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FOREWORD

One of the outstanding events at the Sixteenth Conference on the
Design of Experiments in Army Research, Development and Testing was the
announcement that Professor George Snedecor was selected to receive the
1970 Wilke Award. The remarks made by Professor 0. Kampthorne, who
accepted this award on behalf of Professor Snedecor, are recorded in these
Proceedings. Other Important events were the addressee made by the

7 invited speakers. The general areas covered by these gentlemen can be
L & leaned from the !itles of their addresses:

Minimum Discrimination Information Estimation and Application
Professor Solomon Kullhack, George Washington University

Field Testing
Dr. Richard J. Kaplan, The RAND Corporation

The Analysis of Complex Contingency Table Data from General
Experimental Designs and Sample Surveys

Professor Gary G. Koch, University of North Carol&,:,

Nonparametr:c Analysis of Covariance
Professor Dana Quads, University of North Carolina

There it little doubt that the most valuable phases of these con-
ferences are the technical and clinical sessions. Army scientists take
advantage o the technical sessions to announce their successes In con-
ducting various types of experiments, and sharing their findings with
persons in other installations. In the clinical sessions stimulating
discussions take place, and these arguments often lead to suggestions on
how better to analyxe the troublesome design problems that are being
considered. This year there were twenty-four (24) papers for the technical
sessions and five (5) clinical papers. All these papers were well
received and most of them appear as articles in these Proceedings.

Colonel W. L. Tate, Commandant of the U. S. Army Logistics Management
Center, offered tu hold the Sixteenth Conference on the Design of Experi-
ments in the excellent facilities at his installation. He named Mrs.
Virgirtia W. Perry to serve as the Chairman on Local Arrangements. She
and -%embers of her committee--Kessrs. C. A. Correias, J. W. Griswold,
E. ,,. Hartley, and R. L. Launer--are to be congratulated on tht way they
ha~rled the many problems that arose before and during the course of the
symposium.
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On behalf of the Army Mathematics Steering Committee, sponsor of theseconferences, let ms thank the many speakers, chairmen and panelists for
all the time and effort they contributed to this affair. Without their
hclp and the many arguments and coments supplied by those In attendance,
this meoting would not have served Its main purposes. At this tima let me
also state that mauch credit far th. success of this conference Is due to
the members of my Program Comittee (Robert Bschhofer, Francis Drtssie,
Walter D. Poster, Fred Frishman, Murray Goesler, Boyd Harshbarger,
Clifford Maloney, Henry B. Mann, William H. Marlow, George Nicholson, 4
Virginia W. Perry, and Herbert Solomon). Finally, I vould like to thank
Francis Dressel In particular for the smooth accomplishment of another
monumental job again for this conference year.

A

Frank E. Grubbs
Conference Cliairman
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I SIXTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN AMY RESEARCH, DEVELOPMENT AND TZSTING

"•1-23 October 1970

Wednesday. 21 October Al

0830-0900 REGISTRATION - Main Lobby of Bunker Ball (Building 12500)

.. V900-0930 OPING OF THE COIFERINCE - Auditorim Bunker Hall
Virginia Perry, Chairman on Local Arrangements

0930-1200 GENERAL SESSION I - Auditoriu;&

Chairman: Dr. Clifford J. Maloney, Diviuion of Biologies
Standards, National Institutes of Health,.Bethesda, Md.

MINIMUM DISCRIMINATION INFORMATION ESTIMATION AND APPLICATION

Prcfeseor Solomon Kullback, Department of Statistics, George
Washingtoa University, Washington, D. C.

FIELD TESTING

Dr. Richard J. Kaplan, Management Sciences Department,
The RAND Corporation, Santa Monica, California

1200-1300 LUNCH

1300-1500 TECHNICAL SESSION 1 1
Chairmant James Knius: Surveillance and Reliability

Laboratory, Aberdeen Research and Devslopment Center,
Aberdeen Proving Ground, Maryland

A STATISTICAL ANALYSIS OF DYNAMIC RESPIRATORY DATA
Edward N. Flake, System Analysis Office, Edgewood Arsenal,

Edgewood Arsenal, Maryland

SA COMPLEX SPLIT PLOT DESIGN FOR AN EXPERIMENT INVOLVING -
STAN0 SMALL UNIT LIVE FIRE

James DoGracie, David Faulkenberry and Timn Rodgers, Litton

Scientific Support Laboratory, Fort Ord, California and
Spec 5 Harvey Dunce, U. S. Army Combat Developments I
Command Experimentation Command
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THE PREDICTION OF INDIVIDUAL MILITARY PERYW.ANCE FROM
LABORATORY MEASURES OF PERFORMANCE IN VOLNTURRS EXPOSED
TO INCAPACITATING AGENTS . --

James S. Ketchum, Philip Shiner, Lurence Gutterman, and
Philip K. Kysor, Clinical Medical Sciences Department,
Medical Research Laboratory, Research Laboratories,
Edgewood Arsensl, Maryland

1300-1500 TECHNICAL SESSION 2

Chairmant Walter Miechan, Surveillance and Reliability
Laboratory, Aberdeen Research and Development Center,
Aberdeen Proving Ground, Maryland

SOME EFFECTS OF AN IMPROPER SCREENING TECHNIQUE ON THE AOQ
WHEN USING CSP-l

Fred L. Abraham, US Army Ammunition & Procurement Agency,
Joliet, Illinois

SOME METHODOLOGIES FOR APPLICATION OF THE ECONOMIC PAYBACK RATIO

Eugene F. Dutoit, US Army Munitions Command, Cost Analysis
Division, Dover, New Jersey

EMPIRICAL RAYES ESTIMATORS FOR SOME TIME SERIES PARAMETERS

Robert L. Launer, US Army Logistics Management Center,
Fort Lee, Virginia

1300-1500 CLINICAL SESSION A

Chairman: 3adri# Kurkjian, US Army Material Command,
Washington, D. C.

Panelists
Robert Bechh-ofer, Cornell University I
0. P. Bruno, US Army Ballistics Research and Development.

Center
Boyd Harshbarger, Virginia Polytechnic Institute
H. L. Lucas, North Carolina State University
Herbert Solomon, Stanford University

A STATISTICAL APPROACH TO OPTIMIZING THE MECHANICAL
BEHAVIOR OF COMPOSITE MATERIALS

Donald L. Martin, Jr., Research 6 Engineering, Propulsion
Mech Br, APL&C, US Army Missile rommand Redstone Arsenal, Ale.

PREDICTION OF SHAPE CHARGE JET CHARACTERISTICS FROM OPTICAL
MEASUREMENT OF LINEAR COLLAPSE VELOCITY

Glen Rander-Pherson, Engineering Science Laboratory. Feltman
Research Labs, Picatinny Arsenal, Dover, Now Jersey
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1500-1530 IRSAX

1530-1700 TECHNICAL SESSION 3

Chairasn Ronald L. Racicot, US Army Weapons Command,
r'. Bonet R&L Lebs, Watervliet Araonal, Watervliet, New York

SYSTEMS VULNR•AJILITY DUE TO MU'.TIPLE COMPONENT DRIFT• ANDI COMPONENT FAILURE

W. W, Rapp, US Army Corps of Engineers, Champaign. Illinois

TIME CONSTRAINED RELIABILITY DATA DEVELOPMENT FOR HELICOPTER
L RADIO EQUIPMENT IN A GROUND-•IASED LABORATORY

C. E. Deckard and T. K. DoChe, Wyle Laboratories,
Huntsville, Alabama

1530-1700 TECHNICAL SESSION 4

Chairman: Eugene F. Dutoit, US Army Munitions Command.1' Cost Analysis Division, Dover, Now Jersey

CHARACTERISTIC COEFFICIENTS, PROBABILITY AND CLASSSIFICATION
OF WIND PROFILES (SURFACE TO 25 ra)

Oskar M. Eseenvanger, Aerophysics Branch, Physical Sciences
4Laboratory, Research & Engineering Directorate, US Army

iessile Conand, Redstone Arsenal, Alabama
k

IDENTIFICATION OF WORKERS IN BIOLOGICALS THROUGH SERUM
TITERS BY DISCRIMINANT FUNCTION

Walter D. Foster and M4arian W. Jones, Analytical Sciences
Directorate, Department of the Army, Fort Detrick,

F Frederick, Maryland

1530-1700 CLINICAL SESSION 3

Chairman: 3. P. Bruno, Surveillance and Reliability
Laboratory, Aberdeen Research and Development Center,
Aberdeen Proving Ground, Maryland

Panelists:
Murray Geisler, The RAND Corporation
Bernard nreenberg, University of North CarolinaI i ' Boyd Harshbarger, Virginia Polytechnic Institute
George Nicholson, University of North Carolina
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A

A SACKwi•D ELIMINATION GENSPAL SIGNIFICANCE RZCRaSSION
MOODEL

Charles S. Colvin, Plans and Analysis Directorate, US
Ar" eiseils Command, Redstone Arsenal, Alabama

TEST DESIGN AND DATA REqUIRM4ENTS FOR OPERATIONAL FIELD

TESTING OF AIRCRAIt

Chauncey P. 8.11, The RAND Corporation, Washington, D. C.

aON- KNQUET

Presentation of the Samuel S. Wilke Memorial Award by
Dr. Frank S. Orubbs, US Army Aberdeen Research and
Development Center, Aberdeen Proving Ground, Madyland

Thursdazc 22 October

0830-1030 TECHNICAL SESSION 5

Chairmant Jerome Johnson, Surveillance and Reliability
Laboratory, Aberdeen Research and Development Center,
Aberdeen broving Ground, Maryland

A STATISTICAL HEIRARCHICAL MODEL FOR FLIGHT TEST DATA OF A
VEF/PYP DISTANCE MEASURING SYSTEM (flH4E)

Erwin BDier and Eddie Cornellous, Avionics Laboratory,
USAECOM, Fort Monmouth, New Jersey

A MULTIVARIATE STATISTICAL MODEL FOR A SFJ4IAUTOMATIC
FLIGHT OPERATIONS CENTER (SAFOC)

Sol Berg and William Patterson. American Electronics
Laboratory, Colmar, Pennsylvania, and Edwin Blser,
Arthur Cnppola, and Edward Hansen, Avionics Lab,

USAECOM, Fort Monmouth. New Jersey

ENVIROtNMNTAL CONTROL SYSTEM ANALYSIS

Francis Brandi, Tank Systems Laboratory, US Army

Weapons Command, Rock Island Arsenal, Rock IslandIllinois

0830-1030 TECRNICAL SESSIbN 6

Chairman: Siegfried H. Lehnigk, Physical Sciences Lab,
Research and Uevelopment Directorate, US Army Missile
Command, Redstone Arsenal, Alabama
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NEW ANALYSIS AND METHODS LEADING TO IMPROVED TARGET
ACQUISITION REQUIREMENTS INVOLVING SYST04S, GEODETIC AND

- R--T=RY ERRORS, AND INCREASED WEAPONS EFFECTIVENESS FOR
CONVENTIONAL WEAPONS (PART 11)

S T Hans laussus-von Luetsov, US Army Topographic Laboratories,
Fort Belvoir, Virglula

A MATHEMATICAL MODEL FOR ANTILLUY FIRE ADJUSTENT ANALYSIS
Sidney Gerard, Reliability and Maintainability Division,

US Amy Material Systems Analysis Agency, Aberdeen
"Research and Development Center, Aberdeen Proving
Ground, Maryland

QUICK-REACTION STUDY OF CALIBRATION DRIFT IN RADIA4CETER
IM-174 ()

Joseph Weinstein, Systems Costs Analysis Office, US

Army Electronics Command, Fort Monmouth, New Jersey

0830-1030 CLINICAL SESSION C

Chairman; Clifford Cohen, University of Georgia,
Athens, Georgia

Panelists:
'Robert Dechhofer, Cornell University
Murray Geisler, RAND Corporation
Bernard Creanberg, University of North Carolina
George Nicholson, University of Notth Carolina
Herbert Solomon, Stanford University

RELIABILITY TtSTING OF WEAPON SYSTEMS

Ronald L. Racicot, Army Weapons Command, Beant R&E
Laboratories, Watervliet Arsenal, Watervliet, New York

TEST PROCEDURES FOR EVALUATION OF INITIATORS TO THE
EFFECT OF NUCLEAR DV.1ICES

Robert E. Betts an4 W. B. Thomas, Solid Propellant
Chemistry zranch, Army Pzopulsion Lab, Redstone
Arsenal, Alabama

A030-3100 BREAK

llOuY-1200 TECHNICAL SESSION 7

Chairman: Mortimner Zinn, Electronics Components
Laboratory, US Army Eiectronics Command, Fort
Monmouth, New Jersey
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1100-1200 TECHNICAL SESSION '
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John Cornell. Department of Statistics, University of
Florida, Gainesville, Florida

SYSTEM PARAMnER OPTDIIZATION USiNG RbSPONSE SURFACE
KETHODULOG¥

Gary Barnard, Plans & Analysis Directorate, US Army
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George L. Lavin, Vulnerability Laboratory, BRL, ARDC,
Aberdeen Proving Ground, Maryland
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Bert Levy and Gerald M. Schultz, Harry Diamond Laboratories,
Washington, D. C.
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MULTIPLE COMPARISONS REVISITED

Clifford J. Maloney, Bethesda. Maryland

DESIGN FOR ESTDIATIRG THE SLOPE OF A SECOND ORDER
S: LINEAR MODEL

Lyman Ott and W. Mendenhall, Department of Statistics,
University of Florida, Gainesville, Florida

1500-1530 BREAK

1530-1630 GENERAL SESSION I1

Chairmant Professor Bernard Greenberg. School of
Public Health, Department of Biostatistics, University
of North Carolina, Chapel Hill, North Carolina

THE ANALYSIS OF COMPLEX CONTINGENCY TABLE DATA FROM
GENERAL EXPERIMENTAL DESIGNS AND SAMPLE SURVEYS

"Professor Gary G. Koch, Department of Biostatistics,
Z,-hool of Public Health, University of North Carolina,
Chapel Hill, North Carolina

** *** ***** *** *** ** **** ****** * *** **** * ***

Friday. 23 October

* 0830-0915 OPEN MEETING OF THE AMSC SUBCO110,ITTEE ON PROBABILITY
AND STATISTICS

Chairman: Dr. Walter D. Foster, Analytical Sciences
Directorate, Department of the Army, Fort Detrick,
Frederick, Maryland

0915-0945 BREAK

0945-1145 GENERAL SESSION III

Chairman: Dr. Frank E. Grubbs, US Army Aberdeen
Research and Development Center, Aberdeen Proving
Ground. Maryland (Chairman of this Conference)

ESTIMATION IN TRUNCATED POISSON DISTRIBUTIONS WITH
CONCOMITANT INTERVALS AND TRUNCATION POINTS

Professor A. Clifford Cohen, The University of Georgia,
Department of Statistics, Athens, Georgia
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NOMPARAMMIC ANALYSIS OF COVARIANCR

Professor Dana Quade, Department of Blostatistica,
School of Public Health, University of North Carolina,
Chapel HIIl, North Carolina
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Robert Bechhofer Clifford J. Maloney
Francis Dress.l (Secretary) Henry B. Mann -j
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Fred Frishman George Nicholson I
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Minlganm Di.crimination Information Estimation aind Application

S. Kullb&aot
Tne George Wasnington University

Wasnington, D. C. 20006

Abstract

Tnis paper presents in some detail tne application of
I tne minimum discrimination information theorem to tne analysis

of multidimensional contingency taoles. It is snown that tne

form of tne minimum discrimination information estimate as a

memoer of an exponential family provides a regression

expression for the logaritnm of tne estimate. Computational

procedures for the evaluation of the regression parameters and

F the minimum discrimination information estimates are described

along witn tne tests for tne hypotheses as provided oy the

minimum discrimination information statistics.

0. Introduction. Tnis paper is related to [91 and [101 in wnicn

certain basic tecnniques and procedures were presented for tne

"1 Supported in part by tne Air Force Office of Scientific Research,
Office of Aerospace Researcn, United States Air Force, under
Grant AFOSR-68-1513.

This paper was reproduced photographically from the author's manuscript.



analysis of mul~tidaimensional contingency tables. In tnis paper

we staill examine trio underlyinig tricory In greater detail and

present one Important area of applioa~tlon. In particular we -- .* --

snail detail trio close analogy or tnis application witn

mnultivariate regression analysis. Altraoun trio Ingredients of[ - ~tri underlying trisory were discuassed In E111 it seems necessary

and desirable to present triese Ideas lisre In greater detail.

We also remaz&K triat a more extensive tcomputer program trian

triat descrited in t63 arnd [91 ras been prepared by Professor

ireland or Tne George Wasnington University. Tnis new program

can nandle tables of nigner dimension tnasn fou~r-way contingency

ta~bles ana also provides trio values of additional useful

parameters.

it snould be pointed out triat t~iere are otner areas of

application of minimum aiscrimination Information estimation

trian triat conisidered in dotail in tnis paper, for example, £31,

(43, [51, [71, [11), (123, [133, [3.41. Trio particular
application we snail consider nere can be described as fitting

tne observed values in tne cells of a contingency table in

terms of a regression Oased on sets of observed marginals as

explanatory variables.

1. Discrimination Information. To maKe trie discussion more

specific we snail present It in terms of trie analyrsis of four-

way contingency tables. All trio essential features of a more

general presentation appear. Let us consider tfle space n

2
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of four-way contingency tables R X S X T X U of dimension

r x s x t x u so tnat the generic variaole Is w ,

-1 - l,...,r, K - l...,s, I - 1,...,t, % - l,...,u. Suppose

tnere are two probability distrioutions or contingency tables

V ( we snail use tnese terms intercnangea&bly ) aefined over tnq

oSpaice fl. say p(W), W(W), p(W) - , n(w) -1. -TAG

aiecrimination information is defined by

S (1.i) p(p-wr) - () "

Tne oasis for tnis definition, its properties, and relation to

otner definitions of information measures may be founld in [1ii,

In tne Proceedings of [131 and references tnerein. For the

particular types of application of interest nere tne v-aistriuution,

r(w), in tne definition (1.1) according to tne problem of

interest may eitner be specified, or it may be an estimated

distrioution, or it may be an observed distribution. Tne

p-distrioution, p(w), in tne definition (1.1) ranges over or

is a member of a family of distrioutions of interest.

Of tne various properties of I(p:-) we mention in particular

tne fact tnat I(p:.t) > 0 and - 0 if and only if p(w) - .(w).

2. Minimum discrimination information estimation. Many

p -oolems in tne analysis of contingency tables may be cnaracterized

as estiritng a distribution or contingency table subject to

certain restraints and then comparing tne estimated table witn an

3



observed table to determne wnetner the observed table

satisfies a null nypotnesis implied by tne restraints. In

accordance witn tne prinoiple of minimum discrimination

Information estimation we select that member of tne famly _J

of p-distrioutions satisfying the reotraintJ wniar imni•nimi

tne discrimination information I(p.w) over the fami•y of

pertinent p-distrioutions. We denote tne minimum discrimination -

information estimate by p* (w) so that -

(2.1) I(p*-.iy) - p*(uP) (,) - min I(p.-w).

Unless otnerwise stated, tne summation Is over n whiCn will be

omitted.

In one class of problems tne restraints specify some

requirement external to tne observed values, for example, tnat

a set of marginals,nave specified values as determined by genetic

or otner tneory [41, 15), 1:121, or tnat marginals be nomogeneous

C31, [14], or tnat tne distribution satisfy certain symmetry

conditions [3]. In sucn problems Tr(w) Is taken to De an observed

Contingency table, tnat is, x(w) - x(ijrA) - ruT(ijui), wnere

r,~ x(w).

In anotner class of problems tne restraints specify tnat tne

estimated distribution or contingency table nave some set of 1
marginals wnicn are tne same as tnose of an observod contingency

table. In sucn cases rT(w) is taken to be eitner tne uniform

distribution rr(iJKt) - I/rstu or a distribution already estimated

subject to restraints contained in and implied by tne restraints

under examination. The latter case Includes tne classical

4I



nypotneses of Independence, conditional independence, nomogeneityt

-eonditional nomogeneity and interaction, all of wnfio can be

coosidered as instances of generalieLd independe1nce £31. C6bI,

17), 181, £91, [ 103, 113), amd w.ill be considered in acme detail

Minimum discrimination information statistic. To teat
r

wrnatner an observed contingency tbole satisfies tne mndll

nypotnesis as represented oy tne minimum discrimination

information estimate we compuze a measuar of the deviation

oatween the observed distribution and the appropriate estimate

4 y tne minimum discrimination information statistic. For

V notational convenience and later computational convenience let

|U; %ldnote the at~imated contingency table in terms of

occurrences Dy xe(w) - np (w), then for the first category of

proolems, that is, witn restraints determined oy external

considerations, the minimum discrimination information statistic

turns out to be

t-t
(3.1) P1(X*:x) -2z X*(uw) Ln Xw

x (7w

* wnicn is asymptotically distributed as a )0 uitn appropriate

* degrees of freedom under tre null nypotnesis. For tne second

category of proolems, tnat is, witn the restraints implied by

* e set of observed marginals, or tnose of a generalized

independence rnypotneals, tne m.d.i. statistic is

5
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x(w) A

wnicn is asymptotically distriouted as a K8 witri appropriate

,zarees of freedom under tne null nypotnesis.

