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FOREWARD

The Walter Reed Army Institute of Research (WRAIR), the host for the
Seventeenth Conference on the Design of Experiments in Army Research, Development
and Testing, has as its basic mission to provide the medical research and
professional graduate training required by the Army to fulfill its role in,

National Defense, Since strtistics and other scientific disciplines play an
" ever increasing role in medical fields, it is not surprising that Colonel
Edward L, Buescher, Director and Commandant of WRAIR, was pleased to have his .
installation serve as host to this design of experiments conference, Colonel

. .Hinton J. Baker was. asked to act as Chairman on Local Arrangements,  He was.

assisted in this capacity by Douglas Tang, Those in attendance are in debt

to these two gentlemen for so abling handling the many housing and transportation
problems that arose during the course of the meeting., Major General Colin F,
Vorder Bruegge, Commanding General of the Walter Reed Army Medical Center, in

his welcoming remarks, as well as in his comments at the banquet, made the
audience feel that their scientific accompiishments were helping medical research
to develop in many areas, .

This is the second time that WRAIR has served as host to one of these
conferences, The eighth conference in this series, sponsurad by the Army
Mathematics Steering Committee on behalf of the Office of the Chief of Research
and Developmant, De;artment of the Army, was held 24-26 October 1962 at the
Walter Reed Army Medical Center, Of the 180 attendees at the eighth conference,
2] artended the seventeenth conference, Dr, Stefano Vivona, now with the American
Cancer Society, was the local chairman for the earlier conference. .He was one
of the repeat attendees. Dr, Herbert C, Batson was one of the invited speakers
at the 1962 conference, At the banquet of this meeting Dr, Baker presented him
a citation for his outstanding scientific contribution to the field of medicine,
Drs, Marvin Zelen and George Lavin presented papers at both conferences. At
the eighth Conference Zelen contributed a paper which was jointly authored by
Dr., Badrig Kurkjian and himself, At the 1971 conference he was an invited
speaker. Another invited speaker who attended both meetings was Professor
Bernard Greenberg., It is interesting to note that, among the others who
attended both meetinzs and participated in both programs as chairman, panelist,
or by contributing p-pers were O, P, Bruno, A, C, Cohen, Francis Drcasel, Henry
Ellner, Walter D, Foster, Frank E, Grubbs, Boyd Harshbarger, Badrig Kurkjianm,
Clifford J, Maloney and Beatrice S, Orleana,

We note a few more statisticse about the two meetings. The earlier one had
forty-four more registered persons, One of the features of these meetings, the
clinical session, has gained in popularity, In the 1962 conference there were
two of these sessions with only three papers, while in 1971 there were five
sassions in which eleven cliniecal--type papers wero presented. The percentage
increase in the papers for the technical sessions were not as great, still
there was some increase, namely twenty-six contributed papers in 1962 as compared
with thirty-two technical papers presented this year,

One of the requirements the chairman makes of the members of his Program
Committee 18 that they name at least one speaker whose topic will be of special
interast to the members of the host installation. This year that request was
taken seriously, Most of the invited speakers tcuched on topice that were of
interest to those in the medical field, This can be seen from the following
list of invited speakers and the titles of their addresses:

"The Role of Mathematical Sciences in Biomedical Research" by
Professor Marvin Zelen

114

Preceding page blank

|
|
i
i
i
?

PRRETREECY

o~

PRI WY

PPV T SRV UV TP

—— e s




e Sy € 23

e o | g T T

= S

"Randomized Response: A New Survey Tool to Collect Data of a
Personal Nature" by Professor Bernard G, Greenberg

"Classification and Clustering Techniques in Data Analysis"
by Dr, Geoffrey H, Ball

"Hotelling's Weighing Desings"
by Professor K. S, Banerjee

"The Comparisou of Proportions: A review of Significance Tests,

Confidence Intervals and Adjustments for Stratification"
by Dr, Joha J, Gart

Let us take this opportunity to thank members of the program committee
(David Alling, Hinton J, Baker, Francis Dressel, Walter Foster, Fred Frishman,
Bernard Greenberg, Bernard Harris, Boyd Harshbarger, Allyn Kimball, Clifford J.
Maloney, Herbert Solomon and Douglas Tang) for their recommendations for invited
speakers, as well as their active part in the conduction of this meeting. We
would be remiss in our duties if we did not give due praise to all those indi-
viduals who gave contributed papers, Fer truly, without their help, this meeting
could not have been a successful scientific conference,

Memberg of the Army Mathematics Steering Committee have asked that the
proceedings of this conference be made available to those in attendance for
further study of the contents of the presented papers, and to those interested
in the ropics covered at the conference but who were unable to attend,

Francis G, Dressel Frank E. Grubbs
Sacretary Conference Chairman
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“SEVENTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN ARMY RESEARCH, DEVELOPMENT AND TESTING
" 27-29 October 1971 .
" Wednesday, 27 October
0830-0930
0930-1220

'REGISTRATION - Lobby of Sternberg Auditorium (WRAIR) T
GENERAL SESSION 1 - Sternberg Auditoriuvm ' ;

Chairmans Colonel Lothrop Mittenthal, Office of the é
" Chidf of Research and Development, Washington, DC .

THE ROLE OF MATHEMATICAL SCIENCES b2 BIOMEDICAL RESEARCH

Professor Marvin Zclen, State University of New York
at. Buffalo, Amherst, New York

RANDOMIZED RESPONSE: A NEW SURVEY TOOL TO COLLECT DATA
OF A PERSONAL NATURE

Bernard G. Greenberg, The University of North Carolina,
Chapel Hill, North Carolina

A

1220-1320 LUNCH - Ballroom, Officers' Open Mess, WRAMC

IR

1320~1510 CLINICAL SESSION A ~ Sternberg Auditorium

Chairman: Douglas Tang, Division of Biometrics
and Medical Information, Procemsing, Walter
Reed Army Institute of Research, Walter Reed
Army Medical Ceuter, Washington, D, C.

METHODS 10 EXTEND THE UTILITY OF LINEAR DISCRIMINANT
ANALYSIS

Captain L., E, Larsen, Divirion of Neuropsychiatry,
Walter Reed Army Inatitute of Remearch, Walter Reed
Army Medical Center, Washington, D, C,

PP~ S

PROBLEMS IN CHARACTERIZATION AND ANAILYSIS OF PSYCHO- !
PHYSIOLOGICAL RESPONSES

Captain John R, Jennings, Department of Experimental
Psychophysiology, Walter Reed Army Institute of Re=-

gearch, Walter Reed Army Medical Center, Washington,
b, C,
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1320-1510

1320-1510

1320-1510

CLINICAL SESSION A (Cont'd)
VALIDATION OF MATHEMATICAL MODELS

Rotart E, Kasten, United States Army Weapons Command,
Armored Weapons Systems Directorate, Rock Island, I11,

" TECHNICAL SESSION 1 - Room 358

Chairman} 'Banry_nllner, Quality'Auouranco Directorate

- -United States Army Materiel Commaund, Washington, D, C, -

COMBAT MODELS AS APPLIED TO RADIOTHERAPY

Barry W. Brown, M.D,, Anderson Hospital and James R,
Thompson, Rice University, Houston, Teras

A COMPUTER PROGRAM FOR TRICHOTOMOUS BIOASSAY

Clifford J, Maloney and Fred S, Yamada, National
Institutes of Health, Bethesda, Maryland

CRITERIA OF BIOCELLULAR MODELS: THE INFRARED MICROSCOPY
OF HARD TISSUE- :

George I. Lavin, Vulnerability Labs, BRL, Aberdeen
Research and Development Center, Aberdeen Proving
Ground, Maryland

TECHNICAL SESSION 2 - Room 372

Chairman: William McIntosh, Test and Evaluation
Command, Aberdeen Proving Ground, Maryland

FACTORTIAL EXPERIMENTS OF SMALL ARMS WEAPON FIRE CONTROL

Adolph P, Kawalec, Fire Control Reliability Engineering
Branch, Quality Assurance Directorate, Frankford Arsenal
Philadelphia, Pennsylvania,

CHARACTERIZATION OF BALLISTIC EFFECTIVENESS BY MAXIMAL
TRAJECTORY INFORMATION

J. T, Wong and T, H, M, Hung, Systems Research Division,
Research, Development and Engineering Directorate, US
Army Weapons Command, Rock Island, Illinois

AN EFFECTIVENESS MODEL FOR BURST FIRES UN VOLUME TARGETS
f, H, M, Huing and J, T. Wong, Systems Research Divigion

Research, Development and Engineering Directorate, US
Army Weapons Command, Rock Island, Illinois

ix
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1510-1540
1540=-1720

1540-1720

1540-1720

Break = Lobby of Sternberg Auditorium

CLINICAL SESSION B - Sternberg Auditorium

Chairman: Badrig M., Kurkjian, US Army Maturiel

Command, Washington, D, C.

UTILIZATION OF GAS FLOW DYNAMICS IN A GRENADE LAUNCHER

SYSTEM

Herman E, Tafnow, US Army Weapons Command, Small
Arms Weapons System Directorate, Rock Island, Illinois

SIMULATING SUBSURFACE NUCLEAR EXPLOSIONS WITH CHEMICAL

EXPLOSIVES :

Edward J. Leahy, Explosive Excavation Research Office,
Lawrence Liveruwore Laboratory, Livermore, California

TECHNICAL SESSION 3 - Room 358

Chairman: Beatrice S, Orleans, Naval Ships Sy
Command, Washington, D.C.

MODIFIED FACTORIAL EXPERIMENTS FOR POISSON DATA

gstems

Lyman Ott and William Mendenhall, Department of
Statistics, University of Florida, Gainesville, Florida

INFERENCES OF FUNCTIONS OF THE PARAMETERS OF THE WEIBULL

DISTRIBUTION

Ronald L, Racicot, Applied Mathematics and Mechanics
Brance, Benet RGE Labs, Watervliet Arsenal, Watervliet,

New York

ESTIMATION IN THE EXPONENTIAL DISTRIBUTION

A, Clifford Cohen, University of Georgia, Athens,

Georgla;

Frederick Russell Helm, Georgia Southern College
TECHNICAL SESSION 4 = Room 372

Chairman: C, M, Greenland, Applied Mathematics

Branch, Systems Analysis Office, Edgewood Ar
Maryland

DYNOSS~DYNAMICALLY OPTIMIZED SMOOTHING SPAN

senal

Roberto Filerro, White Sands Missile Range, New Mexico
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1540-1720 TECHNICAL SESSION 4 (Cont'd)

: STUDIES WITH A PROTOTYPE "OPTIMIZER" FOR USE IN
; COMPUTER SIMULATION '

8 L O i i

Dennis E, Siith, HRB-Singer, Inc. Science Park,
State College, Pennsylvania -

STAG MONOTONE EXPERIMENTAL DESIGN ALGORITHM (SMEDAL).

Private First Class Alexander Morgan, Systems Develop= e Y
ment Division, US Army, STAG, Bethesda Maryland ' 1

it obauL ot

1800-1900 SOCIAL HOUR - Officers' Open Mess
1900- BANQUET = Officers' Open Mess
Presentation of the Samuel S. Wilks Memorial Award
Dr, Frank F, Grubbs; Chairman of the Conference ” | : %

US Army Aberdeen Research and Development Center,
| Aberdeen Proving Ground, Maryland
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Thursday, 28 October

0830-1000 CLINICAL SESSION C = Sternberg Auditorium

s Chairman: Captain Isaac S, Metts, Jr,, Division of

3 Biometrics and Medical Information Processing,

¢ Walter Reed Army Institute of Research, Walter )
3 Reed Army Medical Center, Washington, D.C,

: COMPARISON OF TREATMENTS GIVEN BI=-VARIATF TIMF RioPONSE
. DATA .

Pearl A, Van Natta, US Army Medical Research and Nu=-
trition Laboratory, Fitzsimons General Hospital,
Denver, Colorado

EXPERIMENTAL DESIGN IN PROSPECTIVE STUDIES OF INFECTION
IN MAN

i
1

T

Major Robin T, Vollmer, US Army Medical Research
Institute of Infectious Diseases, Fort Detrick,
Frederick, Maryland

-

0830-1000 CLINICAL SESSION D -~ Room 358 i

Chairman: Davlid Howes, Strategy and Tactics Analysis
Group, Bethesda, Maryland
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0830-1000

0830~1000

1000~1030

1030~1220
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CLINICAL SESSION D (Cont'd)
TREATMENT OF NULL RESPONSES

GCenevieve L, Meyer and R, L, Johnson, US Army

Mobility Equipment, Research and Development Center,
Fort Belvoir, Virginia

DESIGN OF RELIABILITY EXPERIMENTS TO YIELD MORE INFORMA~
TION OF FAILURE CAUSES

Roland H. Rigdon, US Army Weapons Command, Artillery
and Air Defense Weapons Systems Direct>rate, Weapons
Ladoratory, Rock Island, Illinoie

TECHNICAL SESSION 5 = Room 372

Chairman: Erwin Biser, US Army Electronics Command,
Fort Monmouth, New Jersey )

MAXIMUM LIVELTHOOD APPROXIMATION FOR GUMBEL'S LA:/ AND
APPLICATION TO UPPER AIR EXTREME VALUES

Oskar M, Essenwanger, Physical Sciences Directorate,
Rese:irch, Development, Engineering and MSL, US Army
‘Missile Command, Redstone Arsenal, Alabama

STATISTICAL MODELS FOR HF IANOSPHERIC FORECASTING FOR
FIELD ARMY DISTANCES

R,J. D'Accardi and R, A, Kulinyi, US Army klectronics
Command, Fort Monmouth, New Jersey

C. P, Tsokos, Virginia Polytechnic Institute and State
University, Blacksburg, Virginia.

Break
CLINICAL SESSIOM E ~ Sternberg Auditorium

Chairman: Henry A, Dihm, Jr., Aeroballistics
LIRECTORATE, Research, Development, Engineering

and Systems Laboratories, US Army Missile Command,
Redstone Arsenal, Alabawa

SOME PROBLEMS IN THE DESIGN OF TESTS TO CHARACIERIZE IR
BACKGROUND TRANSIENTS

J. 8. Dehne, J, R, Schwartz and A, J, Carillo, Combat
Surveillance and Target Acquisition Lab, US Army
Electronics Command, Fort Monmouth, New Jersey,

THE ANALYSIS OF A SUCCESS-FAILURE TIME SFR1ES WITH AN
APPRECIABLE NUMBER OF MISSING OBSERVATIONS

Robert P, Lee, US Army Electronics Command, Atmospheric
Sciences Laboratory, White Sands Missile Range, New Mexico
xii
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1030-1220

1220-1320

TECHNICAL SESSION 6 - Room 358

Chafirman: Bruce J, McDonald, Probability and
Statistics Program, Office of Naval Research,
Arlington, Virginia

A DISEASE SEVERITY INDEX

Clifford J. ﬁaloney. Division of Biologics Standurdc.
_ National Institutes of Health, Bethesda, Matyland

EXTREME VALUE THEORY IN RADIATION=-STERILIZATION OF FCOD

Edward W, Ross, Jr,, US Army Natick Laboratories,
Natick, Massachusetts

DIGITAL SIMULATION OF EQUIPMENT ALLOCATION FOR CCRPS OF
ENGINEER CONSTRUCTION PLANNING :

D. W, Halping and W, W, Happ, US Army Corps of
Engineers, Champaign, Illinois

TECHNICAL SESSION 7 - Room 372

Chairman: Edward N, Fiske, Systems Analysis Office,
Edgewood Arsenal, Maryland

MACHINE GUN EFFECTIVENESS MODEL BASED ON STOCHASTIC VARI-
ATIONS OF THE BARREL DURING FIRINGS AS APPLIED TO HEMIS~
PHERE TARGETS

Captain Richard H, Moushegian, Systems Research Division,
Research, Development and Enginearing Directorate, US
Aruy Weapons Command, Rock Island, Tllinois

AN ANALYTICAL APPROACH FOR SOME AIR SCATTERABLE MINEFIELD
EFFECTIVENESS MODELS

Barry H, Rodin, Applied Mathematics Division, Ballistie
Research Labs, US Army Aberdeen Research and Development
Center, Aberdeen Proving Ground, Maryland

A MATHEMATICAL THEORY OF MEASURES OF EFFECTIVENESS
Captain David L, Bitters, US Army Combat Development
Command, Institute of Systems Analysis, Fort Belvoir,
Virginia

Lunch - Officers' Open Mess
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1320-1430

1320-1430

1320~1430

TECHNICAL SESSION 8 - Sternberg Auditorium

Chairman: Virginia W, Perry, Army Logistics
Management Center, Fort Lee, Virginia

OPTIMAL DESIGNS FOR ESTIMATING THE SLOPE OF A SECOND
DEGREE POLYNOMIAL REGRESSION

V. N. Murty, The Pennsylvania State Univerlity, The
Capitol Campus, Middletown, Pennsylvania

A GENERALIZATION OF MINIMUM BIAS ESTIMATION FOR WEIGHTED
LEAST SQUARES

John Cornell, Department of Statistics, University
of Florida, Gainesville, Florida

TECHNICAL SESSION 9 - Room 358

Chairman: Joseph 8. Tyler, Jr., Applied Mathematics

Branch, Systems Analysia Office, Edgewood Arsenal,
Maryland

A COMPARISON OF CLASSIFICATION AND HYPOTHESIS TESTING
PROCEDURES POR CHOOSING BETWEEN COMPETING FAMILIES OF

DISTRIBUTIONS, INCLUDING A SURVEY OF THE GOODNESS OF FIT
TESTS

Alan R, Dyer, Office of the Chief Operations Research
Analyst, ARDC, US Army Aberdeen Research and Develop-
ment Center, Aberdeen Proving Ground, Maryland

MAXIMUM LIKELIHOOD ESTIMATION OF LIFE~TIME DISTRIBUTIONS
FROM RENEWAL PROCEDURES

Larry H. Crow, Reliability and Maintainability Division,
US Army Materiel Systems Analysis Agency, Aberdeen
Proving Ground, Maryland

TECHNICAL SESSION 10 - Room 372

Chairman: Robert P, lLee, US Army Electronics Command,

Atmospheric Sciences Laboratory, White Sands Miasile
Range, New Mexico

SIGNIFICANCE OF OPTIMAL REPLACEMENT POLICIES

Royce W. Soanes, Jr,, Computer Science Office, Research
Laboratory, Benet R&E Labs, Watervlist Arsenal, Water-
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RANDOMIZED RESPONSE: A NEW SURVEY TOOL
TO COLLECT DATA OF A PERSONAL NATURE

Bernnard G. Greenberg
James R. Abernathy

Department of Biostatistics, University of North Carolina at_chapei.ﬂill
Daniel G." Horvitz

Statistics Rasearch Division, Rcsenrch Triangle Institute.
Reeeurch Ttiangle Purk North Cnroline

INTRODUCTLON

Refusal to reég;xmd'nnd an untruthful answer from a respondent ate rccogniied
as two prlncipal sources of nousampling error that can influence sample estimates
involving surteys tf human populations. These poténtial sources oE bias aré more
prevalent in surveys which invelve sensitive or embarrossing qucstions. Warner[llf?“
the developer of the randomized response technique, desigined the ﬁrocedﬁte in
order to reduce or eliminate bias introduved when respondents ih aurveys'delib-

erately pive false inforwation or refuse to answer questiona of a8 ptraonal or
stigmitizing nature.

