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FOREWORD

One of the outstanding events at the Sixteenth Conference on the
Design of Experiments in Army Research, Development and Testing wWas the
announcement that Professor George Snedecor was selected to receive the
1970 Wilks Award, The remarks made by Professor 0. Kempthorne, who
accepted this award on behalf of Professor Snedecor, are recorded in these
Proceedings., Other important eventa were the addresses made by the
invited speakers. The general areas coversd by thess gentlamen can de
gleaned froa the titles of thair addrasses:

Minimum Discrimination Information Estimation and Application
Professor Solomon Kullhack, George Washington University

Field Testing
Dr. Richard J. Kaplan, The RAND Corporation

The Analysis of Complex Contingency Table Data from Genaeral
Experimental Designs and Sample Surveys
Professor Gary G. Koch, University of North Caroli.-

Nonparametr: ¢ Analysis of Covariance
Professor Dana Quade, University of Nerth Carolina

There 18 little doubt that the most valuable phases of these con-
ferences are the technical and clinical sessions, Aruy scientists take
advantage o’ the technical sesaions to announce thair succeases in con-
ducting various types of experiments, and sharing their findings with
persons in other installations. In the clinical sessions stimulating
discussions take place, and these arguments often lead to suggestions on
how better to analyre the troublesone design problems that are being

considered, This year there were twenty=four (24) papers for the technical

sessions and five (5) clinical papers, All these papers were well
received and most of them appear as articles in thess Proceedings.

Colonel W, L, Tate, Commandant of the U, S. Army Logistics Management
Canter, offered tu hold the Sixteenth Conference on the Design of Experi-
ments in the excellent facilities at his installation, He named Mrs,
Virgiuia W, Perry to serve as the Chairman on Local Arrangements, She
and 7embers of her committee-=Messrs. C. A, Correia, J. W, Griswold,

E, =, Hartley, and R. L, Launer--are to be congratulated on the way they
hariled the many problems that arose before and during the course of the
symposium,
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! : On bahalf of the Army Mathematics Steering Committae, sponsor of thess

F H tonfarences, lat ss thank the many speakers, chairmen and panelists for

all tha time and effort they contributed to this affair., Without their
help and the many arguments and comments supplied by those in attendance,
. : this meeting would not have served its main purposes. At this time let me
i also state that amuch credit for the success of this conference is dua to

: the menmbers of my Program Coumittee (Robert Bechhofer, Francis Dressel,

3 Walter D. Foster, Frad Frishman, Murray Geisler, Boyd Harshbarger,
Clifford Maloney, Henry B. Mann, William H, Marlow, George Nicholwsonm,
Virginia W, Perry, and Herbert Solomon). Finally, 1 would like to thank
Francis Dressel in particular for the smooth accomplishment of snother
wonumental job again for this conference year,

Frank E. Grubbs
Conference Chairman
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SIXTERENTH CONFERENCE ON THE DESIGN OF EXPERINENTS
IN ARNY RESEARCH, DEVELOPNENT AND TRESTING

21=23 October 1970

Wednesday, 21 October
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~0830-0900 REGISTRATION - Main Lobby of Bunker Hall (Building 12500) .
= - 0900=-0930 OPENING OF THE CONFERENCE - Auditorium of Bunker Hall =~~~ !
Virginia Perry, Chairman on Local Arrangements
WELCOME
0930-1200 GENERAL SESSION I - Auditoriua

Chairman: Dr, Clifford J. Maloney, Diviaipn of Biologies
Standaxds, National Inscitutes of Health,.Bsthesda, Md.

MINIMUM DISCRIMINATION INFORMATION ESTIMATION AND APPLICATION

Prcfessor Solomon Rullback, Department of Statistics, George
Washington University, Washington, D, C.

FIELD TBSTING

Dr. Richard J. Kaplan, Management Sciences Department,
The RAND Corporation, Santa Monica, California

1200-1300 LUNCH

1300-1500 TECHNICAL SBSSION 1

Chairman: James Kniss, Surveillance and Reliabilitcy
Laboratory, Aberdeen Rasearch and Devslopment Center,
Aberdeen Proving Ground, Maryland
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A STATISTICAL ANALYSIS OF DYNAMIC RESPIRATORY DATA

Bdward N, Fiske, System Analysis Office, Edgewood Arsenal,
Edgewood Arsenal, Maryland

P RT
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A COMPLEX SPLIT PLOT DESIGN FOR AN EXPERIMENT INVOLVING
STANO SMALL UNIT LIVE FIRBE

Jaoss DeGracie, David Faulkenberry and Timm Rodgers, Litton : 3
Scientific Support Laboratory, Port Ord, California and : 3
Spec S5 Harvey Bunce, U, S, Army Combat Developments
Command Experimentation Command E
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1300-1500

1300-1500

THE PREDICTION OF INDIVIDUAL MILITARY PERFORMANCE FROM
LABORATORY MRASURES OF PERFORMANCE IN VOLUNIRERS EXPOSKD
TO INCAPACITATING AGENTS

James S, Ketchum, Philip Shinar, Lurence Gutterman, and
Philip K. Kysor, Clinical Medical Sciences Department,
Nedical Research Laboratory, Research Laboratories,
Edgewood Arsenel, MNaryland

~TECHNICAL SBSSION 2

Chairman: Waltar Mowchan, Surveillance and Reliability
Laboratory, Aberdeen Research and Development Canter,
Aberdeen Proving Ground, Maryland

SOME EFFECTS OF AN IMPROPER SCREENING TECHNIQUE ON THE AOQ
WHEN USING CSP-1

Fred )., Abraham, US Army Ammunition & Procuremeat Agency,
Joliet, Illinois

SOME METHODOLOGIES FOR APPLICATION OF THE ECONOMIC PAYBACK RATIO

Eugene F, Dutoit, US Army Munitions Command, Cost Analyais
Divieion, Dover, New Jersey

FMPIRICAL BAYES ESTIMATORS FOR SOME TIME SERIES PARAMETERS

Robert L, Launer, US Army logistice Management Center,
Fort Lee, Virginia

CLINICAL SESSION A

Chairman: Jadrig Kurkjian, US Army Materiel Command,
Washington, D, C.

Paneliscs:
Robert Bechhofer, Cornell University
0. P, Bruno, US Army Ballistics Research and Davelopment
Center
Boyd Harshbarger, Virginia Polytechnic Institute
H. L. Lucas, North Carolina State University
Herbert Solomon, Stanford University

A STATISTICAL APPROACH TO OPTIMIZING THE MECHANICAL
BEHAVIOR OF COMPOSITE MATERIALS
Donald L. Martin, Jr., Resesrch § Engineering, Propulsion
Mech Br, APL&C, US Army Migsile ommand Redstone Arsenal, Ala,
PREDICTION OF SHAPE CHARGE JET CHARACTERISTICS FROM OPTICAL
MEASUREMENT OF LINEAR COLLAPSE VELOCITY

Glen Rander-Pherson, Engineering Science Laboratory, Feltman
Research Labs, Picatinny Arsenal, Dover, New Jersey
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1500=-1330
© 1530-1700

1530-1700

1530~1700

BREAK

TECHNICAL SESSION 3

Chairmant Ronald L, Racicot, US Army Weapons Command,
Benat R&L Lebs, Watervliiet Arsenal, Watervliet, New York

SYSTEMS VULNERABILITY DUE TO MU'.TIPLE CONPONENT DRIFI AND
CONPONENT FAILURE

W. W, Happ, US Aramy Corps of Engineers, Champaign, Illinois

TIME CONSTRAINED RELIABILITY DATA DEVELOPMENT FOR HELICOPTER
RADIO BQUIPMENT IN A GROUND-BASED LABORATORY

C. E, Deckard and T. K. DeClua, Wyle Laboratories,
Hunteville, Alabama

TECHNICAL SESSION 4

Chairman: Eugena F. Dutoit, US Army Nunitions Command,
Cost Analysis Division, Dovar, New Jersey

CHARACTBRISTIC COEFFICLENTS, PROBABILITY AND CLASSSIFICATION
OF WIND PROFILES (SURFACE TO 25 Km)

Oskar M, Essenwanger, Asrophysics Branch, Physical Sciences
Laboratory, Research & Engireering Directorate, US Army
M‘ssile Coxmand, Redstone Arsenal, Alabama

IDENTIFICATION OF WORKERS IN BIOLOGICALS THROUGH SERUM
TITERS BY DISCRIMINANT FUNCTION

Walter D, Foster and Marian W, Jones, Analytical Sciences
Dirsctorate, Dapartment of the Army, Fort Detrick,
Frederick, Maryland

CLINICAL SESSION B

Chairsan: J. P. Bruno, Surveillance and Reljability
Laboratory, Aberdeen Research and Development Center,
Abesrdeen Proving Ground, Maryland

Paneliats:
Murray Geisler, The RAND Corporation
Bernard “reenberg, University of North Carolina

Boyd Harshbarger, Virginta Polytechnic Institute
George Nicholson, Univeraity of North Carolina

xi

FEIRII I BP N

YRR

|

e 2z anicel

Y L

£l

P T
..u.‘J.m,.‘a!iI!si@:iiJ Al

Akl

[N

iuis Lkl 0 et b

Y TPV NN TP

caktaab b L

PR W" . POV TR

o i B d ez

FRTPOTIRINIVTY WY PP V)



Fo mriemes cac e —am e "
B et

TN T e "wwnw!ﬂ‘
,

A BACKWARD ELIMINATION GENERAL SIGNIFIZANCE REGR2SSION
MODRL

[

E i Charles B, Colvin, Plans and Analysis Directorate, US

£ Aray Missile Command, Redstone Arsenal, Alabama

H TBST DESIGN AND DATA REQUIREMENTS FOR OPERATIONAL FIELD

; TESTING OF AIRCRAFT

E Chauncey F. Ball, The RAND Corporation, Washington, D. C. )
L

1300- BANQUET [

Presentation of the Samuel S. Wilks Memorial Award by )
Dr. Frank E. Grubbs, US Army Aberdeen Research and :
Development Center, Aberdeen Proving Ground, Madyland :
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Thurldaz. 22 October

0830-1030 TECHNICAL SESSION 5

Chairaan: Jerome Johnson, Surveillance and Reliability
Laboratory, Aberdeen Research and Develcpment Center,
Aberdeen Proving Ground, Maryland

A STATISTICAL HEIRARCHICAL MODEL FOR FLIGHT TEST DATA OF A
VKEF/PM DISTANCE MEASURING SYSTEM (DME)

Erwin Blser and Eddie Cornelious, Avionics Laboratory,
USAECOM, Fort Monmouth, New Jersey

A MULTIVARIATE STATISTICAL MODEL FOR A SFMIAUTOMATIC
FLIGHT OPERATIONS CENTER (SAFOC)

Sol Berg and William Patterson, American Electronics
Laboratory, Colmar, Pennsylvania, and Edwin Biser, 3
Arthur Cnppola, and Edward Hansen, Avionics Lab, 1
USAECOM, Fort Monmouth, New Jersey

i s i, 0 i " Lt s s 5

k-
ENVIRONMENTAL CONTROL SYSTEM ANALYSIS 3
Francis Brandi, Tank Systems Laboratory, US Army 3
Weapons Command, Rock 'sland Arsenal, Rock Island,Illinois ;
0830~-1030 TECHNICAL SESSIDN 6
Chairman: Siegfried H, Lehnigk, Physical Sciences Lab,
Research and Levelopment Directorate, US Army Miesile :
- Command, Redstone Arsenal, Alabama
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NEW ANALYSIS AND METHODS LEADING TO IMPROVED TARGET
ACQUISITION REQUIREMENTS INVOLVING SYSTEMS, GEODETIC AND

T T "RE-ENTRY ERRORS, AND INCRBASED WEAPONS BFFECTIVENESS FOR
CONVENTIONAL WEAPONS (PART II)

Hans Baussus—-von Luetzow, US Army Topographic Laboratories,
Fort Belvolr, Virgiuia

N A MATHENATICAL MODEL FOR ARTILLERY FIRE ADJUSTMENT ANALYSIS

Sidney Garard, Reliability and Maintainability Division,
US Army Materiel Systess Analysis Agency, Absrdeen
Ressarch and Development Center, Aberdesn Proving
Ground, Maryland
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QUICK-REACTION STUDY QF CALIBRATION DRIFT IN RADIACMETER
M=174()

Joseph Weinstein, Systems Costa Analysis Office, US
Army Electronics Command, Fort Monmouth, New Jerssy

0830-1030 CLINICAL SESSION C

Chairman: Clifford Cchen, University of Georgia,
Athens, Georgia

Panelists:
‘Robert Bechhofar, Cornell University
Murray Geisler, RAND Corporation
Bernard Greenberg, University of North Carolina
George Nicholson, University of Notth Carolina
Herbert 3olomon, Stanford University

RELIABILITY TRSTING OF WEAPON SYSTEMS
Ronald L. Racicot, Army Weapons Command, Benet R&E
Laboratoriea, Watervliet Arsenal, Watervliet, New York
TEST PROCEDURES FOR EVALUATION OF INITIATORS TO THE
SPFECT OF NUCLEAR DEVICES

Robert E, Batts anc W. B, Thomas, Solid Propellant
Chemistry sranch, Army Propulsion Lab, Redstore
Argenal, Alabama

4030-1100 BREAK
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110u-1200 TECHNICAL SESSION 7

Chairmen: Mortimer Zinn, Electronics Componen®s
Laboratory, US Army Electronics Command, Por:
Monmouth, New Jersey
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OPTIMAL LESIGNS WITH A TCHEBYCHEFFIAN SPLINE REGRESSION

V. N, Murty, Graduate Center, The Pennsylvania State
Universaity, Middletown, Penneyivania

1100=-1200 TECHNICAL SESSION 8

Chairmant 4oyd Harshbarger, Virginia Polytechnic
Instituta, Bilackeburg, Virginia

. ORUDINARY AND ENPIRICAL BAYRBS APPROACH TQ BSTIMATION OF
T o RELTIABILITY IN THS WEILULL LIFE TESTING RUDEL

Gaorge C. Canovos, NASA, Langley Ressarch Center,
Langlay, Virginia, and Chris P, Tsokos, Virginia
Polytechnic insticute, Blacksburg, Virginia

1200-12300 LUNCH

1300~-1500 TECHNICAL SESSION Y
Chairman:® Oskar M. Essenwanger, Aerophysics sranch,

Physical Sciences Laboratory, Research and Engineering
Directorate, US Army Missile Command, Redstone Arsenal, Ala,

SECOND~ORDER EQUI~RADIAL JESIGNS FOR WEIGHTED REGRESSION

John Cornell, Department of Statistics, University of
Florida, Gainesville, Florida

SYSTEM PARAMLIER OPTIMIZATION USLNG RtSPONSE SURFACE
METHODULOGY

Gary Barnard, Plans § Analysis Directorate, US Army
Missile Command, Redstone Arsenal, Aiabama

THE APPLICATINN OF BIOCELLULAR NUMBERS TO THE ASSESSMENT

OF BIOCHEMICAL TRAUMA IN ANIMAL SYSTEMS

George L. Lavin, Vulnerability Laberatory, BRL, ARDC,
Aberdeen Proving Ground, Maryland

1300-1500 TECHNICAL SESSION 1lu

Chairman: Robert rissner, Surveillance and Reljability

Laboratory, Aberdeen Research and Development Center,
Aberdeen Proving Ground, Maryland

A DISTRIBUTION FREE ALTERNATIVE 10 FROBIT-TYPE ANALYSIS

Bert Levy and Gerald M. Schulte, Harry Diamond Laboratories,
Washington, D. C.
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DESIGN FOR ESTIMATING THE SLOPE OF A SECOND ORDER

LINEAR MODEL

Lyman Ott and W, Mendenhall, Department of Statistics,
University of Florida, Gainesville, Florida

. BREAK

GENERAL SESSION 1

Chairman:

Professor Bernard Greenberg, School of

Public Health, Department of Blostatistics, University

of North

THE ANALYSIS

Carolina, Chapel Hill, North Carolina

OF COMPLEX CONTINGENCY TABLE DATA FROM

GENERAL EXPERIMENTAL DESIGNS AND SAMPLE SURVEYS

Professor Gary G. Koch, Department of Biostatistice,
School of Public Health, University of North Carolina,
Chap~l Hill, North Carolina
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AND STATISTICS

Chairman:

Dr. Walter D, Foster, Analytical Sciences

Directorate, Department of the Army, Fort Detrick,
Frederick, Msryland

BREAK

GENERAL SESSION II1

Chairman:

Dr, Frank E. Grubbs, US Army Aberdeen

Research and Development Center, Aherdeen Proving
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ESTIMATION IN TRUNCATED POISSON DISTRIBUTIONS WITH
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Professor A, Clifford Cohen, The University of Georgia,
Department of Statistics, Athens, Georgla
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NONPARAMETRIC ANALYSIS OF COVARIANCE

Profussor Dana Quade, Department of Biostatistics,
School of Public Health, University of North Carolinma,
Chapal Hill, North Carolina
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Ninimum Discrimination Information Estimation and Application

S. Kullbaek ' ' ' 3
Tne George Wasnington University -
Wasnington, D. C. 20006

Abstract

Tnis paper presents in some detail tne application of

e

tne minimum discrimination information theorem to tne analysis

pane

of multidimensional contingency tables. It 1s snown that the

form of tne minimum discrimination information estimate as a

RV S T

memper of an exponential family provides a regresslon

Y TR BT O T TR, ‘WWW‘W
t
. P AARLa: Lt i Ll F Y
|
A ]

axpression for the logaritnm of tne estimate. Computational

procedures for the evaluation of the regression parameters and

ERTTIEr

the minimum discrimination information estimates are described
along witn tne tests for tne nypotheses as provided by tne

i : minimum discrimination information statistics.

0. Introduction. Tnis paper is related to [9] and [ 10] in wnich

certain basic tecnniques and procedures were presented for tne

! Supported in part by tne Air Force 0Office of Scientific Researcn,
Ofrice of Aerospace Researcn, United States Alir Force, under
Grant AFOSR-68-1513.

This paper was reproduced photographically from the author's manuscript,
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'_hult1v5r1ate regression analysis. Altnougnh the ingredients of

. the underlying theory were aiscumsed in [11) 1t seems necessary

Ll .r';h.u

analysis of multidimensional contingency tables. In tnis paper
we shall examine the underlying theory in greater detail and

doduak ddiesskri e

present one important area of application. In particular we s s e i

snall detall the close analogy of this application witn

-l

" " '
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and desirable to present these ideas here in greater detail. ﬁ@
We also remark that a more extenaive computer program than ;
that descrived in [6] and [9] nas been prepareda by Professor

lreland of The George Wasnington University. Tnis new program

¢an handle tables of nigner dimension than four-way contingency

tadbles and also provides tne values of additional useful

general presentation appear. Let us conslder the space 0

parameters.

It should pe pointed out tnat tlhere are otner areas of ﬁ
appilcation of minimum discrimination information estimation %
than tnat considered in dotail in tnis paper, for example, (3], 3
(4, (51, (7, [21), [12), [13], [14]. Tne particular ;
application we snall consider here can be described as fitting é
the observed values in the cells of a contingency table in é
terms of a regression based on sets of observed marginals as S
explanatory variables. %
l. Discrimination information. To make the discussion more 5
specific we shall present 1t in terms of the analyvsis of four- %
way contingency tables. All the essential features of a more é

1
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of four-way contingency tablea RX S X T X U of dimension

Tx 8 x t x uso that tne generic variaovle is w » (1,3,K,¢),

L ®Ylyiee,fy J =), 00,8, K@l ,,,,¢t, & =1,..,,u - Suppose e
there are two probability distrioutions or contingency tables

( we snall use tnese terms interchangeably ) defined over ths

spsce 0, say p(w), m(w), & p(w) = 1, zn(w) = 1. o '

discrimination information 1s defined by

L L Lo N s D e TR PRI IR ‘h

T

(1.1) I(pim) = 3T p(w) n Blw .
Q0 n(w)

Tne pasis for tnls derinition, its properties, and relation to

A gy

other definitions of information measures may be found in [1ll],

in thne Proceedings of [13) and references tnerein. For the

P TeTe

particular types of application of interest nere itne nedistrioution,
m{w), in tne definition (1.l) according to the problem of
irterest may eitner be specified, or it may be an estimated
distrivution, or it may be an observed distribution. The
: p-distrioution, p(w), in tne definition (1l.l) ranges over or

i3 a member of a family of distriputions of interest.

Of tne various properties of I(p:r) we mention in particular
the fact tnat I(p:n) > 0 and = O 1f and only if p(w) = n(w).

2. Minimum discrimination information estimation. Many

piotlems in the analysis of contingency tables may be cnaracterized
o8 estima*ing & distribution or contingency table subject to

certain restraints and then comparing tne estimated table witn an




observed table to determine wnetner the obasrved table

"."'Iw‘sgtiafiea a null nypotheais implied by the restraints. In

accordance witn tne principle of minimum discrimination
information estimation we select that member of the family

~ of p-distrioutions satisfying tne restreints which minimiges

the discrimination information I(p:w) over the fanuily of
pertinent p-distributions., We denote the minimum discrimination
information estimate by p*(w) so that

(2.1) I(p*m) = 2 p*(w) ¢n E) wmin 1(pw).
nfws

Unless otnerwise stated, tne summation is over Q1 whicn will bde
ocnitted.

In one class of problems the restraints specify some
requirement external to tne observed values, for example, tnat
a set of marginals, nave specified values as determined by genetic
or otner tneory [41, [5], [12), or tnat marginals be nomogeneous
133, [14], or tnat tne distribution satisfy celtaln symmetry
conditions [3]. In such problems w(w) is taken to be an observed
contingency table, that 15, x(w) = x(1Jkt) = nmw(ijkt), wnere
L= 3 x(w),

In another class of problems tne restraints specify tnat tne
estimated dilstrioution or contingency table nave some set of
marginals wnich are the same as those of an observed contingency
table. In such cases n(w) 1s taken to be eitner the uniform
distripution m(1Jkl) = 1/rstu or a distrioution already estimated
subjJect to restraints contained in and implied by tne restraints

under examination. The latter case includes tne classical
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nypotneses of independence, conditional independence, nomogeneity,

‘conditional nomogenelty and interaction, all of wnicn can be

considered as instances of generalized independence [ 3], [6],

(71, (8, [9], [10], (13), and will De considered in scme detail :
~. 4n tois paper, | o] e

3. Minimum discrimination information statistic. To test

PR mp—

R RIPURp——

whetner an observed contingency table satisfies tne null

v P -r-umnwmwwnmwr T, e
S0 Ll ikt

i

]

é

iy

hypotnesis as represented by the minimum discrimination

infermation estimate we compute & measure of tne deviation !