Tne statistic in (3.2) Is also minus twice tne iogaritnm .n

. of tne likelihood ratio statistic but tnis Is not true for

tne statistic in (3.1) or in otner applications [£1. -.

"4 _. Minium discrimination _nfortion theorem. We now present
S•u theorem wnicn is tne oasis for tne principle of minimum

•, discrimination Information estimation and Its applications. W'e

snall present it in a form related to the context of tnis

aiscussion on tre analysis of contingency taDles.

Let us consider the space n mentioned in section 1 and

the discrimination information Introduced in (1.1). Suppose

now, for example, tnat we nave tnree linearly independent

statistics of interest defined over tne space n

(4. 1) T, (w) , T. (w) , To (w) .

Let us determine tne value of p(w) wnicn minimizes tne

disc rimin~tion information

(4.2) I(p:w) - Z p(w) 4n P(w)
It (W) w

over tne family of p-distrioutions wnicn satisfy trie restraints

61
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(*4,3) W P(~ p(w) - g

-X T (W) p(W) - 0.*

vnere 4, QC are specifiea values.

If •w() satlsfiee tne restraints t-.3) tmm o ofourse

Stane minimum value of I(p:w) is zero and tne minimizing distrioution

Is p (a) -i w(w). More generally, tne minimum discrimination

Infozzation tneorem [111 states tnat the minimizing distribution
to given by

F (4.4) p() - exp(q 1 TL (W) +-,T (W) + "rT (w)').(tt()

r (4.5) X 1 , 5 r*) ex (r *pTT 1 (w) +*T. (w) +iaT. (w) vT(W

ad tane r's are parameters wnien are In essence undetermined

Lagrange multipliers wnose values are defined in terms of

Q~ ~~4 ~~ M(-r T*,,

- (z oxp (rT1(w) + i,3 , Cs) + ,•()•()()/(•',,

T7

(.
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S- ~~(z exp(TT, (w) + TOT, (w) +TOTO (elk .(I),(T)C ,r,%)

(4.6) - ....L.n M(TI V'*TO) -
Ir

- (z exp (TIT,(w) + .T.(o) + .To (w))T.(S).(w))/A(T( I, s) T

We can now state a number of consequences of tne preceding.

We note first tnat p*(w) Is a member of an exponential

family of distributions generated by -(w) and as suen nas tne

properties of members of an exponential family. In particular

p*(W) M-(W) for TI - M= - - 0. We may also write (4.4)

(4.7) tn P--- -) - 4n M(. ,rg ,T) + TI,1 (W) +To (W) + T.T, (W)
IT (W)

" L +TT , (W) +Too(W) +TTO(W)

witn L - - tn M(¶, ,I ,T 3). Tne regression expression in (4.7)

for In(p())/-r(w)) witn T, (w), T(w), T.(w) as tne explanatory

var:a!les and T, IT IT as tne regression coefficients plvs an

important role ir. tne analysis we snall consider.

We note next tnat tne minImum value of tne discrimination

Information (4.2) is

(4.8) IVe:TT) - T, + + TOGS* + 'r,, - 4Ln M(T, "TOIT

S.



wnere the 0 'a are defined in (4.3) and tne Tts are aeterminea to

F satisfy (4.6). Using tne value in (4.7) it may oe snown that if

p rw) is aWy member of the family of distrioutions s.atlfying (4.3),
tnen

is' j&.9) i(p,") - I(pip*) + I(p*,.).

Tne pytnagaoresan property (4.9) plays an important role in tne

*anayais of Information taoles.

We note tnirdly relations connecting tne e*'s, tne T's,

and tne covariance matrix of tne T(W)'s. If we define the

matrices (vectors)

___ -(C;, daga (10) (IT.) it of1 d 8 d

tCer £11, p.n9e
S I

r :
, (•,,o (IQ!o) - *C-,C) 9- •1(A•*)

nwhere • is the covariance matrix of T (w), T (w), T3 (w) for tne
distrioution p"(w), tnat is, wItn

•,', - ._~~(T, 'wN-4r (T, (w,-Q;, *1p,..- -(•, t.."- °)

From (4.5) it is seen tnat M(T IrTS,) Is tne moment-generating

function of T (w), T. (w) T, (w) under tne alstribut ion l(w), nence

9
t"I
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Use cumulnt-generating funcotion is given up to q~aaUatic termns

(4.12) 4n• X(,, #To #To) .x Ti, + 96, ÷s go, To +• o,, O i i
;A

r Mr

[~ ~ ~ ns sn (4.12) inM~ (4.6) , we got ~ t kZG 1

+ :

and the using (4.1•) in (4.8) yields

(4.1) 2 Z(e :r-

We nave used tnree functions T, (w), T, (O)M T, (w) tus far

in tne discussion merely as a matter of convenitece. We note triat

(4.15) nolde for a set of m functions T1 (w), I - 1,...,m witn

appropriate meanings for tne matrices. Let us partition tne set

of m functions T, (w) into a set H say of m% and a set H, of tne

remaining m. - m - m, functions, wnere tne functions in tne set H,

nave zne property tnat

10
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4(4.16) -• - 1, M1..8 .
L IL

~ ~ we nave mne relatect partitioning or tne covariance zatrix or tne

TS1 (u), Iam

and tUe r--d * , and ¶ matrices

(4.18) 0* ( ,,'), 18- ), 9), r, (, .

In terms of tne partitionings in (4.17) and (4.18) tne

relations In (4.14) may oe written as

_ + + I(4+.19) "-8

and using tne fact tnat _ , f it is found tnat using tnese

results in (4.8) now yields

(4.20) 21(pr:T) n (v - )' _Q (0 -7' J.. T

wnore I..- " s - L. 2- : Z. is an m, x m, matrix. The

results under tne partitioning will nelp in interpreting tne

analysis of information values and are similar to tnose occurring

in tne testing of sabnypotneses in tne linear and multivariate

linear nypotnesis tneory rll, p. 216, 2591.

LU



.I

We note from (4.6) and (4.7) tnat

bra

-nence T, (M) Is tne mximum 1itelin.ood estimator or it. Tnue If

we write T, (w) . V and genote tne values satisfying (4.6) or

(4I.14) wjiwn In ~place of Q and~ in place of Tt we nave

corresponding to (4.15) I
(4.22) 2I(.Tr) ( 2 X T Q,*- 2Ln M(A.

and corresponding to (4.20) 1

MA

We re-ark tnat tne covariance matrix of tre ¶Ts is tne inverse of 1

tno covariance matrix of the TI (w)'s.
'4

if tne are tne averages of n independent ooservations

tneri we nave for tre minimum discrimination information statistics

(4.24) 2n I(p':'T) - n ) - 1)' 1 n I- A

and in trie partitioned case

(4.25) 2n 1(j.:TT) n(k.-• ,•. (k% w n j' ý...r.

12
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Under tne null nypotnesis 2n I( :T) in (4.24) or (4.25) is

asymptotically distributed as -A reapectively witn m or AD,F I
degrees or f'eedcm.

5. CaMputational procedures. An experiment nas been designed

and observations made resulting in a multidimensional contingency

table witn tne desired classifications and categoriet. All

tne information tne experimenter nopes to obtain from tne

experiment is contained in tne contingency table. In tne process

of analysis, tne aim is to express tne observed table Dy a

number of parameters depending on some or all of tne marginals, i

tnat is, to find out now mucn of tnis total Information is

contained in a summary conslsting of eets of marginals. Indeed, I
tne relationsnip between tne concept of independence or association

and interaction in contingency tables and the role tne marginals

play is evidenced in tne writings of Bartlett Ell, Simpson [17),

Roy and Kastenbaum :161, Lewis [151, Darrocn r2) and otners on

tne analysis of contingency tables. Tnus, tne W's in tne

preceding discussion will be tne marginals of interest.

5.1. The T(w) functions. The T(w) functions for the R x S x T x U

table turn out to be a basic set of simple functions and tneir

various products. Tnus, for example, the T(w) function associated

witn the one-way marginal p(2...) is

(5.1) T-(ijK4) - 1 for I - 21 any JK,4

- 0 otnerwise

13
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(5.2) p(:LJW,) (j)-.P(2...)

Fi

Stfimilarly the T(w) functlon associated witn U, e on.@eW - 91 •ma.• .
"DG(.3.1, f'or exe~oles Is :

(5.3) if (Ijr) - I for K- 3, &n i,J.4,

M 0 otherwise

since

ST( ut

(5.4) X p(1jYA) T(ij) - p(.3.).

Tnus for tre r x a x t x u table we nave

(r-l) linearly independent functions T (i, ) ,o'.l,..., r-1

(s-i) linearly independent functions ' (iJt),•-1,•..,s-1

(t-1) linearly independent functions T(ijKk),Y-l,...,t-i

(u-1) linearly independent functions T• (ijat) ,6 ..

since, for example,

1 TR(i.L) - rstu

We nave aroitrarly excluded tne functions corresponding to

C- r, a - s, y - t, 6 - u as a matter of convenience, we could

nave selected a - 1, 2 - 1, y - 1, 8 - 1 or any otner set of values.

14



"a The T (u lunction associated with tUe two-way marginal
S P(12.,) iTAIL.m., mif(• (r.) since rrom U. 4dol"4lion or

T_~jztiJ~) anld T 5.IjKt) it may be seen tnat -

i (5.6) T,(ji•,t.) T,(IKt.) . to I -, j 2- , any ap

- 0 otnervise

and

(5.7) 1: p((IJ) Tj(I.JL) Ta- (i•,z) - p(12..).

Thus the T(w) function associated witn any two-way marginal is

a product of two appropriate functions of the set (5.5).

Similarly the T(w) function associated with any tnree-way

marginal will be a product of three of tne appropriate functions

of tne set (5.5), for example,

(5.8) Z p(ijrt.) TJ(ijKt) TT(i3KL,) TU~(ijKt) -p(2.13).

Similarly the T(w) function associated witn any four-way

marginal will be a poduct of four of the appropriate functions

of the set (5.5), for example,

(5.9) z p(ijri,) T;~ixL T~ia) T'(I~jr) TU~(I~jv,) -p(2112).

We note that t.nere are a total of

N1 - (r-l) + (s-i) + (t-l) + (u-1)

'.5



respectively of trio simple linearly Indepenaent t untioa Sam

their products two, tares, four at a time. it may be verifieda

that ;

(5.10) rstu - I - N +N IL + No . _+

x 5 8

These values are degrees of freedom in toe analysis of information

tables in [6], [101. I

5.2. Tne po(w) values. In the usual regression analysis

procedure, one first computes tne regression coefficients and

tnern gets the values of the estimates. In tnis case nowever we

reve'se tne procedure. Instead of trying to obtain the values I

of tre t's from (4.6) we snail first obtain tne values of p*(w)

by a straigntforward convergent Iterative procedure and tnen A

derive tne values of tne T's from (4.7). We snail not discuss q

tne details of the iteration nere since tney nave been described

in [43, (61, r9l, [101. Tne iteration may be described as

successively cycling through adjustments of tne marginals of

interest .tarting witn the ff(w) distribution until a desired

accuracy of agreement between the set of observed marginals of

interest and tne computed marginals has been attained.

5.3. The .T values. From the deftnitions of tne T(w) functions

in section 5.1 it is clear that tney take on only the values

0 or 1 for eacn value of w. From tne nature of the T(w)

functions the set of regression equations (4.7) will nave some
16
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witn a single y value wnlon can be determined. Then tnere will

-e & set w1-tl one additional uninown value and same of tne v's

already deterained. These new uz•wo•n r vlues can e gnen

determined. This process of successive evalustion is Carried

on •ntil all tne values of T are det1enailed.,

6. Analysis of Information. Altnougn the preceding tneoretical

P discussion nas oeen In terms of probabilities, estinated

probabilities or relttive frequencies, In practice It ns een D

found more convenient not to divide everytning by n, tne total A

"number of occurrences, and deal witn observed or estimated I• t

occurrences, tnat is, witn rm (Ijr.4) - n/rstu, x(IjFA), x(i...),

V x(.0r.), x*(•LjZ) - n p*(i.t) etc. The analysis of information

is oasea on tne fundamental relation (4.9) for tne minimum

discrimination information statistics. Specifically if n P -

x4'(w) is the minimum discrimination information estimate

SCorresponding to a set H0 of given marginals and x: (w) is the

minimum discrimination Information estimate corresponding to a

set I• of given marginal., wnere M C u, tnen tne basic relations

are

21(x:lrr) - 2I(x::rT) + 2I(x:e.)

2I(x:nr) - 21(x:rwi) + 2I(x:I)

2I(x?:TIT) 21e Ix:nrm) + 2I(.:AV*)

(x:x.) - 2I(x•x:x) + 2I(x:4n)

17



In terms of tne representation in (4.4) as an exponential

family, for our disoussion, tne two extreme oases are tre unAform

distribution for wnion all T s are zero, and tne observed

contingency table or distribution for wnlen all N - ratu - 1

v's are needed.

Measures of the form 21(x:x*), that is, tUe comparison of

an observed contingency table with an estimated contingency table,

are called measures of interaction and measures of tne form

21(x*:x*), rnat is, tne comparison of two estimated contingency

tables, are called measures of effect, tnat is tne effect of tne

marginals in tne set N but not In tne set H . From tne results

in (4.24) or (4.25) we see tnat 21(x:x4 ) tests a null nypotnesis

tnat tne set of 7 parameters in the representation of tne observed

Contingency table x(w) but not in the representation of tne

estimated table X (w) are zero, and 2I(':x) tests a null

nypotnesis tnat tne additional set of T parameters in tne

representation of tne estimated table x*(w) but not in the

representation of the estimated table X:(w) are zero.

Since tne marginals of tne estimated table x*(w) wnicn

form tne aot of restraints H used to generate x(w) are tne

same as tne corresponding marginals of tne observed x(W) table

and all lower order implied marginals,2I(x:x,) is a13o

approximately a quadratic in tne differences between tne

remaining marginals of tne x(w) table and the corresponding

ones as calculated from tne X:(w) table.

Similarly 2I(j:x*) is also approximately a quadratic in

tne differences between tnose additional marginals in 1t but not

in H. and tne corresponding marginal values as Computed from tne
18



L-- .... As we shall ass* because of the nature of tne T(w) functions '

i!

S~described In section 5.1, the T's are determined from the

regression equations (4.7) &as sums and differences of values of -

t.• ••n x( r).A variety or statistics nave been presenteii in4M

Sthe literature for the analysis of contingency tables whioh are

i ~quadratics In tne marginal values or quadratics in the

logarithms of the observed or estimated values. The principle

of Minmum discrimination information estimation and its

, procedures thus provides a unifying relationship since suah

statistics may De seen as opposite faces or the minimum

dilscrimination information statistic.

I=

S~We nave presented the approximations In terms of quadratic

forms in the marginals or the T 's to assist In understanding and

Sinterpreting the analysis of Information tables as a bridge

• connecting the familiar procedures of classical regression

-' analysis and the procedures proposed here. The covarlance matrix

Sof the T(w) functions can be estimated for either the ooserved

table or any of the estimated tables and the inverse of that

matrix found onoul!d their values oe desired.

I7. The 2 x 2 table. Before we present an application of the

preceding ideas to experimental data in a four-way contingency
taAle, we snal! reexamin, ee 2 x 2 taole from the point of view

ef this paper. The al5e1raic details are sdmple In ines case and

i I

euadratic ine uneficatgion valuhes inormqadatio sn tneortcdvlpet

loainSupof twe oaeth bserved orx eta tevablue.e pincfiu ple.1

or inmu dscrmilaiol nfomaio etimtin ndit
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:- xx(}1 2 x{.! ,
X(21) X(22 X(.

Figure 7.1 A

margirAl., She generalized Independence nypotnesis Is tne

classical Independerce rpothesis and the ainimua discrimination

Information estimate Is t (1j) - x(i.)x(.,)/n. A convenient

representation of tne regression (4.7) is given In figure 7.2.

Tne entries In tne columns ,1,To T1" O
!

I j L 's

1 1 1 11 1

1 2 1 1

2 1 1 1

2 2 1

1igure 7.2

are respectively tne values of tne functions T, (J), To (ij), To (IJ)

associated witn tne marginals 0, - x(l.), go - x(.l), B, - x(11),

and tne column headed L corresponds to the negat•Vb of tne

logaritnm of the moment-generating function. For tne observed

distribation, recalling tne regression (4.7), it is found tnat

20
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(7.1) L &n (x(22)/M), T& ,n (x(12)/A(22)), -re -,n (x(22)/x(22)) -•--. ,0 La (g(llz(aa)/k(1elz(u)l). • -- =4

1
If we c&.1 T tne matrix withi onr.tl a o % o 01nme of PUw 7.2,

5 (7. 2) 11 0 0
1 0 1 0

Sand tins a dlagonal •gmatrix D witn main diagonal Meo elements

x x(1.) 0 0 0
S (0.3) D- o x(12) 0 0

(73)0 0 x(21) 0
0 0 o x(22( 2)

tnen it may ce verified tA %t o estiate of tn covarlance matrix

o tno T, (l) for trio ooserved" Coni&tiency table Is wr - here

p (7.4) TDT

- and Ais I x 1, Is 3 x 3, s 1 x . It Is fo-un tAt

x~l.x(2. x~l)w (1.)X() x (11) x()
X(1 X n

(7.6) x(1.)X(.l) x(.l)x(.2) x(1l)x(.2)

x(. 11x2. x(1.)x(.2) x(l1) _ -

n n

21I



-ven for ts simple case nvert•n ne Us matrix In Is mssay

algebraically, nowever,it •s easier to use tne relations in (4.10)

.nd (4.11). 'We nave from (7.1) .. I
A

(.7)4 r"4n x(12) - 4n x(22). ,. 4n x(21) 4n X(22).

T m4n X(31) + 4n x(2) 4n x(12) .4n X(21)

anti fr•ra - (I.), , - x(.), , - x(11) and tne relations

Implied in Figure 7.1 it Is fouwd that

(7.8) x(11) - , x(12) - - %, x(21) - x- ,x(22)-n-G-% +i*.

It tnen follows tntiat

___... . _z_.__ • __..._ _ __

I1ls 1 1 111 I1

22 x(.•- Q'- • (2 1) + x(22)' b x(23) x(22)

(7.9)
aTz 1 1 T_ __ 1 1

x(12) x (22) b' x(21) x(22)
A

1 + 1 I

tnat Is, tne entries of since •i a i.

22
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Note tnat the value of the losaritna of tAe aross-produot

-ratio as a measure of associat ion appears in U course of he

analysis as tne value of Tog and taaat To- 0 for x~g(1j) whose

representation as In vigure 7.2 does not involve tUs last

columin. T'ne minimum a isc rimlnation Infoziation. statistic to

.. test %tno null nypotnesis of Independence is 21(x:x*). In tnis

case it GoG and In accordance witra (4&.25)

(7.10) 2n(x:x*) -(X(11) x.L .,)' 3 (1 -_1

Remembering tnat x*(Ij) - x(i.)x(.j)/n, the right-hand side of

(7.10) may also be shown to be
I

(7.11) z (x(ij) x(i.Lx(.j)/n)*/ X(I.)x(-J)

* the classical Xe -test for independence witn one degree of freedom.

SA test wnicn has been proposed for the null nypotnesis of no

association or no Interaction In tne 2 x 2 table IS
]

* (7.12) (Zn x(1l)+4n x(22)-Lnx (2)-4n x (21.) + II+

wnlcn Is seen to be tne approximation for 21(x:x*) in terms of tne

T's witn tne covarianee matrix estimated using tne observed values

and not tne estimated values. We remarK tnat If tne observed

values are used to estimate tne covariance matrix tnen instead

of tne classical X3- test In (7.11) tnere is derived the modified

". 23

IL!



Neyman ord-square

[• ~ (7.13) X'9 - z(x(iJ) - x(i.)x(.J)/n)'/x(i,3).

~8. 3mm VM w i .x~rakeal data. Consider tn. R x 8 X T X V
table 8.1a representing Uso results of test snooting under tnree

different conditions: t

R:Oun barrel wear:i-l, new, 1-2, moderate, 1-3, excessive
S:Oun barrel temperature:j-l, cold, j-2, not

T:Unlit temperature:ir.-l, not, ac-2, ambient, X-3, cold

U:Numoer operative:t-l, success, -- 2, failure.

We are indetited to Mr. B.M. KurKian of tne Harry Diamond

Laboratorles for tne data and nle interest In to anealytic

procedure we nave discussed. We note that 15 rounds eacn were

fired under each of 18 experimental conditions. Tnis Is not

necessary for the application of tne analysis of information

procedures but was required for the earlier application of

Brandt's an•aysis to the data.