Randomized reéaponse in a relatively new and exciting statistical technique
of gruatlpotcntial fn survevs of human populations. Although the method is still

in the infaney stage, much growth and development have occurred since its crea-

tion in 1965,

HISTORLCAY, DEVELOPMMENLS

Qualitative response. In his oripinal paper, Warner considered the case

where a proportion 1 of the population (say Group A) possessed some sensitive

characteristic vhile the remainder of the population did not possess the

This rescarch was supported under Researeh Grants HD 03461-01 and HD 03441-04
from the dHational Tustitute of Child Health and Human Developwent.
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characteristic. The objective was to estimate w. With the aid of a randomizing

;

device, the respondent sclects one of the following statements by éhance.

I am a menber of Group A. [with a probability of P}
1 am not a member of Group A, [with _ ,cobabllity of (1=P)].

",]
and answers "Yes" or "No" to whichever one of the two siatements is selected.
The -intervicver does not know which statement was actidlly selectad through

. . /
the randomization process and, therefore, does not know to which statement the
.», N B "

respondent's reply refers. Only the rasponden:.knows to which one of the two
statements his reply is addressed, I.H

The ra;ibnale underlying the randomfzed rcspénsa procedure is that, since
the respondent cagramswer a sensitive question without reveaiins his personal
situation, pocénzzél stigma and embarrassment on the part of the respondent té?r
removed. Under thesc conditions there i no 1ongef any necd to refuse to
respond or to give an Incorrect 6: evasive answer, If respondents are con=-
vinced that the procedure guarantees anonymity in this respect, it follows that
cooperation and validity of response should be improved.

The randomizad response procedure clearly does not permit interprecaﬁion
of individual responses and, in fact, is not designed for that purpose, 1Its
sole purpose is to determine T in a group of respondents, For analytical pur-s
poses the total sample may be subdivided according to age, race, and other
available characteristics in order to study the relationship of the various
values of 7™ in the subgroups.

Warner showed that the maximum likelihood estimate of 7 is unbiased, if

persons are encouraged by the technique to tell the truth, and its value is
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whgre
n is the sample size of which m persons reply in the affirmative.
The variance of the cstimate, &s given by Warner, is

T (1-7) + P(1-P)
.n . n(2p-1)2

Var(ﬁ) =

Abul-Eln gﬁ 52[21 cxtended Warner's model to the trichotomous case designed

to estimate the proportions of three related, mutually exclusive groups, one or

two of which pocsessed a §ensitive characteristic, The model was further

exténded to estimate any'jiproportions (3>3) when all the 3 gréup characteristics
are mutually exclusive, with at least eone and at most j-1 of them sensitive., The
reason behind this evtcnsion wvas to provide cheory for the mulclchotomaus situation
which 1s often found in practice. The solution to this problem was found to lie

in choosing a new, nonoverlapping sample with a different value of P for every
additional parameter to be estimated., \

Following a suggestion by Simmons, Abul-Elala] investigated;énd.describcd a
variation of the Warner technique known as the unrelated question model. VAs
indicated above, the Warner technique concerned two questions (or statements)
which are inversely related to the sensitive characteristfc. The unrelated model
is predicated on the assumption that confidence in the anonymity of the technique
would be increased if two unrelated questions were uscd, one pertaining to the
sensitive characteristic and the other to a nonscensitive, innocuous condition. -
Horvitz, 55'31[4] further discussed this modification and presented results from

(5]

two field studies. Creenberg et al studied the theoretical framework of the
unrelated question model with respect to cstimation of the sensitive attribute,
variance of the estimates, effect of untruthful reporting, selection of the

unrelated characteristic, and other design propertiecs. Mean square error efficicncy

of the unrelated question model versus the original Warner model was reported to



favor the unrclated question model, Further reduction in mean square error was

"'»'{u?' x "'.: - -

e vne ST R e

shown to accrue when the frequency of the unrelated neutral characteristic was

e

. : known in advance. Furthermore, a method of formulating the unrelated question
Y .

i

vhich insures g ppiori knowlcdge of its pafumcters was described., This latter

suggestion was made to the scnior author by Richard Morton of the University of

T N Shefficld and it Was fieid-testcd.by Greenberg gglgltlo] with favorable results.

The results of thin application are shown in the next section in an example where.. . .. ...

data on emotional problems are described.

" The maximum likelihood estimatc of the sensitive attribute, let us call it

3 T, now, in the unrelated questfon model (assuming that the proportion of the

population possessing the unrelated characteristic, My is known in advance) and

1 its varlancc arc

'A-nY (1-P)
(nylmg) = —5—

(2)

A1)

an

: : Var(nhluy) =
vhere

A = probability that a "Yes" answer will be reported, and

2 P = probabilicy that the sensitive question is selected by the respondent.

At

To obtain an cstimate of Tys one simply substitutes the observed value of

A, say X, for its cxpected value in the above equation. % 1s defined as E

" e

wvhere n and n have the same definition as in equation ().

Although highly desirable, it i not mandatory that an estimate of "Y be

known In advance. There may be situations where Ty is not known and not

i
T
o
i
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amenable to a priori estimation, Under these conditions the slﬁplé design
can ba alteyed to permit estimation aot only 6£ the ngncitivc characééfistic
by Ty as well, This may be acgomplishad byinclocting two,indcpcndont>|auplea
of sizes n and ny from_;hc population, Théie.iré two devices and they would
be arrnngcd in such a way that the ptobnbili&ies of golectinf the sensitive

question in the two subsamples (P, and P,, roiﬁ‘ctiveiy)-aré different., The

" resulting proportions of "Yes" responses in the two subsamples, ilwiﬁ&'ﬁé; would

also be different. _Estimntlén formulaa, assuming L% not known in advance, are

A o R
] Al(l~P2)—A2(;-P1)
A PruPz, : : -

;. x1P2~A2P1
? Pz-Pl

with variances,

vy - 1 [a@npa-et Ay (1-Ap) (1-P))?
A (Pl_P2)2 nl “2

(1-2,)P2 A, (1=A,)P?
v, - _12[x1 172, 72 21]
(Pz_pl) nl' nz

Gould 55_51[6] considered the unrelated question method with two trials
per respondent in an attempt to develop models of respondent behavior and

apply these models to survey results on illegitimate births in which randuvmized ;

respunse was used,
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Barkldale‘7) citendad previous ﬁotk in randomized response to permit the

A s e AL

estimation of tha coefficlent of correlation of two related traits, at least

ene of which is stigmatizing. The potential value of e-timattha the proportion

i e e St 2

of individuals with two attributes was also trentod.>4

Quantitative responsc. Most of the randomized response work to date

has bdén concerned with refining the technique for use in personal interviews
‘Q¢15§'4555£1663 of u qualitative nature requiring cnly a '"Yes" or "No“-response.

Théltechnique need not be restricted to nominal scale data, hoyeier. It has wide

aPpliéation in the area of quantitative responsge and study is ﬁaingvdirecced

toward further developwent of the method in this srea., Greenberg gg_glta] have

s dall S

presented theory underlying ths quancitative application of the randoﬁized

response procedurc including unbiased estimates of the population maan and

P

variance of both the sensitive and non-sensitive distributions,

1
3,
¥
A
1
i

The quantitative model differs from the qualitative in that the questions
' are designed to elicit & éesponse in quantitative terms rather than "Yee" or
] N "No'', The responses to both the sensitive and non~sensitiva question must be of

the same relative magnitude, thus making it impossible to identify from the

response which gquestion has been answered. The overall distribution of responses

18 comprised of numerical answers to both questions. This distribution must be
separated in order to provide estimates of the parameters of interest, viz., the
population mecan of both the sensitive and non-sensitive distribution, and their

3 variances.

Assuming two indapendent, non-overlapping samples of sizes ny and Ny

unbiased estimators for the mean of the sensitive and non-sensitive distributions,

.f uhrand Hy respectively, are shown(al tv be

-6-
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: % (3)
E }
g— N
“E where
.E B R probnbility thax the sensitive question 1. aalacted by the
; 'ug. ‘ rcnpoudent in !ample i(i-l 2), PI#P
L é E; = mean response of sample 1(i=1,2)
f 5 The variances of the two estimators, ﬁA and ﬁ! were found to be
.
: ; V) « —L— [ tvE) + 1-p)(E )]
¥ ~ A ey -py)? : 12
| ¥ Q)

V(i) = — uvﬁ)+sz)
by P P) 2V (2 (2)]

V(Z,) - -,%; [o3+, (o3=02) + P, (1-,) (u,-u)?).

The variances of the estimators can be conveniently estimatad by using

the sample variances s: in (4): V(El) - ni/nl and 0(22) = s;/nz.

Other developments. Since many survoys are self-administered by means

of mail questionnaires or other media, extension of randomized gesponse to

such sources of information is essential. The North Carolina group of

investigators is currently exploring the devalopment of a randomization
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device which can be implementad in the questionnaire. This technique presents
no substantive problems in statistical theory different from those alieady

studied but does present problems in question design, format, respondent

acceptance, and illiteracy.

FIELD APPLICATIONS

The first field application of the unrelated queatioh technique vas con-

~ ducted by the Regearch Trlungle Institute in Dctober,f1965‘[4]

, and involved

personal interviews in a total sample of 104 white and 44 black liouseholds in

which it was kanown that a live birth had occurred within the previous two

months. It was also known that 18.9 per cent of the births were illegitimate

according to the birth certificate on file with the North Carolina State Board
of Health, The respondents were asked to select a card from'ia shuffled deck of
50 cards and to answer 'Yes" or "No" to the statement printed on the card.

The
two statements used in the deck weret

1. Therc was a baby born in this household after January 1,
1965, to an unmarried woman who was living here,

2. 1 was born iu North Carolina,

The objective was to estimate the proportion of all households with a

birth to an unmarried woman. The results were in remarkable agreement with

the known proportions of illegitimacy in each race in the sawple.

North Carolina Abortion Study.

The North Carolina Abortion S;udy{9’1°]

wus a major ficld survey in 1968 to test the practicability of the randomized

response procedure in eliciting information of a still more sensitive nature

from the general population. Information was sought on a variety of subjects

dncluding illegally induced abortion, oral comtraceptive use, emotional

problems, and income.

Each of thesc areas of interest utilized an independent

il .otk W
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sample of women 18 yecars old and over from the éombined population-of five
metropolitan areas of the state. |

In deriving estimates of induced abortion, the randomization device con-
sisted of a small, transparent, sealed, plastic box with ewo questions printod

on the top, easily legible to the respondent:

1. I was pregnant at some time during the past 12 months
and had an abortion which ended the pregnancy.

2. I was born in the month of April,

The first printed statement had & small, red ball in front of it; the
second statement had a blue ball in the same location. 1Inside the box thare
wer@ 35 red balls and 15 blue balls. Tha respondent was asked to shake the
box of balls chor?ugbly. and to tip the box allowing one of the freely moving
balls tc appear in a '"window" lecated {n the device and clearly visible to
the respondent. The color of the ball which appeared in the window determined
which of the two statements the respondent.answere& with a simple 'Yes" or
"No". If a red ball appeared, she answered the abortion statement; 1if a blue
ball appeared, she answerad the born-in-April athtement. Each respondent was
urgéd to exporimént with the plaastic box several times to assure herself that
both co}ota of beads could appear in the window, Color blindenss is no problem
with female respondents.

On the direction of the intesvicwer, the respondent then shook the box
to answer the question officlally. The intervicwer was some distance away
from the respondent so that she was unaware which stp:eménc had becen selected.
The reapondcnt}s reply of "Yes" or "No" was racorded by the intervicwer with
no knowledge concerning which statement had been answered.

Subsequent estimates of induced abortion in the population of women 18-44

years of age indicated that 3.4 por cent of them had experienced an induced
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sbortion during the pravious year. 'ﬂy raclal groups the estimates were 1.4
pur cent for whites and 6.8 per cent for nonwhites, There is no viy these
findings can be absolutely validated. Tney do appear to be within the reslm
of reason, ﬁowaver. based upon limited evidence available for comparilon;
Thea women who were asked about'abottioq during the past year were also

queried about use of the contraceptive pill, . The procedure used was exactly

the same as that uged for abortion, except. that the.statements were different,

as follows:

1. I am now takiﬁg "the pill" to prevent prognancy.

2, I was born in the month of April,

The results indicated that one-fourth of the women were taking oral contra-

ceptives at the time of the survey. A higher estimate was found for non-

white women (28.4%) than for white women (23.1%) and this concurred with
previous expectations bacause of family planning programs conducted in some
areas for poverty grouns.

Ir another sample designed to obtain information on emotional problems,

the following set of questions was used with women 31 years old or over:

1. At some time during wy life I had an emotional problem
vhich caused me to seek help from & professionsl person,

such as a psychiatrist, doctor, clergyman, psychologist,
or social worker.

2. The color of the ball in the window is blue,

The emotional problem trial was different from the others in that it used

three colors of balls: red, white, and blue. After shaking the box in the

usual fashion and causing a ball to roll into the window, respondents with a
red ball {n the window answered the cmotional problem statement. Those with

etther a white or blue ball iu che window answered the other statement.

-10-
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Estimatas of the proportion of women with an emotional problem shoved
that 22.8 per cent had experienced such a problem which required profesaional
attention. The estimatas wera higher for nonwhites (30.6%) than for whitas
(19.9%). As vith abortion and oral comtraceptives, the emogional prob;gn |
estimates were compﬁtid ﬁnder the lsounption‘thic the value of the unrelated

quastion for the group was knovn 3n advance. This value for the emotional

'pfoﬂi&ﬁ’dépeéf-df the stddykwae dcfinéd-ia»thé'iitiomof‘ﬁhe“ﬁuﬁﬁér.bf ﬁém&h..“ -

drewing a blue ball to the number drawing a ncn=-red ball. The exact value of

the numerator and denominator were, of course, unknown., The expected value of

‘this proportion is the ratio of blue balls to non-red balis in the randomizing

deviée, and this was knowm. It was considered to be a reasonable estimate of
the proportion answaring “Yes" to the statement, "The color of the ball in the
window is blue" and was used iIn calculations of emotional problem astimates.
The North Carolina Abortion Study also collected quantitativa data on
abortion and income ‘using the rendomized responsde procedure. The statements

on abortion were as follows:

1. How mauy abortions have you had during your lifetime?

2. If a woman has to work full-tims to make a living, how
many children do you think she should have?

1
The principal difference between this application of the technique and

the situatfons previously described is that the answer was expected to be a
smail number rather than a "Yes" or "No" response. The éatimation procedure
vas entirely different, of course, The income statements were completely

analogous to those for number of abortion: in both application and analysis.

They were:
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1. About how much money in dollars did the head of this
household earn last year?

2. About how much money in dollars do you think the average
head of a household of your size earns in a year?
Es;imates and variances of the mean number of abortions obtained over a -

lifetime in an urban population of women, and of mean income of heads of

'housaholds. were reported in [8]. A mére detailed treatment of data collected

in the North Carolina Abortion Stndy and the analysis both qualitative and
quan:itative mny be ‘found 1n [9, 10]. B

Other applications. Proctor and Gamble, Ltd., conducted a survey in

Ens;andllll in 1968 using the randomized response teéhnique to gain informa=-

tion on personal hygiene habits of housewives. Two sets of questions were !

H
used with the plastic box technique previously described:

Box 1

1, Have you cleaned your teeth today?

2. Were you born in one of the following months:
January, February, March, April, May, June, or July?

1. Have you had a bath in the last two days?

2, Were yu born on one of the following days of the month:

ist, 2nd, 3rd, 4th, 5th, 6th, 7th, 8th,.9th, 10th, 1llth,
12th?

For purposes of cnmparison, each of the two "sensitive' questions sbove

was also asked through the direct question approach of an analogous group of

women, The two sets of estimates of the proportion of housewives cleaning

their teeth agreed within limits of sampling error. The same was true of the

estimates pertaining to having a bath in the past two days. The authors con~
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+ 2 : cluded that the housewives understood Qhat was required of ﬁhem in the randomized

response application, but that neither "sensitive" question proved to be

3 : erbarrassing to the housewives. Hence, they felt the vandomized response

f was unnecessary as long a® dircct questioning is not embarrassing to the

. respondent. B ' v _
Barksdale reported using the randomizced response ptacpdure smong selacted

students at the University of Noxch Carolina[?l_to,juatify.the feasibility of . .

some of éhe extensions to the method which he recommended'na a result of his

G Dt i

na

research. He was concerned with determining the proportion of students who

had smoked marijuana et some time in their lives, and the proportion who had

3 : 4 3
3 never cheated on an examination, This survey was beset with many unforeseen LEC -
‘ o ' : 3
‘ problems leading the author to conclude that "due to the lack of an adequate .

lnhple size and experimental procedure, little credibility can be associatad , } ,f

with the observations",
The Research Triangle Institute used the technique in 1970 in a .drinking-
[12)

driving attitude survey in Mecklenburg County, North Carolina Comparisons

were made between randomized response and direct question responses,

LESSONS LEARNED FROM FIELD XXPERIENCES
The randomized response technique has now been widely tested in the field
and much has been lecarned as a result of these valuable experiences, Some of
the additional knowledge gleaned from these surveys is of a positive nature
which might be implemented immediately to improve estimates of the sensitive
characteristic. “The field experiences also identified problems in the
procedure which are not readily amenable to solution, and which require further ;

research. Some of the more important lessons gained from ficld experiences are

enumerated below, :

-13-
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1. The respondent must be convinced that the survey is for legitimate

o2

3.

&,

3.

research purposes, and that his anonymity to the sensitive question
cannot and will not be violated, The institution with which the

interviewer identifies ﬂimaelf is of particular importance in that

" the respondent must not get the impression that some igéncy is pr&ing

into his porsonal life for some ulterfor motive,

Estimatas of the paraucter, Ty, and itlﬂvariance are extremely sensitive
to the Pl {und Pi) valucs (probubilities of sealection of the sensitive
question associated with the randomization device)., It is, thcrafpro.
imperative that the device in practige produce these values wi;hin reiaoﬁable
sampling error and untainted by non~sampling error and bias. .