W ey

B L et

botween the observed dlstrioution and the appropriate estimate

E
g ; Oy tne minimum discrimination information statistic. For
? % notational convenience and later camputational convenience let %
f : us denota the estimaeted contingency taple in terms of
E é occurrences by x* (w) = np* (w), then for the first category of
problems, that 1s, witn restraints determined by external
e E considerations, the minimum discrimination information statistic '
| % turns out to be
(3.1) 2I(x*:x) = 25 x"(«) ¢tn X (w)
z : ’;T;T
% wnich 15 asymptotically distriouted as a X' witn appropriate
? degrees of freedom under tne null nypothesis. For the sezond
: category of problems, tnat 1s, with the restraints implieda vy
F % e set of observed marginals, or tnose of a generalized i
: independence nypctnesis, tnhe m.d.1. statlstic is
i
s
b
3
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(3.2) 20(x1x*) = 2T x(a) 4n (W)

“wnien is asymptotically distributed as & x* witn appropriate

__t:3rees of freedom under tne null nypotnesis.

Tne statistiec in (3.2) 1s also minus twice tne iogaritam
“of the lixslinood ratio statistic but this 1s not true for
tne statistic in (3.1) or in otner applications [11].

4. Minimum aiscrimination information thneorcm. We now present

u tneorem wnicn is tne basis for tne principle of minimum
discrimination information estimation and its applications., Ve
snall present it in a form related to the context of tnis
dlscussion on tne snalysis of contingency tables.

Let us ccnsider tne space () mentioned in section 1 and
the discrimination information introduced in (l.l). Suppose
now, for example, that we nave three linearly independent

statistics of interest defined over tne space Q
(u'l) T} (W) ’ T. (W) » T‘ (W) d

Let us determine tne value of p(w) which minimizes tne

discrimination information

(4.2) I(pim) = % p(w) ¢n 2ol

 (w)

over the family of p~distributicns wnich satisfy the restrainta
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TT,(w p(w) = o
(%.3) 2 T (w) plw) =
T T,(w) plw) - &

~wnere &, §, & are specified values.

If n(w) satisfies the restraints | .3) tnen of gcourse
the minimum value of I(p:) 4s zero and tne minimizing distrivution
is p*(w) e n(w). Nore generally, the minimum discrimination
information theorem [1l] atates tnat tne minimiczing distripution
is given by

() pre) « XD +7y ) 1T W) )

M7, 47427, )

wnere

(4.5) Nlr, ,1q.7y) = Z exp(r, Ty (w) + vgTy () + 74Ty (w)) n(w)

and the T's are parameters wnicn are in essence undetermined

Lagrange multipliers wnose values are defined in terms of

* * *
o, &, ¢ oy

& - 3'2? Ln N(r, ,7,,7,) =

= (Zexp (f,T, () + T T, (w) + 7, Ty (0))T, (w)m(w))M(7y,7y,7,)
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(4.6) & = {1}7 in M(t, ,7,,7,) =

(Z exp(r, T, (0) + v Ty (w) +ry T, (WPT, (w)m (WPN(T, , 7y ,7,)
Q: - -5%- in M(‘I" ’1‘. .1‘.) -

(2 oxp (7, T, (W) + 7Ty (W) + TyTy (w))T, (w)m(w))N(r, ,Ty,7,).

We can now state & number of consequences of the preceding.

We note first tnat p*(w) 1s & memder of an exponential
family of d¢istriputions generated by n(w) anda as sucn nhas tne

properties of members of an exponential family. In particular

p*(w) emnm(w) for v, =y, =+, = 0.

N , We may alsc write (4.4)

(4.7) %n Bl o _un M(Ty )T oTs) + T, T (@) 41, T, (W) + 75T, (@)
m(w)

«-L+7, T (w) "'T.T‘(‘”) + T, Ty (w)

witn L « - &n M(r,,7,,7,). The regression expression in (4.7)

for ¢n(p* (w) A (w)) with T, (w), T, (w), T, (w) &8 tne explanatory

variaples and 7, ,7,,T, as the regressicn ceefficlients plays an

important role ir. the analysis we snhall consider.

We note next that the minimum value of the discrimination
information (4.2) 1is

(4.8) I(p in) - 1"9: + 1’.9: + T.e. - 4in M("'; 1 Te v"'.)

T o 1 1
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wnere the 9 's are defined in (4.3) and the T's are determined to
satiafy (4.6). Using tne value in (4.7) it may be snown that if
P'¥) 1a any member of the family of distributions astiafying (4.3),

then

18.9) I(p:") = T(p1p®) + I(p*1m).

Tne pythagorean property (4.9) plays an important role in tne
analysis of information tables.

We note tnirdly relations connecting tne 6%'s, tne T's,
&nd the covariance matrix of tne T(w)'s. If we define tne
matrices (vectors)

(d8*)' = (aef, aep, ad}), (41)' = (ar,, ar,, dr,)
tnen {11, p.493]

(L.30) (do*) = z*(dr), (dr) = z*"*(de")

wnere 3* 1s the covariance matrix of T, (w), T, (w), T, {w) for tne
distriout&on p* (w), tnat is, witn
»

» * *» » » &
of, = =(T, (0)-e) ) (T, (@) =g} tw), 5 - (o]0, 5" (e™)

e’ ) T 1§
(4.1 3 =0, » 2 -0
) a7, 39,
From (4.5) 1t is seen tnat M(T‘ ,‘r.,‘r‘) is tne moment-generating

function of T, (w), T,(w), T,(w) under the aistribution n(w), nence

s ate s b S SN
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the cumulant-genersting function ias given up to quadratic temms

by

(4.22) 20 N(v, ,7y,7,) = Ov, + Q. +Q,7, + ‘?F 9y T Ty
wnere
(4.13) 6 =z T, (W) w(w), o, = (T, (W) ~ 9 ) (T, (w) - ) m(w),
Thus, using (4.12) in (4.6), we get
of ~§ 2 oo,
(4.28) o} = o, + F %, T,
@ =9 +’}; %% "
and then using (4.14) in (4.8) ylelds

(4.15) 2I(p*:m) = (6% - Q)' ' (§* -~ @) ~T' £ 7.

We nave used tnree functions T, (w), T, (w), T, (w) thus far

in the aiscussion merely as a matter of conveniencs, Wwe note tnat

(4.15) nolds for a set of m functions T, (¥), 1 ~ 1,...,m witn
appropriate meanings for the matrices., Let ua partition the set

of m functions T, (w) into a set H say of m and a set H of tne

remaining m, = m - m functions, wnere the functions in the set H,

nave the property that

10
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«T v e nave the related partitioning of the covariance matrix of tne - T

s (B 1-l,ooo'm. .

T (w), 1=1,...,m

Ze Zao
Z. L

A

bR G e o e e o i

kT g

and tne g, &', and T matrices

- J‘lﬁi&i"“ .

(4'18) .9" - (2’.”.2'): 9_'- (..‘;'v 2.')» I_' - (I"v :")'

In terms of the partitionings in (4.17) end (4.18) tne
relations in (4.14) may be written as

P | O PV IO S ST

9:--94"'24|:.+LOL 3

2

;

and using tne fact that ¢* = @ , it 1s found that using these .
results in (4.8) now yields k
1 !

(#.20) 2L(p*:m) = (& - 6,)' Z,,.. (& - 8&,) ~1) Z,.,L
wnere I ... =X, = Z. ;:: Z, 1sanm xm matrix. The j
results under tne partitioning will nelp in interpreting the ‘i
analysis of information values and are similar to those occurring j
i

in the testing of subnypotneses in tne linear and multivariate '
linear nypotnesis tneory [1ll1l, p. 216, 259].
i
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_l_,we write T, (W) = @,’ and denote the values satisfying (4.6) or

We note from (4.6) and (4.7) that

{4.21) .a.._?ren P =7 @) -5.3‘_ Lo N(t, ,Ty,000) = T, (0) - &,
- hence T, () 18 tne maximum likelinood estimator of & . Thus if

(4.14) witn “9:’ in place of ¢ and ?" in place of T , we nave
corresponding to (4.15)

(4.22) 21(p*m) = 23;4‘ O - 24n M, , Ty,

)
~ @ -t -t 2t
and corresponding to (4.20)

(4.23) 2x(m) - @ -8)' £V, @ -8)~1) g, -

~
We remark tnat the covariance matrix of the v's is the inverse of

tne covarlance matrix of tne T (w)'s.

If the 6: are tne averages of n independent cbservations

then we have for the minimum discrimination information statistics
(k.24) 2n I(p:m) wn(@* -@)' F(@ -8 ~nirzh
and in the partitioned case

(4.25) 2n I(p* i) mn(e® -0 1., (8 -8,) N1l L...

l—l:
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Under tae null nypotnesis 2n I(;’:ﬂ) in (4.24) or (4.25) is
asymptotically aistributed as X° reapectively with m or a,

degraees of freedom.

5. Computational procedures. An experiment nas been designed
and opservations made réaulting in a multidimensional contingency
tadble witnh tne desired classifications and categories. All

the information the experimenter nopes to obtain from the
experiment 1s contalned in the contingency table. 1In the process
of analysis, tne aim 1s to express the observed table by a
number of parameters depending on some or all of the marginals,
that is, to find out now much of tnis total information is
contained in a summary consisting of eets of marginals. Indeed,
tne relationsnlp vetween tne concept of independence or assoclation
and interaction in contingency tables and the role tne marginals
play is evidenced in tne writings of Bartlett (1), Simpson (17],
Roy and Kastenvaum {161, Lewis [1%), Darrocn [2) and othners on
the analysis of contingency tables. Tnus, tne 8's in tne

preceding discussion will pbe the marginals of interest.

5.1. Tne T(w) functions. Tne T(w) functions for the RX S x T x U

table turn out to be a basic set of simple functions and tnelr
various products. Tnus, for example, the T(w) function assoclated

witn tne one-way marginal p(2...) 1s

(5.1) Tf(iax&) -1 for 4 =« 2, any J,k,¢

- 0 otherwise
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since

(5.2) z p(1m) T(1am) =-p(2...).

Slnilarly tne T(w) function associated with the one-way marginal

p{..3.), for example, 18

(5.3) To(lym) =1  for k = 3, any 1,3,%

= 0 otherwise

since

(5.4) = p(iak) To(4gt) = p(e.3.).
Thus for the r x 8 x t x u table we nave

(r-1) linearly independent functions Q?(iaxﬁ),a-l,...,r-l
(5.5) (s-1) linearly independent functions TP (1Jkt),Ael,...,s-1
’ (t-1) linearly independent functions T$(1JKL),Y-1,...,t-1

(u-1) 1linearly independent functions TF (1jkt),8ml,...,u-1,

since, for example,

d:z;.l b T,R(i.)u,) - rstu .

We nave arobitrarly excluded the functions corresponding to

a=r,A=5,y=1t, § =u as a matter of convenience, we could

nave selected q = 1, 9 «a 1, y = 1, § = 1 or any otner set of values,
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The T(w) function associated witn the two-way marginal
p(le..) say, 13 Tf(iane) Tf(iau&) since from tne definition of
T?(iau&) and Tf(&axz) it may be seen that

(5.6) TR(1xt) TI(13xt) =1 fori -1, J =2, awy Kl

= 0 otherwise

B R K L1 | Gusu bl ity waile bt L iatiadlly . ad i |

{  ang
(5.7) = p(1axt) TR(1ame) 12(13m) = p(22..).

Tnus the T(w) function assoctated with any two-way marginal is

a product of two appropriate functions of the set (5.5).

- Similarly tne T(w) function associated with any tnree-way
marginal will pe a product of three of the appropriate functions

of tne set (5.5), for example,
(5.8) = p(13et) Tp(lawe) Tf(1amh) T (13kt) = p(2.13).
Similarly the T(w) function associated witn any four-way

marginal will pe a product of four of the appropriate functions

of the set (5.5), for example,

(5.9) = p(1ikt) TR(1xe) T)(13%e) T; (axe) To(Lakn) = p(2112).
We note that tnere are a total of
N, = (rl) + (8-1) + (t-1) + (u-1)

N, = (r-1)(8-1)+(r-1) (t-1)+(r-1) (u-1)+(s-2) (t-1)+(s-1) (u-1)+(t-1)u-3)
15
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N=(r-1) (s=-1) (t-1) +(r=1) (8<1) (u=1) +(r=1) (t=-1) (u-1)+(8=1) (t=1) (u=1)

N =(r-1) (s-1) (t-1) (u-1)
respectively of tne simple linearly independent functions and
thelr products two, tnree, four at a time, It may bs verified
tnat

(5.10) retu -l =Nw= N +N +§ +N .

Tnese values arc degrees of freedom in the analysis of information

tables in [6], [10).

5.2. Tne p*(w) values. In the usual regression analysis

Pprocedure, one first computes the regression coefficients and
tnern gets the values of tne estimates, In this case nowever we
reverge tne procedure. Instead of trying to obtain tne values
of tne tv's from (4.6) we snall first obtain tne values of p*(w)
by & stralgntforward convergent iterative procedure and tnen

derive tne values of the t's from (4.7). We snall not discnuss

tne detalls of the iteration here since they nave been descriped

in [4], 6], f91, [10). Tne iteration may be described as
successively cycling tnrough adjustments of tne marginals of
interest .tarting witn tne w(w) distribution until a decired
accuracy of agreement between tne set of observed marginals of

interest and tne computed marginals has been attained.

5.3. The r values, From the definitions of the T(w) functions

in section 5.1 1t 1s clear tnat they take on only the values
0 or 1 for eacn value of w. From tne nature of tne T(uw)

functions the set of regression equations (4.7) will nave some
16
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with a aingle ¢ value wniocn can de determined. Tnen tnere will
be a set with one additional unknown value and some of the v's
already determined, Thess new unknown v values can be then
determined. Tnis process of successive evaluation 13 carried
on until all the values of rt are determined.

6. Analysis of information. Althougn the preceding tneoretical
discussion nas been in terms of probabpilities, estimated
probabilities or relative frequencles, in practice it nss been
found more convenient not to divide everytning by n, the total
number of occurrences, and deal with observed or estimated
occurrences, that is, with nm (1)) = n/rstu, x(1)kt), x(i...),
x(.JK.), x*(4Jxt) = n p*(1Jxt) etc. Tne analysis of information
is pasea on the fundamental relation (4.9) for tne minimum
discrimination information statistics, Specifically 4if n p: (w) =
x! (@) 1s tne minimum discrimination information estimate
corresponding to a set H of given marginals and * (w) 18 tne

ninimum discrimination information estimate corresponding to a

RS R Y BLE_ k- &)

e KRNI b 50 WO ke ikl bl 0D

LRI PO TU RO T

b et 4

i
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set H of glven marginals, wnere H € H , then the basic relations ‘3‘

3

are }

ﬁ

i 2I(x:nv) = 2I(xX? i) + 2I(x:xf) _1
(6.1 2I(x:nv) = 2Z(xf:mn) + 2I(x3x}) :

" 2I(x*:nv) = 2I(x®:nm) + 20(x:x?) j

2T (x:x*) = 2I(x¥:x?) + 2 (x:xt)

i

17 ;
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In terms of the representation in (4.4) as an exponential
" family, for our discussion, the two extremc oases are the uniform
distrioution for wnich all +'s are zero, and tne observed
contingency table or distribution for wnich all N = rstu - 1
" ¥'s are needed. .
Measures of tne form 2I(x:x%), tnat is, the comparison of {
an observed contingency tabdle witn an estimated contingency tabdle,
are called measures of interaction and measures cf tne form
2I(x3:xy), thnat 1s, tne comparison of two estimated contingency
tables, are called measures of effect, that is the effect of tne
marginals in the set H, but not in thne set H‘. From the results
in (4.24) or (4.25) we see tnet 2I(x:x:) tests a null nypotnesis
that the set of T parameters in the representation of the observed
contingency table x(w) but not in the representation of tne
estimated taole x?(w) are zero, and 2I(x}:x]) tests a null
nypotnesis tnat the additional set of v parameters in tne
representation of tne estimated tadle x:(u) put not in tne
representation of the estimated table x:(m) are zero.
Since tne marginals of tne estimated table x*(w) wnicn
form the sot of restraints H used to generate x°(w) are tne
same as the corresponding marginals of tne observed x(w) table
and all lower order implied m;rginals,zl(x:x:) is also
approximately a quadratic in tne differences between tne
remaining marginals of tne x(w) taple and tne corresponding
ones as calculated from tne x}(w) taole.
Similarly 2I(x}:x*) 1s also approximately a quadratic in

the differences between tnose additional marginals in H‘ put not

in H, and tne corresponding marginal values as computed from the
18
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, x{ (w) tadle.
] ' As we snall see, because of tne nature of the T(w) functions
descriped in section 5.1, tne t's are determined from tne

regression equations (4.7) as sums and differences of values of

: oedn X2 (19%t) . A variety of suatistics nave been presented in

g " the literature for tne analysis of contingency tables wnicn are
% quadratics in tne marginal values or quadratics in tne

' logaritnms of the observed or estimated values, The principle
of minimum discrimination information estimatlon and its

procedures tnus provides a unifying relationsnip since such

AR s

statistics may ve seen as opposite faces of the minimum
discrimination information statistic.

We nave presented tne approximations in terms of quadratic

R R N

forms in the marginals or the T's to assist in understanding and
interpreting the analysis of information tables as a bridge
connecting tne familiar procedures of classical regresaion
anelysis and the procedures proposed nere. The covariance matrix
of the T(w) functions can be estimated for eltner tnhe observed
table cr any of tne estimated tables and the inverse of that

matrix found should tneir values De deslired.,

7. Tne 2 x 2 table. Before we present an application of the

preceding ideas to experimental data in a four-way contingency

table, we snall reexamine tne 2 x 2 taple from tne point of view
cf tnis paper. Tne algepraic detalls are simple in this case and
exnipit tne unification of tne information tneoretic development.

; Supposs we nave the observed 2 X 2 table in figure 7.l.

19
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I we £1t the one-way

marginals, the generalited independence nypotnesis is tne

classical independencs nypothesis and the minimum discrimination
information estimate 18 ** (13) = x(1.)x(.3)/.
representation of tne regression (4.7) is given in figure 7.2.

A convenient

Thne entries in the columna Tyo Tes Ty

i k L TL4<QL+LL
h O § 1 1 2111
1 2 1 b}
e 1 1 b
2 2 1l

¥igure 7.2

are respectively tne values of tnhe functions T;(ia), T, (12), 1;(13)
associated witn the marginals €, = x(1.), @, = x(.1), ¢, = x(11),
and the column headed L corresponds to the negative of the

logaritnm of the mument-generating function. For the observed

distribution, recalling tne regresaion (U4.7), it is found that
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(7.1) L =2n (x(22)/n/%), v, = 2n (x(22)/x(22)), v, = ¢n (x(21)/x(22))
. T, = &n (x{11)x(22)/x(18)x(Q1)). L s e

It we cull T tne matrix witn onlumna tne aolumns of PFigure 7.8,

that is, R e
1 1 1 31
«fd 1 O O
(.2 2 1 0 1 o
i1 0 0 o©

and define a diagonal matrix D with main disgonal the elements
x(1)), tnat 1s,

G g 8 8
(1.3) 2= § *@ :):(21) 2
o] 0 0 x(22)

|
b i ol o s L 3 s s LB 3 i il sl

i el e B LMD i WA (o e 30 i

then it may be verified that tnhe estimate of the covariance matrix

of tne T, (v) for the observed contingency tadle 18 I = 5".‘ where 1
1

(7.u) A - Al A. - Z'DT
4, L. '

(7.5) Aaer = A - A, -: A

and A, 16 1 x 1, A 18 3 x 3,5"‘-5‘. 18 1 x 3. It 1s found tnat

: oo 1
P AW T PUPRAL AP BRI YIvau I LY e T st MmO At it 2 e KRR s

xg1.1xg2.2 x(11) - x(l.)x(.l) x(ll)z(?.)
n

n

(7.6) z - x(1.)x(.1) x(L1)x(.2) x(11)x(.2)
x(ll) “ n n n
x(11)x(2.) x(1)x(:2)  y(33) - X2 (11)
n 21 n n

|
|
1
%
]
;
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© "Even for this simple case inverting tne matrix in (7.6) 1s measy
algebraically, nowever,it 18 easier to uss the relations in (4.10)

“‘and (4.11). We nave froa (7.1)

{7 e = 4n x(12) - 4n x(22), Y4~ tn x(21) - &n x(22),
cemies wgedn x(12) +4a x(22) = 4n x(12) - 4n x(2)

and from § = x(1.), § = x(.1), § = x(11) and the relations
implied in Figure 7.1 it 1s found tnat

(7.8) x(11) = §, x(12) = q - G, x(2) = § -6, ,x(22)=n- -§, +§,.

It tnen follows that

3Ty o 1 - 1 3Ty o 1 27y o - 1 - 1

36,  x(12)  x(22) ' 30, x(22) " a6, x(12) x(22)

a2 M 2 2 -1 PN SN .

30, x(22) ' 28, x(21) " x(22) ' 26, x(2) x(22)
(7.9)

s 1 1 dra 1 1

20, x(12) T x(22) ' 2§, = T x(21) T x(22)

s o1 .1 .1 ._1
39, x(11) x(12) x(2l) x(22)

that is, tne entries of I ' since %‘E‘_ -oti,
[
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Note that the value nf the logaritnm of the cross-product
ratio 48 a measurs of association appears in the course of the

[N
5
L
;;E-
H
4
| 3
E
&

1
3
E

'- analysis as tne value of r,, and that r, = O for x*(1)) whose
representation as in Figure 7.2 does not involve the last
column., Tne minimum aiscrimination information statistic to

lﬁtut the null nypothesis of independence is 2I(x:x*). In tnis
case ¢ = G, @ = ¢ and in accordance witn (4.25)

. - - 1. 1 * ; .
(7.0) 2r(xaxet) = (x(11) = 2QXCI) ) (o Fron St

R m
e

Remembering that x* (1)) « x(1.)x(.J)/n, the rignt-nand side of
(7.10) may also be snown to be

(7.1) = {x(3) - x(i.)x(.a)/n)'/.’f.g_‘.i).‘f.(_‘iz.
the classical X' -test for independence with one degree of freedom.

A test which has been proposed for tne null nypotnesais of no

association or no interaction in the 2 x 2 table 18

. H a -1
g : (7.12) (4n x(11)+n x(22)~tnx(12)=tn x(21)) (m+ﬁ3+m+m)

v : wnicn is seen to be the approximation for 2I(x:x*) in terms of the
r's with the covariance matrix estimated using tne observed values

and not tne estimated values. We remark tnat 41f the observed

bt e e st AL b b oom i i . s ‘MM ada st B AN s Ll

values are used to eastimate tne covariance matrix tnen instead

[P SR

‘ of tne classical X?- test in (7.11) tnere 1s derived tne modified

23
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-~ ~ 8, Bmemple with experimental data, Consider tne RX 8X TX U -

‘table 8.la representing tne results of test snooting under tnree

Neyman chi-square

(7.23) X" @ E(x(13) - x(1.)x(.3)/m)*/x(1)).

oo

il

different conditions:

o Wt

R:Gun barrel wear:isl, new, 1=2, moderate, i=3, excessive
S:0un barrel temperature:j=l, cold, J=2, not
T:Unit temperatureix=l, not, k=2, amdient, k=3, cold
U:Number operative:l=l, success, i=2, failure,
We are inderted to Mr. B.M. Kurkjian of the Harry Dlamond
Laboratories for the data and nis interest in tne analytic
procedure we nave discussed, We note that 15 rounds each were
firsd under each of 18 experimental conditions., Tnis is not
necessary for the application of the analysis of information
procedures but was required for the earlier application of
Brandt's analysia to the data.

