B C D E 10 11 12 13 14 15 16 0 1 2 3 6 7 8 9 5
A IS C D E 1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 0 13
B C D 9 10 11 12 13 14 15 16 0 1 2 3 A 5 6 7 8 4
C D E 0 1 2 3 4 5 6 7 8 * 10 11 A B 13 14 15 16 12
D E 8 9 10 11 12 13 14 15 16 0 1 2 A B C 4 5 6 7 3
E 16 0 1 2 3 4 5 6 7 8 9 10 A B C D 12 13 14 15 11
7 8 9 10 11 12 13 14 15 16 0 1 A B C D E 3 4 5 6 2

16 0 1 2 3 4 5 6 7 8 9 A B C D B 15111213 14 10
a 9101.1 12131415 16 0 A A C D E 6 7 2 3 4 5 1
514 615 716 8 0 9 110 211 312 413 A B C D 3

14 615 716 8 0 9 110 211 312 413 5 E B CD
615 716 6 0 9 110 211 312 413 5 14 D 9 A B C

15 716 8 0 9 110 211 312 413 514 6 C D I A 5
13 514 615 716 8 0 9 110 211 312 4 B 'C D 3 A

!C



XIV. Computer Construction of O(1O, t) Sets

In about fifteen years the effectiveness of computers in searching for

orth-ogonal sets of latin squares of order ten has increased strikingly. Still

ths, problem is so large that there seems to be little rebson for optimism that the

__ Wderi ten-prob-lem-,can be c-ompleted by -cormpJ.teros. oe-zeieI,-4a m~-

conversant with the problem considi~r quite plaulilble) not Orthoijnal tiriple of

orthogonal latin squares% of order ten exists, then the number of cases to con-

id:sfeems too lairge to: an ex~haustive proof by computer to be achievable. The

numtbcr of latin squares of order ten is astronomical.

Abc-ut 195l Paige an,; Tompkins 1195a] programmed SWAC to search for

s~quares orthogonal to a fixed ldtin square uf order ten. A few hours of running

Ptr-,:u,-ed noc orthogvnal square, and wits regarded as a bit of experimental evi-

d-ný:c' :or the truth of Euler's conjecture. calculations based on the progress

rnia':- in thfe search led to the extrapolation that over fifty million years of computer

time wcould be requ.,red to'search for all squdres orthogonal to a latin square uf

vrder teni pit into SWAG intidl ly. (At Abuut the same time a similar program was,

Y-r Itt JIn- simi~lar results obtai-w.(:-. with MANIAC at Los Alamos; this attempt

t itobec'n reportod in print.

In 19 S9, after Eulier's ccnje,,-turo hid been disproved for a.11 orders
t)- , Parker programnmed UNIVAC 1206 to search foi squires orthogonal

&i latin square of order ten. The running time was sharply lest, tha;- for SWAC

c.r '.ANIAC, about thirty r-inutes for the majority of-latin squares. This was

d*Cic\':mph shed by generating and storing all transversals of the input latin square,



then searching for all ways to form latin squares from the list of transversals.

(A transversal, or directrix, is a set of cells of a latin square, one in each row,

one in each column, and one containing each digit. ) The striking gain in sp,.ed

over the earlier efforts occurred largely because the number of transversals of

11:1 ZW~fi~It~ &qare-0'! rder__ erviur-ughly 00ý- -inehje (-7t~shan.A ~~n-

of course, the search was several levels deep. (SWAC and MANIAC were pro-

grammed to build up starts of latin squares toward orthogonal mates by filling in

cells to form rows.)

There were two main outcomes from considerable running of Parker's 1206 '

program: 1) Orthogonal triples of order ten latin squares are not numerous; more /
/

precisely, only a small fraction, if any, order ten squares extend to triples. /

Some 400 latin squares were run. Some were random, some were computer output

,ed back as input and hence known to have an orthogonal mate, and some were

considered interesting candidates for intuitive reasons by Parker and others.

Not cnce did an exhaustive search for orthogonal mates of an input latin square

include a pair orthogonal to one another. Mild evidence may be claimed sup-

porting the opinion that no order-ten orthogonal triple exists. 2) Of a computer-

generated sample of 100 random latin squares of order ten (program by R. T.