Figure 8.1 presents a graphic representation of the

regression (4.7) and is similar to tnat in Figure 7.2 for tne

2 x 2 taole. Tae L column corresponds to tne negative of tne

logarithm of tne moment-generating function (a normalizi.ng value)

and eacn of tne otner columns is a T(w) function witr the associated

Svalue at tne nead of the column. Superscripts and subscripts

are used to identify tae factors and categories involved. Tne

complete representation in Figure 8.1 witn tne 35 T values will

provide an exact representation for tae observed values x(w),

Tables 8.2, 8.3, and 8.4 are analysis of information taoles
24



• ~presenting£ appropriate analyses as various sets or marginals of

• In Figure 8.2 Uso columns corresponding to thie parameters

S~wAncA enter Into the various distrib~utions appearing in tables ,

;- ....• • •: 8-.;, 8.3 and 8.4 nave been anected. Note trnat for rv, tne •

-.UIfom dis ution, tnere are no aneo.s, and for x(w), tie

Sobserved distrioution all column3 are checKed. The degrees of

:v freedom for any effect component is the difference in the

= number or cOIumnDs enecKed for tne corresponding estimates. The

S•degrees of freedom for an~y interaction component in tne difference

" ~in the number of colu=ns checKed ror tne observed x-distribution

• and the estimated distribution.

S~The null hypothesis for any err'ect component Is that tne

; additinal r parameters are zero, for example, tne ni-1l

n~ypotnesis for the effect component 2I(x*:x•) in table 8.2 is

-thnat T'U I PRU are zero, The null nypotnesis for any7 interaction

;,, component Is that tne set of parameters wnicn are cr~ec~ed for the

observed x-t-ietribution but not for the estima•ted distribution

are zero, for example, the null nypotnesis for the tnird-order

interaction component 2I(x:)I) in table 8.2 Is tn~t TRS,

TRSTUJ RSTU, RSTU are zero,

Note n tin t all tpe marginals ampliea for xs, in tarbe 8.o

a re x(i...), x(.J..), x(..Ic.), x( ... 4), X(IJ..), x(i.K.), X(I..4),
.)X(-&.4.), X(Ito .), x(5 e .4) and tne marinbls eimplie for

x*' in table 8.4 are x(i ... ), X(.j..), x(..K.), X(...4), X(ij..),

nonce tie s 8x parameters coTU oeTU s dRTU TRTU TRT e T paret

IIe# Itta 9is 11Fibios appearig ini

X* outr not in• x*.
25
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We draw tne following conclusions from tables 8.2, 8.3, 8.4:

1. Success/Failure is not homogeneous over the 18

experimental situations, -(ij.A) - x(iK.)x(...4)/n, 2I(x:xt) -

34.371, 27 D.F.

2. Tne effeot of x(i..4) In table 8.2 in almost significant,

but tnose or x(0.-j), X(..m4) are not significant, nence we

proceed as in table 8.4.

3. Tne marginals x(ijic.), x(ij.4), x(i.ra) and tne lower

order marginals tney imply provide an accoptable estimate for tne

original data since 21(x:x•) - 7.413, 6 D.F., tnat is, we accept

a null nypotnesis tnat tne set of six parameters _STU ,STI1111 l-Is is

I,.RSTU _RSTU _RS TU RSTU are zero.
1 Bir ll i " llist i9%2

4. Using Figure 8.1 ano Figure 8.2 we can express tne

logaritnm of tne ratio of tne estimates for success to failure
under all 18 experimental conditions, tiat Is, tne logit, as

1J
the linear combination of a constant term T a term depending

on barrel wear TRU, ITRU , a term depending on tne Interaction
of barrel wear and barrel temperature T RSU T RSU and a term

depending on tne Interaction of oarrel wear and unit temperature
TRTU RTU ]RTU RTU

III allll) mai

*n T' + . .U + lSU + T + TRSU + -RTU
X. (1.112)

,n *(1 2 11) U RU TU RTU
xt(12.1) 4 lI + Tl + +'+ I

Sx*ý,(2111) TU RU U RTU

- + +ell + Tell

x,* (2212) TrU + T TU +T
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4 n (3111) .u 4. ÷ su ,Tu
i.* (3111) . U + TTU

Un TU
x4 (3212) 

--

n x (1121) . UT RU SU TU RSU HI A
tn +(21 T, + RU ,ITS ++z

(3 (1222) ,•+
nX.(1221) -U RU TU RTU
x* (1222)

x* (2121) u RU SU +Tu U RTU
tnx (2122) 31 + T + T33 + -I o

x*n (2221) T U +TRU + TTU +RTrU
1.f 01 21 +a Too~al

4(2222)

4n xr (3121) SU + TU

-TU +- TI I + To 1 '~

4(3122) I
4n~ x*(32211 U TU

1- Ir + Te

___ x U + TRU su + MRSU

'rn (1231) . U + TRU

x(2232) '3
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i ,., IL-131) . ,,SU

Ir. +

_ (3132) ¶ * +
SnX:3231) - U U

S5. Since tne computer program provides not only tne values

of e x(ZIja) out also tne values of Ln ()T(ihJK4)/4(3232)), tUs- -

values of tne T's in conclusion 4 above can be easily found.

T , 4:1 x (3231) 3.o281
x: (3232)

I &n- 231- ) - - 1.6470
It 3C(1232)

TR - n 4(2233) T U 2.2870
21 x:(2232) I

Sit - - ¶r - - 0.6794
S(3132)

TTU 4n.4 (3211) T U 1.9759"II - x:(3212)

TU i*(3221) U 074
t nf J" T781 x, -• •:(3222) - - - 0.776

RSU "'(113) - --RU SU
nx.(132) - T Tu-0.2928

RSU Mt.n C (2131) - U RU - Ir SU w 1.7215
'rai" x% (2132)

RTU nx:(1211) U RU TU
T III - n.- 'r, - T1 -r, 2.3336

x. (1212) I
RTU x*(2211) U RU TU

'811, - n 4 *-. - 1, - ITS 2 Ir. I.-w 1.4528
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JI
[ -.

xTU - (1221) V RU TU -o.1639
L. (.1222) -- T I- TO

TRTU io (2221) U rU T
xý (2222) at t

As a onec• •ie nave, for example, 411 (x (l1)/x (lu1)) -

U RU SU U RSU RM . 66
0.7666 andi + R + S + TU+ T+ + T -. 666.

S6. Tne values of L and otpepr parameters for the
distribution can be Obtained from Figure 8.1 and the computer

Sin tns ase rI - 2TO/(3x2x3x2)• Tn" L - -2.3822#
- - ,n(-(l23)/X!(32,2)) - 1.4701, etc.

7. Tne computer outiut for C(iji.4) is listed as taole 8.5.

Five values are given for eaen iK, tnese are:

Observed: x (iji',)

Predicted: ) (I•K.)

Residual: X(ijKk) - 3 (:Lj rA)
Standardize: 2 x(ia,.rt) 4,n (x. i,,)/x•(iji,.))

Log ratio: ,n( J(1j)/x.(.232)).

Tnere is also given tne value of 21(x:xi.) along witn tne degrees

of freedom and a probability based on tne X9- distribution and

tne value of L as log(x STAR/N/CELLS).

9. AcKnowledgnent. Tne interest and cooperation of Professor

C.T. Ireland and Dr. H.H. Ku are gratefully acKnowledged.
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Analysis of Inroraation

L Table 82

Component due to Information D.P.

&)~jK)21 (xax.)-99.639 1.8

U-effect 21 (x : ). -65. 268 1

Interaction 2i(x:x;) -34.371 17

RU-effect IRST 21(x*,::xv)- 5.303 2

Interaction £I x:x ) -29.068 15
d)X (ij.) ,X(i..4) ,X(-.,L.)

Su-effect RBT,RU 21(x*,:x*,)- 0.314 1

Interaction 21 (x:xt) -28.754 14

TU-effect1RST,RU,SU 2I(x*:x*)- 2.705 2

Interaction 2i(x:x*.) -26.049 12

f)X(i.) ,x(-..•) ,x(ij -4)
RSU-effectiRST,RU,SU,TU 2I(rp:x*)- 9.752 2

Interaction 21(x:Xt,) -16.0297 10

9) X(i.•K.) ,x(i.a ,,) ,x (i..A)

RTU-effectIRST,RU,SU,TURSU 2I(. :x*)- 8.891 4

Interaction 21(x:xt) - 7.406 6
n')X(i .), X,(ij•.,t,), X(i.KJ) ,X(-J•).. .

STU-effect lRST, RU,SU,TU, RSLRTU 2I (X* :x) m 4.543 2

Tnird-order interaction 21(x:xk) - 2.863 4
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Table 8.3

rComponent ate to fltoiation D.P.
d)x (Ij.,.),X (1..4.) ,x(.,j.4) 21(x:I) - 28. 7, 14

Rsueze:M RTEU,8U 2 I(xC a) 9. 64 9  2

Intraction •2(xalx) 19.105 12

TU-effecIRSTRUSU,MU 21(x:x) . 2.808 2

Interaction 21 (x :) -16.297 10

Taule 8.4

Component due to Information D.F.

21x:T 34.371 17
c=) x (I .),x(I•..•)

Ru-erfectIRST 2I(.V:x') - 5.303 2

Interaction 2I(x:x:) - 29.068 15

m)x (I k.) ,x(3 .0)

RSU-effectIRST,RU 2I(x:x) - 9.963 3

Interaction 21(x:x*) - 19.105 12

RTU-effectMRBT,RU,RSU 21(x, :x*) - 11.699 6

Interaction 21(x:.) - 7.406 6

a 3
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Table 8.5

I nASERVko I 600ooCoO 60OOOCOO
RESIDUA 10*241535 4j758C02 _______

I1 EIUL 3 42'55 1.241998
________ *l~-.163043 1.6391587________
1I LnG RATI 10 5mjAirSrrw~jZ~

2-0_SE____0_ _ 8* 00.COOO _ 7,,O000COO_______
2 PKE0ICTEU 7 6*746210 8o254419

2 RES IDUAL O........1253?90 ._ -1*254*19 _______-

2 STANOARUIZE 9 1.361679 -1 .153e70
.. ) .L06 RAT 1,0_ 2ZU3I.nZZhh

3 OBSERVED 11 9.OOcooo 6*OOOCOO

3 RESIDUAL 13 -0.012303 0.012800
....3SJAN ANR.DIZE..........JL n0.012Z95.. 09.012A90_ _

3 LOG RATIO 15

REtSi-u6A-L-S.A -*S S T * .FRT 2 LSRP5 1 2

OBSERVED 14.0COCOO I 0OOOCOO__
1~.~ 0BSEUAVTE 2 12.75S455 Zo141597

.1 _ __ IE S IQUA -L -3 1.24154S ________

1 STANDARUIZE 4 1.30CO?6 -O*807?67
1 LOG RATIO _5ý ý -. b --I - -.Bi2

2 OBSERVED 6 9.OOCOOO 6.OOOCOO
2- -PRE 01C TED 0- 7- C.25 3?9 5 _ _4.74 5 !7 2 ____

2 RESIDUAL 6-1,25179S 1.254426
2 *___ ZITANDARULEIZ 9 -- 1-.173J809 ___1.407280

2 LUG RATIO0 10 2~42i2
3 ORSERV0O 11 U.-1.0Ocooo 3.OOOCOD ______

3 PREUICTLD 12 11.987688 3.412470
RESIDUAL_____-C.121 . --- G0148 _ _ _. _

3 STANDAR.0IZE 14 0.012308 -0.012452
3 LUG RATIO 15

RESIDUALS: At*S T U. FIRST 2 SLBSCI4IPT~s 2
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I VRECICTtD 2 k19685621 3*314257

__ l .R.S.Uý 3-0.663621p O0bUS1*3...
I. STANI)AROILiE -'06665103 0.752241

-A -.- T -
2 08SERVto 6 14*00COOO 1.OOOCOO

_7PE14k 12..472881 2s52?.158
2 RESIDUAL a 1.52?119 -.1.527156

-_ 2~..AtANOAR0.I At 9 __1617001 .... 0*92?C95
j LUG6 RATIO t0 ... 2aai..... 1 .Z&D

- -.-. -~ .3 USSERVAD..j......I20000 3,000000
3 PROICU 12 2.844002.158594

__3_. RESIDUAL..13 -0.841480 *o#IA6
3 STANOAR70ZId i4-0.0810 02 8 ?0.987 46 S

3 LO'G RATIO0 15 Sft~.Uib

R1SIDULS L3_ *_S *_T 0 _k._ FIRS. . 2 SL8kýISC a I T S 1 2. 2

_ __ _1 2

-- 1 OBSERVED 1 91OOcooo 6.000(00o
1,_R RE 0 1C T E D 8_ , e3 1 3 83 6*.685740

1 RESIDUAL 3 0.685617 -0,.6OS74.0
I_STANOARDIZE 4 C.71il.38 -0.649305________
I LOG RAT ID S _ AA22Z& 2 A

2__._ UBSERVEO.....6 8000COOO ____7.OOOCOO
2 PPEOJCTk:D ? 9.527126 5,472e40

__ 2-__ Rt-SIDUAL 8 -1.e5271Z6 1.l 527 160 _______

2 STANDARUIZE 9 -1.3S7613 1.722786

3 UREISRVED 11 ileQOCOOD 4.OOOCOO -

3 _ PREDICTED 12 1C.1s8509 ___4.841'404 _____

3 ((ESIDUAL 13 03.841491 -0.841404

1__ _STANOARUIZE 14 C*8755411 -0.763t42________
3 LUG RATIO 15 ~ I 2 ±

RESID'UALCS : R * S *T * Ue 2IS ZSUSSC -AI PTS3 3 1

OBt'SERVEDO I _960coon __ _ 6900OCOO______
1 PREDICTED 2 8o882741 6.118252
I RE~SIDUAL 3 _ ._ C117259 __ -0.116252 _ ____

I STANDARDIZE 4 0.iieoz9 -0.L17102
I LOG RATIO0
2 fl8SERVt:L) 13.OOCOOO 29OOOCOO
2 PREOICTE:D 7 12.425370 _ 2*574304 ______

2 RESIDUAL 8 O.S74630 -0*5743C4
.2STANDARLJIZE 9 __ .5e7705 -__-0.504e64__

2 LOG RATIO 0 2ft2___.lZ2.
.3 OBSERVED 1113.000000 t.000060
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IF
3- STN OAA -0.674134 -0609
3 -LOG RATIO is5

FRISIDUALS3 R TT* U. FIRST 2SLBSCPIPTSI

.1.1~ ~ .~oo 000 COO

I PREDICTED 2 1.111260 3.8dj?43
~~ RESIDUAL 3 .C.126.

I STANDARDIZE 4 -0,116640 O.120C37
SLOG RATIO_____2Z2

Z OBSERVI:D 6136OOcooo 2oOOOCOO
2_.... Pt0CE 3.574.622............ sZe,
2 RESIDUAL 8 -Cob74622 0 657',305
2..-._STANOAR0IZE- 9 _____-.O.S.2285 0_ O.676S74........__
2 LOG RATIO 10Io...... 2 Ll

--_3.--. eseRVED,....J11..._15.0ocnoo ____0O(Docos .--.

3 PREUICTEO 12 1'..30$003 0.0b993
3 QSOA 3C.691Q;27 -66958

3 SrA'~)AROIZE 14 0.708390 -0000ocb)9
- 3--L.C;VRAT 10 1 5 _ 30L

MYPOHESI 4 1()tX*)7,406 DEGREES OF FKEEDUM

6 PAULBABILITY UF A LAR(.DER VALUb * 0284956

LOG(XSTiRiN/CELLS) *-2.382215
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FIELD TESTUIGs
MNITSOOLOGICAL CONSIDERATIONS AND A

SPSCIFIC EUAML1I

T. S, Donaldson and R. J. Kaplan
The RAWD Corpbration

Santa Monica, California

I, W¶'IODUCTION
t.

Thd gradwaote-echool-trainud experimentaliet who goes out into the world .4
of industry or government service generally runs into a severe period of
Intellactual and emotional stroess. At first he will try to apply his edu-
cation directly by considering the world to be just another laboratory
where, with the application of proper controls,he can run experiments just
like the ones he was used to doing In schuol or reading about in the
published literature. It soon becomes apparent to him that he cannot, and
that the world is just too dirty a place to accommodate his pure way of
thiuking. The need to do sowething constructive for his employeer, however,
quickly becomes a pressing matter, and at this stage his attitude is one of
resignation to doing lee# thar firs.-class work, He thinks you can go out
intc the world and observe things, even measure a few of the significant
parameters with a reasonable degaee of accuracy, but that there is no
chance of exerting any substantial control over the situation. Any con-
clusions you draw from such activities are the result of good intuition or
luck an not by virtue of any rigorous application of scientific methodology.

Most of us remain in that last stage, a fact which is both unfortunate
and unnecessary. Our major point in this paper is that, whilp It is indeed
true that the wrld out there is dirty and confused compared to our labora-
tory, we can d3 experiments in it. There are methods available to the
sophisticated researcher which allow him both to exert a great deal of
control over investigations taking place in a natural enrironment and to
draw valid conclusions from his observations. Wefore discussing a specific
example, let us look at some of the characteristics of what it is that we
"can do in the field to further the goals of our various estrblishments.

The first thing to be made clear is that there is not a dichotomy,
but rather a continuum between laboratory experimentation and field
testing. The world is dirty to different extents and therefore the
degree of control that we can exert in our tests till be different.
P at set be thought out very carefully before any test is started is the

Any views expressed in this paper are those of the author. They should
not be interpreted as reflecting the views of the RAND Corporation or the
official opinion or policy of any of its governmental or private research
sponsors. Papers at# reproduced by the RAND Corporation a&v a courtesy to
mmners of its staff.
The reaainder of this article was reproduced photographical.y from the
a;thbor's manuscript.
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tradeoff between what it is we have to have found out when we have

completed the work and the rigor with which we conduct the research.

The most carefully done and scientifically elegant study which answers

totally uninteresting questions is as useless to us as the collection

of poor and Insufficient evidence about crucial topics. It is the task

of the researcher in the field to find the happy medium between these

equally undesirable extremes.

The different purposes for which we might want to conduct a field

test must also be kept in mind. At one end of the spectrum is the

notion of evaluation. The question to be answered here has to do with

whether or not the equipment or system lives up to the expectation of

its design specifications, and in this case the degret of unusual

circumstances in which the system can be made to operate will 1e a

determining factor in the utility of the results. ThQ other end of

the sc4le can be loosely defined by something catted policy formulation.

Here we already have an operating system and we are trying to learn I
eawmthing about its operational impact both on itg m n u 'rating

efficiency and on the interactions it has with the rest of the orga-

nisation. The test here :s not necessarily limited to the system

itself which is under scrutiny as, for axMinlle In a test to decide

which of a number of different depioyments of a now armored vehicle

would be best suited to the accomparriiv$g Wnan•t•. The test we will

use as a sample case later in this discussion is of the policy-

formulation type, and we hope it will expoc. som#e' of the intricaciea

of field-testing for this purpose.

mhe prime requirement laid on the re*earcher who enters che

field-testing business is that of being Lmsea.ýtive. In this environ-

sent it is not possible to follow the "cookbook" te-.hniquAs which can

assue success in most graduate schools. lou cannbt chsnge the

problem to meet the specificatiots of your laooranccry and yoma m=st,

therefore, be able to adapt and bend your methods of investigating

and rle tools available to you to meet the task before you vith varyi•g

derrees of exactitud,:. The matching of procedures and methods to a

tpe:ific case must be done with full knowledge of what has been given

up asd what has been jained along the way. Nothing can replace the
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creativity of the researcher of.. -w method must be workod out for

"each case and cannot be taugh . - r all. He asnt be able to
keep tha whole problem in w=In. . ý • ,- the specific details together

with the cqopromsiee wbhie must .• u.' and be constantly a"ert to

the course of.collectip datM.

This br•ngs us to tha lest pcint we "at to ake about field
- tests in general beft"t getting on to it apeoitlt case in order to focus

our 01scussita, and that. is serendipity. Field testing is done ne-

ceasattly In a v*Yy rich lvwirowknt. too rich, in fact, and that is
what cau~se all the probima. 'reltiug to inoqzte cofttols. We can

be on the lookout, however, for instances where vs. can t~wn this rich-

ness to our &a#dntage. Mvvphey'estAw never falls to operate In a

field test--the uorpected %pill alveap happe. Smetimes it will be

disasterous and we will be lucky to salvage anything from the data

we have so labarously collected, Other kis, honever. we will luck

out if we axe sot too narruvwly sighted and Kind things that we had

not evenhesn looking for. 1he good a eA creative researcher
will nven gu one step ,urther and fotet the process oi serendLp/ty.

Outside of the forml -%*pects oa whatever deaft-6 you &44pt for a

particuls: emercire, there are side effects which can'i lookad at

io a lse. forIal way. Slopy? Yeb, but also ctotive.. As we sterted

out by saying, it's.e sloppw world Put the•i and que desr~e of slop-

piness in dealing wlihit may *0 of 'help, jast as in some control

processe, the introduction of white aoioe itti thi systam has a

stebilliL-na effect. Plan for the unkxpected. -.hen. &,d the' urprise

might weil be a pLeslant nte.
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In the eumer of 1964, Rand made an informal study of the Air

Defense Comand Dispersal Plan. One policy contained in that plan

stated that aircraft at the dispersed site would be maintained on

ground alert statue for a maximum of 48 hours; they would then be

flown back to their home bases. The requirement for a rotation period
of no more than 48 hours between dispersed site and homse bas appears

to have been based on a widespread belief in ADC that aircraft re-

liability deteriorates rapidly when aircraft are left on the ground

for more than a few days. An inflexible requirement of this kind

appears to have serious consequences when aircraft are at a dispersed

site. The consequences at the home base are perhaps les serious, but

are still present, If a longer ground alert were possible without

degrading aircraft performance, flight-scheduling and maintenance-shop

manning would be considerably easier because of greater flexibility.