Figure 8.1 presents a graphic representation of tne
regression (4.7) ana is aimilar to tnat in Figure 7.2 for tne
2 X 2 table., Tne L column corresponds to tne negative of tne
logaritim of the moment-generating runction (a normalizing value)
and each of the otner columns is a T(w) function with the associated
v velue at the nead of the column. Superscripts and subscripts
are usea to identify the factors and categories involved. The
complete representation in Figure 8.1 witn the 35 v values will
provide an exact representation for the observed values x(w)-

Tables 8.2, 8.3, and 8.4 are analysis of information taoles
26
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e

presenting appropriate analyses as various sets of marginals of
s o4 Nterest are introduced as explanatory variables,

e

In Figure 8.2 tne columns corresponding to the r parameters
‘wnich enter into the variocus daistributions appearing in tables
. 8.2, 8.3 and 8.4 nave been cnecxed. Note tnat for mm, tne

AR ey,

©rynifomu distripution, there are no checxs, and for x(w), the

b

observed distripution all columns are chnscked. Tne degrees of

freedom for any effect component 1s the difference in tne

e Tt T STty

number of co.umns checked ffor the corresponding estimates, Thne

e
(I 2 Ll
. : ,I v
R .t a0 7 Sl « maith (SRR N e i, . Sl i SRR k5 0 . SAC D, i i s il ‘mm

SR NE

degrees of freedon for any 1nteraction'canponent is tne difference

in the number of columns checked for the observed x-distribution

e

and the estimated distribution.
Tne null nypotnesis for any effect component is that the

additional r parameters are zero, for example, thne nill

S0 7 Lk Bl

nypotnesis for tne effect component 2I(x]:xy) in table 8.2 is

RU  RU
11?7 9

i component 1s that the set of parameters wnich are crecked for tne

that T are zero. The null nhypotnesis for any interaction
observed x-cistripution but not for tne estimated distribution
are zero, for example, tne null nypotnhesis for the tnird-order

interaction component 2I(x:x§) in table 8.2 ie tnat 700,

7????: TF??F. fff?? are zero.

Note tnat all tne marginals implied for x* in tadble 8.4
are x(1...), x(.J3..), x(..k.), x(...2), x(13..), x(1.8.), x(1..2),
x(.9k.), x{.3.24), x(1Jk.), x(1).4) and tne marginals implied for 1

x* 1in table 8.4 are x{1...), x(.3..), x(..x.), x(...4), x(13..),
x(4.8.), x(1..8),x(.ok.),x(.3.2),x(..0),x(13K.),x(1].2.),x(3.K2,),

nence tne six parameters TIU vTU «RTU (RTU oRT'! +RIU appear in ]

x* put not in x*.
) »
25 4
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We draw the following conclusions from tables 8.2, 8.3, 8.4:

1. Success/Failure 1s not nomogeneous over the 18
experimental situations, x¥(igkt) = x(19K.)x(...2)/n, 2I(x:xp) =
34.372, 17 D.F.

2, Tne effect of x(i..4) in table 8.2 is almost significant,
but those of x(.J.4), x(..xl) are not significant, nence we
proceed as in table 8.4,

3. Tne marglnals x(1gk.), x(13.4¢), x(i.xt) and tne lower
order marginals tney imply provide an accaptable estimate for the

b m;-n:‘w&mmmzﬂ‘ﬂfm»v“guhmuAr.:.mu_..nmd Wi atlle Lokt

original data since 2I(x:x) = 7.413, 6 D.F., tnat 1s, we accept

a null nypotnesis that tne set of six parameters ¢SIU ,STU

11y 2Tyea
(RSTU _RSTU _RSTU _RSTU
"1111 2 Tes11 2 M1y Terms

4, uysing Figure 8.1 and Figure 8.2 we can express tne

are zero,

logaritnm of tne ratio of tne estimates for success to failure

under all 18 experimental conditions, tnat is, tne logit, as

g tne linear combination of a constant term w?, & term depending
E on barrel wear TFP, T?P, & term depending on the interaction
; of parrel wear and barrel temperature rff?, 7???, and a term
depending on tne interaction of parrel wear and unit temperature
K RTU RTU _RTU _RTU
E 110 Taayr Tieas Tasmae
L
-*
;_ en SOUY o By o v oSP + oIV 4 oBSY SRRV
4 x} (1112)
4
* M
7 x* (1211 U RU TV RTU
E in ;t%IETE% ® T, +T;, +T; tTh
E ]

e L

en X (2LL) L (U, RY L SU MU, BSU ,  ETU

x5 (2112)

»
en Xo(2211) _ U RU _ TU _ RTU

&(2212) 1"1 + Ty, *+ ‘I’.le
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an X(311))
x¥ (3112)

3
L~

*
W X (3211) 1.11

x* (3212)

w R(u21) LU

»
tn (3220 | U

x, (1222)

n x*(2121) _ 'r?
x* f‘(‘a—aa)

in 5_____*(2221) - -r?
x (2222)

g X322 _ v
X (3122)

e XT(3221) U
x¥(3222) ?

in M - -rU
& (1132)

A2 oy
x* (1232)

» .,
4 X (2131) _ "'P

x* (2132)

iy XN(2231) _ U
x* (2232)

4

™
T

RU
Tia

RU
T2

RU
Taa

RU
To1

SuU
Tia

TU
81

RU
Tia

RU
T

RU
 §

RU
Tay

SU

ok
Ty, ¥ Yoy ~ Tl\! +T

TV R3U RTU
483

TU RTU
Tar * T
SuU TU RSU RTU
Tar Y Tey Yoy t Tas
TU RTU

Tar * Tapn,

TU
Ter
SU RSU
Ty YT
SuU RSU

Tyy * "o
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A

e

|

f

1
A.c..inﬁu.‘l_uhlﬁv RTY uMLM

*
n 5(3131) _ (U _SU

. e

? X (3132)
:_c; (3231) v

. LN -

; L (3232) °?

5. Since the computer program provides not only tne values
el X3 (1Jxt) but also tne values of &n (x*(13l)/x*(3232)), tne

values of tne 7's in conclusion 4 above can be easily found.

PPN L Ry

I
|
bt k5 .2 ¢ danct ek el okt Vil Mw;ﬂhaﬂ.ﬂmm wimt b

x¥ (3232)
) - tn x(3231) | ) = - 1.6470
: x* (1232)
»
1'?? - Ln>_<,_(2_23_3_.L - 1-? - - 2.2870
Xy (2232)
%
-rzsi' = 4n _‘_____lx.(3131 - 'rlU = = 0,6794 ]
x5 (3132) !
-r?? «{n 2§'————L«.Ba]‘:l' - 1-? - - 1.9759
% (322) ;
* |
T,TP = 4n —l—-———x.(3221) - -r:J - - 0.7T46 ]
X (3222) i
1
RSU x* (1131} U _ _RU sy 3
Tiay = D m T =Ty~ Ty, = 0.2928 ]
RSU X (2131) U _ _RU __SU
T - Ln - T - T -7 - 107215
s m 1 81 11 ’
1
RTU ¥ (1211) U BRU TU
Tias ‘n m Ty T Ty T Ty ¢ 2.3336 |
RTU x* (2211) U RU TU
Tsar ™ ‘n ';‘.5'(2?2)’ “ T " Tay~ Ty, = 1.4528
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MU-LnM-fU-TF?- TU-O.1639

T T
183 X:(1222) b .‘,

o v
T:‘E‘? - in LE.?E.)_ - 1-:" - Tf‘d - T.T? - 0.5878

x* (2222)

As a cneck we nave, for example, &n (x*(1111)/x(1112)) =
0.7666 and r? + r?? + 1?? + T?? + TP?P + Tf?? w 0.7666.

6. Tne values of L and other r parameters for the X -
distrivution can be obtained from Figure 8.1 and tne computer
listing of tne values of 4n(xd(1)xt)/x"(3232)) ana in(x* (3232)/ur),
in tnis case v = 270/ (3x2x3x2). Thus L = -2,3822,

R = tn(x] (1232) /x] (3232)) = 1.4701, etc.

7. Tne computer outut for X (13kt) 1s listed as table 8.5.

Five values are given for eacn 1,),k,L, these are:

Observed: x(1jKl)

Predicted: x¥(1Jxt)

Residual: x(ijst) = x¥(13xt)

Standardize: 2 x(i)kt) ¢n (x(1kt)/x¥ (19ke))

Log ratio: 4n(x*(1xt)/x*(2232)).

Tnere 1s also given tne value of 2I(x:x:) along witn tne degrees
of freedor and a probability based on the Yv- distripution and

tne value of L as log(x STAR/N/CELLS).

9. Acknowledgment. Tne interest and cooperation of Professor

C.T. Ireland and Dr. H.H. Ku are gratefully acknowledged.
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_ ; Analysis of Information i
" f Tadble 8.2 i
, 5 Component due to Information D.PF. j
g a)x(1k.) 2T (x:x*)=59.639 18 g
i O)x(13K.),x(svet) 3
U-effect 21 (x¥ :x* ) 65. 268 1 3
Interaction 2T (x:x®) =34.371 17 ' ?
e)x(1yk.),x(1..2) é
RU~effect |RST 2I(x*:x%)= 5.303 2 4
Interaction CI(x:x%) =29.068 15 5
a)x(igk.),x(1..4),x(.3.2) %
SU-effect |RST, RV 21 (x% :x%)= 0.314 1 g
A Interaction 2I(x:x%) =28.754 14 ?
e)x(13k.), x(1..0),x(+2.2),x(..e) ]
Tu-effect |RST, RU, SU 2T (x*%:x%)= 2.705 2 i
Interaction 2I(x:x%) =26.049 12 i:
f)x(1k.) ,x(..xt),x{1y.2) %
RSU-effect |RST, RU, SU, TU 2I(x%:x%)= 9.752 2 %j
Interaction 2T (x:x%) «16.297 10 ;
g)x(1ik.),x(13.4),x(1.x8) ’
RTU-effect |RST, RU,SU, TU,RSU ar(x*:x%)= 8.891 4 ;
Interaction 2I(x:xy) = T.L06 :
n)x(41Jk.),x(13.4),x(1.xL),x(. J&L) )
STU-effect IRST, RU, SU, TU, RSY RTU 2L (X} :x}) = 4.543 2 ;
Tnird-order interaction 2I(x:x3) = 2.863 !
X X ji
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E Table 8.3 i
3 E Component due to Information D.F. . i
§ d)x(1)k.),x(1..8),x(.9.4) 2I(x:d) = 28,754 14 ;
% n)x(L13k.),x(13.2) é
7 E RSU-effect| RST,RU,8U 2I(xF 1) = 9.649 2 3
§ Interaction 2I(x1x*) = 19.105 12 ’;
£)x(1x.),x{13.¢),x(. . &) %
g TU-effect| RST,RU,8U,R8U 2I(x}:x*) = 2,808 2 i
: Interaction 20(x:x®) = 16.297 10 f
% Table 8.4 ?
E Component due to Information D.F. :
é D)X (19K.) ,x(e0st) 2I(x:xp) = 34.371 17 é
g e)x(1yx.),x(L..2) !
; RU-effect| RST 2I(x#:x¥) = 5.303 2 '
Interaction 2I(x:x*) = 29.068 15
m)x(13k.),x(13.2)
RSU-effect RST, RU 2I(x3:x?) = 9.963 3
Interaction QI(x:x:) - 19.105 12

n)x(13k.),x(19.2),x(1.)
RTU-effect| RST, RU, RSU

Interaction

x* = x*
] ]

2I(x*:x*) = 11.699
ZI(x:x:) - 70““
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T Teble 8.8

cbnpuﬁi?’Outpu&:jgf
~~-RESIQUALSE: _R ™ S e T ¢l SLASCRIPTS: 3

W, - . . = T i — 4 ————

1 2
1 NASERVED 1 9. 00000 6.000€00
. l___PREDICTED, 2 10.261535_ &.758C02
1 RESIDUAL 3 - 1.241535 1.241698
1_STANOARDIZE . =1.163063 1391587
L LOG RATID 5 mceeenndalil8l e la822140
2 0BSERVED, 6 8.00C000 _1.000¢00
2  PREDICTEVL 7 6.766210 84254419
— _2.__ RESIDUAL 8 10252790 ____ _=1.256419
2 STANDARLIZE 9 1.363679 =-l.153e70
3 OBSERVED 11 9.00C000 6.000C00
————_ 3_ _PRECICTED 12 9.012303 _ $.987520
3 RESIDUAL 13 -0.012303 0.012480
- 3 _STANDARDIZE 1% =0.012295 __ ___ 0.0124%0 .
3 L0G RATIO 15 228308903 2.130589
RESIOUALST R » S = T » U, FIRS 2 SLBSCRIPTS: 1
1 2.
e .._\_ __ OBSERVED 1 14.60€000___ __ 1.000€00 e
1 PREDICTED 2 12.75£455 2.2641597
1_ __ KESIDUAL 3 12641568 _____=1.241%97
1 STANDARDIZE 4 1.30C076 -0.807267
1 ___L0G RATIO 5 22212 1,124£19 e
2 UBSERVED 6 9.00€000 6.000€00
 __&_ _PREDICTEOD T 1C.252795 ___ 4l.T45%72 —_
2 RESIOVAL™ @ -1.25279% 1.256426
_2 _SIANDARUIZE 9 _=i.l73809 _____1.407280 -
2 LUG RATIO 10 e 20899980 e 1 2224323
. __3__ DBSERVED 11 12,00%000 ______ 3,000€00 .
37 TPREDICTLD 12 11.987688 3.012478
3  RESIDUAL 13 C.012312 =G.012478 _ —_—
3 STANDARDIZE 14 0.012308 -0,012452
3 __LUG RATIO 15 22851192 . 14810QC13
_ RESIOUALS: R & § » T = y, FIRST 2 SLBSCRIPTS: 2
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B ARk | |

.k v % . i
aidd i 5},"15...1 $ i b e i L i) U \tmm:i‘n_.r.mm

vin ememaliee, UBSERVED 1 11.000000____ __ 4,000€00
3 PRECICTED 2 11.68%621 3.3142857
L RESIDUAL 3 -0.68%621 . 0.085743
: L STANDAROIZE L) =0.606%10) T0.752261
B T e L WUG RATHO ] 22822610 «203383
2 QBSERVED () 14,00C000 1.000€00
2 PREDICTED 7 J2.4723881 2.5271%8
2 RESIDUAL 8 1.527119 ~1.5271%8
. 2 _STANDARUIZE 9 1461100} =0.927C95
, 2 LuG RATIO 10 e 22840808 «238401
e . - 3 UBSERVED 11 12.000000 3 .000%00
: 3 PREQICTED 12 12, 841480 2+158%94
= ____3__ RESIDUAL 13 ~00 841480 _ 04841406
3 STANDARDXZE 16 -0.812287 0.987469%

_ RESIDUALS: R ® S * T e \, FIRST _ 2 SLBSCRIPTS: 2 2
1 2
1 T OBSERVED 1 9.00€000 6.,000¢00
1_PREDICTED 2 8.314383 6.685760
1 RESIDUAL 3 0.,685617 =0,685740
——..__.1_STANDARDIZE 4 €.712138 ______ ~0.649205
. 2___ UBSERVED 6 8. 00000 7.000€00
2 PREDICTED 7 9.527126 5.4T2040
_2_ RESIOUAL 8 =1.527126_ 1527160 __
2 STANDARDIZE 9 -1.3517613 1.722786
.. 2__.0G RATIOD 10 24621455 2.067110
3 URSERVED 1l 11.00C€000 4 ,000C00
.. 3__PREDICTED 12 1C.158509 _ G .84] 904
3 RESIVUAL 13 0«84 1491 =0 .841404
_ 3_STANDARUIZE 16 C.B7S411 _ =0.763¢62
3 LUG RATIO 15 e 208825028 e 10248218

RESIDUALS: R ® § & T » U, FIRST 2 SUBSCRIPTS? 3 1
_ 1 2
1 0BSERVED 1 9.00€000 ____ 6.000(00
1 PREDICTED 2 8.,882761 6.118252
1 RESIOUVAL a__ Celi259 _ =C.ll8252
1 STANDARDIZE 4 0.118029 T=0.117102
2 NBSERVED 6 13,00C000 2.000€00
L 2___PREDICTED 7 12.425370 2.574206
2 HESIDUAL 8 0.574630 =0.574204
2 _STANDARUIZE 9 0.587705  =0.504864
2  LOG RATIO 10— -2aB22083_ _____1.312E9]
3 OBSERVED 11 13.,000000 2.000000
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Baase 10 TERSS S

mvwees . 3 . PREVICTED

IR
4
]

la . 13.69192)  __ _1.30700) .

37 RESIDUVAL 13 -0.691921 0.692%89 L
. S_S__LANOA&D t2e 14 «0 674136 0,83019¢6 . : =
: LOG RATIO 19 2.924118 04835381 :
€ e e e e i . 3
§ RESIOUALST R * S &« T » U, FLRST 2 SLOSCRIPTS: 3 2
¢ - .
’3-- -.l.-_ z - o —— - - ‘
e l___OBSERVED $ 11.00€000 ______&.000€00 R 4
1 PREDICTED F] 11.117260 3.591743
e 1.__._ RESIDUAL 3 ~C.117260 ___ _ _0.118257_ e,
1 STANDARDIZE [N ~0e11£640 0.120C37
fo.—..1.__LOG RATIO 5 22222810 Aal23882 ... .
i 2 08SERVED 6 13,00C000 2.000C00
S __2__ PREDICTED T 13.574622_ _1.4256%5 .
: 2~ RESIDUAL a —Ce5T74622 04574305
i _2_STANDARDIZE ) _=0.502285 ____ 0.676576 L
: 2 LOG RATIO 10 -..._--2.;215.‘:11_....._0;121512 :
L _3___ OBSERVED____l1__ " 15.00C000 ___ __ 0.0U0COS __ ___ ... . . ;
3 PREUVICTED 12~ 14.308073 0.692%93 '
S 3___RESIOUAL 13 C.691927 __ _ =0(.692%88 L :
: 3  STANOARDIZE 16 0.708390 -0,.,000C5%
3__ LUy RATIO 19 LA 028030 o 20.00QC0) .
TTHYPOTHESIS & 2l(xix®) a 7,606 DEGREES OF FREEDUM =
o 6 PRUBABILITY UF A LARGER VALUE = 0.2849%
TLOGIXSTAR/N/CELLS) =  =2,382215% ’ ’ ) o
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PIELD TESTING? i
NETHODOLOGICAL CONSIDERATIONS AND A
SPECIFIC EXANPLE

T. s. Donaldson and R, J, Knplnn ) ) T
" The RAND Corporation ' i
Santa Nonica, California :

1, INTRODUCTION

The gradunte-school-trained exparimentalist who goes out into the world ;
of industry of government service generally runs into a severe period of

intellectual and emotional stress. At first he will try to apply his edu-

cation directly by considering the world to be just another laboratory

where, with the application of proper controls,he can run experiments just

like the ones he was used to doing in schuol or reading about in the

published literature. It soon becomes apparent to him that he cannot, and

that the world is just too dirty a place to accommndate his pure way of

thiuking, The need to do something constructive for his employser, however,

quickly becomes a pressing matter, and at this stage his attitude is .one of
Tesignation to doing less thar firs.-class work, He thinks you can go out .
¢ intc the world and cbserve things, eveu measure a few of the significant g
: paracsters with a ressonable degisa of accuracy, but that there is no

chance of exerting any substantial control over the situaticn. Any con-
clusions you draw from such activities are the result of good intuition or
luck an not by virtue of any rigorous application of secientific methodology.
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Moat of us remain in that last stage, a fact which is both unfortunate -
and unnecessary, Our major point in this paper 1is that, while it is indeed :
true that the world out there is dirty und confused compared to our labora-
tory, we can d> experiments in it, There are methods available to the
sophisticated researcher which allow him both to exert a great deal of
control over investigeations taking place in a natural enviromment and to
draw valid conclusions from his observations. Before discussing a specific
example, lat us look at some of the charactaristics of what it is that we
can do in che fleld to further the gcals of our various estrblishments.

[RRTgES

LIPCINT SR

The first thing to be made clear ies that there is not a dichotoay,
but rather a continuum between laboratory experimentation and field
teeting, The world is dirty to different cxtents and therefore the
degree of control that we can exert in our tests will be different,

Yhat must be thought out very carefully before any test is started 13 the
*

P

Any viewe expressed in chis paper are those of the author, They shouid
not be interpreted as reflecting the views of the RAND Corporation or the
official opiniorn or policy of any of its governmental or private research
sponsors, Papers ate reproduced by the RAND Corporation ar a courtesy to
mapars of its acaff,

The reasinder of this article was reproduced photcgraphicaliy from the
aithor's wanuscript.,
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Crmerenpy

.tradeoff between what it i{s we have to have found out when we have

_of poor and insufficient evidence about crucia) topics. It is the task

———— e o

completed the work and the rigor with which we conduct the research.
The most carefully done and scientifically elegant atudy which answers
totally unfnteresting questions is as ussless to us as the collection

of the researcher in the fioldugp;f@ng the happy medium between thsse
equally undesirable extremss. -

The different purposes for vhich we might want to conduct a field
test must also be kept in mind, At one end of the spectrum is the
notion of evaluation. The question to be answered here has to do with
whether or not the equipment or system lives up to the expectation of
its design specifications, and in this case the degrez of unusual

circumstances in which the system can be aade to operate will be a
deteraining factor in the utility of the results. The other end of
the scsle can be loosely defined by something called policy formulation.
Hete we already have an operating system and we are trying to learn
something atout {ts operational impact both on its oxn uperating
efficiency and on the interactions it has with the rest of the orga-
nization. The test here 8 not necessarily limited to rhe system
{tself which {s under scrutiny as, for exazple, in a test to decide
which of & number of different depioyments of a new armored vehicle
would be best suited to the accompanying infuntry. The test we will
use as a sample case later in this discusoion is of tae policy-
formulazion type, and we hope it will expcwe some of the intricacies
of field-testing for this purpose.