Further research should be directed toward determining optimum Pl

(and Pz) values from the point of view of acceptability to the respondent.
¥stimates of the parameter, Moo and its variance are sensitive to the

choice of the alternate (or non-aena;tive) question. The latter should

be chosen with knowm and relatively low prevalence in the population

being surveyed. It should not be foreign to the group, and must be culturelly
accepteble. It 1s best to choose Ty in the anticipated region of "A' If thesc
conditions cannot be met, consideration should be given to formulating

the alternate question as a function of the randomization device (as

was done in the emotional problem trial).

The intervicwer should thoroughly understand the technique and be able
clearly and lucidly vo impart this knﬁwledge to a respoudent whose

education fs minimal, The interviewer must evoke a feeling such that

the respondent has coufidence in her integrity and sincerity. Furthermore,
the interviewer should have faith in the procedure and not be askeptical

lest this attitude be unconsclously transmitted to the respondent,
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1. The reopoﬁdcnt must be convinced that the survey is for lajitinntc

R

3.

4,

5.

runegrch purposes, and that hie anonymity to tha sensitive question
cannot and will not be violated, The institution with which the

interviewer ;dentifiel'himsolf is of ppitiéula: importance in that o

R3]

the tgsﬂenr must not' gat the impression that some agency is prying ‘
into his personal life for iome ulterior motive. ' '
Estimateswof-thc~pnrametor;'nA,'nnd 1:3”vir1§n9¢'hrn'ckttdmily'lenoiéiii )
to the Pl (ynd Pi) values (prob&bilitioa of galection of the sensitive
question associated with the rendomization deviéo). It is, therefors,
imperative that :he:device in practice proddco these valuea vﬁ:hin reasoﬁabla
sampling error and untainted by ngn*uambling error nﬁd bilﬂ.'
Further research should be directed toward dstorﬁining optimun Py .
(and P2> values from the point of viev of acceptability to the relpondcﬁt.
Estimates of the parameter, Ty and its variance are sensitiva to tﬁe
cholce of the alternate (or non-sensitive) question., The latter should
be chosen with known and relatiQely low prevaleﬁco in the population
being sﬁrvayed. It should n&: be foreign'to the group, and muat be cﬁlturnlly
acceptable. It is best to choose *Y in the anticipated region of e 1f tﬁesa
conditions cannot be met, consideration should be given to formulaéing
the alternate question as a function of the randomization device (as
was done in the emotional probleom trisl).
The intervicwer ahould thoroughly understand the technique and be able
clearly and lucidly to impart this knowledge to a respondent whose
education 3s minimal, The interviewer must cvoke a fee}ing such that
the respundent has confidence in her integrity aﬁd sincerity. Furthermore,

the interviewer should have faith in the procedure and not be skeptical

lest this attitude be unconsciously transmitted to the respondent.
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6. The p:oblan of administering the technique to illiterates must ba ' o §

-y

é, ' , resolved.
7. The technique should not be used in situations where the direct question
can be usad.

8. Research :oward‘a more efficicnt randomization device should continue.

- o

. -
I e

Mnk;ng P_equivéléntnto %-hastihtuitivh appeal and gouldrgend_to ;céqen’
suspteton on the part of respondsnts that the procedure vas rigged fn '
some wa}. This value cannot be used in the original Warner modni as

~ S indicated in Equation (1); it cen be used in the unrelated question '

| model (Equation 2) but with a loss in efficiency when compared with

. _higher values of P. This loss might possibly be overcome by inqrgnacd

cooperation on the part of respondents when, for'cxaMblo, a simple toss

X : of a coin is used In lieu of the box-and-balls device currently used. -

POSSIBLE APPLICATIONS IN MILITARY RESEARCH
;ﬁ There are several sensitive aress involving the military in which informa-
: tion may be vital but unavailabie because, for obvious reasons, the direct
question approach would not yield truthful responses.

One guch matter involves the usa of drugs by members of the armad forces,
The randomized response method could be utilized to dete;mine the proportion of
returning personnel or veterans, for example, who experimented with heroin,
or any of the other drugs available during their service abroad. Such a
study would permit estimates of drug use by memSera of the military classified
by renk, branch of service, location of station, age, length of servica, race,
and a multitude of other characteristics.

Homosexual practices among the military is another field in which reliable

information may be practically non-existent. It is genaerally conceded that

«]5~
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knowledge of the extent of a problem 18 a prerequisite to Jaunching a program

to prevent or reduce the problem. This would be particularly true for homosexual

or other deviant sexual practices that may ekisc in the grncd forces. Dceqiled
clasaification by branch, rnﬁk. and other strata would also be aVaiiable.

-A.otudy of gptitudea and obinicns of members of th; armed fdrceé édw@rd
_ofticefu,-ﬁilizéry service in genéral, discipline, snd related ndtters iu‘,:“
enother fertile field for exploration with the rindomized rcapoﬁée technique,

f Alcoho;iam~§mong the miliiary is yet another;fiéld'in"whtch';hc lack of
valid data on prevalence could be rectified through the use of randomized
response. Obviously, there are many other areas of po:entiil use in the
qilitary vhich could be enumerataed but those mentioned suffice.go indicate

the potential of the method.

SUMMARY .

A method of reducing or eliminating bias introduced when rqtponden:ﬁ-in
sutveys deliberately give false infdrmntion. or ‘refuse to answer questions
of & scnsitive naturc, is described. The method is known as randomized
response,

The growth and development of the method since its origiﬁ in 1965 to
the present time is dbcumented. Special cmphasis is placed on lessons that
have been learned through several field experiences involving application of
the technfque. Some further research on the mathodology is indicated.

Several potential applications of randomized response among the armed
forces are discusscd. These include the use of drugs, homosexual practices,

attitudes or opinions toward military matters, and alcoholism.
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THE CHARACTERIZATION AND ANALYSIS OF
COMPLEX BIOLOGICAL RESPONSES

Captain J. Richard Jennings :
Dept, of Experimental Psychophysiology
Walter Reed Army Institute of Research:
o Washington, D, C, -~

ABSTRACT, Complex, time-~varying biological responses to discrate psychologica . .

events pose problems of numerical charactarisation and statistical analysis,
Biological rasponses, such as brief héart rate changes and cortical evoked
potentials, are multiphasic response with inherent dependency within the

"rasponsa. Thls dependency should be identified in order to separate .

biological eontrol influences from the influence of the psychological .
evant., A prototype exporiment is developed basad on actual data illustrating,
these problems. Alternats analyses are suggasted and advice concerning the
application of multivariate techniques is sought, . '

INTRODUCTION, The ackurate and complete numerical characterization of

a biological systam's ¥eaponse to stimulation ie a vexing problem -for wany
investigators, This ie particularly true of the invastigator sasking relaticons
betwesn paychological and physiological functioning within a normal human

being. In such investigations a clearly spadified psychulegical event is
presented and the physiological reaction is nbserved, The physioclogical
reaction is not simple, howaver, Reactions are generally sxtended in tims and .
vary during this tima, In addition, such physiological raactiins are multi=
determined -~ biologicai controls on the response necassarily interact with

the raaction to the psychological event, - Current knowledge of thede rasponss
deteraining events and their interactions doesn't seem to allow any straight-
forward deterministic modeling of the biological response process,. The

first approximation to understanding these response processes must be, it

seems, through an empirical and statistical approach,

The biological responses of particular interest are those which occur as
time-varying responses to relatively specific stimulation, An examupls of
such a respoase would be a second to second change in heart rate induced
by a burst of white noise or an electrical potential change in brain waves
elicited by a flash of colowrad light, To elaborate the heart rate example,
at the onaet of a burst of white noise, a person's heart rate, which
even without stimulation shows momentary variations in rate, may momentari.y
slow down and then speed up prior to returning to a pre-stimulation rate.
With this type of response in mind, the basic questions of this paper can

-19-
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" be posad: "How can this biological resiionse bs charactexisged in a simple
yet complete munner? How can the cliaracterized vesponse ba compared to
both pre-ccinulus variability and responses to othnt psychological stiauli?"

=y~
i e S

.VA PIOTOTYPI EXPERIMENT, A scmevhat simplified prototype -zporinnnt hll Laen.
designed. that 1iTustraces s ganoral approach to experimentation with ' " N
paychoptivsivlogy. ‘After the description of this prototype cxpcrincnt, the
problem will be reduced to the .comparison cf two heart.rate responsc curvus
based on real data collectsd under circuuueunccn nnnlo.oun to thclc ot tha .

.;:prototypt cxpctinant...“i-. e _ et

antin

i

'

. Lo . The protocypc ltudy concerns thn information prucolling of nu-bnr-
= : : wi:hln a map reading problam, Subjects highly familiar with & certain map
were given two tusks. For both tasks & sat of eight numbers reprasenting
map grid cvordinates was presented visually for five saconds using s slide
. proisctor, In one task the gubject was required to remembar tha exact
¢ ~coordinates, In the other task the subject was asked only to decide which
S quadrant of the map contained the coordinates displayed. The physiological E
: concomitants of performance in these two tasks ware of primary interest. ; :
More specifically, a pronounced physiological reaction was expected to '
accompany the task demand for exact grid specification, but not to
lccomp:ny the 1.-. domanding quadrant plscemont task,
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The,expcrimoncll dasign specified the use of ten iubjcut-. In order to

o use esach subject as his own control, each subject performed in both tasks. b 1
; Five subjects yarc randomly grouped to receive the coordinate uemory task ! 3
o " first and the rempining five received the quadrant placement task first, 3 ;]
; Three response moasures were collected: heart rate, skin conductance (GSR's), i - 4
and accuracy of performance on the information processing tasks, Each - ; : A

task was composed of ten trials ueing different map coordinates. Tor sach
task the response neasures were avcraged over the ton ttiall. The design can
be diagrammad as folliows: -

20~
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Assuning for a moment that the three responme measures wars simply ﬂidgle

nunbars reflacting the heart rate, skin conductance, and performance responaes,.

8 rather straight-forward analysis of the results might be possible, A tech-
nique comparable to the profile multivariate snalysis of vaciange. suggested

‘by Morrison (1967) might provide an overall estimate of the presence of any

aignificant effect due to task and order treatments within the three response
measuras, Subsequent comparisons following a multivariate analysif #&
determine the locus of any significant effacts. Tha’npplicntﬂﬂfiﬁgfc s
technique to the current data is not straight-forward. However, papers such
as Potthofif & Roy (1964) suggest that generalization to cases such as the
current one are pousible, In short, if the data could truly be fit into the
layout of Table 1, a comprehensive statistical analysis would seem possibla,

The probiem arises that, in fact, at least two of the response measures
(neart rate and GSR) sre not single numbers but a vector of dependent values

. reflecting both pre- and post-stimulus physiological activity. The decision

of how to analyze this vector of values must be based on some knowledge of
the nature of the physiological response and also upon ths validity and
availability of statistical methods of repraesenting this data, A detailed
knowladge of tha heart rate response maasure may aid in this decision,

THE HEART RATE RESPONSE., Psychophysiologists find it meaningful to measure

- heart rate during pﬂycﬂological performance because of a belief that the

autonomic nexrvous system is continuously adjusting the internal wileau of

the organism on the basis of events in the external environment, These
adjustments are generally not massive enough to enter our awaraness, although
in states such as rage we are aware of physiological changes, Minor
adjustments occur, however, and can consistently be related to psychological

-avents, Thess adjustments appear as momentary changes that ara not

observed if pulse rate is measured over a minute or mo, In order to
observe such changes, the time betwesn individual beats of the heart must be
measured, This time can be converted to the familiar beats per minute (bpm).

Heart Rate (bpm) = éb seconds
Inter-beat interval (seconds)

For example any interbeat interval of one smecond yields a heart rate of 60
beats per minute. In such a manner instantaneous heart rates can be exprassed
for individual beats before and after stimulatfon, In Figure 1 the rate of
the heart is plotted for six beats prior to and six beats following stimulus
presentation, Focusing on the curve with the solid line, the first three
brats plotted show a stable heart rate of 82 beats per minute, This is
followed by an increase to 83 bpm for the next three beats and then the
reaction to the stimulua follows, a decrease in rate followed by a substen-
tial innreass, Thase are the sorts of brief changes in heart rate under’
study, Note that Figure ] represents a total time of about ten seconds.

Raturning to the prototype experiment, Figure 1 representa the cardiac
responses to the two experimeatal tasks. [he heart beat response curves are
compared for the coordinate memory task and the quadrant placement task (the
order of task presentation 18 fgnored for sake of simplicity). The data
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for the individual subjects are showa in Table 2, Figure 1 indicates that
during the coordinate memory task a relatively slow heart rate prior to
stimulation was fullowed by a brief slowing and then a substantial speeding -
after stimulation, For the quadrant placement task a relatively fast heart
rate was replaced by a progrcultvuly slowing heart rate after stimulation,

.
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The basic questions of response characterization and analysis can be
pouod bllld upon the rnnponco curvcc shown in Fi;utc 13

1. Doas thc post |t1mu1us reaction 1n oithet :llk conltituto a rnal
response to stimulation as opposed to a chance occurrence?

et e e o WY . . - LA
iy s kg i . I~

2. Given a true change in heart rate, do the complex, time varying
responses in Figure 1 represent a unitary reaction of the cardiac control
5 ' system? Alternately, can this resction be meaningfully separated into a
number of independent or semi=dependent components representing, perhapl.
the influence of different cardiac control mechanisms?

G S LY

A3, Sk

L

3. Given a set of meaningful components, can a comparison across tasks

be made of these components? . N

l i
None of these questions are novel, Various approaches to their solution
have been offered, but none have been generally nccepted. Furthermore 3
current interest in multivariate techniques leads toN: reopening of such { -
questions in the lisht of the availability of these methods, The eventual }> ]
goal being a simultaneous analysis of a whole set of biological and psycho-
logical dependent variables.

PR

SOME _APPROACHES TO SOLUTIONS, Question l: Does the post stimulus reaction in
either task constitute a real response to stimulation as opposed to a chance
occurrente?

A relatively straightforward solution to this problem may exist, The
problem is essentially to decide whether two vectors both of size n (the:
baseline beats and the response beats) are significantly different, Given
adequate experimental planning, an equal number of heart beate should be
available before and after stimulation, The pre-atimulation values should
be collected during a time period adjacent to the responss when no psycho-
logical events are influencing the heart rate consistently, This is achieved
by initiating stimulus events, ¢,g, map coordinates, at quasi-random times |
after the response to the previous event, Thus the stimulus induced pertur- i J
bation in cardiac rate may be compared to a sample of normally varying \ ;
cardiac rate, : 1

{ : Two requirements must be placed on the analysis, First, it must take i
into account the marked dependencv between beats and between the two periods. F 7

§ In addition the integrity of the beats must be maintained -- averaging across ‘ :
e . beats would eliminate the transient response that is under study.
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. than a classification factor., The question remains whether the undarlyirg

Two atatistical approaches have besen used both of which seem inelegant
“if not unsatisfactory, One approach (s.,g. Coquery & Lacey, 1966) has bean
to do a series of univaria:e comparisons (e,g. Wilcoxon paired comparison or
t=test for dependent x's) between analogous beats (pre-stimulus beat 1 against
post-stimulus beat 1, etc.). This approach yields a set of points in the
response pariod that are supposadly significantly different from analogous =~
points in the pre-period, This approach would seem to capitalize on the
beat-to-beat dependency within tha data as well as on random variations 1n
the numerous errors terno used in the t—-tests,

A second approach (e.g, Wilson, 1967 as derived from Greenhouse &
Ceisser, 1959) uses an analysis of variance design which treats baats as a
ciassification factor., In the case of the current dats, a two-way analysis of

[ ;-‘..mu_i-wmmu;wwl?:“bd b AL 2
T 1

variance, might be sat up with pre~ vs, post-stimulation as a factor (two jfr'

levels) and beats as factor (6 levels), A significant main effect of beats
is interpreted as showing that consistent differences between beats occur,
Central interest is, however, in the besats by pre- vs, post-interaction,
This interaction is interpreted .as showing that the beat-by-beat response
curves are different betwaen the pre- and post-stirulation pariod, Daspite
adjustuments in degrees of freedom to "account for" dapendancy, thia sort

of analysis seems questionable {f only because of the peculiar uss of beats
as a classification factor, Another problem with this analysis may be the .
varying degrees of dependency often found in physiological data,

The direction of solution for this problsm seems at present fo be a
multivariate analysis comparing the two vectors simultuneously, The
problem of comparing dependent vectors within the sams sampling unit remains
somewhat confusing, however, The intuitive appeal of the multivariate
approach is the consideration of heart beats as a multiple response rather

model truly represente the data or questions better than the univariate
approach, As noted previously, papers such as that by Potthoff and Roy
(1964) suggest gsome optimism on this account,

Question 2: Given a true change in heart rate, do the complex, time
varying responses in Figure 1 represent a unitary reaction of the cardiac
control system? Alternctely, can this reaction be meaningfully sepatated

into a numbe&r of independent or semi-dependent components representing, perhaps,
the influence of different curdfac control mechanisms?

If the cardiac response is indeed different from baseline activity, the
nature of this response becomes the next question, Has the coordinate memory
task produced a truly independent acceleratory change in heart rate or is the
speeding seen in the latter part of the response period due to biological
regulatory adjustment from the immediately prior slowing =- or even due to
the relatively low pre-stimulation heart rate? In short what is the depen-
dency structure within the total KR sample including baseline and response,
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An example of the type of biological control system way be.helpful in
sxplaining the need to b ¥ary of changes in responue that are physiologi=-
cally induced rather €han caused by stimulation. Thia.example will also
desonstrate the nsed to look within the HR rasponse for dapendency., A basic -
and well known control mechanism present in biology is the homacstatic loop.