Further, a longer alert would lead to a ntmber of cost reductions. For

example, the time spent in uploading and downloading weapons for ground

alert could be cut to between 25 and 50 percent of the present level.

Since loading requires about 9 to 12 men, this saving alone could be

considerable. As a result of these considerations, one of the sug-

geations made in the Rend study was that the effect of ground-alert

duration on aircraft reliability be determined experimentally.

As a result of the Rond recamsndetion, Air Defense Command di-

rected that a study be undertaken. A meeting was held at ADC head-

quarters between various Air Force officers and a Rand representative

to develop the experimental design and procedures. The central issue

in this first meeting concerned the tradeoffs between a highly con-

trolled and a loosely controlled design for the test. This issue is

focused sharply in consideration of sample size.

Istimatina Samole Size. Because ADC was in a hurry to make a

decision concerning length of ground alert it was necessary to keep

the sample as small as possible. At the same time the Type I and II

errors both had to be small. The Type I error is the probability of

deciding that differences in aircraft performance exist (as a result of
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differences/length of ground alert) when in fact there are no true

differences. The Type II crror is the probability that true dif-

ferences exist but are not detected, ie., the null hypothesis is

not rejected. The errors define the two risks taken by the decision-

maker, and both involve certain costs to him. If a Type I error occurs,

he viii decide not to go to longer alert periods (because differences

in aircraft performance appear to be related to length of alert) and

lose the benefits he would gain by uein8 longer periods. It a Type it

error occurs, he will decide in favor of longer alert peritd. (because

he thinks there are no differences due to length of alert) and a do-

grading of aircraft performance will result.

It is desired that both of these errors be small and of known

site. There were two methods available for controll.ng the size of

these errors. The first is through the use of experimental controls

which reduce random variations (i.e. the error variance, or error of

measurement is smaller). The second is through the solution of an

adequate sample size. The calculation of sample size, whLe controlling

for Type I and 11 errors requires the following: (1) an estimate of

error variance, (2) a decision on the magnitude of difference (in

aircraft performance) that is meaningful and important, and (3) a state-

ment of the size of risk the decisionmaker is willing to accept, i.e.,

the size of Type I and Ir errors.

It was decided that 6 change in aircraft break-rate (proportion

of sorties on which aircraft malfunctioned) of 0.1 was important.

It was also decided that the Type I error should be no larger than .05,

and the Type II error should be approximately the same size for the

moat powerful tests, and could be less in some cases.

Using the normal approximation for tests on proportions with

o , .05 we have:

- p

Prob 2< 1.96 95,
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Vhere Pl and P, are the observed proportios, p ts the estimated

value of the proportion In the population and Is

J

ad -I -. The nmber 1.96 is th•value of 4 ormalVR•te (1).
such that Prob (z c 1.6) w .95, or it Li the critical reion for -.

-tot rben a a .05. FM the sake of eStML8 sa•mple eea we let

p a 0.5. This is Le the reae .f vaues expected in the et"*. I'wther- -•

more, the product J4 (wbioh is used for calculations) chanes very little

over a wide range of p as indLiated In Table 1.
ii

Table 1

.3 .7 .21
.4 .6 .24
.5 .5 .25
.6 .4 .24
.7 .3 .21

Returning to Equation (1), and vrtcLng the quantity within the

brackets as an identity:

(2) P- 2 , 1.96.

.1

Solving for n, 2

S,..6

al 1.9 -2p I " P2

However, recall that P- P m .1, and p - q - .5, we have

r3) n a 136

Thus, if n w 136. the probability is 957. that • falls within the

interval + 0.1 of p.
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4

is re:jected (0.1 in the examle); conversely, the critical region

specifies the values of P" P- for which N is accepted. Power is

the probability of accepting HN given I(lts true (i.e., H1 : P P2

Thus we conclude that eamples of eise approximately 136 will 4
yield saceptable Type and It errors. As will be pointed out in
the following pages, the power of same tests in the design are better

than others, and in some cases power ti to be Improved by pooling

procedures. I

General Desiutm. Ground-alert periods of four different lengths

were used in the study. Four lerngth# were used In order to determine

Sthe shape of the "reliability" curve over time. further, an even

number of periods allows one to combine the short versus long periods

for more powerful statistical teats. This was particularly desirable .

for some indices of aircraft reliability (e.I., ground aborts) that

have low frequencies of occurrence. The periods of ground alert used I
vere 2, 4, 6, and 8 days. A two-day period was used because that
is the length of alert proposed in the ADC dispersal plan. An eight-

day period was used because it was a consensus that aircraft would

probably show evidence of decreased reliability after a ground-alert

period of this length.* As a result, one could then determine the

mximum length of ground alert possible without degrading aircraft

reliability, In order to determine the generality of results, three

types of ADC aircraft (F-101, 7-102, and F-106) end two bases (rep-

lications) for each type vere used in the study.

Independent Variables. Several indicators of aircraft reliability

are used in this study, the primary one being mission capability.

The mission-accomplished rate, reported by the pilot and also scored

by automatic devices, is the measure of mission capability. Theme

data were obtained from the ADC 76-3 Pilot Debriefing Forms. Two

other indicators of aircraft reliability are important, although not

This was the opinion of some ADC and some Rand personnel,
and was thought to reflect the opinion of many maintenance personnel
in the field.
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directly related to mission capability: pilot-reported l~funotion
(also on 76-3), and Air Force Manual-66-I. maintenance data. Saperieao.,

-haa indicated that the number of malfunction. ia a vacy sensitive
measure and the resultant power of the test@ wouald be eoas~derably
higher than for tests on brbak-rate.

Xo addition to reflecting aircraft reliability, the AIN 66-1 data
allow an estimation of maintenance coats at a function of the dutation
of ground alert. For example, increased effort by maintenance crews
and intensive ground testing could poasibly maintain aircraft re-
liability for extramely long periods of ground alert, although the

coat for doing so might be high. Ahils aircraft mission capability ""

(as a function of the length of alert) is the primiaty concern of the
study, the cost for that capability cannot be disregarded.
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III. RlOCMDU ANHD UIftII]hL[ DfIUQ4 4

In this seetifo the experimaetal controls whiab were introduced

to Increase test eeenitivity are stated.
Atrmft of three types frem sex BC bases were plad an grond

#0t em kt-o Oelt a t. 4, 6$ end 9days. ase attest of 5 omi-Galrt 7

2: t* .dwatioa as alraraft reltability wasee mea ed by aircraft perfornwoe
on the first mortis following the ground alert. To reduce ome of

the raend variations ti the date, several rules aud restrictions

IW aere psmed oan tet Sorties:
(1) The sortie followed ground alert was required to take place

within 12 hours of the end of the ground-alert period, and with so
preventive minteseuge prior to flight.

(2) During the alert period, minor uimatenance could be per-

Sformed "sIm b as the aircraft wee not remod from alert statue.

(3) The sortie flown Lmmediately following a test-alert period

bad to consist of at least two attempted Intercepts.

(4) At leeat three sorties had to bo flown between consecutive
"test-alert periods for a givan aircraft.

"(3) •henever an aircraft flew a sortie following a toet-alert

period, it carried electronic evaluators ti the weapons rails.

To control sourandom variation between aircraft, the experimental

design called for every aircraft to be placed on alert for each of

the four alert periods. (Previous studies at both Rand* and ADC**
indicate that significant differences exist between aircraft for short |
periods of time (several monthe). The order In which a given air-

craft was placed in each of the alert periods msight possiblr have an

effect, i.e., the alert period sequence of 2-4-6-8-days might have an

effsct different from the sequence of 8-4-6-2-days. This kind of

order effect could be controlled by counterbalancing so that all

W. H. McGiothlin and T. S. Donaldson, Tgr3ds in Aircreft
Maintenance Requirements (For Official bae Only), The Rand Corporation,
U4-4049-1M, (DDC No. AD 447-880), June 1964; T. S. Donaldson and
Anders Sweetland, Trends in F-101 Maintenance Requirements, The Rand
Corporation, RJ-4930-FR, April 1966 (For Official Use Only).

Unpublished study by Captain John B. Abell, Headquarters Air

Defense Command (ADMLP).
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- eSquences occur with equal frequency. To have conducted the experi-

-Want with cuntetrbalaLnctg, however.r would have Lmpo vrare restiric-

tiona on aircraft scheduling. Since these order effects were expect-d

to be 11mal, they were controlled by randi•sastion. This order ran-

domisat ion was carried out by AXC Headquarteus.
81ice there were tw bse* for each aireraft, the design might

Ab thought of as a tree-way layout tavolig three acetoye: ale-rt
period, aircraft typo and replications (bases). fhe emperimental
design is shown in Table 2. The design suggests a 4 x 3 x 2 analysis

of variance, with the within-eell error veriance partitioned into

a between-aircraft and residual error.* Differences between aircraft

type and between repltcations would be tested against the between-•i aircraft error, and differences betw~ee alert periods would be tested ;

against the residual error, This type of analysis with the kind of

data observed in the study (prtmarily dichotomous) and vith con-

servative stmple lees would be extremely risky since the true Type I

and It errors would not be known. This is particularly true with

Srespect to the interpretation of interaction effects, whbih, if present,

would then require an analysis of one effect at each level of ome of

the other effects ("simple effects" analysis). Rather than follow

this "classical" analysis, the above ooments suggest that differences

between alert periods should be analysed for each base separately.

Pooling across bases would follow, whenever possible, to give more

powerful tests. This is the analytic procedure used in this study.

"For example, see B.J. Winder, Statistical fttnctlLee in

Bi snatal NDeen. HeGraw-Hill Book Cmpany, lic., New York,
"1962, Chap.7

.-
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Table 2

EXPODUD(TAL DES IGNI

Alert h (dayn)a

Aircraft Base No. 2 4 6 1s

F-101

3

F-106
6

aNeaeures are repeated on this factor.

Aircraft reliability was assessed by the folloving Indiaes:

(1) Break rate by cateaory: An aircraft to placed in one of

three categories after a sortie.* These categories and codes are:

Code 1. The aircraft is operationally ready, i.e., all

installed systems are fully operational.

Code 2. The capability of the aircraft to perform on

air defense mission is degraded.

Code 3. The aircraft is not capable of performing an air

defense mission.

The proportion of Code 2 or Code 3 sorties relative to the total

number of sorties flown (or sum of Codes 1, 2, and 3) is the break

rate fto that respective code.

(2) MA success rate: MA denotes mission accomplished; it re-

quires that a fire signal must register on the pilot's display scope

and the target dot be in the center of the radar screen.

AFC Regulation 66.28, 7 October 1964, p. 7 .
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(3) WSEJK/ success rate: This refers to the success of the

aircraft systems in performing a mission as measured by the WHSEM a•d

MW electronic evaluators. t-

(4) Number of aborts on ground alert; A ground abort refers to

a cancelled sortie due to a critical failure occurring before takeoff.

(Vieather and operations ground abortt were not considered).

(3) Nwbtr of in-fliaht emergenSies: An in-flight emergenc•

occurs when the mission mwAt be cancelled as the result of a critical

failure while in flight. I
(6) lImir of discremanciel jSe sorcie: This refers to the

tPtal amber of malfunctions reported by the aircrew.

(7) Maintenance on the aircraft: This is defined as the un-

scheduled flight-line maintenance as recorded on the AFM 66-1, AFTO 210

and 211 form. Units produced and maintenance manhours were used to

measure the amount of maintenance required by the aircraft.

The first six of those measures are taken from information on

ADC Form 76-3 (pilot debriefing). This form is made out after every

sortie; it was modified for the present study to include a code in-

dicating which test alert period the vortis followed. The seventh

measure vas obtained from AF?( 66-1 forms. Unfortunately, these for•m

were not identified by sortie, making the resultant analysis weaker

than it might otherwise have been.
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8ortle. were attempted following 440 ground alerts. The ntmber

of alerts for each base and for each alert period are shown in Table 3. I
The experimental de"aip required that every aircraft receive all treat-
vents (lenth of ground alert', and that the order in which an aircraft

Vas exposed to the treatments be ra&don. Inspection of the actual datea

that aircraft in the study ended their alert periods indicated that no .

biases In the order of treatment presentation were present, and experi-

mental differences due to order effects should be absent (or at leastr extremely mall). From this, we conclude that the bases were able to
follow the scheduling requirements, and that in general, the experimental

design was followed.

Table 3

DISTRIBUTION OF SAMPLE FOR BASES
AND TREATENTS

Alert Period (days)
Race 2 4 6 8 Total

1 15 17 14 14 60
2 16 16 16 15 63
3 22 22 22 22 88
4 20 18 20 17 75
5 21 21 22 22 866 17 17 17 17 68

Total 111 111 111 107 440A

It wva obvious by inspection of the means for each base that

differeezes of a meaningful sort did not exist between alert periods.
The actual data ere presented in the study by Donaldson and Burke
(L966), but are omitted in this paper because of their security classifi-

cation. The data however did not reveal any Increase in any of the

indicators as a function of the length of ground alert, and in fact,

more often than not the longer alerts indicated better aircraft per-

formance. None of the differences however were significant when tested
2

with 2
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The data across bases were pooled in order to increase the power

ef the tests, but aSaLv no signifilcant differences vere found.

A eampilacion arose in the analysis when it was discovered that

some aircrift ver. sheltered and some were not. The tvo F-106 bases

sheltere* al 4trcrifc, and these presented no problem: However, the

other four btsea sheltered some of their aircraft, but not all. An

analysis c• sheltered vs. •ousheltered eircraft'sbowed a highly sig-

nificant difference-in all ut one of the 76-3 measures in favor of

the sheltire4 aircrafk. The one measure which did not show this

effect was the WSE)VAU, although it did show that sheltered aircraft

on long alerts were significantly better than those on shorter alerts.

This was thought possibly to be due to drying out in the shelters.

Analysis of the 66-l,uncheduled maintenance man-hour data in-

dicated that during long alerts, aircraft require only slightly more

maintenance than during short ones. Itte cost of this increase is

negligible. Further, there wen no indication of a differential cost

as a function of alert duration for a period of up to three days

following the aler:.

The results of the study clearly indicated tha. aircraft left

on alert for eight days were as mission capable as those left on

alert for two days.
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V. CONCLUSIONS

This study is an example of how experimental controls can be

used in an operating environment. A field test of thia sort re-

quires that the ititial problem be well defined, and that the design

of the test is clearly and simply related to the problem. Too often

test designs become unwLeldly and overly couglex because the design

incorporates too many operations. A field tcet of this kind is de-

signed to obtain relatively precise information about a specific

problem and a few variables rather than uncertain and confounded

informatior about a wide ranging problem.

In all respects this study was considered to be a success, and

ADC policy was changed within a few months of completion of the

study.

What we have been talking about so far may be thought to fall

under the general heading of the classical approach to experimental

design. This approach derives mainly out of the thinking of R. A.

Fisher during the early part of this century, and even until the

present day it dorinates the teaching in the areas not onll of experi-

mental design but also of statistics. Other approaches are beginning I
to emerge, however, and we should be aware of possibilities for different

experimental strategies which are available to us because of these new

ways of thinking. We will just mention some of these briefly in con-

clusion, without giving any specific examples.

The first of the two approaches which we want to mention we will

call the Decision-Theoretic or Bayesian approach. We do experiments

or field tests because we need to gather evidence for some decision

we have to make, but we generally do not, as the classical theory would

have us believle, go into the field or start an experincnt in a state of

total ignorance. We da have some prior opinions about what is going

to happen and we want to collect data so we can upgrade those opinions.

That is what the Bayesians are all about - modifying prior opinions

(generally stated in terms of probabilities) by means of new evidence.

They get the name Bayesians because the formally correct way of adjusting

prior probabilities is by applying Bayes' Theorem, but a more distinctive
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attribute of this group is the use they make of what has come to be

called subjective or personal probability. The personal probabIlities

are concerned with the impact of each item of data that is gatherel

oi the prior opinions about the hypotheses, and there is concern among

this group with developing optimal stopping procedures for the collocting

of information. In the decision theoretic sense, there is no point in

c @ollecting any more data when the cost of infermation exceeds the ex- 4
pected gain it reflects in the payoff. There is an analogy here to the
optimal stopping techniques used in Wald's sequential testing procedures,

except in the Bayesian analysis there &s no concern with the null-

hypothesis testing. The bayesians, in fact, consider the null-hypo-

thesis concept to be an artificial constraint which acts much to the

detriment of most experimental design efforts.

Another, even further out, technology seems'to be emerging in

areas which are concerned primarily with the evaluazion of p.Vo~ra"S in

L such fields as education, welfare, and social reforms. There is as yet

no collective name for the procedures which are being de'.lopcd, but

vw can refer to them under the designation of Environmental ov Situational

Theory. The distinctive feature of this activity is that the evaluation

is generally done in the absence of anything we might call a true control

group. Educational changes, for example, are so all Pervading that the

variables involved in studying new classroom techniques must be con-
cerned not only with the techniques themselves, but also with the group
selected for study, the teachers who administer the program, and the

evaluation team which must gather performance measures for the program.

The best we can do in cases like this is make an estimate of how the

group would have performed under the old methods and compare this es-

timate against the results obtained from the innovations.

Marcia Guttentag of the City University of New York, in an as

yet unpublished paper, advocates a legal model for the evaluation of

research done in the field in areas where the institution of tight

controls is all but impossible. This model would take as itA method

of ascertainLng the "truth," the way in which our legal system operates.

Therp are rules which govern the presentation And evaluation of evidence,

individual cases are argued in terms of whether they do or do not fit a
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particular precedent, with a citation of the characteristics of the

case which leads to the inference that it falls under the precedent.

Counter arguments are offered by the opposing side to show why such

inferences are not tenable and other plausible alternative interpreta-

tions of the data are offered. Evidence is classified according to

whether it is direct or circumstantial and assertions of fact are

separated from direct evidence. The jury, or in this case the experi-

mentor or the evaluation team, comes to a finding based on the "pre-

potderance of evidence." We can look at this procedure as a new form

of an experiqent in which the experimental variables might be con-

sidered a form of advocacy "L a curtain position while the controls

can be looked at as advocacy for other positions. This is all to

s;ry that there may be some quite reasonable alternatives to the

classical experimental method for drawing inferences from controlled

observations and these methods do not necessarily leave us in a mire

of subjective chaos.

Let ua consider one final example of an experimental or scientific

method which, while far from the classical paradigm, still has a logic

and rigor about it lending it signi-icant respectability. The: field

is anthropology or archaeology. The scientist starts out in the field

with only a vague notion of what he is looking for. When he finds

something, he formulates hypotheses about the totality of what is there

which gives him not only a picture of the history he is uncovering but

also some direction of where and what to look for as he continues.

His next finding may reinforce or negate his previous hypotheses, and

he continues in this cycle of looking, finding, and formulating until

* consistent picturc emerges. An experiment in the classical sense is

never formulated, but clear and unambiguous results often emerge from

the process.

There is some indication from other disciplines, therefore, that

something is to be gained by abandoning a rigid adherence to classical

experimental methodology. The -xample we presented earlier represented

an extension, a stretching, of the classical methods to meet the con-

tingencies of experimentation under field conditions. With the world

becoming more complex, it is incumbent upon us to expand our imaginations

even further to meet the demands we will have to face.
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A STATISTICAL AMALYS9S OF DYNAMIC ItSPIRATOKY DATA
SGIN1UATED THROUGH PROTECTIVI MASK WEAR

Edwards N. Fiske
Systems Analysis Office

Eagewood Arsenal, Karyland

I. 1TIODUCTION. For years Defense Development and Engineering Labor&-
Stortes at SQei od Arsenal desired a means of m ne suring the dynam c per-

formance of a protective mask, specifically, breathing resistance under
field conditions. A system, designed and built by Sanborn-Stathan, has
been used with reasonable success in the laboratory; however, this system
1s too heavy and bulky for field use. After several designs had been
submitted for acceptance. Edgewond Arsenal decided to develop a system
called Dynaper, manufactured by Space Laboratories, Inc., Van Hays, Call-
fornie. The system consists of the following units: (1) a backpack having
a transmitter and a rechargeable battery; and (2) a ground receiving con-
Dole.

Shen Edgevood Arsenal Physical Protection Laboratory received ths
Dynaper system, a series of tests were conducted to determins its reproduc-
tibility over repeated runs and to determine its accuracy for measuring
mask resistance as compared to that of the Sanborn laboratory system.