The prime requirement laid on the regmarcher who enters che
field-testing businsse is that of being Lmsgzinsrive. In this anviron-
ment it is not possible to follow the "cookbook' tesnniguas which can
assuce success in most graduate schools. You cannet change the
problem to meet the specificatione of your laooraccry and you must,
thereforz, be able to adapt and bend your methods of investigating
and rhe tools available te you to meet the task before you with voryirg
der,rees of exaccitud:. The matching of procedures and methods to a
rpe:itic case must be done with full knowleige of vhat has been given

up and what has beean gained along the way. Nothing can replace the
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E creativity of the researcher s¢.  » *“~ method must be worked out for :
: each case and cannot be taugh’ .. -~ *'r &ll. He sust be able to i E,
kesp tha whole problewm in mina. - ow the specific details together
: with the compromises which must L. w. , and be constantly alert to
£ 1
x ~ the coutse of collecting date, o
! This hrings us to ths last point ve vant to make about field L ‘
* “tests 1n general beture getting on to A specitic cage in order to focus :
our ducuulcn, and t\ut is urcndiptty Field teating is done ne- .-

cessarily {n a vary vich omxremn:- too xich, tn tact, and that is :
vhat causes all the problems ullntn; to insdequate controls. We can : 3
be on the lookout, however, for uunncu _where we can tusn this rich- 4

: ness to our advantags. Nuxphey's Law never fails to operate in a

' - §iald teste-the utexpected Will alvays happen. Sometimes it will be ; ;
disasterous and we will be lucky to ulch anything from the data 3
we have so labarously colloctod" Other 't!-n. hovever, we will luck -

, out if ve are not too marruwly luhtod and find things that we had

: nat even heen looking for. The §00d and most creative researcher

. wvill aven .u ons atep further and forci the process of uundl.plty

Outside of the formal. “epects of vhatever duu\t you’ M:Apt for a

particuler ourctm. there are sido sffects which can on looked at

in a less formal way. Sloppy? Yes, but also cuauvo As we sterted E

out by ssying, it's.a sloppy world: put chn‘,-a and |qn degre of olep-

piness in dealing with it ny he of l\olp. jnt as ln some control

proceases, the introduction of whlto Muc fats the system has a

stebilising effect. Puu for tho unhxpoetod..':hon. &2d the surprise

might well ba & pim.nt one, ’ '

-4
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11, THE

In the summer of 1964, Rand made an informal study of the Aflr
Defense Command Dispersal Plan. One policy contained in that plan
steted that aircraft at the dispereed site would bde maintained on
ground alert status for a maximms of 48 hours; they would then be
flown back to their home bases. The requirement for a rotation period
of no more than 48 hours between dispsrsed site and homa base appears
to have bean based on a widespread belief in ADC that airoraft re-
l1iability detariorates rapidly when aircraft ure left on the ground
for more than a few days. An inflexible requirement of this kind
appears to have serious consequences when ajircraft are at a dispersed
site. The consequences at the home base are perhaps less serious, but
are still present, If a longer ground alert were possible without
degrading sircraft performance, flight-scheduling and maintenance-shop
manning would be considerably easier because of greater flexibility,
Further, a longer alexrt would lgad to a number of cost reductions. For
example, the time spent in uploading and downloading weapons for ground
alert could be cut to between 25 and 30 percent of the present level.
Since loading requires about 9 to 12 men, this saving alone could be
considerable, As a result of these considerations, one of the sug-
gsstions made in the Rand atudy wes that the effect of ground-alert
duraction cn aircraft reliability be determined experimantally.

As a result of the Rand recommendstion, Air Defense Command di-
rected that a study be undertaken. A meesting was held at ADC head-
quarters between various Air Force officers and a Rand representative
to develop the experimental design and procedures. The central fssue
in this first meeting concerned the tradeoffs between a highly con-
trolled and a loosely controlled design for the test. This igsue {s
focusad sharply in consideration of sample size.

Estimating Sample Size. Becsuse ADC was in a hurry to meke a

decision concerning length of ground alert it was necessary to keep
the sample as small as possible. At the same time the Type I and II
errors both had to be small, The Type I error is the probability of
deciding that differences in aircraft performance cxist (as a result of
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differences/length of ground alert) when in fact there are no true
differences. Thae Type Il crror {s the probability that true dif-
ferences exist but are not detected, {.e¢., the null hypothesis is

not rejected. The errors define the two risks taken by the decision-
maker, and both involve certain costs to him. 1f a Typs | error occurs,
he will decide not to go to longer alert periods (because differences
in aircraft performance appear to be related to length of alert) and
lose the benefits he would gain by using loanger pertivds. If a Type 11
arror occurs, he will decide in favor of longer alert perinds (because
he thinks there are no differences due to length of alert) and a de-
grading of aircraft performance will result.

It is desired that both of these errors be small and of known
size, There were two methods available for controlling the size of
these errors. The first is through the use of experimental controls
which reduce random variations (i.e. the error variance, or error of
measurenent is smaller). The second is through the solution of an
adequate sampie size. The calculation of sample sise, while coatrolling
for Type I and II errors requires the following: (1) an estimate of
error variance, (2) a decision on the magnitude of difference (in
aircraft performance) that is meaningful and important, and (3) a state-
ment of the size of risk the decisiommaker is willing to accept, i.e.,
the site of Type 1 and 1l errors.

It wag decided that a change in aircraft break-rate (proportion
of sorties on which aircraft malfunctioned) of 0.1 was important.

It was also decided that the Type 1 error should be no larger than .05,
and the Type 11 error should be approximately the same size for the
most powerful tests, and could be lesas in some cases.

Using the normal approximation for tests on proportions with

o= ,05 we have:

1)

Prob < 1.96 |= .95,

P, - P, |
v 2P‘l/n
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wheve ’1 and !2 are the observed proportions, ; is the estimated
value of the proportion in the population and is

and q = 1 - p. The number 1.96 is the value of & normal veriste (s),
such that Prodb (& <1.96) = .93, or {t is the critical region for a

-test when @ = .05. For the sake of eatimwing sample sise we let

p=0.5. This is ia the range uf values expected in the stvdy. PFurther-
more, the product P4 (vhich is used for cslculations) changes very little
over a wide range of p as indiceted in Teble 1.

Table 1
2§ #f
.3 7 .21
N .6 .24
.3 .3 .25
.6 .4 .24
.7 .3 .31

Returniag to Equation (1), end wricing the quantity within the
brackets as an identity:

(2) b W Y
V 2p3/

Solving for n,

ne|1.96 Vg

hoh
However, recall that P, - P, = .1, and p = q = .5, we have

1 2

3) n e 136

Thus, 1f n = 136, the probability is 95% that p falls within the
interval + 0.1 of p.
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Por a trus difference (between the mesn of distribution A snd 8) of

0.1 the pover is shown by curve B, and is veprasented by tha ares

under B to right of 0.1 (the critical region). Obviously this is

$0%. Por & trus difference of 0.2, the power is showm by

curve C, and again is represented by tha area to the right of 0.1.

' It s obvious that this is 97.5%, since 95% of the distribution of

: ovive C falls batveen 0.1 and 0.3 . This follows very directly from

the fact that the mesas of the distributions of P, - P, (0.0, 0.1
and 0.3) ars spaced at 1,96 etandard devistion {atervals. The
eritical region spacifies the values of P, - Py under H, for vhich

aasltl hariad &

¢ sublmiite . xiabiiete Ml M o i,

S

*1 -
-

45 3




L}
i
o

Ll i bk ¥ ik ey i i e i oz BB b ok, bl e i e shadh

llo is rejected (0.1 in the example); counversely, the critical region i
specifies the valuss of ’1 - ’2 for which "l is accepted. Power 1is
the probability of accepting “1 given Hllo true (i.e., le P, - P

é 0.1 and Bl: ,l - P& = 0,2). ! : : 7 S
Thus we conclude that samples of size approximately 136 will LA AR -
i ‘yleld scceptable Type I and 11 errors. As will be pointed out in f o

é the following pages, the power of some tests in the design are better ",

f than others, and in some cases powar is to be improved Ly pooling

3

i

i

procedures. i

General Design. Ground-alert periods of four different lengths

were used in the study. Four lengths were used in order to determime

the ghape of the "reliability" curve over time. Further, an even
number of periode allows one to combine the short versus long periods

for more powerful statistical tests. This was particularly desirable

for some indices of aircraft reliability (e.g., ground aborts) that
have low frequencies of occurrencs.

B LT N R Ll £ i Lt WW"VW iy A
A

FERTINI Tarepeare s 2 PN P

The periods of ground alert used
were 2, 4, 6, and 8 days. A two-day period was usad bacsuse thet
is the length of alert proposed in the ADC dispersal plan. An eight-
dey period was used because it was a consensus that eircraft would

qLr e ey
LS T R g

probably show evidence of decreased reliability after a ground-alert
psriod of this lonsth.* As a result, one could then determine the
saximum length of ground alert possible without degrading aircraft
reliability. In order to determine the generality of results, three
E : types of ADC aircraft (F-101, F-102, and F-106) snd two bases (rep-

lications) for sach type we:e used in the study.

S TR N - JE WP APV 3

Indcgcndcnt Variables. Several indicators of aircraft reliability
are usad in this study, the primary one being mission capability.
E The mission-accomplished rate, reported by the pilot and also scored
by automatic devices, is the measure of mission capability. These
data were obtained from the ADC 76-3 Pilot Debriefing Forms. Two
other indicators of aircraft reliability are important, although not

*
This was the opinion of some ADC and some Rand personnel,

and was thought to reflect the opinion of many maintenance personnel
in the fileld.
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directly related to wission capability: pilot-reported malfunation
(alee on 76-3), and Alr Force Manual 66-1 maintenance data. Exparience

" has indicated that the number of malfunctions is a very seusitive

""measure and the resultant pover of the teste would be consideradbly
higher than for tests on bruak-rate.

In addition to reflecting aircraft reliability, the AMM 66-1 data
allow an estimation of maintenance costs ar a function of the duration
of ground alert. For example, increased effort by maintsnance crews
and intengive ground testing could possibly maintain aircraft re-
1iability for extrcmely long periods of ground alert, although the
cost for doing so might be high. ‘thile atircraft mission capabilicy
(as a function of the length of alart) is the primazy concern of the
study, the cost for that capability cannot be disregarded.
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In this section tha axperimental coatrals which were introduced

to incresse test sensitivity are stated.
T Alreraft of thres types from six ADC bases were pleced on ground
i Z8lert foR pardeds of 3, 4, 6, and § days. The offect of ground-alert
.duration o aircreft relisbility wes medsured by airoraft performsnce
on the first sortie following the ground alert. To reduce some of
the random veriations {n the data, several rules snd restrictions
were imposed on test sorties:

(1) The sortie followed ground alert was raquired to take place
within 12 hours of the end of the ground-alert psriod, and with no
preventive meintenance prior to flighe. '

(2) During the alert period, sinor maintendnce could ba per-
formed as long @8 the aircraft was not removed from alert status.

(3) The sortis flown immediately following & test-alert peried
had to consist of at least two attempted fatercepts.

(&) At least three sorties had to bo flown between consscutive
test-alert periods for a given aircraft,

(3) Whenever an aircraft flev a sortin following & tast-alert
period, it carried electroaic evaluators in the weepons rails.

To control nonrandom variation between aircrafe, the experimeatsl
design called for avery aircraft to be placed on slert for sach of
the four alert perinds. (Previous studies at both Rand” and ADc™
indicate that significant differences exist between sircraft for ghort
periods of time (several months). The order im which a given air-
craft was placed in each of the alert periods might possibly have an
effect, {.a., the alert period sequance of 2-4-6-8-days might have an
offect diffarent from the sequence of 8-4-6-2-days. This kind of
order effect could be controlled by counterbalancing so that all

*H. H, McGlothlin and T. 8. Donaldeon, de Afreraft
Maintenance Requirements (For Official ULae Onlyg. The Rand Corporation,
m-ao«-ﬁ, zDDC No, AD 447-880), Juns 1964; T. S. Donaldson and
Anders Sweetland, Trends in F-101 Maintenance Requirements, The Rand
Corporation, RM-4930-PR, April 1966 (For Official Use Only).

“Unwbluhod study by Captain John B. Abell, Headquarters Afr
Dafanse Command (ADMLP).
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sequances ocour with squal frequengy. To have conducted the experi-
. . Jent with oquntorbchnctu. howaver, would huve impo .vere restric- L
tiens on aircrafr scheduling. Since these order effects were expectad ' =0 :
to be small, they were controlled by randomiscation. This order ran- ]
domization vas carvied out by ADC Headquartara. 2

S8ince there wers two bases for esch airovaft, the design aight

" "be thought of as a thres-way layout invelving three factore: Aalert
period, aircoraft type and veplications (bases). The sxperimental
design is shown in Table 2. The design suggests a & x 3 x 2 analysis
of variance, with the within-cell error variance partitioned into
a between-afrcraft and residual error.” Differences between atrcraft
type and betwvean replications would be tested against the batween-
atircraft error, and differences beatween alert periods would be tested
ageinst the residual error. This type of analysis with the kind of
data observed in the study (primarily dichotomous) and with con-
servative sacple sizes would be extremely risky since the true Typs I
and II errors would not be known. This is particularly true with
Tespect to the futerpretation of interaction effects, which, if present,
would then require in analysis of one sffect at each lavel of one of
the other effects ("simple effects’” analysis). Rather than follow
this "classical” analysis, the above comments suggest that differences
batween alert periods should be analysed for each base separately,
Pooling across bases would follow, vhenevar possible, to give more : -v
powerful teets. This is the analytic procedure used in this study. ; E

TS TSt A ITTH b e kit CMMN D33, bl C A T UG ikl A8 RIS A
|

'!cr example, see B.J, Winder, Statietical !ﬂﬁ"!lle in
Egﬁ;i.-nul Design, McGraw-Hill Book Cowmpany, Inc., New York,
1962, Chap. ?
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Table 2

EXPERIMENTAL DESIGN

Alert Pu;gg% (days)
Airgraft Bage No. 2 & $ s
1 B . -
F-101 .
2
b
F-102
4
S
F-106
6

%Measures are repeated on this factor.

Afreraft reliability was assessed by the following indices:
(1) Break rate by category: An sircraft is placed in one of

three categories after a sortie.® These categories and codes sre:

Code 1. The aircraft is operationally ready, i.e., all

installed systems are fully operational.

Code 2. The capability of the aircraft to perform on

air defense mission is degraded.

Code 3. The aircraft i{s not capable of performing an air

defense mission.

The proportion of Code 2 or Code 3 sorties relative to the total
number of sorties flown (or aum of Codes 1, 2, and 3) is the break
rate for that respective code.

(2) MA success rate: MA denotes mission accomplished; it re-

quires that a fire signal must register on the pilot's display scope

and the target dot be in the center of the radar screen.

-
ADC Regulation 66-28, 7 October 1964, p.7.
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(3) WSEM/MSR success rate: This refers to the success of the

aircraft systsms in performing a mission as measured by the W3EN aul

‘NER. electronic svaluators.

(4) Number of aborts on ground alert; A ground abort refers to

a cancelled sortie due to a critical failure occurring defore takeoff.
(Weather and operations ground aborts were not considered).

(5) y of in-f t emargencies: An {n-flight emergenc,
occurs vhen the mission must be cancelled as the result of a critical
failure vhile in flight,

(6) disc ncie gortie: This refers to the
total mmber of malfunctions reported by the aircrew.

(7) Maintenance on the airgraft: This is defined as the un-
scheduled flight-lina msintenance as recorded on the APM 66-1, AFTO 210
and 211 forms. Units produced and maintenance manhours were used to
msasure the amount of maintenance required by the atrcraft.

The first six of these measures are taken from information on
ADC Porm 76-3 (pilot debriefing). This form is wade out after every
sortie; it vas modified for the present study to include a code in-
dicating which test alert period the wortie followad. The seventh
measure was obtained from AFM 66-1 forms. Unfortunately, these forms
ware not identified by sortie, making the resultant analysis weaker
than {t aight otherwise have basen.
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LV __RESULTS

E Sorties were attempted foliowing 440 ground alertw., The number
of alerts for each base and for each alert period ars shown in Table 3.
. The experimental design required that every aircraft receive all treac-
 wants (length of ground alert., and that the order in which an aircraft :
% . ... Was sxposed to the treatwents be random., Inspection of the actual dates i
3 that airoraft in the study ended their alert periods indicated that no 3
%;_ biases in the order of treatment presentation were present, and experi- i
i
i
E
B
3
§
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ey
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aental ¢ifferences dus to order effects should be absent (or at lesst %
extremely small). From this, we conclude that thc bases were able to
follow the scheduling raquiremeants, and that in general, the experimental

design was followed.

1s
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Table 3

DISTRIBUTION OF SAMPLE FOR BASES
AND TREATMENTS

Alert Period (days)

ol daan i kit ¢ * AL i 3 st 1 4 s e st

Bage 2 4 6 8 Total
: 1 15 17 16 1& 60
; 2 16 16 16 15 63
: 3 22 22 22 22 88
4 20 18 20 17 75
5 21 21 2 22 86
6 17 17 17 17 68

Total 111 111 111 107 440

1t was obvious by inspection of the means for esach base that
differen.es of a meaningful sort did not exist between alert periods.
The actual data are presented 4in the study by Donaldsorn and Burke
(19606), but are omitted in this paper because of their security classifi-
cation. The data however did not revcal any increase in any of the
indicetors as & function of the length of ground slert, and in fact,
more often than not the longer alerts indicated better aircraft per-

formance. None of the differences however were significant when tested
2
with y ,
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The data Across bases Qoro pooled in order to increase the power

- .. ot the tests, but agaip no significant differences were found.
A compilacion arose {n the :nnlydit when it was digcovered that
some sircrafr were sheltercd and some were not. The two F-106 bases

'A,iheltered ;ll alrcrafc, and these p:i.entgd no problem: However, the

other four beses sheltered some of their aircraft, but not all. An

. analysis of ohel#crcd'du.%ﬁuunheltarod afrcraft shoved a highly sig-

" nificant differsnce in all tut one of the 76-3 measures in favor of
the sheltered aircrafi. The one measure which did not show this

- effect was the WSEM/MBR, although it did show that sheltered aircraft
on long alerts wvere significantly better than those on shorter alerts,

This was thought possibly to be due to drying out i{n the shelters.
Analysis of the 66-1 .unscheduled maintenance man-hour data in-
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dicated that during long alerts, aircraft require only slightly more

maintenance than during short ones. 1lhe cost of this increase is

negligible. PFurther, there was no indication of a differencial cost

a8 a function of alert duration for a period of up to three days

folloving the aler:.
The results «f the study clearly indicated that aircraft left

on alert for eight days were as mission capsble as those left on

alert for two days.
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V. CONCLUSIONS

This study is an example of how experimental controls can be
used in an operating cavironment, A field test of this sort re-
quires that the f{nitial problem be well defined, and that the design
of the test is claarly and simplv related to the problem., Too often
test designs bacome unwieldly and overly conplex because the design
tncorporates too many operations, A field test of this kind {e de- )
signed to obtain relatively precise information about a specific

o o IR DL B Gkl atrie obBRGSh s .

problem and a few variables rather than uncertain and confounded
informatior about a wide ranging problem.

In all respects this study was considered to be a success, and
ADC policy was changed within a few months of completion of the
study.

What we have been talking about so far may Le thought to fall
under the general heading of the classical approach to experimental
deasign. This approach derives mainly out of the thinking of R, A,
Fisher during the early part of this century, and even until the
present day it dorinates the teaching in the &rsas not only of experi-
mental design but also of statistics. Other approaches are beginning
to emerge, however, and we should be aware of possibilities for different
experimental strategies which are available to us because of these new
ways of thinking. We will just mention some of these briefly in con-
clusion, without giving any specific examples.

é
i
1
i
!
}
i
g
i

The first of the two approaches which we want to mention we will
call the Decision-Theoretic or Bayesian approvach, We do experiments
or field tests because we need to gather evidence for some decision
we have to make, but we generally do not, as the classical theory would
have us believe, go into the field or start an experiment in a state of
total ignorance. We do have some prior opinions about what {8 gofing
to happen and we want to collect data so we can upgrade those opinions,
That {s what the Bayesians are all about - modifying prior opinions
(generally stated in terms of probabilities) by means of new evidence.
They get the name Bayesians because the formally correct way of adjusting
prior probabilities is by applying Bayes' Theorem, but a more distinctive
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attribute of this group is the use they make of what has come to be 3
i called subjective or personal probability, The personal probsbllities j
] : are concerned with the impact of each item of data that is gathered ‘%
) ‘ o1 the prior opinions about the hypotheses, and there is concern among 5
; this group with developing optimal stopping procedures for the collucting é
.3 * of {nformation. In the decision theoretic senss, there is no point in g
1 collecting any wore data vhen the cost of information exceeds the ex- “i
pected gain it reflects in the payoff. There is an analogy here to the 4
Y

optimal stopping techniques used in Wald's sequential testing procedures,
except in the Bayesian analysis there 18 no concern with the null-
hypothesis teating. The bBayesians, in fact, consider the null-hypo-
thesis concept to be an artificisl constraint which acta such to che
detriment of most experimental design efforts.

Another, even further out, technology Seenms to be emerging in
areas vhich are corcerned primarily with the evalusiion of programs in
such fields as education, welfare, and social reforms. There 1is as yet
no collective name for the procedures which are bel ng devrloped, but
we can refer to them under the designation of Environmental ov Situational
Theory. The distinctive feature of this activity is that the evaluation

is generally done in the absence of anything we mighi call a true control

RS - e I 'gwamm-

group, Educational changes, for example, are so all pervading that the
variables involved in studying new classroom techniques must be con-
cerned not only with the techniques themselves, but also with the group
selected for study, the teachers who administer the program, and the

ST LT LR TR

evalustion team which must gather performsnce measures for the program,
The best ve can do in cases like this is make an estimate of how the

NPT -

group would have performed under the old methods and compare this es-
timate against the results obtained from the innovations.

Marcia Guttentag of the City University of New York, in an as
yet unpublished paper, advocates a legal model for the evaluation of
research done in the field in areas where the institution of tight
controls is all but imposslble. This model would take as its method
of ascertaining the "truth," the way in which our legal system operates.

Thers are rules vhich govern the presentation ard evsluation of evidence,

B A W P T TP T
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; individual cases are argued in terms of whether they do or do not fit a
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particular precedent, with a citation of the characteristics of the
case which leads to the inference that it falls under the precedent.
Counter arguments are offered by the opposing side to show why such
inferences are not tenable and other plausible alternative interpreta-
tions of the data sre offered. Evidence is classified according to
whether it is direct or circumstantial and assertions of [act are
‘separated from direct evidence. The jury, or in this case the experi-
mentor or the evaluation team, comes to & finding based on the ''pre-
ponderance of evidence.' We can look at this procedure as a new form
of an experiment in which the experimental variables might be con-
sidered @ form of advocacy for a certain position while the controls
can be looked at as advocacy for other positions. This 1a all to

s2y that there way be some quite reasonable alternatives to the
classical exparimentel method for drawing inferences from controlled
observations and these methods do not necessarily leave us in a wmire
of subjective chaos.

Let ua consider one final example of an experimental or scientific

method which, while far from the classical paradigm, still has a logic
and rigor about it lending it signi.icant respectability., The fleld
is anthropology or archaeology. The scientisgt starts out in the fileld
vwith only a vagus notion of what he is looking for, When he findas
something, he forwulates hypotheses about the totality of what is there
which gives him not only a picture of the history he is uncovering but
also some direction of where and what to look for as he continues.
His next finding may reinforce or negate his previous hypotheses, and
he continues in this cycle of looking, finding, and formulating until
a congistent picturc emerges. An experiment in the classical sense is
never formulated, but clear and unambiguvous results often emerge from
the process.