In such cases differences from a prssst internal state of the system ara
corracted by a nogative fesdback loop bused on the output of the system, In
the cardiac aystem, for example, baroreceptors in najor arteries sense pressurs
and rate changes, ‘Significant changes in rate or pressurs cause the baro-

__ raceptor to send via the nervous system inhibitory signals which result in a.
corrective rsturn of rate and pressure to normal levels, Thus, an efficient
control loop prevents any major changes in cardiac parametars,

Within such a system, any change in heart rate would be expscted to be
followed by a feedback-induced change in the opposite direction, To the
psychologist thie feedback induced change is of little interast, but rather
may mask to some degres further cardiac changs induced by the experimental task,
Thus a brief sloving ofsMeart rate (as in the coordinate mamory response
curve) may elicit a homsostatic accelsration, This acceleration may either
mask further deceleration of heart rats or combine with a psychologically-
induced acceleration thereby confounding this reaction. Thus, if one wishes
to demonstrate an accelatory reaction to a task, the independence of the
acceleratory reaction vis-a-vis prior changes must be demonstrated. Prior
changes must include both pre-stimulation oscillation as well as preceding
changes within the cardiac cesponse, )

Paychologists have been concerned about biological control influences or
reactions for at least 20 years. Early papers in the field formulated con-
cepta such as the "Law of Initial Values" stating that the preresponse level
of the variable influenced the responss lavel. In general the notion was that
the lovar the initial level the greater the probability of a large response.’
In practice, most have followed the genaral outline of the suggestion of
Lacey (1956) and empirically found the correlation between pre~ and
post-stimulation levels and covaried out this influence upon the response,

Let us look at the application of such notions to our HR case,

The problem of the nature of the beat-by-beat data rises at once, The
data is c¢ollected in order to look at momentary reactions not at changes
from a base level to a response level. Through averaging across beats the
HR data may bs forced into this model, but there is no rationale for doing
this, The underlying ratiotiale for correcting for dependercy is to subtract
out or at least ba aware of biological control influences upcn the response
unrelated to the experimental manipulations under study. The responss
assumedly due to the experimental manipulation is a moment:ry flunctuation
and thus meagures of this fluctuation not averages should be corrected., In
like manner it seems more reasonable to covary with the pre-stimulus degree
of fluctuation than to covary with the pre-stimulus average,

The influence upon one another of fluctuations within the response itself
also shotld be investfgated, Each task is expected, however, to produce a
distinctive responsa curve. For example, the response to the coordinate
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‘combined quadrant placement and coordinate memovy dats. In contrast the ... .
" . correction for pre-stimnlation vuri-bility should be applied across all tasks,

.af the maximum and minimim as would be done with a variance estimatas;

‘tims=-locked, howaver, the use of maxima and minima may be praferable to the f
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N

memory task 1ncludol an early deceleration whilo quadrant plac-mont task
doss not show deceleration until late in the response period. The maxiium
heart rate in the:coordinate memory task response should be correctsd for
the influence of prior deceleration, It is not appropriate,. however, to
perform the same correction on the quldtlnt plucemant data or ihdeed on the

S Bk I

Pre=atimulus varisbility is assumed -t {a inherent variability and avery
pre=stimulus period should be a sample of this variability, Thus in order

to correct for the influence of the inherent variability, the best estimate '
would be the mean of all the pre-stimulus periods,

“*fhe upshot of such thoughts ssems to be an extensive correlational
analysis of the complate HR (baseline and -responss) curve, 1Two snalysas are .
suggested: 1) determine the correlation betwsen pre~ and post-stimulus = 3
fluctuation and then to xenove the influsnce of the pre-stimulus fluctuation; :
2) determine the nc:UEZbru of the poat=-stimulation response separately for C
each experimental treat®ant, The first snalysss would involve correlatioms ]
acrces subjects and across all experimental treatments vhile the second could
be done within and/or across subjects within sn axperimental trestment. group.

Buth of the suggested analyses :equire that a score or set of scores
representing HR change ba derived from the data, These scores might be
data points themselves or a derived atatistic, Initially one might take
points of intuitive interest such as maxima and minima snd treat thess as
scores rapresenting change, Tvwo advantages of such scores can be cited,
First, they estimate the fluctuation in the data without losing the identity

Second, they express the variability independently of the time dimension, 7
This second advantage is important within the pre-period becauss this perfod :
18 usually initiated randomly with respect to time, Thus the pre-pariod will ]
show random seuguents of any ragulsr periodicity, With respact to the

post-stimulation response, the temporal information becomes lmportént in ;
defining the respouse, and thus simple maxima and minima are not as advanta- :
geous, In cases where the poat~sgtimulation rasponse is not precisely 1

method to ba developed balow, . ] .

The correlation of maximum and minimum acores from the pre and response
pariods could serve to estimate the degree to which the miaxima and minima of
the response reflect baseline fluctuations, This assessment may be made
separately for the basal maxima and the basal minima's effect on response
maxima and minima. Regression equations basad on one or more of the four
corralations computed could be umed to "correct” the response scores by the
baseline scores, This procedure appears to be a workable solution to the
"{nitial value" problem albeit a cumbersome solution, Objsctions to this
solution are the intuitive approach of lonking at peaks and valleys and the
probable unreliability of single points plucked from either the basal or
reasponse curves,
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An alternative to the intuitive points of interest would be an attempt
to incorporats all the hsaxt beats into the analysis. Tﬁil would in general
mean doing snalyses which pressrve the time dimension, A simple correlation
between nnnlo;ou- points in pre- and post~stimulation resporisa might be
considered, Thq randop timing nature of the pre=stimulation paried discussed
above argues against this approach for the pre= Ve, post=respoise comparison.
Some form of time independant data tuprcucntation..nhch a8 developsd above,

- would sesm to be the preferred approach to the pre-post. arison, An
alternative might be to eliminate the specifiic pre-period th favor of a

" -subdtantidl baseline period of ten minutes or so. Auto-correlational or
time series tac'iniques could be applied to the baseline dltl to derive the
components of the resting varisbility, Tha response curves.could then bae
compared to the bassline spectra, This comparispn would probably not ba
statistical, however. : ’ .

The dependency structure hithin th; .cardiac tasponse to & specific task
(the sscond analysis) may be untangled with a time=based correlational analysis,
The fruitful application of this lnll*lil requires that tha cardiac responss

% to the task be time=locked in a similur manner acroas all subjects, If this

& is the case, a simple correlation matrix consisting of each heart baat's
! i correlation with the romaining beats should be revealing. Beats, other than

b immedisately adjacent beats, that are significantly correlated would indicate

g dependency within the response. Such dependency would ba preliminary evidence

E for either the operation of a biological control mschanism or the presence

g of a unitary but sultiphasic responsa, With such interpretations in mind, 1

3 it would be of intersst to further explore the dependency structure, Pactor _ |
«# £ analysis might provide a statistical tool for this purpose. The abilicy to 3
' i isolate independent factors within the rasponsa is appesaling conceptually {

b although practical problems of the interprectation of factors might emsrge, 1

% Other practical considerations are whether or not to rotate the factor 3

matrix, which rotation to use, and whether the factors should be derived from
the covariance matrix or the correlation matrix, (The covariance matrix is a
possibility because all of the scores have the same bpm metric), Even the
basic correlation matrix should answer, however, the question of whether
dependency exists with the cardiac responss to a task,

.

[

In summary, an exploration of the question of the natura of the response 1
. has suggested that this problem be split into two sectiorns. 1) Can the 3
post-stimulation resporse be predicted from the pre-stimulation variability?
This question may be answerable by intercorrslating intuitive points of
interast, such as maxima and minima, across the two segnant of the HR response
curve, 2) What are the dependency characteristics of the post-stimulation
response? The direction suggested to answer this question was an extensive

1 . correlational analysis,

¢ Question 3t Given a set of meaningful componants, can u coﬁparilon
across tasks be made of these components?
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The meaningful comparison of the cardiac response to quadrant placing
and coordinate memory is the essential task remaining, -Two of the previously
suggested analysisd tcchniquoo can bc usad co lhov some problcnl involved in #F
such a comparison, ' -~ ) S e

o T

In diaculling thil.qunution. the rclliltic lnluuption will be made that
a moderate degree of dapendancy éxists within the response to the task und
batween the pre-period and response pericd, If {n-fact little dependency
uxists, then relatively c:rnight forward ltltiltical conparilonl are
possible,

One approach to comparing cardiac responses would be to use the results

of the factor analysis suggested earlior, Hopefully, this analysis produced
two or three independent factors that were interpratable in terme of differant
: "influences on cardiac function. If one of thase factors vas interpretable. As
] the influence of the psychological svent, then primnry interest would be 'in-
o ' identifying this factor in the response to both tasks and then conparina the
factor loadings. _1t is likely, however, that less clear factors would emerge _
and that more than one factor would seem implicated in the response to the ™ .
psychological event, In either case, the factor structure of one task must =
be interprated and then the factors within the response to the other task
muat be rotated to the criterion cf matching the structure of the first

task response. Once this is achieved, a statistical comparison of the load-
ing on each factor would be desirable,* It ir very unclear vhethar some

type of analysis of variance on factor loadings would be desirable and
justified, (e.g., Factors X Tank X Order X Replications). .Indeed tha whole
procadure just outlined seems suspect and suggests that other forme of
nultivariate analysis might be preferable. :

R s e it o 8 bt g i AT R et Sl oD T A

The use of intuitive peaks and valleys is another way of comparing task i
responses. These scores must be adjusted i{n some way by prior valuas, how- .
ever, This necessity seems in general to lsad to a proliferation of scores
with dubious validities,

.For example, a response maximum score may ba corrected by covarying
the pre=-response maximum and minimum and, perhaps, even by covarying an
immediately preceding response minimum, Seven different scores can be
generated using different combinations of these covariates., These sevan
scores plus those for the response minima could be anslysed one-by-one
using a univariate or multivariate analysis of variance, The high degree
of intra response scora depandency, however, posas interpretive problems,
Similar argument can be made for and against a beat-for-—beat comparison
of two response curvas,

#* Dr, Robert Chapman also of the Department of Experimental Paychophysiology,
WRAIR, has developed ideas along these lines in attempting to deal with the
comparison of cortical evoked potentials. His ideas suggested this applica-
tion to heart rate.
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In concluggon. the problam of how to |tlt1:ticallv analyse and.
characterize & cumplex, dependent time-varyiig fesponse has baer: pdudf

" The-question was posed in terms of s ‘prototyns, cxpcrintnt and then a S :
_‘specific comparison of the respousy drﬁui ied tiia question in wore detail.' —

Tanative approaches.to soms aspectr u‘lzhe ‘vroblem wers offered but no
truly coherent maans of charnct-rigi,ﬁyihd4agﬁly|;nl,;hq data could be
offered. What would you do? ‘ '
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COMBAT MDDELS AS APPLIED 10 RADIOTHEﬂAPY“

‘Barry W. Brown James R. Thompson
. .M. D. Anderson Hospital and Tumor Institute : - Rice University and
" . R. M. Thrall and Associates
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ABSTRACT
"The equations of chemical kinetics have been applied to combat models for
over half a century. Because of wide variability in military performance duc

7 to personal iricfetive, terrair, weather, ete,, such appliéations Ahave sometimos

SRR S e b

Héd their difficulties. However, kinetic equations are very useful in describing
the treatment of malignant tumors by chemotherapy and radiotherapy. A fairly

general model for radiotherapy is proposed. The combat analogy is that of an

R T R o

"iﬁvulnerable blue side engaged in the destruction of & red force inextricabls
iﬂtcrmeshed with a defenseless pro-blue side, e.g., 8 in the use of air pover
¥ to suppress a ruerilla insurrection, It fs demonstraied how the mogei answors

some 0of the conjastures of experimental rediology. Moreover, the model shous

liow acuite dose external peam treatment muy be used to simulate continuous low

Jdoge (harapy. This should enable (generally preferred where feasible) "radiun"

-
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treatments to be employed in many more cascs than at present,
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Inttoduction., The credit for introducing differential equetion models into the

theory of combat is generally given to Lanchester [10]. His early two force

models &re of the general form
g’z‘ - '.1,‘- - .,y' - .axy )

g‘% .-‘bix - bgy - baxy .

Thoaq‘}uy aalilf be extended to &8 variety of heterogeneous force models.

‘.Below we exhibit a combat model useful in formulating etrategies in =
radiotherapy. In the context of wqrfure. it is a de;cription of the use of
airpower in a frlendly area occupied by an enemy force, Let cheri be §$Van an
enemy with strenpth w and three friendly forces with strengths x, y, and &,

Over a particular interval of time, let the equations of attrition be given by
dw
E-t- - -c‘wz -+ q.w

dx
at ~ “CaX? + q,%x

d 2
E% = -oayz + Gyy

dz

a0

where the xeplacement parameters satisfy q, > q, > q, ~ 0,
Such a situation might arise wherc airpower, z, is to be used in destruc-
tion of an enemy with strength w . Because the enemy is miqu with the friendly

inhabitants of the area, it is imposaible to avoid & certain amount of noun=enemy

injury and loss of life. Some of this attrition will occur in segments of the

B

ik i i, -




e 1
DA 1 N

e EE R

ey R

T e T RTTENR T RO

A

A1.3

,

population - e.8., village elders, civil rosistance iforcus, ate. - which can be

satisfactorily replaced very slowly. These are the forces with strength x,

Other non-enemw lon of life'will include persons not inrpositions esnehttal ke -

the tcsistance effort, However ghantly their denths are. fnom a humanitarian

ltandpoint. "their niches in the lOctety are filled relatively awlftly. Iheua are

the forces with ltrqngthl'y.. "the enemy forces are considercd to be reﬁldcqpﬁlgf‘“

rathar slowly = c.é., by indoctrination of friendly forcén. It is acgpmad fhat
a fairly constant airppwer committment is made by the friendiy lidé.ﬁléh los;el
replaced immediltely.”vThe above ﬁddel might be a useful deucfiption of a number
of real world uses of éifpdwar:- e.g., some of the hoﬁbiﬁg cdmpnign& in Indo -
China. The probiﬁm is to minimize w_subject to constraints on x and vy .

It happens that the modpl described above 18 also useful in the. consider-
ation of the problem of ob:atning optimal strategies in rndiothvrapy. The
effect of a treatment on three saparate cell groupings nust be considerced.
First, there is the maiignant tissﬁe which we seek to dcstroy. Nexf,rﬁherc are
connective, vascular and nerve tissues which afe.rep]aced 80 alowlx‘thac they
can be considered virtually irreparable. Finally, there are the functionel
tissues, skin, muscle, gut, etc. Under moderate radiotherapy, these tissues
are replaced very swiftly and practically need not be considered as a constraint
in the treatment, The problem, then, can be treated as one of constrained
minimization, We wish to destroy as much neoplastic tiassuc as possible without
causing so much destruction of conmective, vascular end ncrve tissues thut.a

necrosis will result.

It is a genzrally accepted view that low rate coutinuous radiation by
radium implants is preferred to high rate fractionated external beam therapy

{4, 7, 12, 13], Unfortunately, only a small percentage of maliguant tumors can

be treated by implantation,
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The purpose of this paper is to usé a Lanchester type model to 8ive an

interrelation between continuous and fractionated radiation thefspies. Having

. achieved thtl objecttve,'we shall demonstrate a scheme by which the effect

of continuoun tharapy nay be closely lpproxtma:ed by a Irncbionacad regima.

Diocunnion., All our modelltng has been cnr;ted out under the- aaaumpctonn of
multi-tlrget :hcory (for. an. excellent tntroduction ‘to the subject see Barendlen"'
(1)). Baatcally, it is aunumed that ench cell hla n targets. when 011 n
targeta have been damaged, the cell il destrnyed. _A convenient meaaute ‘of doae
*a the number of Dp's dalivc:cd. where for a given type of cell a dos : of one
Dy will rclult in as many. hits aa.targets.- All targets are tepaired c;h-

)
currently {5, 6, 20) and at a rade which is a paramc:er u* the mndel The -

equition for che surviving frnc:ion of celin at thp end o£ a high rate treat-

men: of dos@ D (in Dy's)  1is given by '_~ i

.. ‘e “D.n . . T !
L8 4 =2 =~ 4 . .
i

The chaige of seneitivlty during the cycle 12, 8, 11, 15 16, 17 18) is ;"“

‘accounted for by a variation in the target. number [15]. fThis :nriation is nppnox-

imated by bteaking the cyele into two phasea, one s resistant phase 1ﬂ which
cells have a high target number, the ather a ‘senaitive phasé_in vhich a single
hit kills the cell. . :
In“Pigurg,l we show our basic model. 1In a short intekval of time, dt, a
proportion k, ug, of the cells 18 leave resistent phase. ‘During the same
time interval, a propsrtisn "k dt leave the sensitive phasa, Dufing mitosis
cach cell isg teplaced by an average of ¢ daughter celly which immudiately
enter the sensitive phase, When no cells die, q is 2.0 . For nonprolifer-

ating tissue, q 1is 1,0, Generally, we have assumed @ q value of 1.1 for

neoplastic tissue.
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 the dosc rate (in units of Dg). Assuming that # fixed fraction w df the _Jﬁ

AL.5

It is assuﬁad that durinz continuous raaiothetapy, in addition to single
targ@é“killing. therc is an appreciable ambuht of single hit kiiling (1, 3, é,
14, 19), This damage may rcqult from high LET traversal |3, 14, 19], the -
hccumulacion of a few relatively htgh energy traveraals. or some targec which

cannot be rcpaited but whicn has a: higher Do :han the reparnble onea. In i

" systems wiLh an apprecilble ﬂumber of tarsetl, alnmat 411 ktlling frcm low rate

"radiation appears to be due tq irreparhble damnge.' ;g ;?' C

el
HE

In continuovs radiotherapy, nilling is achieved at ratca k, lnd k‘

:]\ . "
from the sensitive and resistant phases regpectively. Hence,: kg is simply Sy

I’l

dose deliv;rcd does :rr;parable damuge, k4 1s w times tha dose raqbu ﬁ

I AR
‘II L . .

x*(t) = tho number of cells in the rcsistant phase at . time ¢ ,; _ : "

To he mere specific, let

y*(t) = the number of cells in the sensitive phase at time ¢ .

If we ﬁbrmalize these quantitics (in order to talk about surviving pfoporciuni).

we have
x(t)'; x*(t)/ (x*(0) + y*(0))
y(t) = y*(£)/(x*(0) + y*(0)) .
Then the kinetic cquations for continuous radiation are given by

dx _

it = =(ky + kydx + kpqy ,

%% = Kyx =(ky + ka)y o f

The solution is given by



B et e e

i L R}

v o

T

R e TR

e s Jebsan o b oo o ch g d Ut ek bt cathide gt Sain et

PR

A6
x(t) = ‘;.CKP[(-éi-+ calt] + ap expl=(c; + cplt) , '
y(t) -“b; GXP['-(-ci + cg)t] + by exp{-(cl + eg)t] ,.--. :
TR S R, i ky kg - e ; ¥ J . AR
'b’"'_Fkl ' kf T ca)l(-zqkéco.%‘-QHHJ LY f.fé?“: M" U

T = cell cycla time

1
b&-i‘—:f'ba-

qk,
Ky + kg = ey +cy

a,.= by

0 = = -8

c,' 2

cp " /el - kykg - kyk-(1eq) - ko(kg + ky)

At‘fhe end of the treatment (t = t ), the fraction of surviving cells is

given by

£ o= x(t,) + y(t,) .