The results of these tests shoved that there is a 95 percent chance
that the Dynaper system will measure a given pressure drop or flow rate
"within 1 percent for repeated runs. The difference between the Dynaper and
the Sanborn system over the flow range of -250 to +250 liters per minute
averages approximately 3 percent. The results revealed that the Dynaper
system is an acceptable system for field use.

Since the preliminary tests on the Dynaper system were considered a
success, the Physical Protection Laboratory initiated a test program to
measure the mask .esIstance of three prottctive masks under both field and
laboratory conditions. The three masks tested are designated as the 471,
XD28, and the 1417Al. The test program was statistically designed by
the author.

II. METHODOLOGY. A 5x5 factorial design was chosen for the test program.
The two factors were flow rate and breathing systems. Flow rates of 50, 100,
150, 200, and 250 liters per minute were chosen. The following systems were
utilized: (1) a reciprocating piston-type engine called a breathing machine

"* attached to the Sanborn-Stathan recorder; (2) the breathing machine
attached to the Dynaper backpack; (3) a human subject on an ergometer carrying
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t ayaper backpact wired to the ground receiving console in the laboratory;
(4) a human subject exposed to field conditions carrying a Dynaper backpack
containing a radio transmaitter that transmits impulses to the ground renei-
wVlng console in the laboratory; aWd (5) a human subject on a ergometer
attached to the Sanborn-Statham recorder. The first four devices are con-
aidered the four basic systems that vere compared to the standard, the fifth
system, for the statistical analyses, Three separate experLments were con-
ducted consisting of 30 dynamic runs covering a contiauoue flow range of
-250 to +250 liters per minute were periormed and the flow rates and pressure
drops wore recorded on strip charts, The data on the strip chart were re-
duced to peak pressure drops at the five flow rates chosen. Since the
early tests indicated that variation between runs was not significantly
different, data extracted from the strip charts were averaged over runs (Table
I and 2).

I1. ANALYSIS. Analyses of variance (Table 3 and 4) carried out on the data j
revealed that there is a significant variation between the five measuring
systems for each of the three masks, and inhalation and exhalation respec-
tively. Therefore, regression analyses were performed on the data to deter-
mine the functional relationship between the standard and the four basic
systems. The regression analyses revealed that there is a linear function, I
T - MX, between the pressure drop value for each of the basic systems (X)
and the pressure drop value for the standard system (Y). The additional
variation, that would be explained by a higher order fit over the linear fit
is not significant. The M values for the model Y - MX are listed in Table 5.
These M' values are all significantly different from one.

Additional regression analyses were carried out to determine the
functional relationship, Y - MX between the two breathing machine (X) systems
(Dynaper and Sanborn) and their respective human subject systems (Y) for each
of the three masks. These regression ri-yses revealed that the curves for I
both comparisons were not significantl -- fferent. Hence their respective
K values were pooled for each of the thtue masks. These values were also
found to be significantly different from one. These values are listed inTable 6.

IV. DISCUSSION. The analyses revealed that the Dynaper field system, on
the average, measures values 1 percent higher than the Dynaper laboratory
system would measure but the overall differenct between values measured I
by the Dynaper laboratory system and the Sanborn system is 2 percent.

When the data were plotted the mask resistance curves indicated that the
relationship between the pressure drop and flow rate might have a second order
fit for all masks and measuring systems; but the analyses indicate the curves
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were linear, since the coefficient of determination (r ) for pressure drop
and flow rate, which represents the total amount of variation explained by
a linear curve, it greatsr than 98 percent.

Table 5 can be used tr! .vslute the performance of other protective
masks with the same characeristits aes either the XI28, MIMI., or 417
masks. If one designs a mas.k Ltb zhe esae characteristics as the N28
mask, one would use the figures listed under Dynaper Human subject (labor-
story) system to determine what the standard would be. For example, if the
Dynaper system seasures a pressure drop of 90 of water across the mask
(Inhalation) the standard pressure drop wiould be 67.3 1(0.97) x (90)) ma
of water.

Table 6 can be used to convert a breathing system reading to Its
corresponding human subject system reading. ?or example, if a mask similar
to the 1417 is fitted to the mechanical breathing head oet to produce a flow
rate of 160 liters per minute, and the Dynaper system measures the pressure
d,-op across the mask to be B80u of water, the same Dynaper backpack If
carried by a human subject breathing at 160 liters per minutes through the
particular mask, would measure a pressure drop of 96 [(120) x (60)) m of
water.

Vt. CONCLUSION. It can be concluded from the test program that: (1) The
Dynaper system is a reliable means of measuring the dynamic performance of
any protective mask exposed to field conditions; (2) the system can sesure
the mask resistance of a mask under field conditions within 3 percent of the
mask resistance determined in the laboratory with the standard equipset|
(3) the system has a 95 percent chance of measuring a given mask resistance
within 1 percent for repeated rcas; (4) the mask resistance curves for
each mask are linear; (5) the mask resistance for the XK28 is significantly
higher than for either the M417A1 or 1417 mask; and (6) the factors established
to correlate field data with data generaed in the laboratory can be used to
evaluate the performance of other protective masks with the same characteristics
as the three masks tested
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I I
* ~Table I

M4AN PRESSURE DROP AT SEVERAL F1LOW RATES, N174 XM2R0, ---A-

PROrECTIVE .ASKS, FIVE MICASURINC SYS7TMS-INLuALATION

Mask Flov Rates (Litersin) I so 1 100 I 15 E2 200 | 250
Measuring Systems am of water4

Sanborn-Breathing Machine 22 47 75 105 143 -1

Dytmaper-sreathLng Machine 24 50 80 1it 147
1417 Dynape?-Humarn Subject (Laboratory) 30 63 98 138 180 -

Dynaper-Ruman Subject (Field) 27 57 89 124 163 -

Sanborn-Human Subject 30 60 93 130 173 1
Sanborn-Breaghing Machine 25 55 88 125 165
Dynaper-Breathing Machine 29 60 96 135 175 -

X428 Dynaper-Human Subject (Laboratory) 30 65 105 145 190
Dynaper-Human Subject (Field) 33 63 103 143 187
Sanborn-Human Subject 25 56 93 134 180

Sanborn-Breathing Machine 24 50 81 118 153 I
Dynaper-Breathing Machine 26 58 86 123 162

H17AI Dynaper-Human Subject (Laboratory) 29 61 96 135 175
Dynaper-Human Subject (Field) 33 65 106 149 163
Sanborn-Hunan Subject 31 65 101 145 190

Table 2*

MEAN PRESSURE DROP AT SEVERAL FLOW RATES, M17, X028, MI7AI
PROTECTIVE MASKS, FIVE MEASURING SYSTEMS-EXHALATION

Mask Plov Rates (iters/Min) I 50 -o _1 --SO- -1U-100 11501 00 I -••

Type Measuring-Systems cm of Water - I
Sanborn-Breathing Machine -10 -22 .30 .40 -48
Dynaper-Breathing Machine -15 -27 -37 -44 °50 I

1A.17 Dynaper-Human Subject (Laboratory) -10 -21 -30 -37 -43
Dynaper-Human Subject (Field) -12 -23 -31 -40 -45
Sanborn-Humn Subject - 9 -20 -28 -35 -40

Sanborn-Breathing Machine -10 -20 -30 .40 .50
Dyneper-Breathing'Machine -11 -24 -33 -43 -53

XO428 Dynaper-Human Subject (Laboratory) -10 -19 -28 -36 -46
Dynaper-Human Subject (Field) -11 -21 -31 -41 -51
Sanborn-Human Subject -12 -22 -31 -40 -49

Sanborn-Breathing Machine -10 -23 -40 -60 -85
Dynaper-Breathing Machine -13 -30 -48 -69 -93

MI7AI Dynaper-Human Subject (Laboratory) -12 -25 -41 -58 -76
Dynaper-Human Subject (Field) -11 -24 -38 -55 -73
Sanborn-Human Subject - 9 -23 -37 -54 -68
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Table 3 ;-

ANALYSIS OF VARIANCE OF DATA IN TABLE 1
S_ 1417 Mask-

SBetween Flows-4 565 .28.0 14132.0 55.

Betwen System 4 1916.0 479.5 18,.7rror 16 410.0 25.6

between Flo"a 4 71903.6 17975.9 166.4
Between Systems 4 798.8 199.7 18.5

SError 16 173.6 10.8 -' .Tqtal y 94 73876.0

oEUr~ f V*LI*tinn AV 7A qq MRfn
"Between Flows 4 67274.8 16818.7 535.6P Between Systems 4 2050.4 $12.6 16.3

SError 16 512.8 31 .4 -

Table 4

ANALYSES OF VARIANCE OF DATA IN TABLE 2

1417 Mask
" Souroe of Variation. d4? •RM II Ra~n

Between Flows 4 3626.2 906.6 647.6
Between Systems 4 186.6 46.7 33.3SError 16 21.8 1.4 -

Total 24 3834.6 -

SSnurea of Variation d.L.•N. .... o

Between Flows 4 4686.: 1171.7 1065.2
IBetween Systems 4 65.8 16.4 14.9

Error 16 17.8 1_-_

Totial 2_ 4770-2
; M17AI

Source of Variation jdF 9S - S_ -Ratiq*

Bet~een Flows 16 14556.4 3639.1 273.6
Between Systems 16 446.8 111.7 8.4
Error 4 212.8 13.3

_-_24 15216.0

*A11 F Ratios significant at 95% level.
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Table 5

K VA4tS MR RRILTDI P, SSUt, DROPS MEASURED BY FOUR WaC
MASUM=IN STSMW (X) TO THOSE KXASU•D BY TI• STANARD

SYT014 CY) THROUGH THE IUNCTIONAL RELATIONSHIP, Y - MX 2

I

Bfeathbin Mask Sanborn Dynaper Dynaper- Dynaper.
Method Type Breathing Breathing Human Human

MachLne Machine Subject Subject .. j
(Laboratory' (Field)

117 1.19 1.16 0.95 1.05
Inhalation "s8 1.11 1.06 0.97 1.00

M17AI 1.22 1.18 1.09 0.99

X(17 0.82 0.87 0.94 0.93
Exhalation XK28 0.92 0.89 1.03 0.92

X17A1 0.80 0.75 0.92 0.95

Table 6 1
H VALUES FOR RELATING PRESSURE DROPS MEASUR•ED BY THE
BREATHING MACHINE (X) TO THOSE MEASU3RED BY THE HVMAZ4

SUBJECT SYSTEM (Y) THROUGH THE FUNCTIONAL RELATIONSHRIP
(y -ICx) I

Breathing Protective Masks 1

Method M17 M428 M17AI

Inhalation 1.20 1.10 1.14

Exhalalion 0.87 0.89 0.81
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A COWLIK SPLIT PLOT DESIM M PMI AN NUPgRIUII
IMLVYIN STASO WALL UNIT LIVE FIRE

*James S. Do Gracle, 0. David Paulkenberry, It= R. Rodgers
BPS Harvey bunco, I11, U.S. ArMy, CDCZC

Litton Scientific Support Laboratory
Hellonics Systems Development Division

Litton Industries
Fort Ord, California -

1, O*DAL DISCUSSION 0. O XP ID-T.

a. 2weattm of the Riv• t1out. The objective, with respect to perfor-
Nance, of the S Sall Unit Live Fire Experiment was to obtain fire effec-
tiveness data of a small unit firing night live fire with selected STANO
devices under varying levels of lluiaiation, varying terrain, employing
"various types of ammunition (including tracer) abainst representative personnel
targets. This objective yes then paraphrased Into a taitso of questions,
termEd seential Elements of Analysis (E1A), whtch could be ansvered analyti-
cally. The main ERA for this experiment vast Does a ten man fifle squad
reinforced with a 3 man sachinegun section have a significant increase in fire
effectiveness when using one test %ix of STANO devices as compared to its fire
effectiveness when using another test Nix or when usin so night vision side?

(1) In natural low light?
(2) In natural mid light?
(3) In natural high light?

To answer this REA four variables wore selected to be analysed. These varia-
bles, termed Measures of Effectiveness (MOE), wores

(1) MoE 1: TWfP - Target Hit per Targets Presented. The proportion of
targets presented that woere hit Zeasures the target affect* achieved and there-

fore is the basic measure of fire effectiveness.

(2) MOE 2: TFE - Time to First Effect. The time from the appearance of
the first target in any array to the registration of the first hit of near

miss on any target in that array. This MOE measures the acquisition time plus
the time required to achieve a target effect and thus will provide an indica-
tion of the relative target acquisition time.

(3) MOE 3: FRPET - Fractional Reduction of Programed Exposure Time.
Reduction of Programed Exposure Time7Adjusted (for malfunctions) Programed
Exposure Time (RPHT/APET). The proportional reduction of programed sxposuce
time due to target hits measures the timeliness of the effective fire of the
squad and reflects the number of targets that were hit as veil as the time to
hit.
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(4) O4 41 THSAR - Target Hits par round of Amnunition Expended. The
average single round hit probabiffty is a basic measure of th-esquad's efficiency
in achieving tetget effects.

b. Field Raveriont. The field experiment was conducted at Hunter Ligget
ilitra Reservation. Two target arrays were utilised during each trial.

A total of three events were conducted to simulata the movements of the enemy.
The appearance of each target array was accomplished In a two phase operation.
The use of this phasing allowed the target arrays to be exposed initially to
teet the firerts ability to detect targets at varying ranese. Flrers were
instructed to fire at targets once detected. If the targets were not detected

- during the initial phase, a period of "forced detection" vas included to enable
the evaluators to determine the fire units' ability to place and adjust fire
on a detected target. The phasing of the targets was as followst

(1) Phase I. This phase was a silent period In which targets appeared
at approximately three second intervals until they were all exposed. It was
during this phase that target detection capability was determined.

(2) Phase Ii. This phase was initiated by a forced detection sequence
in which selected targets were rrogremed to fire their simulator. This
Insured that the targets had been detected so that ability to place and adjust
fire could be measured. The phase consisted of both target exposure and

k simulator fire. Targets during this phase were programed to move up and
down at different intervals while displaying varying degrees of simulator
fire. The mount of target exposure and simulator fire were based on the die- I
tance the targets were located from the friendly element in an attempt to
approa-h combat realise within the constraints of the experimental design.

to obtain a hit or nmar amis, the Phase was terminated and Phase II was auto-

matically initiated, If a hit or near miss did not occur, Phase II was
Initiated automatically upon completion of the time programed for Phase I.

c. D daratio. In planning statistical aspects of the experi-
mental deign, facto nstraints considered were the following:

(1) Basis of Issue (DOI) The main object of the experimental design
was to allow comparisons of selected STANO device sixes in a rifle squad, rein-
forced with a 3 man machinegun section, in terms of their fire effectiveness.

L The different mixes of STANlO devices, 801's, wer* determined on the basis of
h-- military rationale so that reasonable differences in the B01's could be

detected.
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(2) Light Levels. Light intensity was of primary concern in the not

comparloons, Rather than carry light as a continuous covariete, it was
onusidered easier analytically and operationally to categoribe It into three
leels am followe&

Nish Lights Ambient _1sht t.3.0 x 10"3 footcandles

Kid Lights 2.5 m 10ie footcandles < Ambint light 3.0 a 10-
Low Lights Ambient light < 2,5 x 1F"4 footcandles.

Zn the time frome set lot the eperiment the first aid light occurred on the
evening of 10 July and ended 20 July, high light began 15 July and ended
24 July, end consistent low light first occurred 26 July and continued into
the first part of August. It was evident from this that simple randomita-
tion of light levels over trials could not have bean done.

(3) Time. Since light level occurrence was dictated as noted above,
the completion of the experiment was restricted. If the record trials were
not completed in the time allotted the experiment would have to have been
extended until the needed light level reoccurred. Results were also nseded
as soon as possible to assist in a decision relating to the production of

Sthe selected STANO devices under test.

(4) Squads. Draving upon available personnel,it was decided that 12
squads of 13 men would be used in the experiment. An attempt was made to
balance the squads with respect to military background (p.g. combat versus
non combat) and human factor considerations (e.g. playerp vearing glasses
versus not wearing of glasses). Although the attempt was made to balance
the squads, it was realized from previous expsrimentation that large varia-
tion In the performance of the squads could occur.

(5) Sample Sin. Considering the above factorot and constraints, it
was decided that four 301's would be used in the experiment, appearing with
each of the three light levels. The basic experimental matrix then consisted
of 12 cells. The need for 12 cells in the experimental matrix, as well as
results from previously conducted night live ffre experiments, dictated a
sample sit* of 12 observations per cell of the design matrix in order to
obtain reasonable probabilities of Type I and Type I1 errors. The number of
light levels and 111's and the sample size determined the experimental
matrix below:

Light Level DBO 1 BO! 2 0I- 3 BOI 4

LOW 12 12 12 12

[ Mid 12 12 12 12

High12 12 12
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(6) Learning/Motivation. Because of the above time, player, and a"ple
eiao Considerations, it was decided that the main experiment would begin on
10 July and trials would be conducted every night until completion on 30
July, The number of players and the time available to complete the experi-
ment dictated that the players wculd be used repeatedly for a period of time
which included weekends. Twelve trials were scheduled for each squad. It
was thought that, with the players continually repeating the trials, they
would learn when and where to fire to obtain a target hit, It was also
anticipated that the playerst motivation to perform well would decline
as the number of repeated trials increased. Theme carry-over effects
(learning and motivation), which would have been counfounded with light levels
and/or BOl if a simple randomization of BOIs over or within light levels
had bean used. were a major consideration in the selection of the statistical
design.

2. DESIGN STRUCTURE - MODEL.

a. DUse n Layout. The statistical design selected for this experiment
vas basically a split-plot design where light levels corresponded to whole
plots. Twelve squads wer4 formed and randomly divided into three groupa of
four squads each. One group fired only during low light, another during mid
light only, and the third group only at high light. Within a light level,
three factors were examined. These wers BOI/AKHO Mix combinations, Squads,
and Blocks. For this experiment, a block was defined as a group of four
trials in which each squad fired once and each BOI/AM/O Mix combination was
used. The three factors were run in three Latin Square arrangements where
each squad fired each BOI/AMMO Mix combination three times fcr a total of
twelve trials per squad. The first Latin Square under mid light had squads
1, 2, 3, and 4 as rows, blocks 1, 2, 3, and 4 as columns, and BOIs 1. 2., 3,
and 4 as the randomly assigned treatments within the square. The second I
Latin Square under the same light level had the arme squads as rows, blocks
5, 6, 7, and 8 as columns and the same BO8 again randomly placed in the rows
and columns. The third Latin Square under the mid light level continued
in the same manner. This method of randomization was used for each light
level, squads 5, 6, 7 and 8, being used for high light and squads 9, 10, 11
and 12 being used for 1-'w light. It should be noted that since the block
number (1 through 12) corresponded to the number of times each squad fired
in a given light level, this block effect was closely related to both moti-
vation and learning. The expertment was expressly dssigned to balance block
and squad differences in order to minimize their counfounding effect on the
BOI and light level comparisons. Additionally, the design enabled the com-
pilation of useful information as to the nature and extent of tho block arnd
squad differences.
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b, Model. The statistical modal for the basic design yas

Y -k +M L1 +S• ~ )*+ + BA1 + (BxL) k+ (BAxL)l+ I÷ Jkl

where

i Y -kl observation corresponding to the ith light level, jth

squad in the Ith light level, kth block, and lth basis-
of-issue/ammo mix combination

U true overall mean

Lt IIth light level effect, I - 1, 2, 3
$JMi) jth squad effect in ith light level, j - 1, 2, 3, 4

B kth block effect, k - 1, 2, ... , 12

BA1  Ith basis-of-issue/ammo mix combination effect,

1 - 1, 2, 3, 4

(BxL) - block by light level interaction

(BAxL) l basis-of-issue/am-o mix combination by light level
interaction

CIJkl * random error corresponding to the yijkl observation,

and
3 12

, -0; S , !2 1 2 0
1-1 N(0, kal Bk-0

4
SBA1 - 0; • (rxL)ik a • (BxL) - 0;

1-3 k
~(BAxL), l (B&xL)i 1  3

ik - N(0, o) E(S - E(eijkl) - 0.

It was felt that this model would fit the observed duta reasonably well and
that the underlying assumptions of the model were justifiable.