Ostrowski), 62 have orthogonal mates. This, unlike triples, order ten ortho'-

gonal pair: are quite common. Euler's intuition for order ten was not only wrong,

but in this sense wrong by a large margin. It was this finding which tempted

Parker for a time to believe that repeated runs of the program should have a good

chance of producing at least a triple, but many failures dimmed this optimism.

i :? A*@ .



tiewas one half minute. Almost needless to say, transversals again were

Of iputordr-tn ltinsquares produced no orthogonal triple.



xv. On the Equivalence of O(n.t) Sets With Other Combinatorial Systems

k XV.U. Summary

In this section we have densely summarized some of the results obtained

-by author and at least fourteen others in order to demonstrate the importance of

r s tai f6-i th :

well-known and important combinatorial systems with certain parameters are

actually equivalent to a set of mutually orthogonal latin squares. A schematic

representation of these equivalences has been demonstrated in four wheels which

we have called "Fundamental Wheels of Combinatorial Mathematics".

XV. 1. I ntroductiotn

The theory of mutually orthogonal latin squares owes its importance to the

fact that many well-known combinatorial systems are actually equivalent to a
set of mutually orthogonal latin squares; XiL, finite projective plane, finite

Euclidean plane, net, BIB,. PBIB, orthogonal arrays, a set of mutually orthogonal

matrices, error correcting codes, strongly regular graphs, complete graphs, a

balanced set of t-restrictional lattice designs, difference sets, Hadamard

matrices, and an arrangement of non attacking rooks on hyperdimensional chess

board. These combinatorial systems are unquestionably potent and effective in

all branches of comnbinatorial mathematics, and in particular, in the construction

of experimental designs. Therefore, a statement that the theory of mutually

orthogonal latin squares Is perhaps the most important theory in the field of

exPeriment designs Is not in the least exaggerated as far as this author is con-

cerned.



Our purpose in this section is to demonstrate the relation of a set of

mutually orthogonal latin squares with the above mentinned e.nmhbnAtorial systems.

We shall present the essence of the known results available only In scattered

liteprture in one theorem which we consider to be a "fundamental theorem of

combinatorial mathematics". For the definitions of these combinatorial systemns

_and'the Prokf &h fotcm'in~g-.hOr-er-s~ee. the- list~of ýreferencesm-Oi-venl.at--the -ýr.ýý

end Of this paper.

XV. 2. Notation

!'., th, seko I f cncisenn;sq wv. introduce the following nutations:

0) C)(n,t) donotes a set of t mutually orthogonal latin squares of order

I1 MOM(n,t) denotes a set of t mutually orthogonal n X n matrices.
2

( i.)A(n,At) denotecs a set of orthogonal arrays of size n , depth t, n

Ic-vels, and strength .4

31 Net(n,t) denots 11 tit of urerAr n and degree t "

4) ,,,,',nrt:m) Jornot,,s i . ., n code words each of length r such

thait ,iny two cude words ore tit luest at Hamming distance _>t on an

rr-s,.t -' with n hJistinct ,ltmnts. We remind the reader that such

I cude is ilso. coll-'j (t-1l-crror detecting code or (t-l)/2-error cor-

,ctinInq iod(' h,,c,uS, ,uch ,i codo is capable of detecting up to t-l

Trrs IAn• l r.. up I., it-I/ - errors in ea-ch transmitted code word.