To obtain an algorithm for fractionated radiation, we use the above
formulae during the time betwceen troatments with k, = ky = 0, The surviving

proportion at the end of a fraction is given by
x(t + 0) = x(e)[e 01 - (1« o~ (100Dyayy

y(t + 0) = y(t)e™®
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Below, we alter the parameters in ‘the model one at & time holdtng the - ; o
other paxnmeters at their standnrd conditions values (see Fig. 1). As previously ‘ 3
.noted. in.a course of fractionated treatment tho target number in thc resistant’ ' !
-phase 1s qutte»important.-ﬂthip fnct can_be-seen}from_ F;gure 2.“ The curvivlqa . 5
fraction inéru;se; dramaticafT; a8 'tha nﬁmbef.of‘targetn 1ﬁérehseb from one to « . . ;
gi;,'_l: :hen 1ncreaacs at I more leisuroly rate. to an unymptotic value where: ~}mg:- s wiﬁf" e

the only killing is of the single’ target variety in both the sensitive ahd:

regigtant phasus, :
In Figures 3 and 4 we show the effécﬁ of the percent of the ce111cvdlé‘

spent in the sensitive phaue on. cell survival for both modeas of rndia:iun

expoauxe. In both cases, thc aurviving 'fraction derreasas with increasing lime'

in the sensitive phase - more drematically at low dose rates, In_the'fraccionuted

~ course, higher dosc rates always gilve lower surviving fractions, This is not so

for continucus treatment, At some point, the effect reverses and low rates glve
a lower survival fraction than the high rates, . The greater the proportion cf

the time in the sensitive phase the greater this effect, so that wi;h‘forty \

. percent in the sensitive phase the dose given at 5 Dy 's per cycle produces »

surviving fraction one-hundred timcs lower thén when given at 25 Do 's per cycle.
This might seem to be an argument in {avor of dose rates lower than the 20 -~ 23
Dp's per cycle given in intracaviary therapy. It is doubtful, however, that the
proportion of time in the sensitive phase approaches forty percent for any
neoplastic tissues. Morcover, the points of crossover of the lines move to the
right with increasing q . A gross lessening of dose rate could reduce the
treatment ef{fcctiveness due to an increase in q during the period of treatment,
Nevertheless, moderately lower dose rates than currently applied in radium
therapy might very well be desirable in some cases,

The possibhillity of the production of lower survival fractions by low dosc

rates is, of course, due to redistribution. In the fractionated course, the

-39=
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interval betwcen treatnents s half of a ‘cycle, and redistribution of surviving 5
caells into a mixture of sensitive and resistant phiaes is largely completed during

this time. In a coursc of continuous radiation there is a different effect as

. showm in Figure 5. The fraction of cells in the”;ensitIVe phase falls rapidly

d _ {
i §§ early in treatment but quickly aymptotes., The value of the asymptote depends :
% ‘; " to, alarge extent on the ratc at whtcﬁ‘calll'in”:he“comparcmeﬂt are.killed. -

% @: h". Hence, thefe is a greater fraction“of ceils in the sersl;iva phase at low dose g
; ' %  - rates., Consequently, less of the dose is wasted on cells in the reaistant phase. g
: ‘g‘ | In Pigures 6 and 7 we exhibit the effcet of thc.proltferacion rate, q, é
F .?. for comtinuous and frastionated strategies. A very Iimportant pbinc_whtéh is %
é §  , observed is the fact that the efficacy of con:iﬁbéus treatment is lﬁttle changed é
? 5. by even a drastic change in q . We conjecture that this may be an important ?
% 3 factor in the generally praferfad-rasulta obtained by radium therapy. In the ?
f fractionated course the surviving fraction chénges by at lca;t a factor of 100 E
i ! as q goes from one to two. i
; In Figurcs 8 and 9 we examine the effect of the proportion of single hit !
g j events in the rasistant phace. In the case of confinuous radiation there is a i
ﬁ great change in surviving fractions with w . In the fractionated case, the

% change is much less. ' >‘g\

i In Figure 10 we sec the effect o; the number of high dose rate treatments

éw ' per cell cycle on the surviving fraction of cells. The change in surviving

fracﬁion is larpe as we go from one to three treatments per cyéle. However,
for the dose rates considered there ls essentially no change in surviving
0 fraction with change in the number of courses per cycle if this number is at
‘ least seven, leyond this number, only single target killing takes placc.
Figufcs 11 and 12 give the surviving {raction as a function of the total

dosc delivered, There is little dose rate effect in the continuous case,
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although the surviving fraction changes a bit more rapidly-with total dose at
low dose rates. However, in the fractionsted case, the dose rate effect is
llgntficant; since multitarget killing increases with the dose rate,

In Figure 13 we note the lowering in the killing ability of fractionated
‘xadiation 1f the taréet nqﬁbgt in tﬁg feailtlﬁt phnneléq increaded to,lq; - ,

Let us now consider 4 practicsl extmple to interrelate continusis and -
fractionated treatments, It shall be assumed that D, for both normal aud “
neoplastic tissues is 150 with a cell cycle time of 48 hours, . It is further
agsumed that w= ,3, q= 1.1, the prop&rtion of time in td; sensitive phase 1;
+2, &nd the target number in the resistant phasc is 6. The total dose of |
radiation is limited by the allowable amoutit of killing of slowly cycling
tissues. A typical continuous treatment consists of # total dose of 7000 rads
over a period of 7 days bv radium implants, This corresponds to 13.3 N,'s per
cycleand a total dosec of 46,7 Dy's . The surviving fraction of the slowly

cycling connective, vascular and nerve tissues is given by
f o explauDy g = et ~107°

The correponding surviving fraction of neoplastic tissue {8 obtainad from
Figure 11 as slightly less than 1077 ¢.44 x 1077,

Now let us consider a fractionated treatment of the same tumor with a
regime using an acute dose of 300 rads (4 Dy's) per cell eycle, We wish to
determine the total dose which would result in the same degrec of destruction of

slowly cvcling tissuc as the radium stategy given above, This {s easily obtained

by solving
[e'(.a)ﬂll - (1 - c-(.'i):)e”n .

We obtain a solution of 17.4 creatments, ov 34,8 D.'s (5200 rads)., Using

gl

oy s
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Figure 12, we find a surviving fraction of malignant tissue slightly in excess
l

of 1077 (1,09 x 1077y,

In this example tho modol gtvec naopllutie ourvlval fractions for conttn- »

uous nnd lcuto fractionated doa. therapies which ditfer sompwhnt "less than a taotor :

of 3 ia !avor.of the continuous strategies, It should be rqmembcr.d'thit a

... . _constant value of _q = 1.1 has been sssumed throughout. -Should  q increase 7

beyond this value during thé course of treatment, then as Figures 3 and &

T AT, TR T TRT Y

demonstrate, the relative effectivenaess of the continuous icfategy will increase.

In gencrsl, the relative constancy of the killing ability of
continudus radiotherapy with changes in the cell kinetics of,the neoplastic
tissue 1is a dacided advhn:ige over the usual fractionated strategies,

Inesmuch as radium implants can be employed in only a small fraction of

- tumors, it shall now be our task to demonstrate how the proposed model may be

e s g A TR D AR N R A &

usad to devise approximations to continuous treatment by fructionated external

e

ﬁ ' beam therapy. (Thc approximation of a constant valued function by a Dirac comh
is, of course, a common tauhuique in a number of fields, e.g., the design of

filters in time series analysis.) For approximnting the radium implant strategy

T R T T

above, it might be undesirable to deliver 1000 rads per day in small incremental
acute doses, since Lhis would involve, with present facilities, & constant

A : wheeling of the patient in and out of the treatmant room. (Perhaps in the

future there will be a floor in major hospitals devoted to rooms for radio-

T T

therapy paticnts with cobalt machines, etc., located on tracks on the floor

above so that it is possible to treat the patient in his own room,) Howaver,

snEale g Rt D

; delivering 1000 rads evaxy two days in 125 rad doses every 6 hours sheculd be
feasible. This would be 6.65 Dy's per cell cycle instead of 13,30, An exam-

: ' ination of Figure 11 shows that under the cell kinetic conditions listed, a '
é
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continuous strategy using 6.65 Dy 's per cell cycla wou}d actually incresse some-
© what the total ktllinz of neoplastic tissue for a total dose df 46.7 Dy's (7000
tads). Figure 10 shows that at a dose of 6.65 Dy's per cell cycle, 8 aqual

treatments per cell cycle give a slightly smaller surviving ftncﬁf;n,than an

infinite nupber of treatments (i.e., continuous therapy) per cycle. Hauce,
Pigure 11 may be used to give conservative estimates of the surviving fraction

of malignant tissue. However, we must still determine the total dose alloyablo

under this regime to kill no more noncycling tissue than in the 7000 rad radium

strategy., Solving for m in

(expl =.3(125)/150} {1 - exp(-.7(125/150)}))% }™ = ™3¢ |

we -obtain a valus of m = 56, Hence a totsl dose of 125 x 56 = 7000 rads is ]

[ — ke Taiel el s
g T RS R N U e 0

allowable, Using Figure 11, we obtiin a conservative value of .44 x 10°7 as the

e

surviving fraction of malignant tissue, Thus with the exception of better
controi of dose discribution in the tumor by actual implantation, it would appear

that the affect of continuous treatment via radium imﬁlanta may be nicely approxi-

Ty,

mated by acute dose fractionated treatment,

- s rm s e e

Conclusions, We have seen that a Lanchester type combat model gives a straight.

forvard masns for interrelating continuous and fractionated strategies of ;

-«
T T —— 2 -

radiotherapy. At this stage in the modeling we have not taken acéount of the

dynamics of the model parameters during the course of treatment., Undoubtedly,

.

the length of the cell cycles, the proportion of time in Ehe sensitive phase and
the value of .q changs during the treatment, In addition, the pooling of all
cells with target numbers other than unity into & compartment with one target

number is &n oversimplification, Moreover, the possibility of a growth fraction

T e L ane I B T T

|
|
1
of less than unity has not been considered, A mixture of cells, some stopped in i
the resistant phase of the model and some eyeling, can be handled, However, ’

|

cmne ot v
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pilot cllculltionl lndiut&d that if the grmh !nccicn -nyo clou to unuy
(say at least .9) the ourv.LwLn; ftlcti.on lt cn;tmt snd {s not mbgh .mﬁ

! wg wish to uu:crau that cqlcuhtion- using nodih of nolnly mlti..

target killtng by conttnuoun low rate radlltion predic&‘much less dlhtruction ;
than tn ob.arvod. In a fashion liﬂ&lat to othe:o. va hive. poatulaeod that a
frle:ton of the doll delivered does linglc target killing togardleus ol the
number of ﬁau in the cell. It is not nurptiung that such a factor would
have gone largely unnoticed, since it mnkoa comparatively little difference in
a fractionated acute Aolo rtgtnﬁ. Contrary to ona's inttlalnréaccton when -
lfir;t explcring the necessity for positive w , it is not a bonus which makes
cﬁntlnuouo low rate radiotherapy feasible. One hit LET killing limits the
flaxibility of treatment, since without it one could much more fully cxnlqit
the differances between the kinetic parameters of nnoplaitic aﬁd normal tissues
by ldjusqingvgose rate and schedule.

The pétncipli reason for lack of consideration bf these matters is tha
fact that changes in cellular dynamics during treatment seem to be poorly under~
stood., Moreover, it leehl reasonable to study the aimpleg static paraéeter
case before proceeding-to the more comblex dynamic parameter c;se.

The model gives a plausible explanation for the fact that continuous
radiotherapy has gene;ally produced better results than fractionated acute dose
treatment. Morecover, it gives a straightforward means for obtaining radium-
like results by a regime of closely spaced fractionated treatments. Thgi
the advantages of radium treatment should be available to # much greater nuqber

of patients than is presently tha case,

1

M B R e e R A e s

- i 2
-

ey




7&&#5’;%5&5@%2”%4_&, S S e . e _
CoL NaSon Ll o y
i

: A.1.13 o
4 !
é rﬁﬁhﬂg!lgggggggg.' The lu:horl wish to thank Profcsnors M. D. Sult* #nd H, R,
: .Withers of thej. D. Andcuon }lolpu:nl lnd Tumor Imututn for thelr. in\uluab* Jq
3 tuidnnee.on the btolostcll llp.ctl-of thc proposod model, Work related té the ; :
: ,nxperimcntnl validetion of the model is currencly under way at both M. D. 1
i - ;
F Andu'lon Hospital and Tumor Institute and Massachusetts General Hospital, -
- |
‘: —?‘_ i
- !
1 £
- k
a 3]

¥ e

»
Y~ — -3

:

A !
3

N

3 &

A E’

i E ‘
i

. £ *Presently at the Massachusctts General Hospital,

5=

ey
m e
R st £ oo e e
B Pt o - o
14

R e

TR S L A




. ' Ao 10 4L ‘
APPERDIX o SALW o 8
Figure 1 F
: | b
3 ; ;-
LA — ot .
ky ) '“_v : Jka
. , ' .
. ; ' J_".. R ;
D Resistant ' ky ‘ Sensitive j
- i
i ' . AT i . ; : :
S : ) ~ Yke . ll‘a '
H - |
| " ,

STANDARD CONDITIONS:

Treatment conditions -
Course of treatmen: is 45.D's
Proportion-of radiation which does single hit killing is 0.3
In.f;actionlted high rate treatment, two fractions per cell ecycle are

given :

Kinetic conditions =
Proportion of time in sensitive phase is 0.2 of the cycle
Proportion of time in resiastant phase is 0.8 of the cycle

The proliferation factor q 1is 1.1

The target number is 6
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Tigure 2 .
NUMBER OF TARGEYS vs LOG SURVIVORS ’
(TWO FRACTIONS PER CXCLE)‘
] ww 0.3 '
, 3 Percent ofl‘cy'cle in sensitive phase - 0.2 . . ; IR 5
' Total treatment dose ='45 By
Q=10
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Pigure 3
PERCENT OF CYCLE SENSITIVB vs LOC SURVIVORS

w= 0,3
. Target number = 6
‘Total treatment dose = 45 D,

q = ln 1

4'ﬁblaiifé top to bottom right 5, 25, (5)
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Figure 4
PENCENT OF CYCLE SENSITIVE vs 10G SURVIVORS .
| (TWO FRACTIONS PER CYCLE)
w= 0,3 T |

“Target number = 6

'-Tbtil treatment d65§>-745>D§> 7

q=11

Doserate top to bottom 1, 5, (1)

Loglo Surviving Fraction

I { |
0.00 8.00 16.00 24.00 32.00

Percent of Cycle in Sensitive Phaae,
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" Mgure §

- PROPORTION OF CELLS IK SENSITIVE PHASE vs DOSE

(CONTINUOUS )

T w= 0.3
_Target number = 6
" Total treatmant dose = 45 D, .

C e e

Lose rate top to bottom 5, 25, (8)
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Figura 6
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TR " PROLIFERATION RATE ve LOG SURVIVORS (CONTINUOUS)

I |

Y ié‘ . A
E Percent of cycle in sensitive phase = ,2

i ¥ Target number = 6 ' ' . I v -

i é Total treatmant dose = 45 Dy
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PROLIFERATION RATE vs LOG SURVIVORS

(TWO FRACTIONS PER CYCLE)

ww= ,3

Percent of cycle in sensitive phage' = ,2

Target number = 6

Dose rate (top to bottom)yi. 5, (1)
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x Figure 8
! EFFECT OF w ON TREATMENT (CONTINUOUS RADIATION)
Total treatment dosa = 45 Dy
% Proportion of cicle in sengsitive phase = 0.2
. Target number = 6
Dosa rate from bottom te top 5, 10, 15, 20, 25, Dy/cycle
1= |
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.Figure 9§

w vs LOG SURVIVING PROPORTION (FRACTIONATED)
Dose rate top to bottom L, 5, (1)

Target number = 6 : ) P
Proportion of cycle in sensitive phase = ,2 "

Total treatment dose = 45 Do

; q=1.1

3

i

3

1 8

b Q™

b

: 8| ~—r ..