3. ANALYSIS.
a. Residual Analysis. The model was fit to the observed data for each

of the MOs. (z -7 arcain v was jsed for THSAE). Analyois of the residualsshowed the w.odel and corresponding ussumptions to be reasonable.

b. Analysis of Variance. Tha analysis of variance table used in the
analysis .f the observed date corresponoing tc the modes described above was:
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The man@ and variances of respective cells end cell differences were as
follow•s

(1) Me•an of observations at ith light level, lth 301/Am aix

+ (,) + 3A, + (UAL) 1 1 4 1+

Var 62a1 a

(2) Difference In two call means (different OI/Amo mix) at same
light level (1 11 ')

Yi..l - Yi..' " (B - BaA,) + ( (B)W I - (" xL)

20 2

Var (y.. - ... )a -

(3) Difference in tvo cell means (different DOI/Ano mtix) at different
light levels (i I I', 1 # 1')

ji.., a (I..' LI- L•,) +(B•I - BA,,) + [CSUxLL) i

- (BAxLL) 1,1 ,J + (() - ((i,))+ GI..l - ;,..0

Va" (..l - .. '" - (o00 + 3oa)

(4) Mean of BOI/Amo mix averaged over light levels

S" +. + BA +

"Var (i.) 1 (a 2 + 3o 2

(5) Mean difference of same 3OI/Amo mix at different light levels
(I # i')

Yieti -" ;I'.0 - (L - LI,) + (1(1) 1 W( )+ [DBLL)il

"- (S5MLL) 1 'i] + ( -i.. it..l)
2 20:

Var ( " (a1 + 3a
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4. ESULTIN'o ADVANTAGES OF THE DESIGN USED. The ability of the design
to make use of the Latin Square arrangement, where squads And blocks
(measure of learnnlig/motivation) formed the rove and columns of the square,
was an Important advantage of its selection. Extending blocks over the three
squares in s given light level Save the advantage of yielding information on
learning/motivation over a greater period of time. The design then, not
only reduced the ortor mean square by removing squads within light levole
and blocks as sources of error but also gave insight into the variability
Among squads and, most important, it gavo inf•ruation as to the effect of
learn'ng/uotivation on players who were used over extended periods of time.
Another advantage of this design was that it lent itself to continuous
analysis of the data. Upon the completion of a square, analysis could be
done and in this way the data could be monitored and analysed in successive
steps.
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Summry

When estimating the parameters of a time series, one ordinarily has
available an entire set ot time series, or a multiple series. Some
obvious examples are economic and aerologic series. This paper treats
the situation in which the time series of interest is one of a set of
observed series whose parameters are "generated" independently by a
random mechanism, i.e., independent realizations of a random variable 6
with unknown (prior) distribution. This suggests the Empirical Bayes
approach to the estimation problem. The specific models studied are
the first order auto-regressive process with zero mean; and the time
series regression model with auto-correl ted error term. Although exact
Empitical Bayes estimators do r.ot exist for the v-irious situations,
approximate Empirical Bayea estivators ace developed and used to obtain
mailer mean squared error than with the usual estimators.

1. Decision Theory: Bayes and fapirical Bayes

Let u3 suppose that we are interested in estimating a parameter 8,
and that this estimation situation occurs repeatedly for different para-
mater values. Further, suppose that the specific (but unknown) values
oE 3 are independent realizations of a random variable e, with distri-
butiom GO(). The observations xl, x 2 ,..., 2 n which are used to estimate

o follow the conditioned distribution f(xle). The decision Uip this
case our e6timate, 0) is characterized by a loss function 1(0,e). This
function tepresents our "lost" when we say that e is the parameter value,
when its value is e. In this situation, we are naturally interested in
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finding an estimation procedure which minimizes our loss. We thus seek

that procedure which will minimize our overall expected loss, or regret.

YO • (..) h (x,e) ddx

" li(e.S) f (xle) g (e) dedx,

where g(e) • G(e) and h(x,e) is the bivariate density of x and 0. If

r represents the "minimizing procedure," i.e.,

EG(O) mVn EG(1), then F is called the Bayes estimate of 0

and EG(J is the Bayes regret.

The most widely used loss function in estimption is the quadratic loss,

l(e,O) - k(e-S) 2 . This yields the very appealing Bayes estimator,

SU E(sjx) with regret E[Var (six)].

Let us consider the special case, when 6 -N(ua,d 2) and x -N(0,0 2).

For the ouadratic loss, we obtain,

E(lex) x xI 2 + 2v0
01 + 12

Notice that f(x) a I f(xle)g(e)de , and
0

(e lx) • ef(xle)g(e)de
f(x)
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It is apparent that if the density function g(O) Is not known,

then It is impossible to obtain E(elx). For the special case,

x-N(0.0 2 ), E(Clx) can be rwritten as:

f(x) *where

f'(x) - d~x The marginal density f(x) is

not known exactly, but it can be estimated with several past obser-

vations from several different (random) values of 0. In that case we

have.

E(Oex) a x + . H which is

an approximation to the Bayes estimate called the Empirical Bayes

estimate. The density ratio In the right hand side of equation (1)

can be estimated well by estinmting numerator and denominator seprately.

(See Parzen.) Under certain mild conditions, the risk incurred by using

the Empirical Bayes estimator approaches that of the true Bayes estimator as
n, the number of experiences Increases.

2. The First Order Auto-Regressive Parameter

The simplest auto-regressive model is:

t ext. Wt, where the et are (2)

independent errors. if the Etare assuamd normal, then tbe M.L.R. of is la

n
, XtXt-I and (3)

73



; 2  .52 . 1 ;x 1. .

It has been shown (Mann & Wald, 1943; and Durbin, 1960) that If j<'L then

1. ~�- is asymptotically N(O, 1.?2) regardless of the distri-

bution of the et. The likelihood function Lan lf(xil-,o) can be
Jai

written

-n/2 - 1
L- (2M02) xp -1 (ns2 + (;.6)2 zXtg ,

which is of the general form:

2 f(,s 2 ,ul-,u 2), I
where u E Zx2  and x - (XlX 2 ,...,Xn). It can be shown that

E(Zx2 _.E) - 2t)1 -;o/(1-2 ),.
t-I n-t I

and thus2
-n/2 [:21 hs 2

L Q-"

so that i is "asymptotically" sufficient for -. For small samples

we have,

fil_.62) . f(;,s2 q,uI.,O2 ). But

r(•,,o _ f(61_.-,2) . (_.02)
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* f(s 2,u). Seo', d r tr n r

f(aoi)0

af(..o2 1u's2 ,u), and after integrating w.r.t.
2

, we obtain, --

f(-Ix) - f(-I;,s ,u). Note that E(-Ix) * E(a-I,s 2 ,u)OE(-I;).

We shall ignore the dependence of Var (;) on - and propose to use

a "marginal" empirical Bayes estimator (Clmner and Krutchkoff, 1968)

for -.

Assume that - Is a random variable with unknown density function

g(a), and that we have observed k0l time series involviag the Indepen-

dently generated parameters l"2"""k" If we have computed the

M.L.E.'s ;1, 29-1 k then the marginal empirical Bayes estimator

(Clamer and Krutchkoff, 1968, and Rutherford and Krutchkoff, 1969)

which we propose for wk is:

E + 0fk(;k) where (4)
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k- 2

aud w•ere

I ( " - + h)/2h

"k ±FI" ("k - )/2h )

h a~ Mx[(A~ - 2 1/f2 ~ 2 1/2
h k1/5Ma((. j(^ . (,L 1)/0) ~

and a a length of present (ko)) tme series.

3. Prediction of future values of Auto-Regressive Model.

The A.R. model is useful in predicting future observations If a good
estimate of a is available since,

xt +1 x t + C t

and

I I(z+ ) t•

Assume that 1t+l is an uninown parameter, 0, and that ws desire to

mintise the love function L(e,8) - (0 - 0)2. Furthermore, aesou, a multi-
variate distribution f(x,-,e). Let £ represent the density function for
the associated random variables. Formally, than, the Sayes estimate of
e is: flOf(xw.O)deda

3(olx) --
471 f(x.auOJdOdw

f I aef(el ,) ( f.(61 ,)dOd-

*1 /s(-lx) {If(ejz,-)de~d7
- -6
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- -8(- • 44-101 a, -)d--

a I81= z) .3(O1. e:

18~(612~) so de

a t.. -I 11 ,, . z - ,.

Thus, to miunims, the squared error of the estimate of +1a it is

only necessary to uwe the Bayes estimate of a, E(aix) In the usual estimator.
tI other words, to estimate the future value z t+llv11, just estimate the
parameter a well.

4. The Regression Model.

The A.R. process say appear as the error torm in regression models.
Suppose that Za, 2 , 13,f.., are fixed and known imbere (investment

expenditures for example), and ut -a ut.1 + cti s an A.R. process. Then

Yt 0 Oxt + ut ts called a time sorees regrsesion model viLh auto-resrua-

sire error tem The model @as be written (5)

7 - * Blxt "$ -C i) x + c

yielding the N.L.L.' for -%P:

r -. .. .. , (6)

1t -I (yt-l)

t1 - (7)

t I(It t-•tl)
t-l

while the estimate of a2 il:

l i t 1
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Soe VoL*Is for - and 0 (6), (7) are ano-linear and require aniterativt acbem for solution (Cochran & Orcutt, 1949)e It may be s~hown

that,

I2 S11o(21 6,) . ,

1(6j %P) a8. a"d using the result of Mann & Wald,

3(:1 %) a £ asymptotically.

l7rthermore, if C . MID (0,02) t h e N{o 2 /(xt - t.)2).
tt t-1

Let Q(-,B) - -[ t "y - B(xt - 6 It-)] 2."
t-l

Then e • 1((t "" Nx-1) u t-l + Et't]"

Nov if 3(gO) - Ot( -0) we note that

"n n- , eo that !0 2qA ,m30B) a 0.
1-0

Thus, we shall assume that * and I are independent.

Note that i ls sufficient for 6 when a Is known but that * is not
sufficient for when B is known. When - and 0 are both unknown, then the
likelihood function involves semegal statistics. Thus if y * ('l*Y2*...*'u)*
the likelihood function will take the form,

t.±l -. 0.0 f (V u C o2 ).8

Nov suppose that a and 8 are random variables with joint density
8(c,$), and that the estimation problem has occurred k-i times previously.

It nay be shown that the posterior densities for - and 8 may be written:

f(-"y) - fl=I",,ls 2
1 u)

and f(Sly) - f(BI6,s 2 .s2u)

We therefore propose to use "marginal" estimators for 6 and S.
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Then,
ik u+((I 4 1.

Svbere A 2Ok-

" f ( ek) 'k )I2h

(f•l) k(Zk + h) f fk(cck))/h

+f (A 2 1/ ( A 2) 1/210

and n a length of kth time* series, and

2 f' ('k)

-k(BkI k) k + In - 2 fk,

h - k il a (- - )21/2,s •

5. Prediction with the Regression Miodel.

As in the case with the A.R. model, we shall assume that the future
value, yt+l Is the parameter e, and that chore exists a distribution

f(y,8,a,b), where yt - bxt +utt

ut W out-1 + Et, and Et are independent errors. Then,

Yt+l " ayt + b(xt+l - axt) + Ct and

E(yt+oIab~yt) - ayT + b(xt+1 - aex). Then, formally,

E(elyt) - fef(Ojy)d9

fOf (Oy)dO/ff (Oy)d6
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rJIOf(e ,yia,b)dadbde

77?1?N.Y.Mradwe

M 111e f(ejyab)g(y,a,b)dedsdb/g(y)

1" I/$(OI yteab)Z, dsdb

1/E(Z y t,a~b)X(a.bjy)dadb

- ffg(a,bly)[ay, + b(xt+. - axt )dadb

"a E("Iyt)yt + E(blyt)(xt+ ( "]y•a ) ) X J

aoy + ,.(zt÷• -&Zd

The last two lines follow if a and b are independe. tý

6. General Simulation Procedures and Results.

The 14onte-Carlo simulations in this research veto conducted on the
UsH 360 computer at Virginia Polytechnic Institute and State University,
Blacksburg, Virginia. For each of the estimation dituations, 50 values
of the parameter 0 were generated from either a uniform distribution or
one of the following Pearson distributionat Iell-shaped, U-shaped, J-left
shaped, or i-right shapod. These 50 values of e were used to simulate up
to 50 independent, consecutive experiences. The clastica.L estimate for
each value of 6 was obtained, sed the B.S. estimate vas computed for the
2nd, 4th, 6th, 10th, 12th, 25th, and 50th experiences. The entire pro-
cedure vas repeated 500 times, with 50 diffeoerct values of 6 on each
repetition. The M.S.B.'s yore estimated for each of the past experience
numbers listed above, as follows:

1 500 2

9S (0 1 °a)t

so



For economy of computer time, the errors were almost exclusively uniform.
Host of the estimates involved were "asymptotically" independent of error
distribution. A number of simulation runs were duplicated with both nor-
mal and uniform errors, but almost no difference was noted in the quality
of the empirical Bayes relative to the classical estimator.
(See Table 11).

Some typical examples of the relative improvement of empirical Bayes

procedures over classical are given in the accompaning Tables. As is usual
in empirical Bayes, the Improvement is given In terms of

-k - E4S()/DIS(6), for k experiences and for several different a
vlaues with

Z - E Var(41e)/Var(e) and for each type of prior distribution. It
has been found in previous research that for a fixed number of past experi-
ences, invariably decreases with z. All of the simulations were con-
ducted ulIng equi-length series. The empirical Bayes estimator does not
require this, but the computer time and storage were reduced considerably in
this way. Incidentally, it was noted in the simulations that the R values
were not noticably different for series of length 12 and 36 observations.

In the regression model, a change in the Z value of one of the para-
meters did not change the R value of the estimate of the other parameter.
This is attributable to the independence of the M.L.E.'s. Furthermore,
the improvement in R of the e.B. estimate of b with respect to experiences,
is far greater than that for a up to about 5 or 6 experiences and after
that, the situation is reversed. This produces a "crossover" effect in
the R-values of a and b.

In all of the situations, for Zl, .75, a tremendous improvement is noted
its R values up to about 6 experiencesi. Thereafter there is a "tapering off"
in efficiency noted. The optimum valne in most situations seems tc be about
6 experiences.
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TABLE !

VALUES OF E. B. ESTIM4ATES OF A. R. PARAMETER

EXPERIENCES 2 5 10 25 so

UNIFORM PRIOR

Zu .36 - .96 .83 .79
.73 .96 .86 .81 .73 .69
1.1 .87 .74 .69 .63 .58
5.2 .8 .63 .57 .49 .43

BELL SHAPE PRIOR

Zu .43 .97 .9 .86 .8 .77
.77 .93 .81 .78 .73 .68
1.6 .86 .72 .68 .61 .55
4.6 .83 .65 .59 .49 .41

U-S PRIOR

Z- .23 - - .94 .89 .86
.42 1.0 .93 .87 .83 .8
.9 .93 .81 .76 .74 .7
2.6 .78 .67 .6 .54 .S

J-SKEWED LEFT PRIOR

, .36 - - .94 .84 .78
.73 .97 .88 .81 .73 .7
1.65 .89 .73 .67 .61 .55
4.9 .83 .61 .55 .46 .4
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TABLE I I

C f~t VALUES OF RECAESSION PARAM(TERS FOR "tt1

Uniform Errors Naral Errors

ExperlenCS t.

2 .957 .890 .954 .89S
4 .872 .760 :873 .770
6 .811 .710 .812 .711

10 .790 .653 .786 .665
25 .714 .618 .715 .622
so .644 .563 .646 .592

z 2.9 3.8 2.9 3.8
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TABLE III

R-VALNUES FOR THE REMRESSION NOOE1L PARAIETER ESTIINrFS

pARAMwyR a - UNIPONlIO PRIE

EXPERIEKCES 2 5 10 25 so

Z , .48 - .94 .92 .86 .8
.91 .95 .87 .82 .76 .72
3.74 .85 .73 .65 .57 .5

PARAMETL• b - UNIFORM PRIOR

.47 - .90 .88 .85 .81
Zb 1.05 - .84 .78 .73 .68

1.67 - .82 .71 .62 .57
5.8 1.0 .67 .56 .51 .45

PARAMETER a - BELL SHAPE PRIOR

Z 1.28 .88 .78 .73 .69 .65
5.25 .84 .71 .63 .53 .47

PARMETER b - BELL SHAPE PRIOR

Zb* 2.39 - .74 .65 .58 .51
8.35 .88 .61 .64 .6 .46

PUARMETER a - U-SHAPE PRIOR

Za - .676 .92 .86 .82 .8 .78

PARAMETER b - U-SHAPE PRIOR

Zb " 1.22 1.0 .81 .73 .65 .6
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SOM D1CTS Of AN UM ERD SCREENING TECHNIQUE
ON THE AOQ WKI[ USING CSP-i

Fred L. Abraham
U.S. Army Ammunition Procurement and Supply Agency

Joliet, Illinois

1.0 INTRODUCTION

1.1 Continuous empling procedures are acceptance/rectification inspection
plans developed for use where production is continuous and where the formulation
of Inspection lots for lot-by-lot acceptance may be impractical or undesirable
(such as in the inspection of amunition), or art1fical as is often the case
with conveyor line production. While there exist many continuous sampling pro-
cedures, they all have similar characteristics; namely, inspection is carried
out by alternate sequ~nces of consecutive item inspection, called 1001 inmpection
or screening and saqtiances of production from which only samples are taken. The
objective of continuous sampling procedures is to provide assurance that the
long run percentage of defective unite in accepted product will be held dovn to
some prescribed limiting value which will tot be exceeded no matter what quality
of product is submitted to inspection. This limiting value is called the
Average Outgoir4 Quality Limit of simply, the AOQL.

1.2 The simplest and perhaps the most widely used continuous sampling
procedure Is Dodge's CSP-l. It is applicable only to quality characteristics
subject to non-destructive inspection and on a go-no-go basis - that is, classifi-
cation of units is either good or bad. The procedure is defined by two parameters,
f, the eampling frequency, and I, the clearance number which is the number of
consecutive good units that must be found defect free baefre sampling Is to be
resumed. Figure 1 gives the procedural flow.

1.3 For given values of f, I and some fraction defective of incoming pro-
duct, there will result for product of a statistically controlled process a
definite average outgoing fraction defective, called the AOQ. A statistically
controlled process is defined here as Bernoullian, that is, each unit has an equal
probability of being defective. For these values of f and I, the AOQ will have
a maximum, or limit, at some particular fraction defective of incoming product.
As noted, earlier, this maximum is the AOQL.

1.4 There are 3 other properties besides the AOQ and AOQL which car be
useful in describing a particular sampling plan. Those are:

u, the expected number of units inspected on screening
following the finding of a defect.

v, the expected number of units passed on sampling
before a defe-, it found, and

This paper was reproduced photographically from the ar -'". nnuscript.
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F, the average fraction of total product inspected.

Appendix A gives the mathematical formulae for CSP-1. 4

1.3 Inspection under CSP-l can be performed either by Judging a class
of detacts or by Judging individual defects independently. A class of defects
is treated in the inspection operation as if the class of defects were a
single entity - that in, the finding of any one of the listed defects of the
class causes screening to be initiated for all linted defects of the class.
When I refer to a class of defects, I am not making specific reference to
the classification of defects according to there seriousneus such as critical,
major, or minor classes as found in Military Standards and Handbooks on inspec-
tion. An example of Inspection by a class of defects would be the inspection
of a cylinder for three quality characteristics - inside diameter - outside
diameter - and length of cylinder. Screening would be initiated for all 3
characteristics if any one of the three were found to be nonconforming or defect-
ive. As might be expected, when Inspection is by a class of defects, inspection
during the screening operation is sometimes incorrectly limited to those character-
istics triggering the screening requirement.

1.6 Since the choice of f, i and AOQL to be used to inspect product is
often based on whether inspection is to be by a class of defects or on an indi-
vidual basis, we are concerned with the effects of this improper screening techni-
que on the average outgoing quality. The purpose of this paper is to demonstrate
the effects on the AOQ, and therefore the AOQL, when the improper technique is
used.

2.0 SUWOAMY

2.1 The effects of the improper screening technique on the AOQ will be
demonstrated by using the following CSP-l plans from HIL-STD-1235:

(a) Code J i - 200 f - 1/100
AQL - 1.02 AOQL - 1.352

(b) Code K i - 65 f - 11200
AQL - 4.0% AOQL - 4.962

(c) Code H I " 15 f - 1/25 3
AQL - 10% AOQL - 10.70%

Using these plans, threl sets of conditions are consider.d;

Case I All defects in the class are consfdercd to
have equal probability vf occurrence.

Case II One specific defect has twice the probability
of occurrence of any of the others.
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Caste IlI Oe specific defect hba ten time the probability i
"of occurrence of any of the others.

For demonstration purposes it was arbitrarily decided to consider having five
defects in the claes.

2.2 AOQ curves for the three plans with the three conditions Imposed
waere constructed to demonstrate visually the differences In AOQ when using the
correct screening procedure as opposed to using the Improper techniques.
Thee. curves are exhibited as Figures 2, 3, and A.

3.0 DISCUSSION

3.1 ?-r relatively snail values of the incoming fraction defective of
submitted product, p, within a particular inspection plan, there is little
difference In effect upon the AOQ between correct and improper techniques.
As p increaesa, the difference in effect upon the AOQ between the correct
and improper technique becomes quite significant. It in at these larger
values of p where the most concern is focused.

3.2 Visual inspection of figure 2, 3, and 4 shove that the improper
screening technique allows a much larger percentage of defective material to
be accepted than does the proper technique. Consider plan. (a), Code J, AOQL -
1.351 (See Figure 2). If the submitted product were 42 defective, the Average
Outgoing Quality would only be .22 defective wahen the correct screening technique
is used. For the same percent defective, improper screening technique, Case I,
would allow the outgoing product to contain 3.22 defective or 16 times more than
would the correct technique; Case II, 15.5 times more; and Case 111, 3.7 tiraes
more than the correct technique. The same analysis vill yield similar results
from the two other plane considered.