-•i PE3Ifln,v,r,k.\1,\k 2 )ni onotv.'s a partially balanced incomplete block

,Jfsign with - bluck.s .ich of size_ k, v treatments with r replication

'drnd ,I S ociatifl(. i,1diC(s x and X



6) SR-Grath (A) denotes the strongly regular graph with incidence

matrix A

7) Non #(n,t) denotes an arrangement of n mutually non attacking

r •rooks on the t-dimensional n X n chess board.

~~~~~~~~~r Ad&hls PGAs dntsajnt jetvp)efr s- _(r -9necsaarily -- 77

Desarguessian).

9) e(2,s) denotes a finite Euclidean plane of order s

10) BIB(b,v,r,k,X) denotes a balanced incomplete block design with b

blocks each of size k, v treatments with r replications of each, and

association index X

Mii K-Graph (A) denotes the complete graph with incidence matrix A .

12) DIF(v,k,k) denotes a difterence set with parameters v, k, and X .

13) BLRL(s) .denotes a balanced set of f-restrictional lattice design for

s treatments. Note that a 1-rostrictional balanced lattice designs for

simply a BIB design.

14) HAD(n) denotes a symmotric normalized Hadamard matrix of order n

Hereafter we also adopt the following two notations:

0) A * B means A implies B and B implies A

ii) A wwO B means A implies B . Whether or not B implies A is

undecided.

- -- -- t



2. The Result:

Theorem

(a) For any pair of positive integ~ers n and t we havet

1) Q(n,t) 4m1 MOM(n,t+2)

-) - 1 nr,tK) Ne(n,t±2) -- - -- .--

2

4r) COun,n1 0 Blden t+Z, tln)

2
) (An~n-) e=; Uod(n + nt+Z, n t+n,0,1Z;)

6) O(",nt) S K-Graph (A) whe~re A is the incidence ctx

PBI Inr~ 5).adwt IBI 0

7)~ Oin-) Omw No~n O+n+1 n~l t ) +

(b) 1 p t W.- hen" palsoa: in~admi oitv nee hnas

H).i 0->PGZ

r~l C)(n~n _____!2,n
,p -) ~BLR~p



(d) If n= Zr and t a r-Z, r_> 3 then the following are also true:

15) O(2r,r-2) •>HAD(4r

16 j O(Zr,r-2) =>BIB(4r 2-1, 4r -1, Zr -1, Zr -1, r -1)

2. 2. 2
17) O(Zr,r-Z) mno Oode(4r -1, 4r -1, Zr ;2)

2 2 2
18) O(Zr,r-2)= Code(Br , 4r,-Zr2 2)

r - -

A complete schematic representation of this theorem can be demonstrated

in. fuur wheels which will be called "fundamental wheels of combinatorial mathe-

matics". For the sake of compactness we shall omit the associated parameters

with each system in these wheels except for Oln,t) . By knowinq the values

of n and t in the given O(n,t) sets,then the reader can easily find the

associated parameters with other systems in the wheels from the proper part of

above theorem.
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ON CONFIDENCE LIMITS FOR THE PERFORMANCE
OF A SYSTEM WHEN FEW FAILURES ARE ENCOUNTERED

Sam C. Saunders
Boeing Scientific Research Laboratories

Seattle, Washington

-SUM W. . • .- -.

assemblies, are so reliable thatrno failures are observed within the
time available for testing. This can pose a problem in both interpreta-
tion and analysis. We consider here the iroblem of determining lower
confidence bounds on the reliability of a complex system, such as the
Saturn 1-C, when each component is assumed to have an exponential life
and different components have different multiplicities within the system.
We discuss -the assumptions necessary to obtain confidence limits using
the likelihood of the data when only a few failures are encountered. The
bounds resulting from two models are compared. The first model is
Bayesian with uniform prior distribution of the failure rates. The
second model regards the failure rates virtually as unknown constants.
Here the argument is made that models of the first type are deficient
in several regards In comparison with the second.

0. INTRODUCTION. The problem of determining the probability of
successful operation of a large complex system when one haii data only on
the reliability of the components has, over the past decade, been the subject
of many investigations. However, much of the literature was of a proprietary
nature and was never published, for example, see (1], [2] and the references
there.

Some of the studies, see [71 and [9), were based on an asymptotic
theory for which the precision of the approximation is unknown. Currently,
much of the analysis is based on Bayesian methods utilizing subjective prior
assumptions, see [12] and [13].

Because estimiating the probability of failure under some models
requires that at least one failure be observed, the statistician may be
placed in the uncomfortable position :of having less confidence in his
estimates of reliability when fewer failures obtain. Ultimately, when the
system becomes near perfect and no failures are observed the statistician
has no confidence if his procedures are necessarily based on failure analysis.
In this unsatisfactory situation it is an understandable reaction of persons
with good engineering judgment and statistical intuition, to form a distrust
of statistical inference and its "numerologlits," see [3). Some recent
surveys have been made to determine the most useful and applicable procedures
for current needs. One of the most comprehensive is (8).

04,.



In this note we examine some statistical techniques which do
not depend upon the sampling method yet arm applicable when there is
a paucity of observed failures among the components which have been
tested. The archtypical situation for this study will be the Saturn 1
1-C and the data which was available prior to the first launch, a

gtiven in Table 1.

The remainder of this article has been reproduced photographically
fron the author's mapiuscript.
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