¥ ] ﬁ:—‘ \‘\\’-\\\
[ *]
-:‘-i "’”N-..- .. .
: Rt
g °?" ~ — ~ ) * —
B ——— e
[/}
s E
§ o

'E 8

2 w

\ T

B

:f 81 1 T T T 1

0.00 6.00 12.00 18.00 24,00 30,00




A1

Figure 10

NUMBER OF FRACTIONS PER CYCLE vs LOG PROPORTION SURVIVING

w= 0,3

g o TR N 5

Targot number = 6
Proportion of cycle in sensitive phase = ,2
Total treatment dose = 45 D, '

q= 1.1

r——

Dose Tate top to bottom left 1, 9, (2)
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Figure 11

EFFECT OF TOTAL DOSE ON TREATMENT (CONTINUOUS)

w= 0,3

Targst number = b

Proportion of cycle in sensitive phase = ,2

g

Dose rate 5, 25, (5)
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Figure 12
EFFECT OF TOTAL DOSE ON TREATMENT (FRACTIONATED)
TWO FRACTIONS PER CELL CYCLE

W= 3
Proportion of cycle in sensitive phase = .2
Targot number = 6
Dose rate 1, 5, (1) Dy/cycle tep to bottau
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¢ Figure 13
: . . : 7 9
EFFECT OF TOTAL DOSE ON TREATMENT (FRACTIONATED) i ‘*
IWO FRACTIONS PER CELL CYCLE
1 & " Proportion of cycle in sensitive phase = .2
K i : Target number = 10
j‘ f Dose rate 1, 5, (1) Dy per cycle ff:
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‘ A COMPUTER PROGRAM FOR TRICHOTOMOUS BIOASSAY
e : Clifford J, Maloney
: ) Fred 3, Yamada ]
B b National Institutes of Health o ,
j .
. : A statistical technique is applied so frequently in a bivlogical’
% context that it is widely described as bioassay, though it 1s by no means
EV cdﬁfinoa to nuch‘iénlicutionl and applications in other fields, e.g.,
E exﬁlolive sensitivity or srmor penetrability,l are common, The standard

text is that of Finney,2 though here again the name, probit analysis,
applies only to one special approach and the book in fuct discusses
othcttapproachea. It is unfortunate that the terms "quantal regression"
or "quantal unalysis," which are neutral, descriptive, and not preempted
for othor purposes are not more widaly adopted, i

‘A second characteristic of the great majority of contributions to
bioasaay (quantal regression) is that the response variable is assumed
to take just one of two values, response (which is often death or compo-
nent failure) and non-response. In some instances, however, the response

may take one of seve;al forms which can be ordered as to severity, In the
case of an insect, for example, the response could be moribund as well
as dead, In the armor penatrability example, the response could be partial
as well as complete penetration, In such cares a method of analysis that
takes both types of response into crnsideration should give more precise
angwers than the device that lumps intermediate responses either with the
responders or with the non-respondars to permit application of standard
analysis,

A solution for this situation was supplied some years ago by
Burland et. al.,3 giving explicit equations for the case Bflthree classes
of reaponse, the trichotomous casé; though an appendix treats the general
gituation of § outcome clagses of one relation. The fully worked out

1 Golub, Abraham, and Grubbs, Frahk. "Analysis of Sensitivity Experiments
When the Levels of Stimulus Cannot be Contxolled,” : 3
JASA, June 1956, Vol, 51, pp. 257-265, . 3

2 Finney, D. J, PROBIT ANALYSIs; Thivd Edition, Cambridge University, Preas, 1971,

. 3 Gurland, John, et. al. "Polychotomous Quantal Resgonse in Blological Asaay,"
. Biometries, Vol, 16, No. 3, September 1960, pp, 382-398,
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computing formulas for rslative potency=-~including data for both a test
product and -a lnnndard; sach with two ordered clssses of outcomes—-aps
appliad to an illustrativa example. The particular exasple happans go
.hjvo the samé wumber of nubjoc:l exposed at all doses on one relation and
for both relations--test and standard--though this is not necessary,“ It
may be helpful to some readers of the Gurland Paper to be told that doses
given in Table 1 are to be converted to common logsrithms, though the
paper itself makes no mention of this step. %

This paper reports the fact that thb,npprdprilco ealculations have
been programsed in the BASIC and PORTRAN langusges and applied to the
example in Gurland's paper. General availability of both programo ie con~-
templated, These first programs are limited to the specific one cyclol.
calculation described in (3), Modification to permit iterative fitting
is modest, Finney applied his generalized computer program to this case
lllo,s but his program is not directly applicable to currently available
computers,

“ Gurland, John, Personal Communication.
5 1bid, pages 223~226,
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CRITERIA FOR A BIOCELLULAR MODEL

Gaorge I, Lavin
Vulnerability Laboratory
BRL, ARDC
Aberdeen Proving Ground, Maryland

We are concerned with the design of a biocellular model., This
model is to b used to evaluate the modification of performance of an
animal system consequant to the absorption of energy by the animal,

Praviously reported work has had to do with the application of
specific, non~destructive anslytical proceduras for the assessment of
traumatic consaquences, (ARO=D Report 69-2) g

A considerable affort has been expanded on animal models. Howaver,
little attention has baen giver. to the physiological aspects of the problem,
Moat of the publications have hed to do with a mathematical type of analysis,
Thie, I think, will ba of value when we hiave learned more about the bio-
.Chemistry, biophysics and bionics of the systems involved,

It is suggested that the criteris include:

The relationship betwsen the biochemical composition and the
specific functionality of the system(s) under consideration: Proteins,
Nucleic Acids, Nucleo-proteins, Polysaccharides, Lipoids, Lecithins, Cephalins...

The machanism of energy absorption by the system: The origin of
spactra,

The aquipartation of the absorbed snergy: Formation of wound tracts.
The initiacion of atom and free radical reaction chains,
The dimensional-physiological nature of the systems: 5oft tissue,

Hard tissue, Heart, Kidney, Brain, Lungs, Muscle, Narve, Circulatory
systems....

Feedback effects: Secondard traumas, Shock,

SUMMARY

An attempt is being made to obtain a perspective of the reality
of animal-task performance in terms which are involvaed in the parformance,




[

Q

. Crmm— @ laan o

FACTORIAL EXPERIMENTS OF SMALL ARMS WEAPON FIRE CONTROL

Adolph P, Kawale¢
Quality Assurance Dirsctorats, Frankford Argsenal, =~ - ) '
Philadelphia, Pennsylvania : :

e 2gd
TS

Peankford Arsenal, in Philadelphis, is angaged in the ressarch
and development of firs control instruments for a wide varisty of
usss such as sights, rangefinders and other instruments for heli-
copters, howitsers, tanks, artillery, mortars, recoilless vrifiss, as o L

- well as vehicle disgnostic equipment and computers.. This paper deals : ' 4

with the test and analysis of small arms weapons fired from moving
tracked vehiclas. ' -

"Puture track vehicle personnel carriers are being designed
with ports to enable troops inside the vehicls to fire hand held :
weapons, Instability of the weapon caused by vehicle motion can be 4
separated into twc categories:

1. Lateral shifts in line of sight to other parallal
lines of sight,

P | A CRREEET B T he, - B P SN GO ¢ AR MO T AR A BT R

2, Change in direction of the line of sight,

Lateral vibration can chauge the point of impact on the target -

by only the distance over which the weapon moves, If the muzzle and 3
“ butt are moved 10 millimeters in the same direction, impact will be

10 millimeters from whare it would have impacted in the original posi-

tion, I1f the muzzle moves 10 millimeters and the butt of the weapon

remains stationary, the impact at a target at 100 meters would be 1

meter from the point at which the original line of sight would have

caused it to impact,

This is the same change of angle characteristic of vibration
vhich causes hlur in cawmeras and optical viewing devices, Gyrcs, whose
. rotating mass directly resists motions which would cause a change in
! angle, have been used successfully in aerial photography for some time : 3
: and have proven effective in reducing blur in military binoculara when
used in woving track vehicles as recent tests performed by Frankford
Arsenal have demonstrated,

. A proposal wna.mada by Frankford Arsenal to the US Army Small
) Arms Systems Agency in 1970 to perform a limited field evaluation of
P N gyro stabilized weapons., The primary objective

The rest of ttils article was reproduced photographically from the manu- :
script submitted by the author.
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was to determine the effect on hit probability of a weapon
with standard sights and a stabilizer when compared to the
seme weapon without stabilization from moving vehicles.
Secondary objectives were to determine .if a raeflex sight

offered any improvement in hit prababtlity with and without
stabiligation from moving vehicles.

A Kenyan K8-6A stabili;er, which can be attached
externally to the weapon, was the stabilizer utiliged
for this test. The Kenyan KS-6A was previously selected
from various other stabilization devices as having those
charscteristics which make it ideal for ume with small
arms veapons. Easily attachable, small size power supply,
etc, The stabilizer utilizes two encapsulated precision= * ..
balanced gyros mounted in spring restrained gimbals which
rasist pitch and yaw motion, The internal operation of
the gyro consists of heavy mass wheels which are rotated by
400 cycle, 155 volt AC motors at 20 to 22,000 REM, The
stabilizer was attached to the pistol grip of the M16
Rifle, The reflex sight used was a commercially available
reflex sight with an electrically illuminated reticle dot.
The dot is projected to the plane of the target and reflected
to the eya by the front surface of the winduw tiirough which
the target is viewed. The reflex sight was attached to .the
carrying handle of the rifla ani offers a simplification of
the sighting task by reducing the number of points to be
aligned for aiming from &4 to 2. Aiming is accomplished by
simply placing the dot of 1light on' the target. The weapon
sight requiree the alignment of tha f£ront sight, rear sight,
and mye with the target, wheroas the reflex sight requires

that only the lighted dot reticle be aligned with the target, -

IEST DESICN

Normally, the type of test design is dictated by the
objectives of the tast, the i{nformation ecught and the cost
considerations associated with the degree of precieion, sample
size and conduct of the test, The initial approach was to
conaider a single factor approach to the testing of small

~amms fire control, The single factor approach was rejected

since it was likely to provide a mmber cf disconnected
pieces of information that would be difficult to plece
together to obtain conclusive results. For erample, in order
to perform an experiment on a two-level factor (weapon aight,
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"of other factors: Speed, stabilization, shooters (shall. C

reflex sight), some 'decisions must be made'abouﬁ'@he‘lavolifr
the £ire control be atudied at 8, 10, or 12 MPH in a4 moving
vehicle stabilized with shooter 1, 2, 3 or 4?). .The. .
experiment would reveal the effects of the twu-lavel factor
for this particular combinatton of speed, htcbili:ation and’
shooter, , -

It was not known whather or not the £actorn were

independent and since there were several levale of each
factor, a factorial approach was taken o examiii. the effects
on hit probability of the weapon sights and-reflex’ aight at
various spseds, stabilization and with seversl @hooters.

The. factorial approach examines all the main factorg und
their intetactions simultaneously and would provide the
maximum amount of information to bhe raturned. "The tests of
hypotheses are: '

1. Each factor has no:effect on tho overall mean,
o There is no interaction between factora. .

This f;ctorial approach provides for the effacts of the
two-level factor with'any combination of apeed, stabilization
and shooter that is iucluded in the experiment and it was
expected that inferences could be made easily with this
design.

Thc test was divided into two phases:
1, Statlnnary firing.
2, Moving vehicle firing.
The test hntrix‘for stationary f£firlng measured the mean
radius of 10 round shot groups. This was a 4x3x2x2 factorial
planned to be ruplicated tour times. Similar matrices wete

also set up £or the moving vehicle exercise. The moving
vehicle wal separated into a "toward" target and '"acrosa"
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target exercise. The data collected for the moving vehicle
firing was the number of hits in each 10 rcund firing., This
also was planned to be replicated four times,

Originally, each replication would be entered as a
data point in the analysis, and since there would be equal-:
subclass numbers (sample size), the computer program was
written with this in mind before the completion of the test.
After the testing was completad, several cases had more than
four roplications and in other cases less than four replica-
tions. The methods available of "filling in" missing data
points was rejected as too laborious in cerms of manual
handling of the data and 1if compuied would require a modifi-
cation to the computer program, A major reewrite of the
program would also be required if the analysis was to conaider
the unequal replicaticns, This dilemma forced a re-evaluation
of the objectives, The 4x3x2x2 factorial would determine in
the investigation of differences in means, differences of
approximately 57 in hit probabilities. This type of dif-
ference is too small to justify the development of stabilizers
or reflex sights for small arma use, Grosg differences, on
the order of 157 or 207, would indicate that investment in
stabilizers or reflex sight development could have a meaning-
ful return (in terms of hit probability). Averaging the
replications would not require a major computer program re-
write and this method of "overcoming' uneqnal subclass

nunbers was finally sclected with the full awareness of the
loss in precision,

Figure 1 shows the moving target test layout, The across
target firing zone was 100 meters from the target and 60
metcers across., Five rounds were fixed in cach direction by
vcach shooter under cach condition of the acruss target
axeveise,

The toward target course was 120 metors fn length and
varied in range from 170 meters to 50 meters from the target.
Each shooter fired 10 rounds in the 120 meters of the toward
target exercise. The vehicly speed was monitored by timing
the vchicle betwoen the "start to fire" and "~case f£ire"
stakes, Precise vihicle speed was difficult to maintain and
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controlled rather crudely with the vehicle weter and : .
a stopwatch over each 120 meter course. i

The stationary firing wag accomplished off vehicle in
the standing position, There were four shooters, each
equipped with an M16 Rirle, reflex sight and a stabilizer
and the riecessary ancillary equipment.

Figures 2, 3 & &show the data accumulated during the
tests. These are averages of each 10 round £iring group of
approximately four replications., After each firing, the )
target was coded as to shootar, toward or across target, 1
reflex or weapon sight, stabtlized or unstabilized., Figure
3 is a data sheet consisting of data taken from each target.
The data is in"cm"and gives the coordinates of the hit with
the origin at. the center of the target. This particular
data sheet ghows six hits in a ten round f£iring by shooter
#4 using a reflex sight stabilized when moving across the
target. The location of the hits in this case represented
data which was not used during moving firing analysis. It
was planned to measure mean radius for each :ten round shot
group. This was impractical since the location of the missed
rounds was unknown, and any assumptions about the rounds that
missed would most certainly bias the results, Hit probability
wag considered the most practical measure of performance. In
the stationary firing, all the rounde hit the target and
presented no problems in determining mean radius,

Figure 6 shows the factorial analysis printout for the
moving firing across target data., The main factors are S -
Sights, U - Stabilization, R - Speed, and G - Shooters. You
will notice that the F ratio for sights by shooter (SG) inter-
action is significanct as well as the main factor, speed, The
significance lavel is ,05 for all results. When an inter-
action i8 significant no inference can be made concerning
the main factors, The significant interaction indicates that
the main factors are not independent. We must investigate
the main effects by holding either sights or shooters con-
stant. Sights were held constant for this analysis, Figure
6 also shows the breakdown of the across target analysis into
separate gight analyses, The reflex sight indicates no
significant cffects. The weapon sight shows the effects of
the three main factors significant. A covariance analysis of
reflex and weapon sights for each stabilization mode vas
performed (Figure 7) to determine i1f a reduction in residual
mean square was significant., If so, covariance analysis would
indicate a linear regreseion (1 df, has to be linear if signif-
icant) of 7 hits versus vehicle speed. The reflex sight, based
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upon the factorial analysis, indicated no signifficent -
differences between stabilization mndes, therefore the co-
variance enalysis compared both stabilization modes simul-
tancously. Thers was a significant reduction in residual , .9
due to regressivn and each shooter's slopas were statistically

parailel with the intercepts aqual! This covariance analysis '
concludes that a single regression line describes the per-

formance of the reflex sight stabilized or unstabilized.

The equation of the descriptive line is obtained using the

combined slope and the {ntercept:. The examination of the

weapon sight using factorial analysis indicated a significant

difference batween stabilization modes; speed and shooters,

therefore, the covariance analysis was performed examining

each stabilization level separately. )

Figure 7 also shows the analysis for the weapon sight 3
stabilized and unstabilized acroas target firing, In the
atabilized mode there was a reducticn in residual variance v
due to regression; however, the slopes were not parallel! and 3
the intercepts were not equal. This indicates that there was ‘ ;
a significant difference in performance of the shooters utilizing
the weapon sight stabilized. The rusults would seem difficult
to intevpret, but it can be readily agen that in moving
across the target, the stabilizer would retard the angular
motion of the rifle as the shonter adjusts for the movement
of the vehicle and these results verify the difficulty the
shooters had in fiving in this mode, The only reascon this
is not apparent with the reflex sight stabilized is that the
number of points of alignment that must be made to hit the
target is 2 for the reflex sight and 4 for tha weapon
sight and therefore it was probably easier to acquire the

target with the reflex sight despite the retardation of the 3
angular motion,

For the weapon sight unstabilized thete is a reduction
in residual variance using covariance (i,e. there is linear
regrassion), The test for parallism shows no significant |
difference indicating the glopes are parallel and the inter- :
cept analysis shows intercepts equal. ;

This analysis concludas that a single regression line
describens the unstable firing results of the shooters when 3
traveling across the target, Figures 8, 9, and 10 illustrate ;
the results of the across target firing.
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Reflex Sight: One linear regression describes reflex
performance for stable .and unstable and all shooters
(Figure 8). - — : '

. Meapon Bight:

Stable: Signaificant difference between -hoétern-
covariance analysig « linear regressions describe perfor-
mance (Figure 9),

Unstable: No significant difference betwsen shooters
covariance analysis - one linear regression line describes

weapon sight unstable performance for all shooters (Figure .
10), :

A comparison of roflex sight (stable and unstable) per-
formance with weapon sight gtabilized indicated no signifi-
cant difference. A significant difference exists between
reflex sight and weapon sight unstabilized, This is readily
evident by comparing the levels of the regression lines.
Figure 11 illustrates these comparisons - average line for
each condition, '

Figures 12 and 13 show the results of the moving
vehicle toward target analysis.

1 = Factorial Analysis (Figure 12): There ara
several first and second order interactions which are
significant, indicating that the main factora are not indep-
endent and we must go deepar to determine the causes of this
significant interaction. The sights were examined separately.

2 - Reflex Sight: Again, a first order interaction
(sights by shooters) is significant,

3 - Weapon sight analysis: Each of the main effects
are significent.

4 - A covariance analysis of reflex sight (Figure 13)
shows there is a slight reduction due to regression with the
slopes parallel and intezcepts equal, One regression lime
describes the performance independent of stabilization,
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5 - The covariance analysis of weapon gight was
axamined for stabilized and unstabilized conditions separately
and the results arc also shown by Figure 13. In the stable
tovard target condition there is a slight reduction using
covariance and the analysis shows slopes parallsl and
intercepts oqual,so therefore a single regression line
describes the results. Howaver, in the unstable toward
condition, the slopes are parallel but the intercepts are
not equal, Therefore there is a significant effect caused
by the shooters. Figuves 14, 15, and 16 ifllustrate these
regulte: :

Figure 14 Reflex Sight: One linear presentation
describes the results (stable or unstable).

Figure 13 Weapon Sight stabiliged: One linear
presentation describes the results.

Figure 16 Wcapon Sight unsétabilized: Shows the
significant difference between shooters.

Figure 17 illustrates the comparison between reflex
and weapon sights indicated that there was no difference
betweon the reflex and weapon sights stabilized, and both
the reflex sight and weapon sight stabilized are significantly
better than the weapon sight unstabilized in the toward tar-
get mode,

The factorial analysis and covariance analysis for the
stationary firing at three ranges was performed in the same
manner as the toward and across target analysis, Figures
18, 19, and 20 summarize the results:

- There was a significant difference between pairs
of gunnera for the woapon sight stabilized (Figure 18) and
unstabilized (Figure 19), and no significant difference in
performance was noted due to atability. (Compare levels of
Figure 18 and Figure 19),

= During stationary firing the reflex sight again
exhibited no significant difference in performance due to
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stability and there was no difference in the parformance

of the shooters. Again, one unglc ngreuion ’um desoribus
the psrformanca.

- Figure 20 shows that the. performancs of the reflex

" sight, stable and unsiable, is significantly better (mean

radius lower) than the weapon oigh:. stable and unstable,
averaged performance.

. CONCLUSLONS

This completed the analysis of the test data and
sevaral interesting conclusions were drawn:

1 - The weapon sight pexrfoimed significantly bottﬁr
stabilized than unatabilized on moving vehicles.

2 - Thare was no diffarence 1n'por£ormancn using a
stabilizer with weapon sights compared to weapon sights
unstabilized during stationary firing.

3 - Stability did not effect the parformnnca of the reflex

4 ~ The veflex sight (stable or unstable) perfotmed
gsignificantly better than the weapon sight unstabiligzed,
and there was no differance detacted between the reflex
sight (stable or unstable) and the weapon sight stabilized
during vehicle f£iring,

5 » There was a significant improvement in mean radius
using the reflex sight (stabilized or unstabiliged) versus
the weapon sight stabilized of unstabilized,

6 - The reflex sight has a tendaney to normalize the
shooters regavdless of their ability, This normalization
appears to bring the level of ability toward the better
shooter, This normalization aspect is, of course, incon-
clusive since the levels ~f the shooters wera unknown; how-
ever, further testing of uc reflex sight to verify this
aspect was recommended., The effaects of a stationary shooter
and a moving target with the stabilizer was not investigated;
howaver, based on the results of across targat weapon sight
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|:ubtltlod. {t could be pOItulltad that ut&btlizatton would
affect the hit probabtltty for this typo of fire.