There 18 some indi{cation from other disciplines, thercfore, that
something is to be gained by abanconing a rigid adherence to classical
experimental methodology. The cxample we presented earlier represented
an extension, a stretching, of the classical methods to meet the con-
tingencies of experimentation under field conditions. With the world
becoming more complex, it is incumbent upon us to expand our imaginations

even further to meet the demands we will have to face.
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A STATISTICAL ANALYSES OF DYNAMIC RESPIRATORY DATA
GENERATED THROUGH PROTECYIVE MASK WEAR

Edvards N. Meke
Systens Analysis Office
Eagewood Arsenal, Maryland

I, JINTRODUCTION, For years Defense Devslopment and Enginesring Labora=
toriea at !ai=;aod Arsenal desired a weans of mesasuring the dynamic per-
formance of a protective mask, specifically, breathing resistance under
field conditions. A system, designed and built by Sandborn=-Statham, has
besn used with reasonable success in the laboratory; howsver, this system
1s too heavy and bulky for field use, After saveral designc had been
submitted for acceptance, Bdgewood Arsenal decided to develop a systea
called Dynaper, manufactured by Space Laboratories, Inc., Van Nuys, Cali-
fornia, The svstem consiste of the following unita: (1) a backpack having
a transmitter and a rechargeable battery; and (2) a ground receiving com-
sole,

Vhen Edgevood Arsenal Physical Protection Laboratory received ths
Dynaper system, a series of tests were conducted to determine its reproduc-
tibility over repeated runs and to determine its accuracy for measuring
magk resistancs as coupared to that of the Sanborn laboratory systea,

The results of these tests showed that there 1s a 95 percent chance
that the Dynaper system will measure a given prassure drop or flow rate
within 1 percent for repeated runs, The difference betweeun the Dynaper and
the Sanborn system over the flow range of -250 to +250 liters per minute
sverages approximately 3 percent, The revults revealed that the Dynaper
systen is an acceptable syastem for field use.,

Since the preliminary tests on the Dynaper system were considered a
success, the Phyeical Protection Laboratory initiated a test program to
measurs the mask Leslistance of three protcctive masks under both field and
laboratory conditions. The three masks tested are designated as the Ml7,
XM28, and the M17A1. The test program was statistically designed by
the author,

11, _METHODOLOGY, A 5x5 factorial design was chosen for the test program,

The two factors were flov rate and breathing systems. Flow rates of 50, 100,
150, 200, and 250 liters per minute were chosen, The following systems were
utilized: (1) a reciprocating piston-type engine called a breathing wachine
sttached to the Sanborn-Statham recorder; (2) the breathing machine

attached to the Dynaper backpack; (3) a human subject on an ergometer carrying
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a Dynaper backpact wired to the ground receiving console in tha laboratory;
(4) & human subjact sxposed to field conditions carrying a Dynaper backpack
containing a radio transaitter that transaite impulses to the ground recei-
:ving conscle in the laboratory; and {3) & human subject on a srgometar
attached to the Sanborn-Statham recorder. The first four devices ars con-
aidered the four basic syatems that wers compared to the standard, the fifth
system, for the statistical analyses, Three separate sxperiments wers con~
ducted consisting of 30 dynamic runs covering a conti:ucus flow rangse of
=250 to +250 liters per minute wers periormed and the flow rates and pressure
drops were recorded on strip charte, The data on the strip chart were re-
duced to peak pressure drops at the five flow rates chosen. Since tha :
aarly tests indicated that variation batween runs vas not significantly

different, dats extracted from the strip charts were averaged over runs (Table
1 and 2).
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III, ANALYSIS., Analyses of variance (Table 3 and 4) carried out on the data
revealed that there is a significant variation betveen the {ive measuring
systems for each of the three masks, and inhalation and exhalation respec=~
tively, Therefore, regression analyses vere performed on the data to deter-
aine the functionsl relationship between the atandard and the four basic
systems, The regression gnalyses revealed that there is a linear function,
Y = MX, between the pressure drop value for each of the basic systems (X)
and the pressure drop value for the standard aystem (Y). The additional
variation, that would be explained by a higher order fit over the linear fit
is not significant, The M values for the model Y = MX are listed in Table S.
These M values are all significantly differeant from one, )

JRSTSPTIN T RRTEI ¥ =1 W

Additional regression analyses were carried out to determine the
functional relationship, Y = MX between the two breathing machine (X) systems
(Dynaper and Sanborn) and their respective human subject systems (Y} for each
of the three masks, These regression en-lyses revealed that the curves for
both comparisons were not significantly . fferent, Hence their respective -
M values were pooled for each of the thice maska, These values were also E
found to be significantly different from one. These values are listed in t
Table 6, 4

oot h i b Achilhad

IV. DISCUSSION., The analyses revealed that the Dynaper field system, omn
the average, measures values 1 percent higher than the Dynaper laboratory
system would measure but the overall differenct between values measured
by the Dynaper laboratory system and the Sanborn gystem is 2 percent.

When the data were plotted the mask resistance curves indicated that the
relationship between the pressure drop and flow rate might have a sscond order
fit for all masks and measuring systems; but the analyses indicate the curves
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ware linear, since the coefficient of determination (rz) for pressure drop
and flow rate, vhich represents the total amount of variation explsined by
a linear curve, is greater than 98 percent,

Table 5 can be used trn avaluate the performance of other protective
sasks with the same characheristics as either the XM28, N17A1, or M1?
masks, If one designs a mask ¥ith the sass characteristics ss the XIN28
wask, one would use the figures listed under Dynaper Human subject (labor-
atory) system to determine what the standard would be, For example, if the : -
Dynaper system seasures a pressure drop of 90mm of water across the mask . -
{inhalation) the atandard pressutre drop would bs 87.3 [(0.97) x (90)] ==
of water,

Table 6 can be used to convart a breathing system teading to its
corresponding humen subject system reading. Por exampls, if a mask eimilar
to the Ml7 is fitted to the mechanical breathing head aet to produce a flow
rate of 160 liters per minute, and the Dynaper system measures the pressure
d=op across the mask to be BOmm of water, the saze Dynaper backpack if
carried by a human subject breathing at 160 liters per minutes through the
particular mask, would measure a pressure drop of 96 [(120) x (80)) wm of
wvater,

VI, CONCLUSION. It can be concluded froa the test program that: (1) The
Dynaper system is a reliadle means of measuring the dynamic performance of
any protective mask exposed to field conditions; (2) the system can measure
the mask resiotance of a mask under field conditions within 3 percent of ths
nssk resistance determined in the laboratory with the standard equipment}
(3) the system has a 95 percent chance of measuring a given mask resistance
within 1 percent for repeated runs; (4) the mask resistance curves for

sach magk are linear; (5) the mask resistance for the XM28 s aignificantly

] higher than for either the M17A1 or M17 mask; and (6) the factors established
-4 to correlate field data with dats generz.ed in the laboratory can be used to
- evaluate the performance of other protective masks with the same characteristics
as the three masks tested
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MEAN PRESSURE DROP AT SEVERAL FLOW RATES, M17, XM2A, M17Al

PROTECTIVE MASKS, FIVE MEASURINC SYSTEMS-INHALATION

o i RS B b B0 AL U L ST R

ik okl TRBYR o A

Mask Flow Rates {Liters/Min 0 200 | 250
pe Mcasuring Systoms wm ol Water
Sanborn-B8reathing Machine 22 47 75 103 14)
] Dynaper-Breathing Machine 24 30 80 112 147
n1? Dynaper-Human Subjact (Laboratory) 30 63 98 138 180
Dynaper-Human Subject (Pield) 27 LY 89 124 163
Sanborn=-Human Subject 30 60 93 130 173
Sanborn-Breathing Machine 25 55 88 128 165
Dynaper-Breathing Machine 29 60 96 135 175
XM28 | Dynaper-Human Subject (Labnratory) 30 65 105 145 190
Dynaper-Human Subject (Field) 33 63 103 143 187
Sanborn-Human Subject 25 56 93 134 180
Sanborn-Breathing Machine 24 50 81 118 153
Dynaper-Breathing Machine 25 58 86 123 162
M17Al1 | Dynapar-Human Subject (Laboratory) 29 61 96 135 175
Dynaper-Human Subject (Field) 33 65 106 149 163
Sanborn-Human Subject 3l 65 101 145 190
Table 2
MEAN PRESSURE DROP AT SEVERAL FLOW RATES, M17, XM28, M17Al

PROTECTIVE MASKS, FIVE MEASURING SYSTEMS-EXHALATION
Mask | Flou Rates (Liters/Min) | =50 [=100 | -=150 ] -<VU | —p50

Tvpe Measuring Systems om ol Water
Sanborn-Breathing Machine =10 =22 -30 <40 =48
Dynaper-Breathing Machine -15 27 ~37 =44 «50
M17 Dynaper-Human Subject (Laboratory)| <10 -21 -30 -37 <43
Dynaper-Human Subject (Field) =12 -23 «31 <40 <45
Sanborn-Human Subject -9 -20 -28 «35 =40
SAnborn-Breathing‘nachine -10 -20 -30 <40 =50
Dynaper-Breathing Machine =11 =24 -33 43 -53
xM28 | Dynaper-Human Subject (Laboratory)|{ <~10 19 «28 «36 46
Dynaper~Human Subject (Field) =11 =21 =31 =41 -51
Sanborn-Human Subject =12 =22 -31 =40 -49
Sanborn-Breathing Machine =10 =23 40 -60 -85
Dynaper-Breathing Machine =13 =30 «48 <69 -93
M17A1] Dynaper-Human Subject (Laboratory)| -12 -25 =41 =58 =76
Dynaper-Human Subject (Field) =11 24 -38 =55 -73
Sanborn-Human Subject -9 =23 -37 -54 -68
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v Tadle 3 8 =
hy % :
4 ANALYSES OF VARIANCE OF DATA IN TABLE 1 }' .
_M17 Mask 2 :
f Between Flows 4 $6528.0 14132.0 $52.9 :
£- Between Systems 4 1918.0 6719.5 18,7 : E
E Brror 16 410.0 25.6 ~ : I
E Total 24 58856.0 | e
L 8 =
*" T tource of Varjation ap _§8 NS ¥ Ratfo® ? =
2 tveen Flovs 4 71903.6 ] 17975.9 166.4 i a
E Between Systems 4 798.8 199.7 18,5 3 ;
i b Error 16 173.6 10.8 - -__% % -
E £ | Total 2% 13876.0 z
3 < M17A1 b
t { 4R sS MS_ [ B Rarton
: . Between Flows 4 67274.8 16818.7 535.6 :
4 £ Between Systems & 2050.4 512.6 16.3 2
;‘ . Error 16 512.8 31.4 - 3
£ z
b : Fotad __. Y §3836.0 :
t :
E & Table & :
& £ z
{ ¢ ANALYSES OF VARIANCE OF DATA IN TABLE 2 g 7
: < M17 Mask : ’
3 < | Source of Varistion) dF _S§ MS P Ratiow )
, : Between Flows 4 3626.2 906.6 647.6 3
‘ - Between Systems 4 186.6 46.7 33.3 <
‘ v Error 16 21.8 1.4 - >
' H Total 2 3834.6 i
; XM28 Mask
f dF 8S. __MS F_Ratio¥ . :
L : Between Flows 4 4686 1171.7 1065.2 ’ :
I3 = Between Systems &4 65.8 16.4 14,9 N
: " Exrox 16 17.8 1.1 s
: Tatal 24 4720.2.
{ M17A1
f : § Bource of Yarjation P £5 Ms____ | P Ratjo¥ | ' 1
: = Between Flows 16 14556 .4 3639.1 273.6 ‘
: Between Systems 16 446.8 111,7 8.4 - —
: Error 4 212.8 13.3 -
‘ : Py 24 15216.0

*All P Ratios significant at 95% level.
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Table S

M VALURS FOR RELATING PRESSURE DROPS MEASURED BY FOUR BAXIC
MEASURING SYSTENS (X) TO THOSE NEASURED BY THE STANDARD
SYSTEM (Y) THROUGH THE FUNCTIONAL RELATIONSHIP, Y = MX

Breathing Mask Sanborn Dynaper Dynaper~ Dynapars«
Nethod Type Breathing | Breathing Human Human
y Machine Machine Subject Subject
1 (Laboratory)] (Field)
M7 1.19 1.16 0.95 1.05
Inhalation naee 1.11 1.06 0.97 1.00 |
M17A% 1.22 1.18 1.09 0.99
ea———
M7 0.82 0.87 0.94 0.93
Bxhalation xXM28 0.92 0.89 1.03 0.92
M17A1 0.80 0.75 0.92 0.95
Table 6
M VALUES FOR RELATING PRESSURE DROPS MEASURED BY THE
BREATHING MACHINE (X) TO THOSE MEASURED BY THE HIMAN
SUBRJRCT SYSTEM (Y) THROUGH THE FUNCTIONAL RELATIONSHIP
(¥ = M)
Breathing Protective Masks
Method M17 w28 M17A1
Inhalation 1.20 1.10 1.14
BExhalation 0.87 0.89 0.81
62
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A CONPLEX SPLIT PLOT DESIGN FOR AN EXPERIMENT
INVOLVING STANC SMALL UNIT LIVE FIRE

- James 8. Da Gracie, G, David Paulkenberry, Tian R, Rodgers
SP3 Harvey Bunce, III, U,S. Army, CDCEC
Litton Scientific Support Laboratory
Mellonics Systems Development Division
Litton Induatries
Fort Ovrd, California

1, GENERAL DISCUSSION OF EXPERDMENT.

' a. gaocti\n of tEo Experiment, The objective, with respect to perfor-
sance, of the Suall Unit Live Fire Expariment was to obtain fira effec-

tiveness data of a small unit firing night live fire with salected STANO
devices under varying lesvels of illumination, varying terrain, employing
various types of ammunition (including tracer) against representative parsonnel
targets. This objective was then paraphrased into a saries of questions,
tormed 2esential Elements of Analysis (BEA), which could be answered analyti-
cally. The main EEA for this experiment was: Does a ten man fifle squad
rveinforced with a4 3 man machinegun section have a significant increase in fire
effectivensss when using one test wix of STANO devices as compared to its fire
effectiveness vhan using another tast nix, or when using no night vision aids?

(1) 1In natural low light?
(2) In natural mid light?
(3) In natural high light?

To answer this EEA four variables vere selected to ba analysed, These varia=-
bles, termed Measures of Effectiveness (MOE), were:

(1) MOE 1: THTP - Target Hit per Targets Presented. The proportion of
targets presentod that were hit measures the target effects achievel and there-
fore 1s the basic mesasure of fire effectivenass,

(2) MOE 2: TFE - Time to First Effect. The time from the appearance of
the first target in any array to the registration of the first hit of near
@iss on any target in that array. This MOE measurgs the acquisition time plus
the time required to achieve a target effect and thus will provide an indica=-
tion of the relative target acquisition time,

(3) MOE 3: FRPET - Fractional Reduction of Programmed Exposure Tims,
Raduction of Programmed Exposurs Time/Adjustad (for malfunctions) Programmsd
Exposure Time (RPET/APET), The proportional reduction of programmed sxposure
time due to target hits measures the timeliness of the effective fire of the
squad and reflects the number of targets that were hit as well as the time to
hic,
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~ 4nstructed to fire at targets once datected.

B s e -

(4) NOR 4: THSAZ - Target Hits par round of Ammunition Expended. The

average single round hit p?bb.bii?iy is a basic measure of thd'iqund'o efficienay
in achieving tarsget effects,

b. F%old gsfgrinont. The field experiment was conducted at Hunter Ligget
Military Reservation. target arrays were utilized during each trial,

A total of three events wers conducted to simulata the movements of the enemy.
The appearance of sach target array was accowplished in a two phase operation,

_ The uss of this phasing allowed the target arrays to be axposed initially to

test the firer's ability to detect targets at varying ranges. PFirers were

If the targets were not detected
during the initial phase, a period of "forced detection" was included to enable
the evaluators to determine the fire unite' ability to place and edjust fire
on & detected target., The phasing of the targets was as follows:

(1) Phase 1. This phase was a gilent period in which targets appeared
at approximstely three second intervale until they ware all exposed. It was

during this phase that target detection capability was determined.

(2) Phase II, Thie phase was initiated by a forced detection sequence
in which selected targets vere programmed to fire their simulator. This
insured that the targets had besn detected so that ability to place and adjust
fire could be measured, The phase consisted of both target exposure and
simulator fire. Targets during this phase were programmed to move up and
down at different intervals while displaying varying degrees of simulator
fire. The amount of target exposure and simulator fire were based on the dis-
tance ths targets were located from the friendly element in an attempt to
approd th combat reslism within the constraints of the experimental design.

(3) During Phase I, {f a firer was able to detect a target, to firae, and
to obtain 2 hit or near miss, the Phase was terminated and Phase 11 was auto-
matically initiaced, If a hit or near mise did not occur, Phase 1I was
initiated automacically upon completion of the time programmed for Phase I.

¢. Design Considerations, In planning statistical aspects of the experi-
umentsl dolIEE. Tactors and constrainte considered vere the following:

(1) Basis of Issue (BOI) The main object of the experimental design
was to allow comparisons of selected STANO device nixes in a rifle squad, rein-
forced with a 3 man machinegun section, in terms of their fire effectiveness.
The different mixes of STANO devices, BOI's, wers determined on the basis of

milictary ratiopale soc that reasonsble differences in the BOI's could be
detectad,
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g (2) Light Lavels. Light intensity was of primary concera in the B30I
£ comparisons, Rather than carty light as s continucus covariate, it wvas
éé considered sasier analytically and operationally to categorize it into three
E 1svels as followe:
3 High Light: Ambient light » 3.0 x 10"2 footcandles

Nid Light: 2,5 x 10 tootcandlas < Aabient light < 3.0 x 10

Lov Lightt Ambient 11ght < 2,5 x 10-¢ footcandles.

In the time frame set for the experiment the first mid light occurred on the
evening of 10 July and ended 28 July, high light began 13 July and ended

24 July, and consistent lowv light first occurred 26 July and continued into
the first part of August. It was evident from this that simple randomisa-
tion of 1ight levels over trials could not hava bean done.

o ;MI"‘,W ‘ﬂlli“!‘

(3) Time, Since light level occurrence was dictated as noted above,
the complation of the experiment wvas restricted. If the record trials were
not completed in the time allotted the experiment would have to have been
extended until the needed light level reoccurred. Results ware also nseded
as soon as possible to asaist in a decision relating to tha production of
the selected STANQ devices under test.
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(4) Squads, Drawing upon available pereonnel,it wae decided that 12
squads of 13 aen would be used in the experiment, An attempt was made to
balance the squads with respect to military background (gp.g. combat varsus
non combat) and human factor considerations (e.g. playsrp vearing glasses -
versus not wearing of glasses). Although the atteapt wvas asde to balance
the squads, it was realized from previous experimgntation that large varia-
tion in the performance of the aquads could occur,

CMepee

Py

(5) Sample Size, Considering the above factore and constraints, it
was decided that four BOI's would be used in the experiment, sppearing vith
. each of the three light levels. The basic exparimantal matrix then consisted
. of 12 calls. The need for 12 cells in the experimental matrix, as vell as
’ results froms previously counducted night live fire experiments, dictated a
sanple sige of 12 obsarvations per cell of the design matrix in order to

ua ik ik b A AL dhatn 8

obtain rsasonable probabilities of Type I and Type Il errors. The number of 1
light lavels and BOI's and the sample size datermined the experimental 5
matrix below: 3
Light Level Boir | Bor2 | BOI3 | BOI4 ]
i
Low 12 12 12 12 i
Mid 12 12 12 12 i
High i2 12 12 12 %
T %
1
65
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(6) Llearning/Motivation. Because of the above time, playsr, and sample
eise considerations, it was decided that the main expariment would begin on
10 July and tirials would be conducted every night until completion on 30
July. The number of players and the time available to complete the axperi-
ment dictated that the players weuld be ueed repeatedly for a period of time
vhich included weekends. Twelve triale were scheduled for sach squad, It
was thought that, with the players continually repsating the trials, they
would learn vhen and whare to fire to obtain a target hit, It waa alsc
anticipated that the playesrs' motivation to psarform well would decliae
a8 the nymber of repeated trials increased. These carry-over effacts
(learning and motivation), which would have been counfounded with light levels
and/or BOIs if a simple randomization of BOIs over or within light levels

had been used, were & major considaration in the selection of the statistical
design,

2, DBSIGN STRUCTURE - MODEL,

a. Design Layout. The statistical design selected for this expesriment
vas basically a split-plot design where light levels corresponded to vwhole
plots, Twealve squads wera formed and randomly divided into three groupa of
four squads each., One group fired only during low light, another during uid
light only, and the third group only at high light., Within a light lavel,
three factors were examined. These wer: BOI/AMMO Mix combinations, Squads,
and Blocks. For this experiment, a block was defined as a group of four
trials in which each squad fired once and each BOI/AMMO Mix combination was
used. The three factors were run in three Latin Square arrangements where
each squad fired each BOI/AMMO Mix combination three times for a total of
twelve trials per squad. The first Latin Square under mid light had squads
1, 2, 3, and &4 as rows, blocks 1, 2, 3, and 4 as columns, and BOIs 1, 2, 3,
and 4 a3 the randomly assigned treatments within the square. The second
Latin Square under the same light level had the game squads as rows, blocks
5, 6, 7. and 8 as columns and the same BOIs again randoamly placed in the rows
and columns, The third Latin Square under the mid light level continued
in the same manner, This method of randomization was used for each light
level, squads 5, 6, 7 and 8, being used for high light and squads 9, 10, 11
and 12 being used for '»w light, It should be noted that since the block
numbet (1 through 12) correspcnded to the number of times each squad fired
in a given light level, this block effect was closely related to both moti-
vation and learning. The experiment was expresgly dssigned to balance block
and squad differences in order to minimize their counfounding effect on the
801 and light level comparisons. Additionally, the design enabled the com-

pilation of useful information as to the nature and extent of the block and
squad differences.

66

Ahﬂu.m“iml'h.mimim‘ B g L bbbtk az, bl ueiiadil

L bt ki ot i b el b i

. L.MMH"A.."'L..l'A"..mu‘um-ﬁ.‘hwkm-l‘uhx_.ﬂh.l.hadﬂ._‘.‘.k..ﬁm.mmm b .. ik A URRGEALIY.

L..,m... [ERPLY



e T T

il

RIS S9N

b, Model. The statistical modsl for the basic design was

<

E i yijkl =y ¢+ L1 + sj(i) + Bk + BAI + (BxL)ik + (BAxL)11 + eijkl
: : where
t ’ Vi * observation corresponding to the ith light lavel, jth

: squad in the ith 1ight level, kth block. and 1lth balis-
] ) of=issue/ammo mix comblinaticn
] - 1 = true overall mean
é Li = ith light level effect, 1 = 1, 2, 3
E sj(i) = jth squad effect in ith light level, j =1, 2, 3, &
: Bk = kth block effect, k = 1, 2, ,.., , 12

BAl = 1th basis-of-issue/ammo mix combination effect,

1=1,2, 3, 4

(BxL)tk = block by light level interaction

(BAXL)il- basis-of-issue/ammo mix combination by light level
interaction

(TN PTG L

cijkl e random error correseponding to the yijkl obgervation,

and

AL Rt B o aril of

Z L = 0 53(1)‘ N(O, ~ ); Z B

101 ksl
; ! !