3.3 For the three plane considered in this paper, Table I gives the 4
values of the AOQL, the percent defective of the submitted product where the
AOXL occurs, and compares these to the values of the correct method. It
clearly can be seen that each case of Improper screening has a much larger
AOQL value than the correct technique and that these AOQL values occur at larger
values of p. The effect, then, of the improper screening techninue is the
changing of the specified plan to one with a higher AOQL which allows more
defective product to pass inspection.

3.4 Appendices A, ?, C and D contain the mathematical derivation of
formulae for each of the conditiona contnidered. Dafoiniton3 of symbols and
terms, unless otherwise stated, are those given in NIL-STD--1235.
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TABLE I

CSP-I PLANS

i.O0 goo /10 1-M1_0 t-V100 1-15 t-1/15

A2L _... AOQL _AOQL D

own I 3.71 6.45 12.75 17.08 24.95 3L80

Cao 11 3.35 4.95 11.33 10.75 33.68 36.5

CA"e M 1.79 2.25 6.30 8.50 14.33 21.9

Correot Method 1.35 1.75 4.96 6.25 10.70 16.5

I|
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APPENDIX A

DERIVATION OF FORMUlaE FOR THE AOQ

A.1 For given values of i and p, there will be an expected average number
of unIdte, u, inspected following the finding of a defect. For given values of
f and p, there will be an expected average number of unite, v, that will be
passed under the sampling procedures before a defect is found.

A.2 The average fraction of total product units inspected in the long run
ie defined by Dodge as being A

(A 1) F - u + fv
u +-v

where: u ,,- •'i v 1
p qi fp

A.3 It is further assumed that

(a) the inspection operation itself never overlooks a defect

(b) each defective unit found is removed from the operation and
is not replaced by a good unit (a departure from Dodge).

The average outgoing quality is related as follows to the incoming quality

(A II) AOQ - P( ) P

A.4 Now consider u, the average number of units screened fcllowing the find-

ing of a defect.

From Dodge,

u - gi q - p
p qi
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O (A 111) U a I z-P)i

p (1 - p)i

lowever, when the improper screening technique defined is used, Equation (A 11)
becomes

(A IV) U V t J U' ;'w "' I " 0 Jl J;

I - Aj' J)
where UJ J 1 2

1 Al J; (.. A ' )1J1 J2

tt
See Appendix B for explanation and derivation of A3j ji and Appendix C for

!2

A.5 The expected average number of unite, v, that ilii be passed under the
sampling procedure before a defect is found, is not affected by improper screening,
and remains as v a 1/fp.

A.6 Consider Equation (A I1),

AOQ p F N
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Substituting (A 1) for F and simplifying

(A V) AOQ (1-fu f p (I - P) + 1 fp

where the valuo of u 1* (A V) Is obtained by using Equation (A IV). The AOQ
under the three conditions of Improper screening technique given can now be
calculated using Equation (A V) after first solving for u.

A.7 The Average Outgoing Quality Limit, AOQL, being the maximum value of
the AOQ that will result for any given values of f and i considering a11
possible values of p, can be determined by differentiating Equation (A V) with
respect to p, equating the derivative to 0, and solving for p.

A.7.1 This was done, but the resulting equation in p was found to be too
complex for practical use; therefore, It is not contained in this paper. Instead,
Equation (A v) was used to calculate the AOQ for several values of p, and curves
were constructed from these points.
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"AFn31MIX B

DnRiVATION OF FORMULAE FOR Ajj _j' and uJ Jk

5B.1 Let 1- 1, 2,.., J be the defects listed in the class. po be

the probability that a unit displays the jth defect listed in the class, and
1ý the occurrence of a unit displaying the jth defect, then the probability,
p, that a unit displays at least one defect in the class is

(B I) p- Pr Ei]

The relationship in (B I) can be expressed in another manner if ve group those
events with equal probabilities of occurrence*.

B.2.1 Let I - 1, 2, . . , K be the number of groups formed such that there
are k groupings with Jt defects in each group, and let 3j, denote the occurrence

or a unit displaying the jth member of the ith group, then

(B II) P - Pr E •1

where J, + • JK j

B.2.2 When the Improper screening method discussed in this paper is used, it
becomes apparent that screening may be done for only one defect of the class,
for two defects of the class, or for any specific number of defects listed in
the cleas. If screening In done for V' defects of the class, than the probability
of finding at least one of the J" defects on a particular unit is

(B III) p' ' • where
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(B IV Ajl " O " 0
IBIV . . . JK P Ej1  . .~ j . i o r1K

K

and -i J

B.i3 Case I

B.3.1 The assuurptton ts made that each defect within the class has an equal
probability of occurrence, that is

Poi " Poi + I ' J - 1, 2, . . . ,J-1

B.3.2 For this case only, the general Equation (B II) becomes

(B V) p Pr Ej1J (; ) i- J

, where qoj l - POlq. l " '

and Equation (B IV) b*ecomes

Si

(B VI) Aj, Pr Pr{I

B.4 Case It and III

B.4.1 Case II assumes that one specific defect has twice the probability
of occurrence of the other four listed in the class. This one defect how has
a fraction defective 2 Pos

98



A

1.4.2 Case III assumes that one specific defect has ten times the probability
of occurrence of the other four defects listed in the class. The fraction
defective of this one specific defect ta now 10 po.

B.4.3 Since the specific defect in both cases differ by the constants, 2 and 10.
only one set of equations need to be derivvd from the general equations, (B II)
and (B IV):

F f ( V. o 1

1 0 J1 2-0 JI

and

(B V, - Pr E

(1 VII) 1 J2 { 1 e ;

where po - C poi C * either 2 or 10 and the state 0.- 0,

3'_ 0 does not exist, since screening would not be reinitiated unless at least
o e defect were found on the sampled unit.

B.5 For each state Aj, , screened following the finding of a defect.
1K

1 - (1 - AJ' j,)K

Ail, j; . I " "A.3, j, (1 -A3 .,
l*" K 1 KJ " "J

1

or for the cases presented in this paper

, I
1 -1-A,

12 1 2 1 2j ;
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APPENDIX C

DERIVATION OF FORMULAE FOR wj,. ,

C. 1 It has been shown that the improper scrseeing technique described
In this paper allows scree•ing to be done for owe defect in the class, for two
defects in the class, or for my specific number of defects Uatoed We must now
consider the probability of being on screening at each of theose particular states.

C. 1. 1 Appendix B showed for each of the above states, how the expected
average number of unite, u., , , screened In one sequence was found. These

If " "Ik
values of u ' must be weighted by the probability of that particular state

occurring.

C. 1.2 One would not re-initiate screening unless a defect in the class were
found. 8ince a sampled unit may contain one, two or all the listed defects, it can
be said that the probability of going on screening is the probability of finding at
least one of the listed defects.

C. 1. 3 Now consider the different ways or states to be on screening for the
J defects listed in the class. It follows that the probability o[ being on screening
for a particular state, denoted by w ' , given that screening Is in effect,J] " Jk

13

Probability of screening for J J' defects(C1) wi ' - -1* k
k Probability of screening for at least one defect in the class

where the symbols and their definitions are the same as those developed in Appendix B.
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C. 2 lu ICe 1, only where the listed dofeot& have equal probability of

ocoutrrenoe, the probability that a sample unit ooatalns al defects In the class,
resulting In screening for these Jj' defects, Is

(Jil Po % _
and the probability of screening for at leat one defect In the class is

r 1 (:1)
e(C becomo

: W ' ,, PO qoIi J' li.;
W i iJ1II k' 1- lJ Jl-"J 1-qo

S, (J Po qo

The five weights for Case I are then

4 4

W % _PO %1 - *4 - qo5

1 1
10 2 5

w P 1 0p %w
2 1-I q 5

1 0p0
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C.$U"~ the Ot"at - C%' de~ in 13. 4. 3# A glm~rkl *xsmlonor •
the weigbta in Cas,, It and III oan be found by ulsin the Game method of C, S1.

4C 1) Ibcomes

(C 1M J2 2A
"J/ Po q _ Ji (c p) l.Cp

*•-.-J p -Co

,=d...r*4=4/ qOlt0 (1,-Cop,,,,,)2,..,,,,

2 - 0

represents the state Jl=O, J- 0 , wh/oh will not exist In screening.

I

I
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Then from (C IED,

I' - C po)4 p qO 4(W-C*)4poq w a CPoQo

10 D 01 D

D D

2 2o 3
(1-Cpo) o C

w20 w o 1 1 CPO P%

D D

(1-C 4 p q4
w40 0 W21 O %

D 
D

(1-C 'p~0 '*31 a Cpo4 p q

40 D w4 . pp 0

w41-

where DIl-q% 4 (1-Vp)
0 0

C. I Note that (C III) reduces to (C I1) when J 0. Then (C IllI)

may be considered the general expression for Case I, II and III.
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APPENqDIX D

SPECIFIC TO GENERAL

D. I ltogw this memorandum the word" spsecflG" ha been used
as an adjective to modify a defect who"e probablUty of coocnarenos to different

from the Other, equl Probability of oucurreanoes. ThO rsstrtion wa made
to prevent the maieaemuulo derivatieo f m beooming nedlessly ph.

D. 2 It will be shown here that this restriction is o needed, that the
results will be the sme If the particular defect having the odd probability of
occurrence Is not specified.

D. 3 Aseume we have J defects in the class, where the jth defect
hasPrbbility P ) of bei• the odd ne. where the sum p (1) + p (2) . .+

D. 4 Any result, R, in the memorandum, would have to be made
subject to the condition that the ith defect was the odd one. However, it is
Immeditely pparenat tha(R I) - (R1 2) . . (R j)-. ,ase the given
condition would be equivalent to specifioation.

D.5 It can therefore be stated that p (l) (RI 1) + p (Z) (R I)..
p (U) (R IJ) (P (1) + p (2)+ ... + p ()) R R.
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WtRIC&L BAYIS 3•SD TION FOR THE
;. ~ApnLin•STATISTICIAN

Richard KFrutchkof f
Virginia Polytechnic Institute and State University

In the past few years my students and I have published several articles
(see the references) illustrating the practicality of the ir&,4l Sayes
approach to statistical estimation. Unfortunately, these Article% vwei writtens
in a wy iihich does not easily allow for extension to other I!.atior-. I
am, therefore, writing this non-techaical paper so that hmpirical Davos estimation -

can be both underetoA oud used without one having to biq an expert in the field.

When to Use birlical bayes

t-t us say that you want to estimate the parameter 0 (or a vector of para-
meere 0) roe some specified distribution. You take your sample and obtain the

besv classic4 l estimate, i, for 6. This is usually sufficient for your purposes.
SIf, hoi;;r, you feel that this estimate is not good enough, perhaps due to
large experimental error or small sample size, then you should consider other
alternatives.

Let us say at this point you realize that you have done all this several
tine before, That is, you have considered similar situations and have estimated
the param-tex 0 from the sase distributional form. The first question you should
ask yourself is. "are the previous values of the estimated parameter the same as
the par•meter prosently being estimated". If the &neser te this Is "yes", then
all the data should be pooled. This is usually done by weighting the estimates
proportiotNal to the number of observations contained therein. If the variation
of e betwftm experiments is less than the variance of your unpooled estimator.
the" re dr improve your estimate in this way. If, on the other hand, the
variation of 6 between experiments is larger than the variance of your unpooled
estimator, then this pooled approach affords an estimator with larger mean
squared error than the unpooled estimator. What is needcd in this ease is a
weighted average in which data from distributions with paranetors close to the
present parameter value receive more weight than data from distributions with
paraeeters not so close. A natural measure uf closeness is provided by the
probability density or usas function Itself. The estimator* obtained In this

manner are "slled Ipirical Say#@ etimoatore. They have boon derived in the
literature from another point of view (see the references), to exhibit optimal
asymptotic properties and have been shown by extensive stochastic simulation
experiments to exhibit excellent small sample properties. In particular these
estimators are never worse than the classical estimators and often provide up
to a 50 percent decrease in mean squared error.
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There is a good deal of evidence which Indicates that the Empirical Bayes
estimators are robust to most everything. If the previous experLMents contain
little evidence about this experiment, then the Empirical Bays@ estimate differs
little from the classical estimate with correspondingly little decrease in mean
equared error. On the other hand, the more closely the experiments .esembli the
present one the greater the decrease in mean squared error.

What Estimator to Use

Although I have, in the literature, proposed different Empirical Bayes
estimators for different situations, I will here propose onal one easily used
procedure for any parametric situation. Let us say that f(aO)represeats the
probability density function (or the probability mass function) of the data for
a given value of the parameter. If there is a sufficient statistic for e, then
let a represent the sufficient statihtic itself rather than the vector of obser-
vations; and let f(xle) represent thv.trup bility density of that sufficient
statistic. Let 6 be the classical es',.;- r &.-r the present balue of e. Now
consider the last several past experinc.e (several being anywhere from five to
fifteen; fifteen when available). Usi e1 , I a 1, 2. ... , 16. to represent the

classical estimates in. the past fifttain (or as few as five) experiences plus the
present one (I a 16). The Empirical Ia'es estimate for the present value of e
is given by

16
E - i(x1-

16

This is a weighted average of the estimates of tte last sixteen - values. The
weights, however, are not functions of how well e is estimating 01. i.e., a

function of the number of observations in the ith experiment, but rather a function
of how likely the present set of data, x, would be if 0 1 were the true value of

the parameter. It should be noted that the present unpooled estimate e16 recieves

the greatest weight. This is more easily seen when x - •!6 end the weight is

proportional to f( 16i 16,.

'he iA ot the Fm irical Bayes Estimator

The decrease in mean squared error using this Empirical Bayes procedure
depends on the ratio of the variance of the unpooled estimator to the variation
of the parameter between experiments. Unlike ordinary pooling, however, the
Empirical Bayes estimators never have a larger mean squared error than the
unpooled estimator.
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Since

Vat 8 R Var(8 18) + Var 5001e)j
we• have--

Var - Var 0 - 9 Var(8 10)

when 0 Is unbiased for 0. We can, therefore, often present

vtar - Z Var(;8e) a
as the ratio required for use with Table I in obtaining the fpproximate stan
squared error for your Empirical Sayan estimator. Here Var(8e8) is estimated I
as the variance of the unpooled estimator for your present experiment.
B Var(, 19) is estimated by the average of the variances of the unp9oled
estimators for the present and fifteen past experiments, while Var a is
estimated by

16 16 )1 •'1 )2

IT L: 1~6 16 li-i i-i

Table I is an approximate table which has been compiled by using extensive
stochastic simulations. One finds the Z value and obtains the proper multiplier,
interpolating when necessary. The variance of the unpooled estimator is then
multiplied by this multiplier to obtain the mean squared error for the Empirical
Bayes estimator. If X is very small, under 0.1, then ther'e is little advantage
in obtaining the Empirical Bayes estimator. .J, on the other hand, Z is very
large, over 4.0, then one should seriously consider pooling In the usual
manner. For 0.1 : Z < 4.0 one should use the estimator given here. .

When Z is based on only five past experiences, the multipliers are closer
to unity. A reasonable estimate would be to split the difference between them
and unity, e.g., a multiplier of 0.8 would become 0.9 when only 5 past experiences
are available.

Table I: Variance Multipliers

Z M4ultiplier

0.0 1.0
0.2 0.9
0.5 0.8
1.0 0.7
2.5 0.6
5.0 0.5
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A Nonparametric Estimator

Sometimes we feel that our data is almost, but not quite normal or not
quite poisson or not quite gamma, etc. in spite of this, we often make the
assumpticn that our data fits close enoug- in order to avoid havine to use a
nanparamucric procedure, which Is itself very poverful. The nonparametric
Empirical Bayes procedure which I am prer ng here Is, however, remarkably
powerful and competes well with its paraot c counterparts.

Let x., I - 1, 2, ... ,16, represent t last sixteen ictor observations,
includin he present one with I - 16. That -s, tc, i a 1,,..., 16,

represents the sets of random samples obtainb. in the last s xteen experimental
situations with x16 the present set of random samples. Let xis, J a 1, 2, ... ,m1 ,

represent the components of the ith vector. Note that the vector lengths need
not be the same but mi should he at least twu.

Let us now say that we have a clasbical estimator for whatever It is we
want to estimate. In the nonparaeetric siLuation this would be something like
the mean, the variance, the standard deviation, or the percentiles.

Call the estimates in the last sixteen situations 01i I a 1, 2, ... "169
where I is the present classical estimate of what we are interested in

16
estimating. Then the Empirical Bayes estimator is given by

16 a •I f(x 6;fi)

16

where

G16 J-1 k-l

2hi

with

hi (1/m 1) 7/10
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end wx4  (1/m) Z x and whore sin 0 1 . f(x5- £k- lk 1. -16i)

given here L simply a nonperematric estimate of the appropriate likelihood
function. Preliminary results indicate that this procedure is also remarkably
robust. In particular, the lengths of the vectors from experiment to experiment
need not be the same.

7__
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A STATISTICAL APPROACH TO OPTIMIZING THE MECHANICAL
BEHAVIOR OF COMPOSITE MATERIALS

Donald L. Martin, Jr.*

ABSTRACT

The filler particle size distribution is shown to have a significant effect on
the mechanical properties of CTPB composite materials. The experimental com-
positions are selected in accordance with a simplex-centroid lattice design, and
the regression equation for this statistical model is shown to adequately fit the
experimental data. The various mechanical properties estimated from the
regression equation for a fixed filler content are represented by contour plots on
triangular coordinate graphs. These plots predict the various possible mixtures
that will result in the same material behavior, and should prove valuable in optimiz-
ing mechanical properties of composite materials for specific applications.

INTRODUCTION

Composite materials are currently being used in many applications where
the strength-to-weight ratio becomes a significant factor. The extreme loading
conditions imposed on these materials has prompted many investigations of
methods for optimizing the mechanical properties for specific designs.

The work described here concerned a carboxyl-terminated polybutadiene
(CTPB) composite material that consists of a rubbery matrix highly filled with
rigid filler particles. The size distribution of these filler particles and the total
filler content have a pronounced effect on the rheological characteristics of an
uncured slurry 11-4],** and may drastically alter the mechanical response of the
cured composite material. Such characteristics as the equilibrium modulus,
stress-strain response, and ultimate tensile properties [5-61 of a cured composite
material may be significantly changed by altering the particle size distribution for a
fixed filler content.

*Aerospace Engineer. U. S. Army Missile Command, Redstone Arsenal, Alabama.

C* Numbers in brackets pertain to references listed at the end of this paper.

This paper has been reproduced photographically from the author's manuscript.
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Since high strength composites usually require a high solids content, the
solids must be efficiently packed to obtain optimum proportion. The pecking
fraction as defined here is the volume traction of solids In the minimum sedimenta-
tion volume, which it thus Independent of the actual total filler content In the
formulation. When the particle shape, average size, or sioe distribution are
changed such that the packing fraction is increased, less binder is required to fill
the voids between the filler particles. Thus there is a direct relationship between
the packing fraction of the mixture of filler particles and the potential solids-
loading capability of the resulting composite. For a fixed filler content, the
iargest packing fraction usually results in the minimum mix viscosity, the lowest
Initial modulus, and the groatest strain capability.

Optimizing a mixture of filler particle sizes from the standpoint of
rheological, physical, and thermal properties requires knowledge of the mechani-
cal response of all possible mixtures that might be considered. Since the
experimental determination of ll the various responses Is prohibitively expensive
and time-consuming, a method for accurate prediction is highly desirable.

BACKGROUND AND THEORY

The oocoept of simplex lattice designs introduced by Scheffi [91 for
experimental aituattons involving multicomponent systems is valid when the
experimental response depends only on the proportion of components in the
system. To illustrate, let q be the number of components considered and X

the proportion of the Ith component that is subject to the constraints

XI Z! 0 (1 = 1, 2,... q) (1)

and

X1+ X2 + X3 + ... + Xq a 1 (2)

The factor space is a (q-l) -dimensional simplex satisfying these constraints
(triangle for q a 3, tetrahedron for q = 4). Scheffd uses the nomenclature
(q, m) to describe the designs, where m is the degree of the polynomial
regression function in X used to describe components. The (q. m' simplex

lattice (m - 1,2,3...) consists of the 2±W_) experimental points In the

simplex representing all possible mixtures in which the proportion of each
component has the m+1 equally spaced values:

1 2
x =0,- . (3)
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The simplex lattioe method has two key features: (1) Properties or rosponsea are
Wr measured at lattice composition points and (2) polynomial equations having a

special correspondence to the lattioe points are then used to reproesent the
measured responses at these points.

Simplex-Centrold Desip

The (3,2) slmplex-oentroid lattion design proposed by ScheftS 1101 was
satisfactorily applied by Alley and Dykes tIII to estimate the packing fractions of
multicomponent mixtures of ammonihm perchlorate and aluminum particles.

In the simplex-centroid statistical model, ( 2q- 1 ) observations are taken,
one at each of the following: the q pure components, the (q/2) binary mixtures
with equal proportions, the (q/3) ternary mixtures with equal proportions,

t and the q-nary mixture with equal proportions. These observations correspond
* to points X1 . X2 , .... X of the simplex, obtained by making q permutations of

29 q
(110,0, .... 0). (q/2) permutations of (V12, 1/2, 0, ... , 0), and (q/3)
permutations of (1/3, V/3, 1/3, 0, ... , 0), and the point (l/q, I/q. .... l/q).
Thus the design consists of the centroid of the (q, 2) simplex and the centroids of
"all the lower dimensional simplexes It contains.