Barad upon the rolultl of. thil tclt and in conjunc:ion
with the UBABAA, Frankford Arsenal is developing-a raflex
‘aight to pathaps roplaoo the 1ron sights of the primary
infantry weapon.
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FIGURE 4
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CHARACTERIZATION OF BALLISTIC EFFECTIVENESS
BY MAXIMAL TRAJECTORY

. Jo Te Wong and T, H, M, Hung
A Systems Research Division

Research, Nevelopment snd Engineering Directorate
. HQ, US Army Weapons Command

g Rock Island, Illinois

ABSTRACT
%' The purpose of this study 18 to introduce a measure by which
i the information content, possessed by the trajectory generataed by a

41 projectile, pertinent to the ballistic effectiveness of a weapon systen
can be characterized,

i Having this concept and some appropriate mathematical tocls
- at our disposal, a few relevant results are ohbtained, In particular, a
characterization of the ballistic effectiveness of a weapon system in
terms of the trajectory information is given,

The results obtained give some indications as to what conditions
the data ensemble contains all the information offered by trajectories,
concerning the weapon system under consideration, Also, a formula for
the total of maximum recoverable amount of information possessed by a set
of n trajectories (n shots) is given explicitly,

e oprms i+

g
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é. The remalnder of this article has been reproduced photographically from
: the author's manuscript.
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and B is

d(A,B) = inf {p(a,b) |acA, beB}
= inf p(a,b) . :

atA
beB

where "int" of C° is the greatest lowar bound oz & ncn-empiv £ C L.

2 denotes tha usual Euclidean distance functach &n Rs; LiE,

p: RIx R3I - [0,=)

3

I o(x,~y.)%* , x,yeR®
=i i71

where, for example, Xy is the 1£h component of X,

If one of the sets A,B 41s the null ser 5, then

d(A,B) = w ,

1 vony . gy " , st sy e s -
vt LBl Ay e De ON-RNRLY LLosed 5UbDREIL an

thore exists aocA and bJaB suti chat

d(A,B) = P(aonbo) \

e,

poozem 2.2: Let £ and g be two continuvous mappings on & ne

space £ into & matric spzee E', The ser A of all points wil suon
that £{xn) = 3{x) is closed an E.
Theorem 2.3: If A,B and C are subscts of R° such that s¢C,

then
d(A,B) > d(A,0).
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Definiticns For cvery ichr, let &i DU 8 CORLLAULUL L ban
1]
R3 into R with respact to the usyal dugtance luncidions, Thea & wn-

R® is5 callcd a surfcee 5 4i

r

enpty subset of points s u.(a‘,sz;s3) [
n

{) S = S
=t

- 3 - :
1) s, = {seR Iwi(s) ky » k R},

.

e definition fov a surface defined herc ds different from that which one
woy find in machematical literature, for which n = 1 and vy ig c=3~
ferentiadle, [4, po 209), for example.

wow we have the necessary mathematical tools to introduce scme new
notions aad proceed as follows,

In thae coursa of evaluuting experinentally zhe tarninzl bBzilisiic

cifactiveness or capability of a weapon system (parsicularly suoll oomz;

" "

in delivering a projactile to a p:easslsned fixed Vpoint
we normally collect tha terminal disparsion data by placing an aiming
point on a suifieciently large plane upon which the weapon systam s boing
fired, Fallin (3], 1In this case, the dicpersion data are the sit of ail
impact points on .the plane, with respect to a fixed two-dimensicnzl cav-
tesian coordinate system.

Every impact point on the plene possesses thrae intrinsic prozertics
of tha corresponding trajectory. Obviously, the three progartics are

nmagaitude, direction, and the point, which is ftseld a posnt on che oia

jectory. The vector propertias of an impact point provide no: only a




%
L4
*
medsure of closeness of a glven trajecrtory fo the aiming puind tul sivo
! the bioas Of tha weapon systaen,

s

As for the plane, it3 functdon 1s to pick a point on the trajuctery,

sz without such a plana we do not kaow in general the vector charecter

¢! a poiat on a trajectory. In visw of chis observezlon, we could uze o
surface to assumo the function of a plane as well, Since evary plenc is

a purface according to the definition above, it would be interescLing o
find out what kind of surfaces would bae bact to use instead of - ane.,

The word "bast' calls for some critaeria with whlch a comaarieon, can Lo

nade among all tha admissible surfaces, The wecessity of an addronriaic
quility measure provides part of the motivations ror dafining cthe follewir;
concepts,

Tre foregoing discussions imply thaw, for cach point e & i
thare corresponds some measurable cuantitice ladicating the cun.bnlozy oo
4 weapon system i deliverdag a projectiic to the ainin- BOLLI. L aslaz
for example, on a trajectory possesses some Informatisn eonacranny cidae-
aess to the aiming polnt - consequently, the accuracy ol tha S¥Siona
Oaviously, the cbrraspondence betwean each point on a trajattory amd tha
corresponding information possessed by that point gives in & noiturel way o
function batween two sets. Such a function may be defined as iciloits:
Definition: Let F be a trajectory. A real-valucod fuserion = on

F into the reals is defined by

| I(f) = feF

1
L p(£,0) °*




i-
F.
3
i
z-—-
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whese & 45 the usucl distarce function on the eucliceun tifou-ipacs,
. - -
and 5 4s the aining point aad, for coavenivnee, is Laven to Le ik

orizin of the coordinate system, i
we observe that the function 1 1s well-definad since ¢ is,
Mso, the continuity of I is implied by that of 5( ,%) on a subser of

u®, Furthermore, since p is a ton-nagative real-valued fuuction, it

follows that 0 < I(f) £ 1 for any point f beloags to a trajectory T.
shysically, the quantity I(f) 4is a measure of closenest ol a point
¢ on the trajectory F as related to the aiming point. Conscquintly, =3

ccataing knowledge concerning the accuracy of the waoapon systom under con-

.iteration, For these rcasons, we may intarpret the quantity I(5, ez

the amount of information associated with F ot tho poine £. The mwaiine

actainable amount of information | ssessed by a trzajeezory T ic ivin oy

-

. 1
Sup I(f) = —— .
£cF Ll i?in(I'e)

Since ¥ 48 closed and bounded =- the direct dmagz. 2i a continuous mapping

on a compact set is compact, we have

Sup I(f) = wax I(f) m

1
£cF £eF 1+ min (f,6)

feF

Therafora, the maximum amount of information possessaed by F is racoverablz

Al mas d
at some point focF. Symbolically, ?:; 1(e) = I(fo)
(The existence of such a point fo i8 asserted by Thaorem 2.1.) 4As fox

the uniqueness, wa make the following stipulation:,

-~101-~
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heYe GHists &l .oLt one pouant iac? cuch that I(ta)

Lentiond
io the r.xinun recovereble wmount of interawtlon of F,

The assunptlon 8o stated s not indizpenseble. However, as a result
of 3hiv stipulation, sudbsequeat znalysic is simplified. In faet, the as-
sunzion 1s reasomadble, for in the noighbornosd of the aiming point, tha
ra.lus of curvature of a paysically raalizeble trojectory F at £ is

preases :haﬁ p(fo,e), if £ o fog that is, F 15 tzngea: to the sphere

(xuﬂzlpz(x,e) - 93(50,6)}

, -
«le

Wt

»
.

In vicw of tha foregoing remarks, for each trajectory F  othare oxists

ne und only ona point £ belonging to F such that I aossu-sg o3

-

0

tanitum valua at fo.

Before defining the last concapt for this analysis, wo

-

trajuctory F o owith geF, I(g) 4a the amount of infcrmat on

{at g, Equivalently, I(g) is the amount of information goined adcus 7
by observing (sampling) g. ° Having this interprataction in mand, we mare
the following definition.
Definition: Let ¥ be a trajectory., A real valuad function = aon
F {ato the ualt interval is defined by the formula
T(g) = max I(£) - I(g) , gF
fcF
Ve nete tact O 5.3(53 < Z(fo) zad T{3) = 0 i and only if g = i}.
Te i zilsar that 'f(g) is the anouas of dnfovmaticn lost concarning F
Jug v thserving g
-102-
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cmavk: I, in the definition of & trajectory, to is taken to be
the zimz &t which tha projectile lcaves the muzzle polnt of 2 weapon, cthen
the ruzzle veloclity f(to) is a wall daiined quantity, Hence, £ 1is
diiicrentiable at t, also. Furchaermoze, thae definition does nor acc&*n:

for the case in which a round is misfired due te, for instance; malfunciicn

of :ic weapea. In such an event, the trajectory is the null sat in R°,

PT BERA 5 Sl
0, WAL H2EULTS

Wizt the foregoing concepts bt cur disposal, e may decduee a Jov
‘rivia. conseguences. Jhe proof of the flust theorem 1s immidicte zad
wrivial ¢ G

I wmizted.

o

—- ! . ’ ’ o - .
“weofem b1t Let {:ilicﬁr} @ a set of trajectorics and, for cach
SRROLEN a2 .

-
9
&

b, :iC be the unique point of na:
£Fy

n
I I(f,.)=n
a1 20
if «wnd only if everyone of the n trajectories hits the aimiag peoint o,
before we proceed to the second theorem, we need the following Zact
at our dicposal.

Lemea:  Every surface 1s a closed sat.

Proof: By definition a surface S 4is a nom-enmaty susse: of R‘ aul
Laat
n
S = L_J Si, for soma positive integer n, and Zor ;eﬁﬁ
dul )

- 3 1, - .
8, {seR Iui(s) ks kicR}.
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e by definition wi is a continvous function on R° iato R, an

constant function- Ci defincd by

Ci(a) - i seR3

1
is also a continuous mippai, va X dnwo R, Iy Lheorem 2.7, tae wil

{ecr® ROEN-ROY

is closed and is prociscly ;s for C (s) = ki. TR

from the fact ¢hat o findce unlon ol clzseu set Lo Llcoad,

Theoysm 4.2: Lot (¥, el i be the set of
- 1]
to thea 1 rouads fived from & weapon syaicen at un alwing podas, wnd 3

a surface. Furthermore, let 4 be deiinad by

A, = igcR3|gcsnFi).

“hen
n n
£ max I{g) = I max I(g)
i=1 gedy i=] chi

is a nocessary cand sufficicat condition for no information is >deinn lasaz

by the experiment.

Proof: Sufficieuncy

ACE,  dmplies diaf p(p,&) % inf p(a3,8) by Tacorem 2.5.
chi gcAi

Since p(3,9) > 0., We have

1 1
<

1+ inf p(g,6) ~ 1+ iaf z(g,9)
gc‘\i geF

Trajuttorics CorreLBonLing



St
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nay,

sac lemma above, S is elosed and so 18 Y., It lollens wnis

aex 2(g)

MR
6%y

Inva, the amount

fero, ond the

w I{z) - m

& P oy Lor rRach iznﬂ, taen these exists

Hence, supremum is the same ws Raimum, Wa nave

x I(3) » 0.
g-Ai -

Voo

[§

che hypothesls awmplies that dor each  1ed

o

- T I('é) - On

A ‘.-\
0~ 1

or informitlca lout concieaing Fo o due wo sb

sum

=105~
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vanishes asserts that no infovaation 25 bein; lost by tha experizen:,
Netr suppose fox soma ieﬁq, Ai # ¢, Then

max I(g) = Sup I(g) « 0
gcAi gcAi

Tha flrst aguality follows drom the fact that the null ser ¢ ig closad
ard the coavention of the supromum ovar the null set ylelds thae last ¢g-

uslity. So for this {1,

max I(g) - max I(g) = max I(g) » O

chi gsAi , gaF1
The atrict inequality follows from a remavk in sociion 3 than # o« /.
Thus It Ai = ¢ for sche iaﬂq, then the hypotheuls coas not held, We

L]
nay chen deduce that the conclusion is true,

It remains to prove the necessury conditlon, No infoumarion 1a lost

v
[
a-

and the faet that ?i g e, iaﬂn, imply Ai $ @, Then thete axisus
sush that

max I(g) = I(fio).
gcAi
Also

0 = max IL(g) - Icfio) » max I(z) - max I(g)
geFj ;eFi gsAi

Suzming over the last term on L gives tha assaertlon, aad the prood af uhe

theoren 1s completa,

~106=




L e

TIPS < 7, T TR TN Te W T ameT ey %

il o n g

G

o et

a3

n
i wmax I(£) » 2 I{gi).

ial chi i=l

Corallary 4,6% Lat S aad ¥ be twe

. sreper subset of Ffﬂs* for at least ona i. Thea, for a ser i o

razactovies,

n
¢ max  I(f) <

max I(f) < max I(f)
izA ief

I(L) = %im I(hi)

oK
ieF E Saad

1.) there is a4 positiva integer X

Suppose
e I
1a, ;s < T

i>X, I(hi) > max L{£f)

Ied
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2rooft For F o & Thecvem 0,1 cosercs-thnt there 25 i poane [ .

i S

i §Len Tiat

£ max I(E) = I(Z.).

: e o

o Led

i

1

I . . . . s R - . .

E sinca T 28 cloged, thuen thove oMIsty o codguaace tni: CFosuLh tuot

A inl

i ccah, ®m £, Also wa Zave coon in giecien 3 ghat the fussiion L is : ;
- v

contiauous; it 4s this propercy for which che follovwing firzss cqualzty

lim I(hi> s I(lin 3,) = I(fo) ~ nawn I(£f),
v © Z

e

r”

-
5 Iv ramains to be shown the last acsercion of tha thaovem, IS A= -,

i3) uolds trivially, since F # & aad we may pick N = L1, Supsose

Ay 9. 4gain, Theorem 2,1 implies thora is & point £;€4

e ats 2% o e
Vel weetdis

maX I(f) = ITgO). N
fea

wew, by hypothesis we obraan ;(fd,e) < p(gc,;). Aled We mar Lok o
€ >0 so that p(fo,e) + e < p(go,E). For cals & and zhe Jziv thoe 3

2 lim hi = £,

" i-r»

o

s cancluda thau there exi ts a positive integer N such thay for all

N

| A

<
-

it 3 Tr~lnm

¢ 9(h1'50> < g,

varn; thiese facts aad nihe well-kaown propertics of tite wetzic
Jotaizn

p(hile) = p(hi;fu) + D(Ec,le) < € + D(f‘;le) ( ;’({}‘:70)0

~108~

!
é




Proof: For F ¢ § Theorem 2,1 cssercs-that therc is ¢ point f,cF

guch thac

max I(Z) = I(f;).
feF

: .‘ ] .
' sinca T 18 closad, then there exists & sequance (hil C P such taat

i=1
lim hy = £,. Also we hava scan in ssction 3 cthat the function 1 1s
{»»

§ coantinuousi it is this property for which the following first equality
' holds. _

lin I(hi) » I(lin ht) - I(fo) = max I(f),

ivo v fer

It remaing to be shown the last assertion of the theorem, Ii A e §,

i1) holds trivially, since F ¢ ¢ and we may pick N = 1, Suppose

§
!
3
%
4
1
i
v
{
i

AY % Again, Theorem 2,1 implies tharg is e point gpca such that

" max I(£) = X(g,).
feA

S L T T

Youw, by hypothesis we obtain p(fo,e) < p(so.e). Also we may pick ar

£> 0 so thar p(fo,ﬁ) “ g < P(so,e). For this € and the faet that

lim h, = £
1+ 1 0

We conclude that there exists a positive integer N such that for ail

2N
p(hi’to) < ¢,

Using thiese facts and thae wall-~kaown properties of the metric p, we

obtain
p(hy,0) < p(h ,E0) +p(£,,0) <t + p(£,,0) Cplg,,0).
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Obviously, 1+ p(h,,0), 1+ p(g,,8) >0, I¢ follos that

1 1 . N |
T+ p(hy8) ~ T p(dy.0) 1gy) - nax 12)

for all 12N, whera. N depends cn €.

Renmark: We racall that in séc:icn 3 the dafinitien of a surface
raquiras every ;urfacé b;inglnon—empty.“ The restriction dpes'no: inféae
&y furcher constraint on the rasults in this section; thet is, the
4heorems and ctheir consaquences remain valid iqr :he casa in which §
is empry and in parcicuiar the lemma rema;na.true-sinca tha null dﬁt

is closed. A trivial exampie of a null surfaée is givea by

S m {xcR’]p’(ax,bxo) = -1, a, beR, x.cR3}.

0

v. CONCLUSioN

We conclulda tha scudy by stating ckplicicly sor2 of the observarions “

ceduced from thae farego;zs Tasults,

For a givea experiment,

n
I max I(f)
=] chi

is the total of the maximum recovarable amount of informaction pcssessed

by & set of n trajectories. Theorem 4.1 states that such & totel Is

IGQUII to n if and'only 1f the weapon system gives a parfact perfc:qancé

concarning its capability in delivering the n projeactiles o che aiming

point,
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Thooren 4.2 assarts that, in the course of eveluacing tha zarminal
balliscic cffoc:ivano;; of a waapon based on :ha TaBULis OF anw.lin. Lia
serminal dispersion data collected frem :he.surfacg, as "1daa;.s;5::-;”
td ba u3zad 18 ona which perservas al) the informasion oflezal By the
exparizant; aquivalently, an icadl surisca 18 cna havifg & st or o
trajectories as its sudbsat, A simple example of such &4 suriaccs S: %

SI - U ((x, » X

an3 ™ ]
aeTos] ) 2,xs).R [x1 A3 xz, xata}

vhare .

a m.miﬁ A°
§:'m méx A\ |
Aj - {ft(cj)lficFi, icﬂn} ,» §=0,1

According to our dafinition of a surfacn, SI 16 not 4 surrace, tor SI

"is a uniom of uncountably many plaunes. Tharerore, a porfect surtacc does

noy exist.. Also, the second consequenca of tha theccems tells us that

th@rh is a positive information galned by extending the surface being
used in such a way tharc is an increasa in the data ensemble fo: at lgnst
ona trajectory.