BA, = 0; ] (exL) , =} (BxL) ,k = 0;
N SR 1 £ IV

) (BAxL),, =} (BAXL) ) = O;
i - 1

?
= N0, o) E(Sj<1)) = E(e ) = 0.

€43k 19kl

It was felt that this model would fit the observed duta reasonably well and
that the underlying assumptions of the model were juatifiable.

AN alan U1}

3. ANALYCLS,

a, Residual Analysis., The model was fit to the observed data for each
of the MOE's, (1 = arcein/x was used for THSAE), Analyeis of the residuals
showed the wodel and corresponding =ssunptions to be reasonable,

>

b, Analysies of Variance., Thz anelysfs of variance table used in che
Jnalysis _f the observed cate corresponaing tc the modei described above vas:
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; The means and variances of respective cells and cell differences were as
S follows:

(1) Mean of observations at ith light level, 1lth BOI/Amac mix
YTyl By ey s a4 2,
e G ) = by Gl 3D

(2) Difference in two cell means (diffarent BOI/Ammo mix) at same
light level (1 ¢ 1')

Vo, " Ty a0 " (BA - BA) ¢ [(BAKL), - (BAxL), )

t 1% )
20
a

Var (34,1 =7, a) =T

(3) Difference in two cell means (different BOI/Amm¢ mix) at different

light levels (1 ¥ 1', 2 4 1)

Vi1 " Fyr, 00 = (g = Lyy) +(BA; = BA),) 4 [(BAXLL) )
- (ML)i'l'l + (§(1) - §(1|))+ (:1..1 - :1'..10)
Var gy = Ty, 00 " F g + 39

(4) Mean of BOI/Ammo mix averaged over light levels

Yo vtE B+

Var (5, ) = g (oF + 30D

(S) Mean difference of same BOI/Ammo wix at different light levels
(141"

Y0 Ty g =Ly + By - B0+ (BALL) )
e FULR LW R TR

Var (,1001 - yi'col) ° %_ (O. + 30.)
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4, RESULTING ADVANTAGES OF THER DBSIGN USED., The ability of the design
to make use of the Latin Square arrangement, wvhers squads snd blocks
(measure of learning/motivation) formed the rows and columns of the square, o
was an important advantage of its selection. Extending blocks over the thres

squares in # given light level gave the advantage of yielding information on
learning/motivation over a grsater periocd of time, The design then, not

only reduced the ertor msan square by removing aquads within light levols

and blocks as sources of error but alec gave insight into the variabilicy -
among squade and, wost important, it gave information as to the affect of -2
learn’'ng/motivation on players who were used over extanded periods of time. 3
Ancther advantage of this design was that it lent itself to continucue

analvsis of the data. Upon the completion of & square, snalysis could be :
done and in this way the data could be monitored and analysed in succesaive
steps,
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i ENPIRICAL BAYES BSTIMATORS FOR SOME :
. TIME SERIES PARAMRTERS 3
Robert L. Launer
3 US Army Logietica Management Center >
. T Fort Lese, Virginia
£ Richard G. Krutchkoff 3
L Virginia Polytechnic Institute
- and State University
Blackgburg, Virginis
Summary
When estimating the parazeters of a time series, one ordinarily has :
available an entire set ot time geries, or a multiple series, Some .
obvious examples are economic and serologic series. This paper treats
the situation in which the time series of interest is one of a set of
obscerved series vhose parameters are "generated” independently by a
random mechanism, i.e,, independent realizations of a random variable 6
with unknown (prior) distribution. This suggests the Empirical Bayes
approach to the cstimation problem, The specific models studied are
the first order auto-regreasive process with gero mean, and the time
series regression model with auto-correluted error term, Although exact
: Zmpicical Bayes estimators do aot exist fnr the various situations,
?, approximate Empirical Bayes estlmators ate developed and used to obtain

smaller mean squared error than wich the usual estimators, _4

1. Decision Theory: Bayes and Empirical Bayes

Let us suppose that we are interested in estimating & parameter 6,
and that this estimation situaiion occurs repeatedly for ditferent para-
meter values. Further, suppose that the specific (but unknown) values
of 3 are independent realizations of a random variable 6, with distri-
tution 6(?). The observations Xyr Xgeeeoy X which are used to estimate

6 follew the conditioned distribution £(x|68). The dectsion (ip this
cade our estimate, 0) 1s characterized by a loss function 1(2,2). This
function tepresents our "losy'" when we say that 6 fs the parameter value,
vwhen its value 1s 6, In thia situation, we are naturally interested in
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finding an estimation procedure which minimizes our loss. We thus seek
that procedure § which will minimize our overall expected loss, or regret,

Es(6) = 14 1(0,8) h (x,8) dodx
*{ { 1(e,8) f (x[0) g (o) dedx,

where g(3) = 6°(6 ) and h(x,e) s the bivariate density of x and 0. If
® represents the ‘minimizing procedure,” {.e.,

Eg(9) = m}n EG(‘G). then & is called the Bayes cstimate of ©
and Eg(9) is the Bayes regret.

The most widely used loss function fn estimation is the quadratic loss,

1(0,8) = k(o-?)z. This yields the very appealing Bayes estimator,

® = E(e]x) with regret E[Var (6]x)].
Let us consider the special case, when 6 -N(u.uz) and x - N(s ,oz).

For the quadratic 10ss, we obtain,

2

E(ax) = _’%ZLLL

0 + 1

Notfce that f(x) = { f(x|o)gle)de , and

f(x]e)g(e)
E(o]x) = ‘ 2z :(X)O d

-t T
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It 1s apparent that {f the density function g(8) is not known,
then 1t 1s impossible to obtain E(e|x). For the spucial case,
_ x-N(_O.dz). E(8!x) can be rewritten as:

REARE | L ARET e b b L et D Taniead 1

E(ofx) = x + o ':—(%l , whare

PEE T PRI

to(x) = —d—:’&‘y— . The marginal density f(x) fis

not known exactly, but it can be estimated with several past obser-
vations from several different (random) values of 6. In that case we

have,

Vo 'ﬂmW'w«!!rmwﬂmm‘ﬁmmmnmy‘ s

E(/ol\x) -x+ 02.1/;—}\% which 1s m ,:::.
an approximation to the Bayes estimate called the Empirical Bayes '
estimate. The density ratio in the right hand side of equation (1)
can be estimated well by estinating numerator and denominator separately.

(See Parzen.) Under certain mild conditions, the risk incurred by using

the Empirical Bayes estimator approaches that of the true Bayes estimator as
n, the number of experiences increases.

2. The First Order Auto-Regressive Parameter

The simplest auto-regressive model 1s:

X, ® @k, 1+ ¢q, where the c¢ are (2)

{ndependent errors. If the €, 8re assumed normal, then the M.L.B, of « {a:

EXe%tl , and 3
|ﬁx€-l
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It has been shown (Mann & Wald, 1943; and Durdin, 1960) that if |=]<d then
€ W (&) is asymptotically N(O, 1-«2) regardless of the distri-

bution of the ¢,. The l1ikelihood function L= ‘g‘f(xﬂ-.a) can be
written

2-n/2 1 s
L = (220°) exp -:T,T (ns? + (3-e)2 tx, )} |

which 1s of the general form:

;‘\’(5"502) bt f(;oszoul':az)l

where u s "‘:_1 and x° = (x1,X2,...4%). It can be shown that

and thus /2 2
-f} -
L = (Ztoz) exp [:';‘ (h_:z_ + ('-')2.'“-2))] «

50 that « 1s “asymptotically” sufficient for =. For small samples
we have,

f(;l-.cz) e t(c.s2,ule,0f). But

f(3,%,0°) = f(gl-.cz) . 9(=,e?)
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far's

? TR e des. we— o
" L « t(e,s%,ula0).9(e,0°). Thus,
: e -
& t) = 11 tslule?) . gle,d) , duad
L e 2"
. £
3 s 2
i 3 s f(e,s° u). Therefore
: 2
. & f(=0%)
: B f(= °2 X &
g (=" Ix) o)
. . f(-,azlz.sz.u). and after integrating w.r.t.
Oz. we obtain,
f(elx) = f(=]%,s%,u). Note that E(=lx) = E(<|<,s?,u)pE(<]5).
; We shall tgnore the dependence of Var (=) on « and propose to use
a "marginal” empirical Bayes estimator (Clemmer and Krutchkoff, 1968)
for <=,

Assume that = {5 a random variable with unknown density function
g(=), and that we have observed k>1 time serfes involvéng the indepen-
dently generated parameters B D IR If we have computed the
M.L.E.'s &1, €5,...,% then the marginal empirical Bayes estimator
(Clesmer and Krutchkoff, 1968, and Rutherford and Krutchkoff, 1969)
which we propose for =, {is:

2 fo(e)
- - - k' k
Eplopla) = =+ (1—-k)/“)-€(‘—) , where (4)
k
75
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and whare

G = (g~ + h)/2n
t‘. bl ('i - ‘1)/211,

-1/5

e kM (d G, - 923, (- D, ;

and 0 = length of present (kth) time saries. -

3. Predictivn of future valuee of Auto-Regressive Model,.

The A.R, model {s useful in predicting future observations if e good
estimate of = 1s available since,

X = acx +¢

t+l t t
and

E(x, ., |x) = « x

t+l

Assums that L S0 is an uakaown puumtor. 6, and that we desire to

mininise the loss function L(6,8) = (0 - B) Furthersors, sssumss & Bulti-
variate discribution f£(x,=,6). Let f represent the density function for
the associated random variables. Formally, then, the Bayes sstimate of

t .

® iss /798¢ (x,=,0)dod
5
E(o|x) T -

X, %
- .get(elx.«) 16 déd«

e /I 8f(8]x,x)g(«|x)dod=
)

o / g(a|x) {/€(8]x,a)d0)d=
. 6




o W et e B SRR RO TCIOT SR RN 1IN

S se g

o fg{ox) 2(3]x,=)d=

- I'(clg) X gtdc

- .(-.g) . :t

Thus, to ainimize the squared arror of the estimate of LY it 1

only necessary to use the Bayes estimate of =, E(=|x) in the ususl estimator,
In other words, to sstimate the futurs value X well, just estimate the

paramster = well,
4, The Regression MNodel.

The A.R. process may appear s the error tersm in regression models,
Suppose that Zys Xy Xyse0e OFS fixed and known numbers (investment

expenditures for exampls), and Y = “t-l * <, is an A,R. process. Then

Y. ® th + v, is called & times seriss rejreassion model wiilh auto=-regrus-

sive arror term, The model can bo written

Ve =%Yooy " B(x, m=x )+,

yielding thonll.x..x.'o for «B%
Zl(yt = Bx )y, = Bx._))

« - t: P s (6)
tzl ey - ﬁxt_l)
n -
:Zl (xp == 2 )20 ==y
8 = - X " ¢))]
tzl("t =%y

vhile the estimats of c'.v2 ie:

a 1§ . .. 2 s 2
8" e 3 :-Z-x Uy, ==y, - 8(x, == x. )}

17
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The M.L.R,'s for =and 8 (6), (7) are noo~linear and requirs an
iterative echeme for solution (Cochran & Orcutt, 1949), It may de shown

that,

l(ozl «8) » o3,

E(8| =,8) = 8, and using the result of Mann & Wald,
B(=| «,8) = = asymptotically.
Purthermore, if € - NID (0.02) then 8 o N{B.uzlt(xt - “:-1)2"

12,

n
Lat Q(<,8) °:§1 [y, == 9oy = 82, = =x )
Thes aza .‘g% = Illxy ==xp ) upy +ex,de
Now 1if B(uc) - B(eo) = 0, we note that

a
w =] Pl
a

i=0

g+ 00 that BO 2Qh x3g) = Q,

Thus, wve shall assume that « and § are independent.

Note that # is sufficient for 8 when = 1is known but that < is not
sufficient for = when £ 4is known, When = and £ are both unknown, then the
1ikelihood function involves sewveral statistics, Thus if y = (yl.yz.....yn).
the 1likelihood function will take the form,

£0g) =,8,0%) © £(%5,u «,8,0%).

Now suppose that = and 8 are random variables with joint density
g(=,8), and that the estimation problem has occurred k-1 times previcusly,

It may be shown that the posterior densities for = and £ may be written:
£(aly) @ £(a] %,8,0%,0)
and £08]y) = 28] =8 85,0 .

We therefore propose to use "marginal" estimators for = and B,
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Then, -
- . 2 !i('k)
B (ql9) = =+« ¥)/mle{ ——— §,
£,.(%)
wvhere R R 2
sin % "%
£ (4) - 1 . 'Z‘ ; T)
k' k Irkh =1 % TN 2h
£1(5) = € (5 +h) - £ (x)}/h,
and n o length of kth tines series, and
. . 2 £! (8.)
BB = fr 2 tk(ﬁ_‘)L
SRR TR

h e k33 Max((% ] (31 D RIS

S. Prediction with the Regression Model.

As in the case vith the A,R, model, we shall assume that the future
value, Yerd is the paremeter 6, and that there exists a distribution

f(y,9,a,b), where Ve " b’t +u,,

Ut - a“t_l + Et.

- ay, + I:'(xu_1 - “t) +e€, and

and £, are independent errors. Then,

Ten1
E(y ., |8:bay,) = ay, + b(x ., = ax,). Then, formally,

E(e]y,) = 78£(0[y)as

e [of(6,y)do//£(6,y)de




11/8%£(8,y,a,b)dadbde
T7TE(6,Y,¢c,0)dadbdo

= f/fe £(2]y,a,b)gly,a,b)dedadb/g(y)

- 8,0
!l!(Glyt.A,b oG dadb

= //2(ely, ,a,b)8(a,b]y)dadd

- f!g(a,bly)hyt + b(x ., - ax )]dadd
 E(aly )y, + BE®iy)x, ) - B(aly) * x,]
- lyt + ;(‘tﬂ - ht)‘

The last two lines follow {f a and b are independe: t.

6. General Simulation Procedures and Results.

The Monte~Carlo simulatiops in thie ressarch were conducted on the
1BM 360 computer at Virginia Polytechnic Institute and State University,
Blacksburg, Virginia. For each of the estimation svituations, 50 values
of the parameter © were generated from either a unifora distribution or
one of the following Pearson distributions: Bell-shaped, U~shaped, J-left
shaped, or J-right shaped, These 50 values of 6 were used to simulste up
to 50 independent, consscutive experiences, The classica: estimste for
sach value of 6 was obtained, and the B.B, estimate was cosputed for the
2nd, 4th, 6th, 10th, 12th, 25th, and 50th experiences, The entire pro-
cedure was repeated 500 timas, with 50 differerct velues of ¢ on each
rapezition, The M.5.BE.'s were sstimsted for each of the past experience
numbers lieted above, as follows:

L300 ]
pis(d) - 5% ) (e, - 61)‘
i=1

sgo . 2
(6, - 90.)" .,
11 1 b 8

ms (8) - gﬂ'




For aconomy of computer time, the errors were almost exclusively uniform,
Most of the estimates involved were "asymptotically" independent of error
distridbution. A number of simulation runs were duplicated with both nor-
wal and uniform errors, but almost no difference was noted in the quality
of the empirical Bayes relative to the classical estimator.

(See Table 1I).

Some typical examplas of the relative improvement of empirical Bayes
procedures over classical are given in the accompaning Tables. As is usual
in empirical Bayes, the improvement is given in terms of

- EHS(E)/EHS(@), for k experiences and for several different sz
vlaues wich

Z = E Var(8]/6)/var(6) and for each type of prior distribuziom., It
has been found in previous research that for a fixed number of past experi-
ences, invariably decreases with z., All of the simulations were con-
ducted uSing equi-length series, The empirical Bayes est!mator does not
require this, but the computer time and storage were reduced considerably in
this way. Incidentally, it was noted in the simulations that the R values
were not noticably different for series of length 12 and 36 observations.

In the regression model, a change in the Z value of one of the para-
maters did not change the R value of the estimate of the other parameter,
This is attributable to the independence of the M,L.E.'s. Furthermore,
the improvement in R of the e.B. estimate of b with respect to experiences,
is far greater than that for a up to about 5 or 6 experiences and after
that, the situation is revecsed, This produces a "crossover" effect in
the R=-values of a and b,

In all of the situstions, for Z> .75, a tremendous improvement 1s noted
ih R values up to about 6 experiences, Thereafter there is 2 ‘'tapering off"
in efficiency noted, The optimum valne in most situations seems tc be about
6 experiences,

81

-~
3
!
F
3
i
1
b
3
4
1

e,

P L PRIV R PUPP

JRUNT PRy §

e oA acaihe. dhatoa ALK @b o) Semlen st o ah e ad A Lt ns 2 ik Lirin bl ki

bl thid a0t Ml e Seichd




TR R T ATy

TABLE !

VALUES OF E. B. ESTIMATES OF A. R. PARAMETER

EXPERIENCES _2 5 10 25 50
UNIFORM PRIOR

z- &36 - - t” 083 ‘79

.73 .96 .86 .81 .73 .69

1.1 .87 J4 .69 .63 .58

5.2 .8 .63 .57 .49 .43
BELL SHAPE PRIOR

I= .43 .97 .9 .86 .B 7

17 .93 .81 .78 .73 .68

1.6 .86 72 .68 .61 .55

4.6 .83 .65 .59 49 4

U-SHAPE PRIOR

= .23 - - .94 .89 .86

.42 1.0 .93 .87 .83 .8

o9 093 081 076 07‘ .7

2.6 .78 .67 .6 .54 .5
J-SKEWED LEFT PRIOR

= .36 - - .94 .84 .78

.73 .9 .88 .81 .73 .7

1.65 .89 73 .67 .61 .58

4.9 .83 .61 .55 .46 .4
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R VALUES OF REGRESSION PARAMETERS FOR Nel2

Experiences

2
4
6

2%
50

TABLE 11

Uniform Errors

Normal Errors

~ r~
. b
.957 .890
812 .160
8N .o
190 .653
DAL .618
644 .563
2.9 3.8
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954 .895
8713 .770
812 .M
.786  .665
I8 .622
.646 .592
2.9 3.8
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TABLE 111
R-VALUES FOR THE REGRESSION MODEL PARAMETER ESTIMATES
: PARMGTER 4 - UNIFORM PRIOR
' EXPERIENCES 2 5 10 25
= z. . "8 - -9‘ '92 .85
! ~ 9 .95 .87 .82 .76
: 3.74 .85 73 .65 .57

PARAMETER b_- UNIFORM PRIOR

zb L .‘7 - v9° '88 385

1.06 - .84 .78 .73

1.67 - .82 0N .62

5.8 1.0 .67 .56 .5
PARAMETER & - BELL SHAPE PRIOR

2= .28 .88 .78 .13 .69

s 5.25 .84 N .63 .63
) PARAMETER b - BELL SHAPE PRIOR

zb L] 2:39 - 07‘ .65 .58

8.35 .88 .61 .54 .5

PARAMETER a - U-SHAPE PRIOR

2, = .615 .92 .86 .82 .8
PARAMETER b - U-SHAPE PRIOR

2, .22 1.0 .81 .73 .65
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.81
.68
.57
.45

.65
.47

5
.46

.78
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SOME EFFECTS OF AN IMPROPER SCREENING TECHNIQUR
ON THE AOQ WHEN USING CSP=-1

Fred L. Abraham
: U.S. Army Amsunition Procuremant and Supply Agency
¢ Joliet, Illinois

1.0 INTRODUCTION

1.1 Continuous sampling proceduras are acceptance/rectification inspection
plans developed for use vhere production {s continuous and where the formulation
of inspection lote for lot-by-lot accaptance may be impractical or undesirable
(such as in the inspection of ammunition), or artifical ae is often thea case

vith conveyor line production. While there exist many continuous sampling pro-
cedurss, thay all have similar characteristics; namely, inspection is carried

out by altearnate saquunces of consscutive item inspection, called 100X incpection
or screening and saquences of production from which only samples are taken. The
objective of continuous sampling procedures is to provide assurance that the

long run percentage of defective units in accepted product will be held down to
some prescribed limiting value which will not be axceeded no matter what quality
of product is submittad to inspection. This limiting value is called the

Average Outgoirg Quality Limit of simply, the AOQL.

1.2 The simplest and perhaps the most widely used continuocus sampling
procedure is Dodge's CSP-1. It is applicable only to quality cheracteristics
subject to non~destructive inspection and on a go-no-go basis ~ that {s, classifi-
cation of units is either good or bad. The procedurs is defined by two parameters,
f, the sampling frequency, end i, the clearance number which is the numbsar of
consecutive good units that must be found defect fres before sampling is to be
resuned. Figure 1 gives the procedural flow.

1.3 For given values of £, { and some fraction defective of incoming pro-
duct, there will result for product of a statistically controlled process a
definita average outgoing fraction defective, called the AOQ. A statistically
controlled process is defined here as Bernoullian, that is, each unit hss an equal
probability of being defective. For these valuas of f and i, the AOQ will have

a maximum, or limit, &t some particular fraction defective of incoming product.

As noted, earlier, this maximum {s the AONL.

1.4 There are 3 other properties besides the AOQ and AOQL which cap be
useful in describing a psrticular sampling plan. Those are:

u, the expected number of units inspected on screening
following the finding of a defact.

v, the expected number of units passed on sampling
before a defe~* i» found, and

This paper was reproduced photographically from the av -~ ', ‘anuscript,
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F, the average fraction of total product inspected.
Appendix A gives the mathematical formulae for CSP-l.

1.5 lngpaction under CSP-1 can be performed either by judging a class

of delecta or by judging individual defects independently. A class of defects

is trested in the inspaction operation as if the class of defacts were a

single entity - that is, the finding of any one of the listed defects of the
class causes screening to be initiated for all liated defects of the class.

When I refer to a class of defects, I am not making specific reference to

the classification of defects according to there seriousness such as critical,
major, or minor classes as found in Military Standards and Handbooks on iunspec-
tion. An example of f{nspection by a class of defects would be the inspection

of a cylinder for three quality characteristics - ingide diameter - outaide
diameter - and length of cylinder. Screening would be initiated for all 3
characteristics if any one of the three were found to be nonconforming or defect-
ive. As aight be expected, when lnspection is by a class of defects, inspection
during the screaning operation is sometimes incorrectly limited to those character~
{sticas triggering the screening requirement.

1.6 Since the choice of £, 1 and AOQL to be used to inspect product is
often based on whether inspection is to be by a class of defects or on an indi-
vidual basis, we are concerned with the effects of this improper screening techni-
que on the average ocutgoing quality. The purpose of this paper is to demonstrate

the effects on the AOQ, and therefore the AOQL, when the {mproper technique is
used.