The polynomial regression equation has as many coefficients as there are
points In the design. and to given by

q q-1 q

+ iiXj 1 j3X
i=1 i.1 J~i+l1

q-2 q-1 q

+ '0 j XX
I=1 )=i+1 k~j+l

+..... ... 2 XX2...x (4)
12...q 12- q

Whten the response satisfies (4), the (2 -1) coefficients i are uniquely deter-

mined by the values of the response at the ( 2 q- 1 ) points of the simplex-centroid
design 110): The coefficient i In (4) is the response of the pure component I.

called the linear blending value; is the coefficient of binary synergism for

Scomponents 1 and 1 1Jk is the coefficient of ternary synergism for components

I, J, and k; etc.
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Reference Mixtures

In many experiments dealing with mixtures, a physical, econo-Arc, or
chemical limitation may restrict the concentration of one or more components
of a mixture. For these oases Scheffd suggested the use of pseudocomponenta, or

what were later termed

"reference mixtures,"
which are mixtures of the
pure oomponintp and can
be substituted for the
pure components in the
simplex lattice designs.

Womeldorph [ 121
and Alley and Meyers [13]
incorporated reference
mixtures into the simplex-
centroid design for multi-

C component x-ray analysis.
Figure 1 illustrates two
(3,2) simplex-centrold

I •designs, one for mixtures
SI I of pure components

X3 * " _ I (designated by I) and the

other for reference
Figure 1. GRAPHICAL REPRESENTATION OF A mixtures ([I). Point A

(3,2) SIMPLEX-CENTROID LATTICE is a mixture of pure corn-
DESIGN FOR PURE COMPONENTS ponents, but this mixture
AND REFERENCE MIXTURES is also 100 percent refer-

ence mixture 1. By a
similar definition for

points B and C, a (3,2) simplex-centroid design (II) using reference mixtures
is obtained. The regression equation in terms of the reference components is
similar to that for the pure components. Although in this particular illustration
the reference component and pure component designs have the same midpoint,
this condition is not required.

Variance and Confidence Limits

To verify the adequacy of the model and to establish confidence Intervals,
the variance of the values predicted by the model must be estimated. Variances
dealing with any iumber of components are discussed in detail by Scheffe [9] and

Womeldorph 1121 and by Gorhman and HinmanJ [14], who extended the simplex
lattice design and applied it to properties of gasolines and other multicomponent
systems. The discussion here will concern the expression for the variance of
values nredicted from the (3,2) simplex-centroid model.
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The ooefflolents (3, ,3, and a3 In the f3. 2) simplex-centroid model.

3 203
t P- Ej 123•E •j

PIX +lX (5)
i=I jal+ 023XIX2X3

are estimated from linear combinations of the measured response at the lattice
points 191. Replacing the ft's by their estimates In terms of the measured
responses n yields

3 2 3
b I bi + bij NJ b 123 (6)3 (6

If an independent estimate of the error variance. a 2, is not available, tha design
raust bo replicated to obtain an estimate of co::

;?
aI

• -_ (7)p

where &2Is the average variance for the model, o is the variance of the Ith mixture,
i

and p is the number of distinct design points in the model considered.

The XI'S are assumed to be known without error and the i's result from

replicated observations at each lattice point. The expected variance in the

predicted response is then given by

Var (7y) =a Eb + 2 3 b',~1  + b2(8)

WbVr, b- -i1V1 2N/r1 23')

When there are an equal number of observations, r. at each lattice point
composition,

r a ri r,, = r123

and

a
2

var (1) =r '(9)
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whore

Z bf+Z Z b t(0

3
I,. .X/)O, x 1) -s , [ (

1(10i"

bIj- . X iXi (s~ a ÷ xI +3 - 2) (1•12jul I
b 27 XIX X (13)

The quantity o2/r is dependent on the precision of the experimental observations and
o is dependent only on the composition being considered. Thus, if an estimate is

given of at and the number of replications r for the simplex-centrold system,
the estimated variance for. any composition in the factor space can be obtained by
using (9) through (13). For 95 percent confidence intervals (Ill:

Pr (IF- A < •< 7 + ) =0.95, (14)

where

A . t a/(2k), i rI

a•.&,0.05

k a number of constants in model

f - number of degrees of freedom.

When desirable, a contjLr plot of confidence intervals for the predicted values
may be prepared by using (14).

EXPERIMENTAL PROCEDURE

The composite system selected for this investigation consisted of a CTPB
binder filled with rigid filler particles. The filler material was obtained from

Rohm & Haas Company, Redstone Arsenal, Alabama. Table I presents the
nominal size, weight-mean diameter, and specific surface area for the filler
particles. In the ensuing discussion, the nominal size will be used tv identify the
filler component. The particle size distribution of the 200 p particles was
determined by Ro-tap screcn analysis; the particle size distributions of the 40 /

and 10 p particles were determined by a liquid sedimentation technique using a
Mine Safety Appliances analyzer.
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Table I. PARTICLE SIZE DATA FOR FILLER PARTICLES

MATERIAL NOMINAL WEIGHT.MEAN PECI FIC
NO. SIZE DIAMETER SURFACE AREA

(i4 (CM21O)

S1 40 44.5 1448.

203 0 191.7 1909

3 10 Is.. INe

The cumulative particle size distributions are plotted in Figure 2. The

200 p particle sizes ranged from 74 ; to 380 A and had a weight-mean diameter
of 191.7 p. The 40 p particle sizes ranged from 3 A to 80 ;4 with a weight-mean
diameter of 44. S5p. The 10 p particle sizes ranged from 3 jeto 50 JAwith a
"weight-mean diameter of 16.6 A. Calculation of the specific surface areas and

the weight-mean diameters was based on particle size distribution data and
assumed spherical particles.

The raw
materials used In
the binder formula-
tion of all compost-
tions investigated

_ _ _were obtained from
Thiokol Chemical

B Corporation, Hunts-
ville, Alabama. The

£ chemical analyses of
\ I the CTPB prepolymer

and curing agents
40 are listed In Table I.

The CTPB system uses
the carboxyl groups at

_ _the terminal positions
S20 - and the butadiene

polymer an the back-
bone. The ERLA is

0 _j • a trifunctional epoxide
1 10 Igo 00 compound and the

MAPO is a trifunctional

Figure 2. PARTICLE SIZE DISTRIBUTION CURVES imine compound.
FOR FILLER PARTICLES
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Table 11. RAW MATERIALS

POLYMER LOT NO. EQUIVALENT
WEIGHT

CTPO-ZL434 3511 2090.0

ERLA40610 2327 98.85

MAPO 2M 73.53

The equivalence ratio of the binder component in all compositions Investi-
gated was maintained constant at 1. 5 equivalents of curing agents to one equivalent
of CTPB prepolymer. The ratio of curing agents was maintainea constant at 3. 8
equivalents of MAPO per one equivalent of ERLA. '."he composite fi'-mulat1vne
investigated are summarized in Table I1l.

Table 1I1. COMPOSITE FORMULATIONS

VOLUME PERCENTAGE

MIX NO. BINDER 400 20 0 ju 10,

314 0.40 0.60 0.0 0.0

311 0.40 0.0 0.60 0.0

317 0.40 0.0 0.0 0.60

316 0.40 0.30 0.30 0.0

319 0.40 0.35 0 0 0.26

320 0.40 0.0 0.35 0.25

321 0.40 0.22 0.22 0.16

Mechanical Response

Uniaxial stress-strain characteristics were determined utilizing in
Instron tensile machine at a cow, itant crosshead dljpLcement .-ate of
1.0 inch/minute and 75*F. lorded tab-nca specimens Rpprodtnato;y 3/8 inch
wide, 1/4 inch thick, and 2. 8 incho 'on.- were used to obtain the mechanical
response data. Three specimenb ;:,% r. ;-ach composition were tested and the
average value for each property w•a used in the subsequent correlation.
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S~ Croselink Density,

The mechanical properties of polymeric binders may change with the
addition of rigid filler particles due to the reinforcing effect of filler particle@.
changes produced in the crosulink density of the binder, or a combination of
the two. For some binder systems the addition of particular filler materials

results in an increase in the apparent erosslink density of the binder, while other
filler materials hinder the cure reaction and cause a decrease in the apparent
crosslink density, Therefore, to adequately account for ini.-ence of filler
materials on a polymeric binder, it ls necessary to determino "*e relative
effects of changes in the filler p•'ticlos and crosslink dern';y.

The crosslink density of each lattice point composition was determined
from compression and tensile properties at equilibrium swelling conditions in
benzene. The number of moles of effective crosslinks per unit volume, Ve@
for elastomeric based materials was then calculated from the theory of rubber
elasticity which predicts [ 151

F-. RT (X - X") ,
A •

where

F - force (dynes)

A = the initial cross-sectional area of the unstrained, unswollen
specimen (cm 2)

R v universal gas constant, 8.314 x 10 dynes/mole (*K)

T - test temperature (*K)

X - extension ratio.

Packing Fraction

The packing fraction or minimum sedimentation volume of filler particles
was determined according to the following procedure: Samples of the filler
material of each of the lattice point compositions were placed in 15-milliliter
centrifuge tubes and the weight of each sample was accurately determined. Each
mixture samnple was blended with a Pica blender and enough Twitchell base
n-heptane was added to completely cover the material. After the slurry was
stirred with a microspatula to completelv %%et the particles and dispel air
bubbles, it was centrifuged at 2900 rpm and the volume of the solids measured
at 20-minute intervals until a constant volume was obtained. In most cases this
determination required 60 minutes or less, with the samples containing the

119

t • m k • ,,I



t

largest proportion of smaller particle sizes requiring the longest time. TheK
picking fraction, 0 . of the sample was then determined by the relationship

I
! m 0

where 0 is the bulk density of the sample at the mirimum sedimentation volume
and p is the theoretical density of filler particle mixture. Thus the packing
fraction Is the fraction of the minimum sedimentation volume that is actually
occupied by the filler particles, and 1 - 0 would represent the minimum amount

of binder that would theoretically be required to completely fill the voids between
the filler particles.

RESULTS

The results of the investigation indicsted that the mechanical properties
of the composites considered are strongly influenced by the particle size distri-
bution of the filler material. Listed in Table IV are the experimentally deter-
mined packing fraction, era; maximum corrected stress, am *. strain at maximum

corrected stress, M; maximum initial tangent modulus, E; crosslink density,

V ; and normalized tangent modulus, Elv
e e

Table IV. MEASURED RESPONSES OF LATTICE POINT COMPOSITIONS

MIX *m °m C m X 102 E v. X 105  E/Vl X 10.6
NO. (PSi) (IN/IN) (PSI) (MOLES/CM 3 ) (PSI/MOLE-CM" 3 )

314 0.730 147.4 8.86 1780 19.9 8.95

311 0.680 100.7 8.86 1510 11.2 13.50

317 0.735 260.5 15.1 1990 44.6 4.46

318 0.778 114.7 8.0 2080 15.8 13.20

319 0.754 174.3 12.0 1580 25.0 6.30

320 0.834 118.2 11.7 1545 13.9 11.10

321 0.804 132.7 11.7 1410 7.2 7.22

* The maximum corrected stress a as used in this investigation is defined
Ien

as thc norinn| stress multiplied b y the e'<teis.ion ratio.
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Prom these valuesthe coefficients i, p" , were determined and arepresented In Table V. 1,4 - •

Table V. COEFFICIENTS OF REGRESSION POLYNOMIAL

COEFFICIENT *m am v m E ve Elie
01 0,730 147.4 8.865 178 19.9 8.96

02 0.060 100.7 0.86 1610 11.2 13,60

0" 3 3.735 200.6 15.1 1090 44.6 4.46 •

P•12 0,29 ,37.4 -a"4 1740 1.0 7.90

013 0.069 -87.8 1.97 -1184 -21.94 -2.96

023 0.633 -207.9 0.691 -096 47.36 6.00

P 123 0.253 174.8 38.76 -10539 -263.1 -99.50

The numerical
coefficients %kere sub-

4 ,-stituted into the
rugtrestion vquition t4)
to predict the various
compositions that will

- " exhibit the same mcch-
anical behavior character-
istics. This information

,/.is displayed on triangular
....•...a coordin.'tp graphs as

contour plots of constant
response with respect
to the individual

ail properties investigate-1.

The first of these
*t .k plots (Figure :3) indicatesiL S the contours of constant

P . packing fraction, %%hich
O.AI 0 U 30 M" is dependent onhy on

the proportion of the
Figure 3. PACKING FRACTION VERSUS FILLER various particle sizes.

PARTICLE SIZE DISTHIBUTION
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The next three
,o• ~'graphs (Figures 4, 5, i

arid 6) show the effect
of filler particle size
distribution on the matd-
mum corrected stress,
strain at maxdmum
corrected stress, aud

s o maximum initial tangent
modulus, respectively.

'~ In all compositions the
filler content was main-

-: rained conistant at 60

p .. prcent by volume. The
. . cokrdinates of the graphs

- repi esent the proportions
. --- ---- .. of 40v, 200p, and 10

-"-- particle sizes in a given
"7- mixture; the vertices

1- go Al1 so 0 30 MS AP of the graphq represent
the composite formula-

Figure 4. MAXIMUIM CORRECTED STRESS AS tions in which the total
INFLUENCED BY FILLER PARTICLE filler content consisted
SIZE DISTRIBUTION (am, psi) of 100 percent of the

nominal particle size
designat.d. 3

40 AV
The maximum

corrected stress (Fig-Sure 4) varies from 100
,* to 260 psi, depending on

S *the fW'ier particle size
* . distribution, and in

general increabes with
* increasing content of

40p and 10 p filler par--
titles, with the largest
stress value occurring

its 10 0 near the 100 percent
0 9010, * point.

The strain at
maximum corrected

i / // j /"stress (Figure 5) varies
from 0.08 to 0. 151 inch

H'0AJ V_ 7b 60 46 20 Is 2W AP per inch depending on the
filler particle distribu-

Figure 5. STRAIN CAPABILITY OF CTPB COMPOSITE tion, and increases with
MATERIALS VElRSUS FILLER PARTICLE the increase in lop
SIZE DMSTIIBIUTION (IM' in./in. x 10?) ,ontent.
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The maximum
4s AF initial tangent modulusI (Figure 6) varies from

1400 to 2080 psi,
depending on particle
size distribution, and
reaches a minimum

value when the mixture
of filler particles con-
sists of 32 percent 200 p

=[•28 percent 40 1. and

40 percent 10,u particles.

"The stress, strain,
and modulus contours
bear no resemblance to
the constant pacldng fraction

. contours, indicating that
the-filler material has

H-10Al 75 so 6 30 Is •A an effect on the binder
cure reaction. To deter-

Figure 6. MAXIMUM INIIAL TANGENT MODULUS mine the extent of this
VERSUS FILLER PARTICLE SIZE effect, the apparent
DISTRIBUTION (E x 10-3, psi) crosslink density was

determined for each lattice
point compositlnn, using

405A the procedure described
previously. The resulting

'a values appear in the sixth
column of Table IV. The
corresponding column of

". UTable V gives the coeffi-
cients determined for the
regression equation.
Plotted in Figure 7 are
the estimated contours of
constant crosslink density

values within the factor
space. These contours

L are very similar to thoseof the initial tangent modu-
lus, with the exception

S.that the point where the

minimum crosslink value
N.soll . 76 30 Is 2W A, occurs indicates a greater

proportion of 200p
Figure 7. APPARENT CROSSLINK DENSITY VERSUS particles.

FILLER PARTICLE SIZE DISTRIBUTION
(V e x 105, nioles/cml)
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Figure 7 provides further evidence that the filler material alters the cure
of the binder: the crosslink density varies from 7.2 X 10-5 to 44.6 x 10-5
"moles/om3 , depending on the particle size distribution used.

As was indicated earlier, the maximum initial tangent modulus for cross-
linked polymeric binders varies in direct proportion to the crosslink density 115j,
so that the additional step of normalizing the modulus by the crosslink density
was necessary to clearly reflect the reinforcing effect of particle size distribution.

The normalized values of E.A for each lattice point composition are included In
Table IV (last column),
and the oorresponding

column of Table V gives
doAP the coefficients, 13,

determined for the

regression polynomial.
The graphic plot of
the information
(Figure 8) represents
contours of constant
values of Initial tangent
modulus, normalized to
unit crosslink density,

Sas a function of the
particle size distribution. I

13 The normalized
initial tangent modulus
was found to vary from

g 4.46 x 10' to 13.5 x 106
psi/mole-cma3 , depend-

n..•, a - 30 is M A•I Ing on the particl size
distribution used. The

Figure 8. TANGENT MODULUS NORMALIZED value was lowest at the
UNIT CROSSLINK DENSITY VERSUS 100 percent 10 p size
FILLER PARTICLE SIZE DISTRIBUTION and increased uith in-
[(E/ve) x 10", psimole-cm" 1 creasing content of 40 a

and 200 p sizes.

CONCLUSIONS

With only a small amount of experimental data, the effect of filler particle
distribution on the mechanical properties of CTPB composites can be rapidly, and
simply approximated by simplex-centroid experimental designs. The most signifi-
cant feature ef this lattice design is the ease with which the regression equation ca'n
be derived. The values cf the coefficients are uniquely determined and are equivalent
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to the estimates that would be obtained by a standard least squares analysis, It
"should be noted that the estimated ooefielent values are not changed by the addition
or deoetion of components in a design.

The technique is subject to some risks since it is used to estimate wide
variations in unknown compositions with a limited data base; however, the results
obtained in this investigation indicated that the mechanical property-oomposition
contoure are well-behaved and can be adequately represented by the simplex-
centrold model.

Although the subject system contained a finxed volume fraction of binder, .

the method can theoretically be extended to estimate the response for variations
in total filler content by using the binder as a fourth component. In addition, a
similar design can be devised to incorporate other component sizes of filler
particles by merely adding the appropriate coefficieuts to the regression equation.

The extension of this method to more than three components, however,
presented certain difficulties. The comments and suggestions of the clinical
session panelists are particularly solicited with respect to the following diffi-
culties encountered:

(1) When investigating composite materials of the type used in this
study, we are restricted to the use of reference components. However, the
formulator of such composite materials requires the information in terms of the
pure components. Therefore, for optimum application of this technique, it
becomes necessary to transform the response function in terms of reference
mixtures to a response function with pure component concentrations as the so-
called independent variables. Womeldorph 112 j presented the resulting trans-
formations for a three-component system. The same reasoning used by
Womeldorph can theoretically be applied to any number of reference mixture
components but the mathematical complexity of the transformation increases by
orders of magnitude with the addition of extra components to ehe model. "Ile
aimplex-centroid design appears less attractiqe in these cases and it is doubtful
that the designs would be widely used for more than three components. To
overcome this difficulty it is planned to use equation (4) and express the com-
posite formulation in terms of the pure components (X) instead of reference
mixture components (X*). The (q, 2) simplex-centroid concept would thus
result in a set of q simultaneous equations which could easily be solved for the
unknown coefficients using a high speed computer. The system of experimental
points designated in Figure 1 was utilized as a check on this technique. Identical
plots were obtained for systems I and 1I. The actual composition of the points
on II in terms of the pure components Xi were used instead of X*. Will this

give any confidence that the same results will be obtained for more than three
components? What limitations may be anticipated when using this technique
with more than three components?
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(2) Provided the actual response and composite formulation are used in
equation (4) even though it may be slightly different from the lattice point
oompoaltion, what would be the anticipated effect on the coefficients #? What
limitations should be placed on this difference to insure that the response equation
would still represent the true behavior of the material? What effect, if any,
would this have on the expected confidence limits of the response predicted by
the regression equation?

(3) Particular formulations of composite materials are difficult and
Aometimes almost impossible to obtain. For example, when a small amount of
200 p filler particles is used in a composite formulation containing no 40 u or
10 I sizes, the 200 I particles will tend to settle to the bottom of the mold before
the material is completely cured, resulting in a non-uniform material. Provided
a given lattice point composition is unobtainable, would it be more desirable to
use an estimated response for the lattice point composition or to neglect this
point entirely in the regression equation?

(4) Often it becofnes desirable to obtain an estimate for the response
of composite formulations that are outside the factor space represented by the
reference mixtures tested. How may the confidence limits be estimated for
those composition points that are not contained within the lattice of experimental
points? Will the procedure discussed on variances and confidence limits with
equations (5)-(13) still apply in this case; if not, how would one estimate the
confidence limits for these situations?

The range of information available from the contour plots, which in this
study Indicated the various possible mixtures oi filler particle sizes that will
result in the same material behavior characteristics, offers the potential of
broad application in Army research progrr-ma. provided the difficulties
encountered can be resolved. Simultaneous consideration of a similar series
of plots during the development of any composite material chould significantly
improve the chances of optimizing the mechanical properties for a specific
design and should greatly reduce the time and effort required.
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