Finally, the last result concludes chat there 18 a sequence of pouints

in'a given traiectory such that the limit of the i1maga or the sejuence

undhf I is atu&lsely tha maximum 1nformation possessed by the tiaject.ey.
Also, 1if there is a loss of information, such a loss can be reduced by

using an algorithm to recover some cf the loss,

-110-
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Renmark: In view of sI defined above, a reasonable surtaca iy be

used in an experiment is one which consists of 2mel sufficilently large

planes having the aiming point placed on tha canteés i oaa'p;aag w57 ibe
A ..

zémalining 2m 4p1an¢| ersctad at equiadistance Zrem each ciher oo S.in

sides of tha center plane,
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AN EFFECTIVENESS MODEL FOR BURST FIRES
ON VOLUME TARGETS

T. 3, M, Hung and J, T. Wong
Systems Research Division
Resesrch, Development and Engineering Directorate
HQ, U8 Arzy Weapons Command
Rock Island, Illinois

ABSTRACT

On the basis of three-trivariate normal distributions, an
sffectiveness model for analysing & sachine gun firing bursts on volume
targets is Jeveloped, The development is essentially an extension of
an existing model based on thres-~bivariate normal distributions,

A regular parallelpiped target is employed, The effectivensss
criteria, the probability of incapacitation and the expected number of
hits per burst, are expressed as functions of hit probabilities. Finally,
some numerical examples and observations ars given,

The remainder of this paper was reproducad photographically from the
manuscript submitted by the author,
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1, INTRODUCTION

Several studies have been conducted for analysing effectiveness of a 1
machine gun firing bursts upon a specified target [1,2,3,4]. In these s
; ' _ studies effectiveness is defined in terms of two measursble parameters!

E(H) and P(I), the axpected number of hits and the probability of

JUPRPERRPETT P

incapacitation per burst, respectively. On the basis of these effective- o

ness criteria, the foregoing investigations have rendered soms basic

models for effectiveness analysis by using a two, three or four-bivariate !

normal distributlons., The models so obtained have provided a base : ]

for analyzing effectiveness on area targets. 1
In this report a thrse~trivariatse noral distribution model is g i

developed for three dimensional target-volume targets. The development

is essentially an extension of the work in [3]. Thus, no further physical . {
justification for the modeling 1s rendered in this endeavor,

As was known in [3] the dispersion of the impact points from a burst on
area target revealed some interesting measurable phenomena. In particulax,
the dispersion data showed that tha distribution of the first impact point
of a given burst differentiated itself significantly from that rendared by ) 1
the subsequent projectiles., For this resson, it was assumad that the
behavior of these random phenomeum can ba characterized by two random .
vectors X! and X2 respectively, Furthermore, the offser of the mean of
the center of impac: of the subsequent projectile from that of the first

constituted the third random vector, denoted by X3. As the essential

-114- i
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premises to b~ LS d Zor modeling, it is assuncd thot ticsc observadla facts
can ba carried’ o\arxto :Lu chird dimension and each randem vocicr has a
matually .nd;qandent. eriv;rilto uo'unl distribuzion.

Oa the s:ruwg.h of the fc-c~o.a' stisula:ions. tha nreblem is Solved
for :Ho casa in which the configuration of the terget 45 a regular paval-
lel piped. In the éorﬁulaticns of the effectiveness parameters, E{H) and
P(1), are attained by expressing theae parameters as functions of P(F)
and P(8) - the hit probnbility of the first round and that of the sub-~

sequent ones, Finally, numerical examples as well as some interesting

obsarvations are given.

2, STATEMENT OF THE PRO3LEM

2.1 Modeling

Referring to Fig. 1, lec ws demote a fixed noinc (xz.xi,xi) in E’,
the cudlidean_S-sp;ce, by xj , and the differenticl of xj in 33 to bo

j dsi.oxj 1.4, dxj u dxg.dxg dx% « A solid parallelepiped terget,
as shown by the dotted lines, is located in E? with its surfaces inter-

sacting the coordinatas of xj - (x{.xi,xj) at the points (31.0,0),

(,,0,0),(0,8,,0),(0,5,,0),(0,0,8,) and (0,0,8,).

.

g
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3. FORMULATION

Lot us begin by noting thaz tha probabilicy 8¢nsity functions o2 x?
can be writcen in a'product fora, as

v
)

o3 \ . S
p(x") = " °(x1‘"xi'°x{) , (3

il

whare
J = 1.2.30;

Tha probability that the first roundrhit. tha target T , P(F) , is then .

given by
P(Z) = [po&)ax! ' (3.2)
T

where the intogral symbol denotes the tripla integral over T,
Substituting (3,1) into (3.2)4we obtain P(F) expressed in zormg of
error functions as follows:

3

P(F) = n jerf(a,,) - erf(a Y1/2 (3.4)
¢ :.-1-[ 24’ 21-1]

whare

"21-1 % % (Bagmg " Moy

L T N CP “x;)!c 1,
X
for 1= 1,2,3 and ¢y " /7
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Let x! designate the coordinates of the first round of a burst,

and x2 denote that of the subsequent rounds., The coordinacas for th

e

i

affsat of the mean center of impact of the subsequeat vcoundsz, wiales 43

; M2 tJ 2, xs.u 2) zron the first round is denoted by x° u (x?,xé,xg) )
oo whe:e xx -y 2~ x) » L = 1 2,3 or simply %3 M2 xt. {2,1)
e b xg i .

3y the assumptions stated in the previous section, the censity

functions of tha threa mutually independent, normally distribuced randsa
variablas, xiiu 1, 2.3 , can be writcen as o(xi;u ,ai N,
- il - . ..i

and di are the mean and variance, resaective1y, of the distribution
{

corresponding to the random variables, It follows that Wl s i=1,2,3,

. 1
can be conaidered as the actual aim point,

2.2 The Problen

The foragoiag considerations enable us to state ctha Iirss pare o

v,

“‘the problem as follows: glven a target T , defined by the rzlation

3 ! R " ' 2
T w (xeE°[8, £ %, £ 8, » 5, 2% S8, 8.5 5%y Ssg) (2.2)
and the input pavameters-u ; , L« 1,2,3 § = 1,3 ; o4y, 1,3 = 1,2,3

-\L

“i
N, the total numbar of rounds fur the bur

capacitacdon per hit, ~ find Z(1) and 2(I).

tt and PCL]H) L, the probability oitine

T an e



"

2T
s

R N e e o S

14Ty WA AT

AT

L4

3, FORMULATION -

Let us bagia by nociﬁg thac tha arobability demsity fuactions of x3

can ba written in a product fora, as

p(xd) = 3 o(xdsu_g,024) (3.1)
fwl i X _xi
vhara
j = 1.2.300

Tha probability that the first round hits the target T , P(F) , is then

given dy
P () -.j p(x!)dx! (3.2)
T

where the integral symbol denotas the triplae integwal over T .
Suhbsticuting (3.1) into (3.2),we obtain P(F) expressed in orms ol
error functions as follows:

3

P(S) = i:l[erf(au)_ - erf(_uu_l)]lz (3.4)

whaere

“28-1 7 %0 (F21a1 T ¥}/

a =c {8,, ~ .1 '
21 024 xi)/oxi.

for 4 = 1,2,3 and c0 - 1//2
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For a given u 5 tae probablliicy that a subsequeat round Bits T,
. N

denoted by P(S]uxz)', is
P(S|u_a) = J p(x2)dx? (3.5
% T /
The prodability chat a subsacuont round hizs T 'given %!, denoted by
2¢s|x!) , 1s

P(S|x}) IE’ p(x?) P(S[u 2)eu 2 (3.8)

vheva du. .z = du 3.du » du_ s and the 1ntcﬁral symbol denotes the trisle
» xR, Ry
intazral ovar EY . Using (2.1) and (3.5) in (3.6), we can rowrite

(3.6) as followa!

(&3
-
~3

~

LI TCT P f I 3p(u,‘z-x‘) px¥)eu p dx (
p Jgy !

70a probability that a subsaquent round hits 7 , cenozed by P{3) , Iu

than
P(S) = I 3p(x‘) P(s]xl)dx! (3.3)
' E

Substitution of {(3.7) into (3.2) yields the following:

3
P(S) ~ i:l(urf(sn) - erf(B,, N2 (3.9)
where _
Byg ™ b8, =u 3 =u )l
24 ; 241 x; LT 3

Fron

Bay ™ Py - ‘xi - ux‘>/qx

i i T

for 1= 1,2,3 and 3; - (Gix + Oiz + ﬂia)llz
1 et 4 1
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Tae axprassion Jov X(I)  can acw bo readiiy obetainad for a bursi

of N rounds by substituting cquakions (3.4) and (3.9) in the ol ,wing

ralationt

B(#) = I X, QM)

q (3- 10)
ied '

whare P(i{,) 1s the probability that tha ith round {n a burst of X
rounds hits T and the "charactavlstic function" X on the iadax sat

0= {1,2,3, *»* ,N} 1s dafined by tha formula

{ 1 4f  icf
X = i
a 0 1f ign

. It Eollows that

EQE) = P(F) 4" (¥-1) P(S)

(3.1
To seek 2{I) we proceed in the following maaner. If 15 wollidnewn
(5] that for any two measurabla events
P(Ii Is) + P(If Is) = P(Is) (3.12)
where
P(TE T;) denotns the probability that the flrst projeccile
and the subsequent projectiles do avt iucapaci:atq'
the target T, .
P(IEE;) denotes the negation of P(Tff;) on tha firs: avend.
P(ia) denotes the probabilicy that none of the subseguout
projectiles incapacitates T,
Hence,

P(T) = p(‘fﬁ) ~ B(I, ”1“8)

(3.13)




wdid Leesowimiity -

For a given K2 the probabilicy that none of the N~1 subsaequent
projectiles incapacitazas T, conotec by P(fal“xz)' is glven By
' h
'y Tee YA
P{Tglugad = 111 = 20i5)2 iy fuy o)) (3.14)

T T il 2o ©

€ oan ..,

SR S ; The probability P(T [x!) thac noae of the subseguen: projectiles

incapﬁci:ates T given x! s given by

T 1y w Iyo (T .
P(Islx ) jgs P(x )P(Is!uxz)d,xxz ' (3.15)
: It follews that
3 - !__ F
N-1 3 - 2 e
— X
p@) =z (YY) -palmi® n [ R
k=0 t=1 'E ' /2752
L , (3..8)
Zlerf(8,,) -"erf(s )]k.l du_»
21 28170 |y
_ {
whare
-
F, = (w1 = u 2 +u 3)/7
. xg x{ L3 i
¥, =02 % a2,
xi xi xi
B2i-1 " (8554 = “xi”ﬁ "xf

= (8, - “xi)”’i ":’cf

i b 1’2.30

Here we hiave used the assumﬁtion that for a given hit tha probabilicy of

2

incapacitation is equally probable; f.e. P(I|K) = ?(I}ui) , for all iz6 )

=120-




vhare

P(F ':“) - L Z’(x’)?('fs;xl)dxl

4

Aicar some compucations on the last integral, we arrive at

N-l 3
p(1, T ) = p1l8) I (‘\.;1} t-pcz|my)* o
k=0 1 v i::1
-%F,
[ QR [axi(8, ) - eri(2,, ¥
/el @**y/aTT -1

*lerf(a §,,) - erf(a géi-l)]} du

*y

;
wazsre
a = ‘st //2- OXI ze
i L i
2, . 2ty -
— 9%3 Ml + ox}(“xa My3)
S - [3 e 1 e i i ]
2i-1 21i=-1 [+ )
: %
i
2 2.0 -
Ix3 Byl ¥ cx‘(“xf Hye3)
5 “ s - i i i i i
21 21 )
%

i “ 1,2,3.

P(I) caa be obtainad onmce P

P(I) = L - P(D)

L) in (3.13) ‘s determined; de.

.17

(3.18)

(3.19)

(3.20)
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4. NOYVORICAL BEXAMDLES

. Shee

For illustration, a ve

<
.

sular parallelepiped torget of 6uil

considavad first. As a spacial interost we assume that tha tarses.'is

zarvoed in at tha center of ius froat surface basa lae i.o, -3 < x, & 3,

0 %, L1, and 0 < x, €28, & rectangular tavges of i
=3 2%, 23 and 0= x; <18 4s also comsicered-as a speefal casa. It

providus a base for verification with thac givea ia [3].
Table 1 givas the values of the irput parametars- ¥, 9.3 and uxi -
i

for three different cases, Table 2 shows the rogults of ti:e ecffectivencss

paramaters for the two tgrgets. The value of 2(I!M) i3 taken as 0.85

for {inding tha values of P(I).

Numarical intogrations wrre computed by using Simason's vula,
A
Tor each integration equally spacoed inccements gre uged ovew 63x2
4
-0 . .
ranges, Any numerator value less than 10 , as well as any value for che

"

cp e s ~6 ; :
diiferance of two error functions less than 10 °, {is taken to de zoro.

-5,  DISCUSSSIONS & CONCLUSICNS

oS LLab

an offectivencss model fer zachine aun bursts on volusce Largevs has

been developed with three~trivariate novnmal distribucions iu tais report.

It is noted that for targets having spucial configuvations, the cor-

responding wodels can be resdily obtained by an appropriate coordinate

transformation{?] An arca target model 1s obtalnable as a special case.

T femanaa fe
er e aNieadtd L3

3
4
4
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For instancé, the modal so obtained for regular pgrallaleplpad tarzats: is

T S R AT T PR P TP T ST

an obvious extension of the thrae-bivariace model rendered by (3]. This _ ?
fact.also lead us éo note that P(F) and DP(S) for a volums targat ; :;
c#n at most Qsaume only one-half of the corresponding valuas for za azea ' , ?~
3 targat, J
3 The conventional notion of an impact point bacores rathor nadulous whan ' 3
E % carti‘d over to a voluma targer. Further pursuance for a rigorousness ' 3
% é davelopment of this notion ray be necessary, The reader is refarzed to (6] !

for sush an offoret.

$ince the assential prumisas used for thiag modaling in extonding the
vandoz phenomena from two dimensions into the third dimension is a 3trorn

ona, T.ors of tha model should comprisa with tha stipulations.

A s A
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Fig. 1 Coordinatas of xj » = 1,2,3, and a
Soli& Parallelepiped Tarac: T
Tanle 2
wwearst Solld
wsular Tavgels
Tavoet Wernaenton
Parvasoter/casa 1 2 3 L 2 | 3
P(F) 0,250 G.250 G.u30y 6.300 0.500} 0.3500
2(3) 0.015 | G.079 | 0.095 )] 0.061 | 0.186 | 0.219
(1) 0.326 | 1.356 | 1.3%2! 0.803 | 3.1C3 ! 3.578
P(1+) 0.753 0.670 0.715 0,323 0.38L 0.927
P(I)* 0.736 0.643 0.668 0.793 0.850 0,901
~125-
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SIMULATION OF SUBSURFACE NUCLEAR EXPLOSIONS
WITH CHEMICAL EXPLOSIVES

Donald B, Burton, and Edward J, Leaky
' Lawrence Livermore Laboratory, Liv&thrza,»C;}if&tﬁil
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ABSTRACT -

A series of field experimants are being designed and theoratical
studies are being conducted to select a chemical explosive and to develop
explosive charge configurations and synthetic fallout macerial to simu-
late subsurface, sub-kiloton nuclear cratering sxplosions, Ths studies
and experiments are directed toward determining the effects, tha type
and degree of stemming (full stemming, water ctemming, and no stéa=
ming) have on the size of nuclear craters, the vented radioactivity, amd
the extent of the resulting fallout pattern. Such information for détona-
tions in a variscy of geologic media is required if nuclear explosives are
to be developed as a civil and milicary construction tool,

The problems associated with simulating these affects through the
use of chenmical explosives are discussed, and partial solutions ara pre~
sented. The thaoretical and experimental programs will scudy the relative
. effects of tha different stemming configurations in the chemical explosive
. ' case and relate the results to the nuclear case. It is suggested that

these investigations will laead to optimum dasign criteria fcr simulation

. experiments and to a means of inferring the information which cannot be
p : simulated,
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1. INTRODUCTION

The development of nuclear sxplosives as a tool for civil and milicary
congtruction requires testing in a variety of geologic media and near-
surface emplacement configurations, Chemlcal explosives are a conveni=-
ent 2nd economical way to model nuclear explosive effects. The U, B,
Army Engineer Explosive Excavation Research Office (EER0), Livermors,
California, a part of the U, 5, Army's Waterways Experiment Station at
Vicksburg, Mississippi, and the Lawrence Livermore Laboratory (L°),
Livermore, California, are designing a series of field experiments to be
used in corjunction with numerical modeling calculations to develop such
a simulation technique, Related numerical cnlsulatlonu are also baing
conducted Ly Systems, Science, and Software (57), La Jolla, California,
The combinzd effort is called Project DIAMOND ORE,*

Iu the development of the technology to psrmit employment of nuclear

™

T T

1
E
;.
¢
3
) 4

T T A

i i explosives. as a tool for use in both civil and military construction, the

e § influence of burisl depth and stemming material on phanomena associated

b ¥ with nuclear cratering must be determined, The constructien of engi- :

: i neering structures such as railroad cuts, storage areas, and obstacle :

i % craters requires a detailed knowledge of ground motion, limits of material i
H failure, and iinal crater sisze. Safety considerations require knowledge of }
: _ airblast ovarpressures, seismic motions, missile throwout ranges, and !
i radioactivs £sllout distribution. The DIAMOND ORE program is thercefore 1
4 directed toward modeling as many of these effects as possible with the K

primary emphagis placed on crater size and radiocactivity medeling.*

egma
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* Project DIA:ND ORE IS JOINTLY FUNDED BY THE Defense Nuclear Agency
and the Office of the Chief of Engineers, US Army,
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: * The remainder of this art.:le has been reproduced photographically from
\ the author's manuscript,
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| II.  SIMILITUDE AND CRATERING PHENOMENOLOGY

The koy to the successful lu_nulnion of nuclear cratering avents
through the use of high explosives (HE) is the understanding of the crater-

ing phenomenclogy which results from both energy sources. Although the

. quantitative upoi:ta of simulation will not be completely known until the

" termination of Project DIAMONb ORE, the following qualitative aspects

A'upply a starting point for formulating simulation criteria.

(1) Early-time Knergy Source Behavior

ALl of the energy from a nuclear device is released in lass than amicro-
second, vaporizing the device materials and its canister. (See Point! in
Figure 1). As this high-pressure, high-temperature gas pushes on the walls
of the emplacement cavity, a strong shock wave propagates through the sur-
rounding rock, depositing sufficient energy to cau?e vaporization, Butkovich“]
hlas qhown that, in silicate rock, about 70 tons of rock are vaporized per
kilotc.: of yield (1 kt = lolz cal). In the region of vaporisation, the re-
sponse of the rock to the shock is such that a lower limit of about 20% of
the device energy is lost in internal heating and will not be available to
do mechanical work at late times. As the shock wave propagates cutward,
it continues to melt the rock and shock-vaporize water contained in pores
and cracks. Shock vaporization of silicate rock and water occurs at
preasures of the order of a megabar and 100 kilobars, respectively,
The spherically diverging shock wave and the expanding mass of vapor-

ized rock and water are the principal agents in the formation of nuclear

~-129-
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