2.0 SUMMARY
2.1 The effects of the improper screening technique on the AOQ will be
demonstrated by using the following CSP-1 plans from MIL-STD-1235:
(a) Code J i = 200 f = 1/100
AQL = 1.0% AOQL = 1,35%
(b) Code K i =65 f = 1/200
AQL = 4.0% AOQL = 4.96%
(c) Code H 1 =15 f = 1/25
AQL = 102 AOQL = 10.70%

Using these plans, threq sets of conditions are conaidered:

Case 1 All defccts in the class are consfdercd to
have squal probability uf occurrence.

Case 1I One specific defect has twice the probability
of occurrence of any of the others.
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Case III One specific defect has ten time the probabilicy
of occurrence of any of tha others.

For demounstration purposss it vas arbitrarily decided to counsider having fivs
dafects in the claes.

2.2 AOQ curves for the three plans with the three conditions imposed
wvare coastructed to demonstrate visually the differences in AOQ vhen using the
correct scresming procedure as opposed to using the improper techniques.
These curves are axhibited as Pigures 2, 3, and 4.

3.0 DISCUSSION

Ja Tor relatively small values of the incoming fraction defective of
submitted product, p, within a particular inspection plan, there is little
difference in effeact upon the AOQ between correct and improper techniques.
As p incresses, the difference in effect upon the AOQ between the correct
and improper technique becomes quite significant. It is at these larger
values of p whers the most concern is focused.

3.2 Visual inspection of Pigure 2, 3, and & shows that the improper
scroening tachnique allows a amuch larger percentage of defective materisl to

be accepted thau does the proper technique. Consider planm, (a), Code J, AOQL =
1,35 (See FPigure 2). If tha submitted product were 4X defective, the Average
Outgoing Quality would only be .2X defective when the correct screening technique
is used. Tor the same percent defective, improper screening technique, Csae I,
would allow tha cutgoing product to contain 3.2X defective or 16 times wmore than
would the corract technique; Case II, 15.5 times wore; and Cass III, 3.7 tices
more than the correct technique. The same analysis will yield similar results

from the two other plans considered.

3.3 For the three plans considered in this paper, Table I gives the
values of the AOQL, the percent defective of the submitted product where the
AOQL occura, and compares these to the values of the correct method. It
clearly can be seen that each case of improper screening has a much larger

AOQL value than the correct technique and that these AOQL values occur at larger
values of p. The effect, thean, of the improper screening techninue {s the
changing of the spacified plan to one with a highar AOQL which allows more

defective product to pass inspection.

3.4 Appendices A, B, C and D contain the mathematical derivation of
formulae for each of the conditions conmideérad. Dsfinictdons of symbols and
teras, unless otherwise atated, are thoss given in MIL-STD-123S.
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-' TABLE 1
- CS8P-1 PLANS
| e f=1/100 1266 fw)/300 | ja15 fe
AQL  p AQQL _ p A0QL  p
Case ] 3.7 5.48 18.76  17.08 34,08 3.0 5
Case Il 3.26 4,98 11.33 16.78 23.68 36,8
Case II 1.79 2.35 6.30  8.50 1438 2.9 -
Correct Method 1,38 1.75 4,96 6.28 10,70 16.8
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APPENDIX A

DERIVATION OF FORMULAE FOR THE AOQ

A.l For given values of i and p, thers will be an expected average number
of units, u, ingpected following the finding of a defect. For given values of
f and p, there will be an expected average number of units, v, that will be
passed under the sampling procedures before a defect is found.

A2 The average fraction of total product units inspected in the long run
is defined by Dodge ss being

(A I) F = u + fv
u+yv
where: u = l_:_Si ’ v = 1
1 fp
Pq
A.3 It is further assumed that

(a) the inspection operation itself never overloocks a defect

(b) each defective unit found 18 removed from the operation and
is not replaced by a good unit (a8 deperture from Dolge).

The average outgoing quality is related as foliows to the incoming quality

p:
1 -F
A 1l A =- =1
A 1) 0Q p(l-pl’)
A.b Now consider u, the average number of units screened fcllowing the find-

ing of a defect.

From Dodge,

u = l_:iﬂi , q=1-p
Pq
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or
(A 111) ue 1=Q-pi

p (1 -p)d

However, vhen tha improper screening technique defined is used, Equation (A III)
becomas

A IV) u-g-‘ gZ w' J u,' J!
¢ 1a0Ty-0 1 T2 2

1 - (Q =A;" '
1 )

Ay g, -agl gt

where uy g ' -

(S
~N

See Appendix B for explanation and derfvation of AJi 3} snd Appendix C for
Vi) 32

A.S The expacted avarage number of units, v, that will be psssed under the

ssmpling procedure before a defect is found, is not saffected by improper screening,

and remaing as v = 1/fp.

A.6 Consider Equation (A 1I),
- i-F .
AOQ Ii‘(1 - Pl’)
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Substituting (A I) for F and simplifying

. Q-0
aw A0Q ;Lf%:(l-p)-ﬁl-fp

whare the valuo of u fu (A V) fs obtained by using Bquation (A IV). The AOQ :
under the three conditioas of inproper scresning technique given can now be :
calculated ueing Equation (A V) after first solving for u.

A.7 The Average Outgoing Quality Limit, AOQL, being the maximum value of
the AOQ that will result for any given values of f and i considering all
possible values of p, can be determined by differentiating Equation (A V) with
reypect to p, equating the derivative to 0, and solving for p.

A.7.1 This was done, but the resulting equation in p was found to be too
complex for practical use; therefore, it is oot contained in this paper. Instead,
Equation (A v) was used to calculate the AOQ for several velues of p, and curves
wvere congtructed from these points.
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APPENDIX B
DERIVATION OF FORMULAE FOR Ay’ . ;' aod up! 1
i k S ¢

B.1 Let J =1, 2, . . ., J bs the defects listed in the class, p,, be

the probability that a unit displays the JtD defect 1isted in the class, and

Kj the occurrance of a unit displaying the jth defect, then the probability,
P that a unit displays at least one defect in the class is

J
(B 1) p=Pr Ey
-1

The relationship in (B 1) can be expressed in another manner if we group those
svents with equal probabilities of occurrances.

B.2,1 Let 4=, 2, .. ., K be the number of groupa formed such that there
are k groupings with J4 defects in each group, and let 831 denote the occurrance

or & unit displaying the Jth wember of the th group, then

3 3
(8 11) p-rx{'\j By ... Q

Ey
3,"1 1 kot S 4

'h.r.jl*oqux-J

B.2.2 VWhen the improper screening method discussed in this paper is usad, it
becomes apparent that screening may be dcne for only one defect of the class,
for two defects of the class, or for any specific number of defects listed in

the clasa. If screening is done for J' defects of the class, thsn the probability
of finding at least one of the J' defects on a particular unit is

(B I1I) p' = AJ]" Jl.( , where
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B.3 Cage 1

B.3.1 The assunption i1s made that each defect within the class has an equal
probability of occurrence, that 1s

p°j-p°j+1 B J=1,2, ... ,121

B.3,2 For this case only, the general Equation (B II) becomes

J -1
(B V) p-pr{U I Jfl (3’1) -n71 pt

» where gq, = 1- Po,

and Equation (B IV) becomes

J1

(B vI) AJ' = Pr 1 EJ]}

[
U
[

B. 4 Case II and IIL

B.4.1 Case Il assumes that one specific defect has twice the probability
of occurrence of the other four listed in the class. This one defect how has
a fraction defective 2 p,.
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B.4.2 Case III assumes that one specific defect has ten times thea probability
of occurrence of the other four defects listed in the class. The fraction
defective of this one specific defect is now 10 po.

B.4.) Since the specific defect in both cases differ by the constants, 2 and 10,
only one set of equations need to be derived from the general equations, (B 1I)

and (B 1IV):

Jy J
(8 vII) p=Pr B B
{JLJO h széo Jz}

1

and
3 A
(B VII1) A ' = Pr E E
woa @ ow G

where PoJ = C Pojl » C = eithar 2 or 10 and the state Ji = 0,

J! = 0 doss not exist, since screening would not be reinitisted unless at least
ofle defect were found on the sampled unit.

B.S For cach state Ajr J* screened following the finding of a defect.
1 . * . K
1- (- ag ant
U, ' - 1" K
ek Ay e @Ay Tt

1 K 1’ K

or for the cases presented in this paper

1
1-1-A. '
o 0 U L
AR 5 Y 1-Ap g
1 "2 N5 09
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APPENDIX C

DERIVATION OF FORMULAE FOR w g 3
1. (3K Y k

C.1 It has beea shown that the improper soreening technique desoribed
in this paper allows scrooning to bs done for one defect in the olass, for two

defects in the class, or for any apecific number of defects listed, We must now
consider the probability of being on scresning at each of these partioular states.

C.l.1 Appendix B showed for each of the above states, huw the expected
average number of units, u 5 P screened in one sequence was found. These
1’ * o
values of uJ' J' must be weighted by the probability of that particular state
10 e o k
ocourring.

C.1,2 One would not re-initiate screening unless a defect in the class were
found. 8ince a sampled unit may contain one, two or all the listed defects, it can

be aaid that the probability of going on screening is the probability of finding at
least one of the listed defects,

C.1.3 Now consider the different ways or states to be on screening for the

J defecta listed in the class, It follows that the probability ol being on screening

for a particular state, denoted by w J' J' » given that screening is in effect,
r* %

is

' ]
€cnw. 1+ o Probability of screening for J1 .. 'Jk defects

J’l ok Probability of screening for at least one defect in the class

where the symbols and their definitions are the same as those developed in Appendix B.
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C.2 Iu Case I, only where the listed defeots havo equal probability of
oocourrence, the probability that a nmplo unit oontains J defocts in the class,
resulting in screening for these J defects, ia

J Jl ]
' 1 J'Jx
J1 P Q

° °
and the probability of screening for at least one defect in the class is
z-;! :.) R
P
"1 -1 1 o v

Then (C 1) becomos

J 1 - 1 ] -
cmn .)‘ LA J J1 J_' J1 J-J
w' =\l Po % . 1) Po q
J L v
1 5 ::0 Jl J-Jl 1-QJ
' 1 P qO °
=1
The five weights for Case ] are then
5 N 8 N
v, .—._p_Q;‘.o_‘ we* Po_%
1-q° 1_Qs
b o
10 g 3 5
w, = Po w, - P,
5 5
1 qo l—qo
3 2
10p, 9,
wa- =
le-
qo
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C.3 Using the constant " C» defined in B. ¢. 3, & general expreasion for
the weighta lnCuunndmoanbofomdbyu-uuthoamo method of C, 8.
(C I) becomes
Jl ' '
(C ) X I g R A
vl 9y P, €p,) (1-Cp )
1 2
J1 J2 ' ' '
= ! J J J 3, -3 J J, -3
where D= ) 2“ ‘1 2 p 1 q1 1(Cp )2 (1"11’)x 3
"wo 3. =0 to.f ly ° ° ° °
Jl.o ] ]/ 2
J J
'ol 030C0J110J2
Po( PO) 9, o

andwhoroJl-L chl. C = 2 for Case II, C = 10 for Case 111,
and the term | 0 J| o P, (Ch) qol(l-Cpo) in the denominator

represents the state J; =0, Jz' = 0, which will not exist in screening,

The deaominator in (C 1) above will simplify (o

l-q: a-cp ).
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Then from (C 1IN),

3
w = (I-Cpo)‘po% w = Cpoqo
10 D 01 D

s 2 - 3
Va0~ -CP)ER q w11= CPy 4P, %

D D
3 2 2
A-Cp)lép q Cp 6p_ q
- [+ [+
wso- [+ o 0 wﬂl (]
D D
1-C ¢ Cp 4p°
oo 2 PR, ) vy, = P 4P, %%
D D
4
w“-CPopo
D

‘ - - ‘ -
whero D =1 q, (1 cp,) .
C.1 Note that (C III) reduces to (C II) when J2 = 0. Then (C II)

may be considered the general expression for Case I, II and 1II.
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APPENDIX D

SPECIFIC TO GENERAL

D.1 Throughout this memorandum the word " spscific' has been used
a8 an adjective to modify a defsot whose probability of ocourrence is different
from the other, equal probability of occurrencea. This restriction was made
to prevent the mathamatical derivation - 'm becoming nesdlessly lsagthy.

D.3 It will be shown here that this restriction is not needed, that the
rosults will be the same if the particular defeot having the odd probability of
ocourrence is not specified.

D.3 Assumo we have J defecta in the class, where the jth defect
bas probability p (j} of being the odd one, whore the sum p (1) +p(2) + . . . .
+p(fyw=l

D.4 Any result, R, in the memorandum, would have to be made
subject to the condition that the ith defect was the odd one. However, it is
immediately apparent that (R| 1) = (R|2) = . . . = (R| ) = R, since the given
condition would be equivalent to specification,

D.5 It can therefore be stated that p (1) (R| )+ p8) (R|8)+ . . ..
+PORIN=PO)+P@)+....+P)R=R.

104

Y T TR BT T I




- ‘ﬂf"“" PRGN I LA WM*J:YMWM

.l

EMPIRICAL BAYES BSTIMATION FOR THE
APPLIED STATISTICIAN

Richard Rrutchkoff
Virginia Polytechnic lastitute and State University

In the past few years my studente and I have published several articlee
(see the raferences) illustrating the practicality of the r7gar. al Bayss
approach to statistical estimstion, Unfortunatoly, these stticler weid written
in & wvay vhich doas not sasily allow for extension to other «;=1Zcatior-~. 1
aa, therefore, writing this non-technical paper eo that Bapirical Baves estimation
can be doth uniZerstocd ad used without one having to ba an expert in the field.

When_to Use Bmpirical Bayes

Let us say that you want to estimate the parasster 6 (or a vector of para-
20 ers ¢) frow some specified distribution. You take your sample and obtain the

bes. clessical estimate, 5, for 6, Thie is usually sufficient for your purposes.
12, howT3T, you feel that this estimate is not good enough, perhaps due to
large axperimental error or small sample size, then you should consider other
Alternatives.

Lat ua say at this point you realize that you have done all this several
tince before, That 19, you have considered similar situations and have estimated
the parame-er 8 from the sama distributional fora, The first question you should
ask yourself 1s. "are the previcus values of the estimated paramster the same as
the paraeter prosently being eetimated". If the anewer te this is "yes", then
ali the data should be pooled. This is usually done by weighting the estimates
proportional to the number of observations contained therein. If the variation
of ¢ batwenn experiments {s less than the variance of your unpooled estimator,
then yno dn improve your estimate in this way., If, on the other hand, the
varistion of @ batween experiments is larger than the variance of ynur unpooled
sstimator, then this pocled approach affords an estimator with larger mean
squared error than the unpooled estimator. What is needed in this case {s a
veighted average in which data from distribuctions with pardmetors closs to the
present paramster value reccive mora weight than data from distributions with
parameters not so close. A natural seaaure uf closeness is provided by the
probability density or mass function iteclf, The estimators obtained in this
manner are falled Empirical Bayes eatimators, They have haen derived in the
literature from anothsr point of view (see the references), to exhibit optimsl
asymptotic properties and have been shown by extensive stochastic simulation
experiments to exhibit excellent small sample propertles, In particular thasa
estimators are naver worse than the classical estimators and often provide up
to a 50 percent decrease in mean squared error,
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There i{s a good deal of evidence which indicates that the Empirical Bayes
eatimators are robuat to most everything., If the previous experiments contain
11ttle evidence about this experiment, then the Empirical Bayes astizmata differs
little from the claasical estimate with correspondingly little decrease in mean
squated error, On the other hand, the more closely the experiments ieseabla the
present one the greater the decrease in mean squared error,

-

What Estimator to Use

Although I have, in the literature, proposed different Empirical Bayes
estimators for different situations, 1 will here propose on1¥ one easily used
procedure for any parametric situation. Let us say that £(x;8)represeaants the
probability density funntion (or the probability mass functlon) of the data for
a given value of the parameter. If there is a sufficient statistic for &, then 2
let x represent the sufficient stati-tic ftself rather than the vector of obser- :
vations; and lct.f(gle) vepresent th. .grol 'bility density of that sufffcient
statistic, Let 9 be the classical es'.=. 'r {vr the present balue of 6, Now
consider the last several past experiince: (several being anywhere from five to
fifteen; fifteen when available)., Ust ei’ 1=4i,2 ..., 16, to represent the

classical estimates in the past fiftenn (or as few as five) experiences plus the <
present one (1 = 16), The Empirical .‘s es estimate for the present value of ¢
is given by

~H

by eif(flei)

- fe
16 .
T f(x)5,)
{=1 -4

This is & weighted average of the estimates of the last sixteen v values. The
weights, however, are not functions of how well 6 is estimating 01, i.e,, a

function of the number of observations in the {th experimenc, but rather a function
of how likely the present set of data, X, would be if 0i were the true value of

“16
and the weight is

the parameter, It should be noted that the present unpooled estimate & recleves

the greaiest weight., This is more easily seen when x = 616
- .o \
propottional to 5(916'616"

ine MSA of the Bmpirical Bayes Estimator

The decrease in mean squared error using this Empirical Bayes procecdure
depends on the ratio of the variance of the unpooled estimator to the variation
of the paremeter between experiments, Unlike ordinary pooling, however, the
Empirical Bayes estimators never have a larger mean squared error than the
unpooled estimator,
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Since
Var & o B Var(s|8) + Var E(8]e)
we have
Var 6 mVar 8§ - E Vlr(6|0)

vhen 9 is unbiased for 6, We can, therefore, often present
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as the ratio required for use with Table 1 in obtaining the gpproximate mecan
equared error for your Empirical Bayes estimator, Here Var(6{6) is estimated
as the variance of the unpooled estimator for your present experiment.

E Var(6|9) 1is estimated by the average of the variances of the unpgoled

estimators for the present and fifteen past experiments, wvhile Var & {is
eutimated by

oidabad ik

16 16
1 1 2 2

T (8 - S T §.)° .,
18 1=l 16 16 =1 3

Table 1 is an approximate table which has been compiled by using extensive
stochastic simulations, One finds the Z value and obtains the proper multiplier,
interpolating when necessary. The variance of the unpooled estimator is then
aultiplied by this multiplier to vbtain the mean squared error for the Empirical
Bayes estiwator, If £ is very small, under 0,1, then there is little advantage
in obtaining the Empirical Bayes estimator. .f, on the other hand, Z i3 very
large, over 4,0, then one should seriously consider pooling in the usual
manner, For 0.1 <Z < 4,0 one should use the estimator given here.

o Al b 1. b e - sk, Sk

When Z is based on only five past experiences, the multipliers are closer
to unity, A reasonable eatimate would be to split the difference batween them

and unity, e,g., a multiplier of 0.8 would become 0.9 wher only 5 past experiences
are available.

Table It Variance Multipliers

]
j
a
E]
|

z Multiplier
0.0 1.0
0.2 0.9
0.5 0.8
1.0 0.7
2,5 0.6
5.0 0.5
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3 A Nonparametric Estimator

- Sometimes we feel that our data is almost, but not quite normal or not
i quite poisson or not quite gamma, etc, 1ln spite of this, we of*en make the

z agsumpticn that our data fits close enoug- in order to avoid havine to use a
N nonparameitic procedure, which i1s itself very powarful, The nonparametric
i Empirical Bayes procedure which I am prer ng here {8, however, remarkably
: powerful and competes well with its paraaxe < counterparts,

B Let x,, 1 =1, 2, ... ,16, represent t last sixteen 2ctor observetions,
¢ including éhe present one with {4 = 16, Tha: s, Xy 1el, o, .0ay 16,

: represents the acts of random samples obtaine. in the last s xteen experimentsl

situations with 516 the present set of random sanmples.
represent the components of the ith vector. Note that

not be the same but m, should he at least twu.

Let us now say that we have a classical estimator
want to estimate. In the nonpararetric situation this
the mean, the variance, the standard deviation, or the

Call the estimates in the last sixteen sjituations

where 616 is the present classical estimate of what we

Let xij’ j=1,2, ...,m

the vector lengths need

1'

for whatever it is we
would be something like
percentiles,

-

01’ 1 =1, 2, ...,16,

are interested in

estimating. Then the Empiricel Bayes estimator is given by
16
Lo0yf(x)6ixy)
5 a i=1
16
L (g, i%)
11 16°~4
where
— 2
Xy, =X —
o un(1621h 1k)
16 4 i
Flxeixy) = ®16 521 ko1 | wrgoon
(‘"mihi) lga ik l
1 )
L !
with
ho= (1/m)7/10 m; (x,,-%,)°
i 1 UR
k=l
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given here is siaply a nonperamatric estimate of the appropriate likelihood
function. Preliminary results indicate that this procedurc is also remarkebly
robust. In particular, the lengths of the vectors from experiment to experiment
need not be the same.

i

i

= g ain 0 !
and x, = (1/‘1) kfl Xy ond vhere “Sp— = 1, The “’-‘16“1) i
1

3

g

i
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A STATISTICAL APPROACH TO OPTIMIZING THE MECHANICAL
BEHAVIOR OF COMPOSITE MATERIALS

Donald L. Martin, Jr.*
ABSTRACT

The filler particle size distribution is shown to have a significant effect on
the mechanical properties of CTPB composite materials, The experimental com=-
positions are selected in accordance with a simplex-centroid lattice design, and
the regression equation for this statistical model i{s shown to adequately fit the
experimental data, The various mechanical properties estimated from the
regreasion equation for a fixed filler content are represented by contour plots on
triangular coordinate graphs. These plots predict the various possible mixtures
that will result in the same material behavior, and should prove valuable in optimjz-
ing mechanical properties of compasite materials for apecific applications.

INTRODUCTION

Composite materjals are currently being used in many applications where
the strength-to-weight ratio becomes a significant factor. The extreme loading
conditions imposed on these materials has prompted many investigations of
methods for optimizing the mechanical properties for specific designs.

The work described here concerned a carboxyl~terminated polybutadiene
(CTPB) composite material that consists of a rubbery matrix highly filled with
rigid filler particles. The size distribution of these filler particles and the total
ffiler content have a pronounced effect on the rheological characteristics of an
uncured slurry [1-4],** and may drastically alter the mechanical response of the
cured composite material. Such characteristics as the equilibriuimm modulus,
stress-strain response, and ultimate tensile properties {5-&] of a cured composite
material may be significantly changed by altering the particle size distribution for a
fixed filler content.

* Aerospace Engineer, U. S. Army Missile Command, Redstone Araenal, Alabama.

- *» Numbers in brackets pertain to references listed at the end of this paper.
This paper has basn reproduced photographically from the author's manuscript.
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Since high strength composites usually require a high solids content, the
solids must be efficiently packed to obtain optimum properties. The packing
fraction as defined here 1s the volume fraction of solids in the minimum sedimenta=-
tion volume, which 1a thus independent of the actual total filler content in the
formulation. When the particle shape, average size, or size distribution are
changed such that the packing fraction is increased, less binder ie required to fill
the voide between the flller particles. Thus there {s a direct relationship between
the packing fraction of the mixture of filler particles and the potential solida-
loading capability of the resulting composite. For a fixed fillar content, the
iargest packing fraction usually results in the minimum mix viscosity, the lowest
initial modulus, and the groatest strain capability.

Optinizing & mixture of filler particle sizes from the standpoint of
rheological, physical, and thermal properties requires knowledge of the mechani-
cal response of all possible mixtures that might be considered. 8ince the
experimental determination of gll the various responees is prohibitively expensive
and t!me-consuming, a method for accurste prediction is highly desirable.

BACKGROUND AND THEORY

The ooncept of simplex lattice designs introduced by Scheffé (9] for
experimental situations involving multicomponent systems {9 valid when the
experimental response depends only on the proportion of components in the
systern. To illustrate, let q be the number of components considered and x‘

the proportion of the ith component that is subject to the constraints

x1=0(1=1. 2, ... Q) 1)

and

x1+x2+x3+...+xq-1. (2)

The factor space is a (q-1)~-dimensional simplex satisfying these constraints
(triangle for q = 3, tetrabedron for q = 4). Scheffé uses the nomenclature
{q,m} to describe the designs, where m 18 the degree of the polynomial

regression function in Xl used to describe components, The {g.m; simplex

lattice (m = 1,2,3,...) consiste of the (m‘-:’-l

)experimental points {n the

simplex representing all possible mixtures in which the proportion of each
component has the m+1 equally spaced values:

1
Xl-O, o’

3 leo

g e 1. (3)
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The simplex lattice method has two key features: (1) Properties or rosponses are
measured at lattice compoasition points and (2) polynomial equations having a
apecial correspondence to the lattice points are then used to represent the
measured responses at thesas pointa.

Simplex-Centroid Design

O 0 o e R T TR

The (3,8} simpiex-centroid laiticn design proposed by Scheffé (10) was
satisfactorily applied by Alley and Dykes [11) to estimate the packing fractions of
multicomponent mixtures of ammoniam perchlorate and aluminum particles.

In the simplex-centroid statistical model, (2q-1) observations are taken,
one at each of the following: the q pure componeats, the (q/2) binary mixtures
with equal proportiona, the (q/3) ternary mixtures with equal proportions, ...,
and the g=-nary mixture with equal proportions. These observations correspond
to points Xl, X2. veey xq of the simplex, obtained by making q permutations of

1,0,0, ..., 0), (9/2) permutations of (1/2, /2, 0, ..., 0), and (¢/3)
permutations of (/3, V/3, ¥/3, 0, ..., 0), and the point (V/q, Vq, ..., 1/q).
Thus the design conaists of the centroid of the {q,2} sitmplex and the centroids of
all the lower dimensional simplexes it contains.

The polynomial regression equation has a8 many coefficients as there are
points in the design, and is given by

q q-1 q
= él ARy + Ex ,3;11 ByX X,
* ¥ qY-l > B, XX X
o1 ie1 kege WKTIK
* caiee + ﬁ X X X . (4)

12...9°172°" " q

When the response satisfies (1), the (2q-1) coefficlents 3 are uniquely deter-

mined by the values of the response at the (2q-1) points of the simpjex-centroid
deafign [10): The coefficient /3l in (4) is the response of the pure component {,

called the linear blending value; is the coefficient of binary synergism for

ﬂ‘j

components { and j; Bl 18 the coefficient of ternary synergism for components

1k
1, §, and k; etc.
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Reference Mjxtures

In many experiments dealing with mixtures, a physical, econca:ic, or
chemical limitation may restrict the concentration of one or more components
of a mixture. For these cases Scheffé suggested the use of pseudocomponents, or
what were later termed
"reference mixtures,"
which are mixtures of the
pure compoaents and can
be substituted for the
pure components in the
simplex lattice designs.

Womeldorph [12]
and Alley and Meyers [13])
incorporated reference
mixtures into the simplex=
centroid design for multi-
component x-ray analysis.
Figure 1 illustrates two
{3,2} simplex=centroid
— designs, one for mixtures
L
/ e LHER of pure components
xget -— xp e (deaignated by 1) and the
other for reference
Figure 1. GRAPHICAL REPRESENTATION OF A mixtures (II). Point A
{3,2} SIMPLEX-CENTROID LATTICE {8 a mixture of pure com-
DESIGN FOR PURE COMPONENTS ponenta, but this mixture
AND REFERENCE MIXTURES is also 100 percent refer-
ence mixture 1. Bya
similar definition for
points B and C, a {3.2} simplex~centroid design (II) using reference mixtures
18 obtained. The regression equation in terms of the reference components is
similar to that for the pure components. Although in this particular illustration
the reference component and pure component designs have the same midpoint,
this condition 18 not required.

Variance and Confidence Limits

To verify the adequacy of the model and to establish confidence intervals,
the variance of the values predicted by the model must be estimated. Variancee
dealing with any number of components are discussed in detail by Scheffé (9] and
Womeldorph (12) and by Gorhman and Hinman [14], who extended the simplex
lattice design and applied it to properties of gasolines and other multicomponent
systems. The discussion here will concern the expression for the variance of
values nredicted from the {3,2} simplex-centroid model.
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H The coeffioients B, BU' and B123 in the (3,2} simplex-centroid model,

‘ p——

i .
n-Z +Z},nxx+a : (5)

: 1”3‘_‘1313 123%1%%3

are estimated from linear combinations of the measured response at the lattice
points [0]). .Replaclng the S's by their estimates in terms of the measured

responses v ylelds

(6)

e
2w

Ve Eb?)+b Ryon -
“ & o0ty P12™ezs

"

. If an independent estimate of the error varlance, ¢?, is not available, tha design
; muest bo replicated to obtain an estimate of o2

2
5 o

- j=1
2
= ' 1
o v )
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where 8° {s the average variance for the model, oi ie the variance of the ith mixture,

and p is the number of distinct design points in the model considered.

The x"s are assumed to be known without error and the ;;'s result from

replicated observations at each lattice point, The expected variance in the
predicted response is then given by

var(m = ¢ (1-1 T El 3%1 LY bzma/'zzs) : (8

When there are an equal number of observations, r, at each lattice point

A et e B L B bl i A s L oren e skt

composition,
R Bt TR PP
and
ot
Var(f}) = T £, (9)
i
i
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3 2 3 :
LR R D D N (10) f
=1 ' e jaaq V133
3

b = (X,[2) (X} - 2x, + 1) - 3 12:1 x (11)

by = AKX, (3, + 3K, - 2) (12)

bygq * 27X X, X, . (13)

The quantity o¥/r is dependent on the precision of the experimental observations and
{ is dependent only on the composition being considered. Thus, if an eatimate is
given of o and the number of replications r for the simplex-centrold aystem,

the estimated variance for any composition in the factor space can be obtained by
using (9) through (13). For 95 percent confidence intervals [11]:

Pr(W-Aa<n<H +4) = 0.95 , (14)
where
A-ta/(zk)'l.'\/Var(n)
aa0.05

k = number of constants in model

f = number of degrees of freedom.

When desirable, a contuur plot of confidence intervals for the predicted values
may be prepared by using (14).

EXPERIMENTAL PROCEDURE

Material

The composite system selected for this investigation cansisted of a CTPB
binder filled with rigid filler particles. The filler material was obtained from
Rohm & Haas Company, Redstone Arsenal, Alabama. Table I presents the
nominal size, weight-mean diameter, and specific surface area for the filler
particles. In the ensuing discussion, the nominal size will be used tc identify the
filler component, The particle size distribution of the 200 u particles wase
determined by Ro-tap screcn analysis; the particle size distributions of the 40 u

and 10 u particles were determined by a liquid sedimentation technique using a
Mine Safety Appliances analyzer,
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WEIGHT PERCENT GREATIR THAN INAMETER

Table I. PARTICLE SIZE DATA FOR FILLER PARTICLES

MATERIAL NOMINAL WEIGHT-MEAN

NO. SIZE DIAMETER
- W W)
1 40 448
2 200 19127
3 10 16.6

SPECIFIC

SURFACE AREA

{cM2/G)

1440

10

1989

The cumulative particle size distributions ure plotted in Figure 2. The
200 u particle sizes ranged from 74 uto 380 uand had a weight-mean diameter
of 191.7 u. The 40 u particle sizes ranged from 3 u to 80 u, with a weight-mean
diameter of 44.5 u. The 10 u particle sizea ranged from 3 yx'to 50 u with a
weight-mean diameter of 16.6 u. Calculation of the specific surface areas and
the weight-mean diameters was based on particle size distribution data and
assumed spherical particles.

1 \f \
N
) \

Figure 2. PARTICLE SIZE DISTRIBUTION CURVES
FOR FILLER PARTICLES
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The raw
materials used in
the binder formula-
tion of all composi-
tions investigated
were obtained from
Thiokol Chemical
Corporation, Hunts-
ville, Alabama. The
chemical analyses of
the CTPR prepolymer
and curing agents
are listed in Table II.
The CTPB system uses
the carboxyl groups at
the terminal positions
and the butadiene
pulymer as the back-
bone., The ERLA is
8 trifunctional epoxide
compound and the
MAPO is a trifunctional
imine compound.
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i Table II. RAW MATERIALS

POLYMER LOT NO. EQUIVALENT
: WEIGNHT

' CTPB-ZLAM 11 2080.0

' ERLA-0610 2327 96.85

MAPO 2808 73.53

PR

. o e M Ry Y

The equivalence ratio of the binder component in all compositions investi-
gated was maintained constant at 1.5 equivalents of curing agents to one equivalent
of CTPB prepolymer. The ratio of curing agents vvas maintainea constant at 3.8
equivalents of MAPO per one equivalent of ERLA. The composite fo~~mulatiuna
investigated are summarized in Table III.

b o s et At L o K08 b L et Bt _LMJHM

Table MI. COMPOSITE FORMULATIONS

?
g

VOLUME PERCENTAGE 4
MIX NO. BINDER 40u 200u 10u ;
i
34 0.40 0.60 0.0 0.0 !
an 0.40 0.0 0.60 0.0 §
317 0.40 0.0 0.0 0.60 ii
4 318 0.40 0.30 0.3 c.0 !
§ 319 0.40 0.36 00 0.25 {
3 320 0.40 0.0 0.35 0.25
? a 0.40 0.22 0.22 0.16
3
;
Mechanical Response
)
H Uniaxial stress-st-ain characteristica were determined utilizing an
Instron tensile machine at a con:tant crosshead displicement .ate of

1.0 {nch/minute and 75°F. Borded tab-cna specimens approximately 3/8 fach
wide, 1/4 inch thick, and 2. 8 incher 'uny were used to obtain the mechanical
response data. Three specimens i:iin cach composition were tested and the
average value for each property was used in the subsequent correlation.
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Crosalink Density

The mechanical properties of polymeric bindera may change with the
addition of rigid filler particles due to the reinforcing effect of filler particlea,
changes produced in the crosslink density of the binder, or a combination of
the two. For some binder aystema the addition of particular filler materials
results in an increass in the apparent crosslink denaity of the binder, while other
filler materials hinder the cure reaction and cause a decrease in the apparent
crosslink density. Therefore, to adequately acoount for inmiltence of filler
materials on a polymeric binder, it i{s necessary to determine e relative
effocts of changes in the filler particlos and crosslink der=i:y.

The crosslink density of each lattice point composition was determined
from compression and tensile properties at equilibrium swelling conditions in
benzene. The number of moles of effective crosslinks per unit volume, Vet

for elastomeric based materials was then calculated from the theory of rubber
elasticity which predicts [15}

-:—-ve RT (A ~ A7}y ,
i

where

F = Jorce (dynes)

Ai = the initia] cross-sectional area of the unstrained, unswollen
specimen (cm?)

R = universal gas constant, 8.2314 x 10 dynes/mole (*K)
T = test temperature (°K)

A = extension ratio.

Packing Fraction

The packing fraction or minimum redimentation volume of filler particles
was determined according to the following procedure: Semples of the filler
material of each of the lattice point compositions were placed in 15-milliliter
centrifuge tubes and the weight of each sample was accurately determined. Each
mixture sainple was blended with a Pica blender and enough Twitchell base
n~heptane was added to completely cover the material, After the slurry was
atirred with a microspatula to completelv wet the particles and dispel air
bubbles, it was centrifuged at 2900 rpm and the volume of the solids measured
at 20-minute intervals until a conetant volume was obtained. In most cases this
determir.ation required 60 minutes or less, with the samples contsining the
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largest proportion of smaller particle sizes requiring the longest time. The
packing fraction, ¢ n’ of the sample was then determined by the relationship

¢ &,
m p

where 3 is the bulk density of the sample at the mirimum sedimantation volume
and p is the theoretical density of filler particle mixture. Thus the packing
fraction is the fraoction of the minimum sedimentation volume that is actually
occupled by the filler particles, and 1 - °m would represent the minimum amount

of binder thut would theoretically be required to completely fill the voidas between
the filler particles.

RESULTS

The results of the investigation indicated that the mechanical properties
of the composites considered are strongly influenced by the particle size distri=-
bution of the filler material. Liated in Table IV are the experimentally deter-
mined packing fraction, ¢m; maximum corrected stress, om'*; strain at maximum

corrected stress, em; maximum initial tangent modulus, E; crosslink density,

Vyi and normalized tangent modulus, E/ Ve

Table IV. MEASURED RESPONSES OF LATTICE POINT COMPOSITIONS

MIX  on om  €m X102 € v X 108 Elvg X 108
NO. {PSI) {IN/IN) {PSI) (MOLES/CM3) (PSI/MOLE-CM3)
314 0730 142.4 8.86 1780 19.9 8.956

311 0680 1007 8.86 1610 1.2 13.50

317 073 2605 15.1 1990 4.6 4.46

318 0778 1147 8.0 2080 15.8 13.20

319 07564 1743 12.0 1580 25.0 6.30

320 0834 1182 "7 1645 139 11.10

321 0.804 132.7 1.7 1410 7.2 7.22

* The maximum corrected stress am as uscd in this investigation is defined

as the nominnl atress multiplied by the estension ratio,
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From these valuesthe coefficients

B AR =i e o .l

presented in Table V.

ﬁl' Bios Bljk) were determined and are

Table V. COEFFICIENTS OF REGRESSION POLYNOMIAL
COEFFICIENT ¢, Om €m € Ve Elvg
By 0730 1474 836 1780 199 8.96
B2 0680 1007 886 1610 112 1350
B3 273 2605 151 1000  44.6 448
B12 0292 374 344 1740 1.0 7.80
; B1s 0089 9§78 197 1184 2194 298
B23 0633 2079 0691 -886 4738  6.00
8123 0.263 1748 3876 -10639 2631 99,60
The numerical
: coefficients were sub-
' kel stituted into the

PACKING FRACTION VERSUS FILLER
PARTICLE SIZE DISTRIBUTION
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veglession equuation «4)
to predict the various
compositions that will
exhibit the same mech-
anical behavior character-
istics. This information
is displaved on triangular
coordinrte graphs as
contour plots of constant
responsc with respect

to the individual
properties {nvestigated,

The first of these
plots (Figure 3) indicates
the contours of constant
packing (raction, which
is dependent only on
the proportion of the
varjous particle sizes.
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Figure 4. MAXIMUM CORRECTED STRESS AS
INFLUENCEDBY FILLER PARTICLE
SIZE DISTRIBUTION (O'm, psi)

H-0A1 O

Flgure 3. STRAIN CAPABILITY OF CTPB COMPOSITE
MATERIALS VERSUS FILLER PARTICLE
SIZE DIiSTRIBUTION («m, in./in. x 10?)
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The next three

graphs (Figures 4, 35,
and 6) show the effect
of filler particle size
distribution on the maxi-
mum corrected stress,
strain at maxdmum
corrected stress, and
maximum initial tangent
modulus, respectively.
In all compositions the
filler content was main-
tained constant at 60
percent by volume. The
cocrdinates of the graphs
repiesent the proportione
of 40 4, 200 u, and 10 u
particle sizes in a given
mixture; the vertices

of the graphs represent
the composite formula-
tions in which the total
filler content consisted
of 100 percent of the
nominal particle size
designatcd.

The maximum
corrected stress (Fig-
ure 4) varies from 100
to 260 psi, depending on
the filler particle size
distributfon, and in
general incrcases with
increasing content of
40 ¢ and 10 u filler par--
ticles, with the largest
stress value occurring
necar the 100 percent
10 u point.

The strain at
maximum corrected
stress (Figure 5) varies
from 0,08 to 0. 151 inch
per inch depending on the
filler particle distribu-
tion, and increases with
the tncrease in10
vontent,
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Figure 6. MAXIMUM iNITIAL TANGENT MODULUS

VERSUS FILLER PARTICLE SIZE
DISTRIBUTION (E x 1073, psi)

H-10 Al

Figure 7. APPARENT CROSSLINK DENSITY VERSUS
FILLER. PARTICLE SIZE DISTRIBUTION

(Ve x 105, moles/cm?)
123

The maximum
in{tial tangent modulus
(Figure 6) varies from
1400 to 2080 psi,
depending on particle
size distribution, and
reaches a minimum.
value when the mixture
of filler particles con-
sists of 32 percent 200 4,
28 percent 40 u, and
40 percent 10 u particles,

The stress, strain,
and modulus contours
bear no resemblance to

the constant packing fraction

contours, indicating that
the filler material has

an effect on the binder
cure reaction. To deter-
mine the extent of this
effect, the apparent
croaslink density was
determined for each lattice
point composition, uasing
the procedure described
previously. The resulting
values appear in the sixth
column of Table IV. The
corresponding column of
Table V gives the coeffi-
clents determined for the
regression equation.
Plotted in Figure 7 are
the estimated contours of
constant crosslink density
values within the factor
space. These contours
are very similar to those
of the initial tangent modu-
lug, with the exception
that the point where the
minimum crosslink value
occurs indicates a greater
proportion of 200 u
particles.
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Figure 7 provides further evidence that the filler meterial alters the cure
of the binder: the crosslink density varies from 7.2 x 10~% to 44.6 x 10~%

molea/om?, depending on the particle size distribution used.

As wag indicated earlier, the maximum {nitial tangent modulus for cross-
linked polymeric binders varies in direct proportion to the crosslink density [15),
8o that the additional step of normalizing the modulus by the crosslink density
waa necessary to clearly reflect the reinforcing effect of particle size distribution.
The normalized values of E/ v, for each lattice point composition are included {n

Table IV (last column),
and the correaponding
column of Table V gives
the coefficients, g,
determined for the
regresaion polynomial.
The graphic plot of

the informatfon

(Figure 8) represents
contours of constant
values of initial tangent
modulus, normalized to
unit crosslink density,
as a functicn of the

The normalized
initial tangent modulus
was found to vary from
4.46 x 10° to 13.5 x 10°
pai/ mole-cm=?, depend-
ing on the partic!~ size

distribution uscd. The
Figure 8. TANGENT MODULUS NORMALIZED value was lowest at the

UNIT CROSSLINK DENSITY VERSUS 100 percent 10 u size
FILLER PARTICLE SIZE DISTRIBUTION and increased with {n-
[(l-:/v ) x 10~%, psi/mole-cm™? ] creasing content of 40 u
e
and 200 u sizes.

CONCLUSIONS

With only a small amount of experimental data, the cffect of filler particle
distribution on the mechanical properties of CTPB composites can be rapidly and
simply approximated by simplex-centroid expertmental designs. The most signifi-
cant feature cof this lattice design is the case with which the regreasion cquation can
be derived. The values cf the coefficients are uniqucly determined and are equivalent

particle size-distribution.
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to the estimates that would be ottained by a standard least wquares analysis, It
should be noted that the estimated cceffloient values are not changed by the addition

or deletion of components in a design.

The technique {8 subject to some riaks since it is used to estimate wide
variations in unknown compositions with a limited data base; however, the results
obtained in this investigation indicated that the mechanical property-composition
contours are well-behaved and can be adequately represented by the simplex-
centroid model.

Although the subject aystem contained a fixed volume fraction of binder,
the method can theoretically be extended to estimate the response for variations
in total filler conteat by using the binder as a fourth component. In addition, a
similar design can be devised to {ncorporate other component sizes of filler
particles by merely adding the appropriate coefficients to the regresasion equation.

The extensicn of this method to more than three components, however,
presented certain difficulties. The comments and suggestions of the clinical
session panelists are particularly solicited with respect to the following diffi-
culties encountered:

(1) When investigating composite materiale of the type used in this
study, we are restricted to the use of reference components. However, the
formulator of such composite materials requires the information in terms of the
pure components. Therefore, for optimum application of this technique, it
becomes necessary to transform the response function in terms of reference
mixtures to a response function with pure component concentrations as the so-
called independent variables, Womeldorph [12] presented the resulting trans-
formations for a three-component system. The same reasoning used by
Womeldorph can theoretically be applied to any number of reference mixture

* components but the mathematical complexity of the transformation increases by
orders of magnitude with the addition of extra componenta to \ihe model. The
simplex-centroid design appears less attractive in these cases and it is doubtful
that the designs would be widely used for more than three components. To
overcome this difficulty it is planned to use equation (4) and express the com~
posite formulation in terms of the pure components (X) instead of reference
mixture componerts (X*). The {q, 2} simplex-centroid concept would thus
result in a set of q simultaneous equations which could easily be solved for the
unknown coefficients using a high speed computer. The system of experimental
points designated in Figure 1 waa utilized as a check on this technique. Identical
plots were obtained for systems 1 and II. The actual composition of the pointa
on I in terms of the pure components x! were used instead of Xr. Will this

give any confidence that the same resuilta will be obtained foxr more than three
components? What limitations may be anticipated when using this technique
with more than three components?
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(2) Provided the actual response and composite forrulation are used in
equation (4) even though it may be slightly different from the lattice point
ocomposition, what would be the anticipated effect on the coefficients £? What
limitations should be placed on this difference to insure that the response equation
would stil]l represent the true behavior of the material? What effect, if any,

-would this have on the expected confidence limits of the response predicted by

the regreasion equation?

(3) Particular formulations of composite materials are difficult and
sometimes almost impossible to obtain. For example, when a amall amount of
200 u filler particles is used in a composite formulation containing no 40 u or
10 u sizes, the 200 u particles will tend tc settle to the bottom of the mold before
the material is completely cured, resulting in a non-uniform material. Provided
& given lattice point composition is unobtainable, would it be more desirable to
use an estimated response for the lattice point composition or to neglect this
point entirely in the regression equation?

(4) Often it becomes desirable to obtain an estimate for the response
of composite formulations that are outside the factor space represented by the
reference mixtures tested. How may the confidence limits be estimated for
those composition points that are not contained within the lattice of experimental
pointa? Will the procedure discussed on variances and confidence limits with
equations (5)-(13) still apply in this case; if not, how would one estimate the
oconfidence limits for these situations?

The range of information available from the contour plots, which in this
study indiceted the various posajble mixtures of filler particle sizes that will
result in the same material behavior characteristics, offers the potential of
broad application in Army research progrems, provided the difficulties
encountered can be resolved. Simultaneous consideration of a similar series
of plots during the development of any composite material chould significantly
improve the chances of optimizing the mechanical properties for a specific
design and should greatly reduce the time and effort required.
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