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FOREWARD

The Walter Reed Army Institute of Research (WRAIR), the host for the
Seventeenth Conference on the Design of Experiments in Army Research, Development
and Testing, has as its basic mission to provide the medical research and

professional graduate training required by the Army to fulfill it& rolu In,
National Defense. Since strtistics and other scientific disciplines play an
ever increasing role in medical fields, it is not surprising that Colonel
Edward L. Buescher, Director and Commandant of WRAIR, was pleased to have his
installation serve as host to this design of experiments conference. Colonel
Hinton J. Baker was. asked to art as Chairman on Local Arrangements.- He was'..
assisted in this capacity by Douglas Tang. Those in attendance are in debt
to these two gentlemen for so abling handling the many housing and transportation
problems that arose during the course of the meeting. Major General Colin F.
Vorder Bruegge, Comanding General of the Walter Read Army Medical Center, in
his welcoming remarks, as well as in his comments at the banquet, made the
audience feel that their scientific accomplishments were helping medical research
to develop in many areas.

This is the second time that WRAIR has served as host to one of these
conferences. The eighth conference in this series, sponsored by the Army
Mathematics Steering Committee on behalf of the Office of the Chief of Research
and Development, De-artment of the Army, was held 24-26 October 1962. at the
Walter Reed Amy Medical Center. Of the 180 attendees at the eighth conference,
21 attended the seventeenth conference. Dr. Stefano Vivona, now with the American
Cancer Society, was the local chairman for the earlier conference. He was one
of the repeat attendees. Dr. Herbert C. Batson was one of the invited speakers
at the 1962 conference. At the banquet of this meeting Dr. Baker presented him
a citation for his outstanding scientific contribution to the field of medicine.
Drs. Marvin Zelen and George Lavin presented papers at both conferences. At
the eighth Conference Zelen contributed a paper which was jointly authored by
Dr. Badrig Kurkjian and himself. At the 1971 conference he was an invited
speaker. Another invited speaker who attended both meetings was Professor
Bernard Greenberg. It is interesting to note that, among the others who
attended both meetirqs and participated in both programs as chairman, panelist,
or by contributing pipers were 0. P. Bruno, A. C. Cohen, Francis Drcasel, Heury
Ellneri Walter D. Foster, Frank E. Grubbs, Boyd Harshbarger, Bedrig Kurkjian,
Clifford J. Maloney and Beatrice S. Orleans.

We note a few more statistics about the two meetings. The earlier one had
forty-four more registered persons. One of the features of these meetings, the
clinical session, has gained in popularity. In the 1962 conference there were
two of these sessions with only three papers, while in 1971 there were five
sessions in which eleven clinicaL-type papers were. presented. The percentage
increase in the papers for the technical sessions were not an great, still
there was some increase, namely twenty-six contributed papers in 1962 as compared
with thirty-two technical papers presented this year.

One of the requirements the chairman makes of the members of his Program
Committee is that they name at least one speaker whose topic will be of special
interest to the members of the host Installation. This year that request was
taken seriously. Most of the invited speakers touched on topics that were of
interest to those in the medical field. This can be seen from the following
list of invited speakers and the titles of their addresses:

"The Role of Mathematical Sciences in Biomedical Research" by
Professor Marvin Zelen

Siii Preceding page blank



"Randomized Reoponset A f1ew Survey Tool to Collect Data of a
Personal Nature" by Professor Bernard G. Greenberg

"Classification and Clustering Techniques in Data Analysis" I
by Dr. Geoffrey H. Ball

"Hotelling's Weithing Desings"
by Professor K. S. Banerjee

"The Comparison of Propor:tions:- A.review.of.Significance-Tests,
Confidence Intervals and. Adjustments for Stratification"
by Dr. John J. Gart

Let us take this opportdnity to thank members of the program committee

(David Alling, Hinton J. Baker, Francis Dressel, Walter Foster, Fred Prishman,Bernard Greenberg, Bernard Harris, Boyd Harshbarger, Allyn Kimball, Clifford J.

Maloney, Herbert Solomon and Douglas Tang) for their recommendations for invited
speakers, as weil as their active part in the conduction of this meeting. We
would be remiss in our duties if we did not give due praise to all those indi-
viduals who gave contributed papers. For truly, without their help, this meeting
could not have been a successful scientific conference.

Members of the Army Mathematics Steering Committee have asked that the
proceedings of this conference be made available to those in attendance for
further study of the contents of the presented papers, and to those interested
in the copies covered at the conference but who were unable to attend.

Francis G. nressel Frank E. Grubbs
Secretary Conference Chairman
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SEVENTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN ARK-f RESEAWCH, DEVE1.1OPMENT AND TESTING
27-29 October 1971.

Wednesday, 27 October
0830-0930 ....... EGISTRATION -Lobby of Sternberg Auditorium (WRAIR)

0930-1220 GENERAL SESSION 1 - Sternberg Auditorium

Chairmani Colonel Lothrop Mittenthal, Office of the
Ch1of.of Research and Development, Washington, DC

THE ROLE OF MATHEMATICAL SCIENCES IN BIOMEDICAL' RESEARCH

Professor Marvin Zolen, State University of New York
at. Buffalo, Amherst, Now York

RANDOMIZED RESPONSE: A NEW SURVEY TOOL TO COLLECT DATA
OF A PERSONAL NATURE

Bernard G. Greenberg, The University of North Carolina,
Chapel. Hill, North Carolina

1220-1320 LUNCH! - Ballroom, Officers' Open Mess, WRAMC

1320-1510 CLINICAL SESSION A - Sternberg AuditoriumI Chairman: Douglas Tang, Division of Biometrics
and Medical Information, Procepoing, Walter
Read Army Institute of Research, Walter ReedArmy Medical Cetter, Washington, D. C.

METHODS TO EXTEND THE UTILITY OF LTNEAR DISCRIMINANT
ANALYSIS

Captain L. E. Larsen, Division of Neuropsychiatry,
Walter Reed Army Institute of Research, Walter Reed
Army Medical Center, Washington, D. C.

PROBLEMS IN CHARACTERIZATION AND ANALYSIS OF PSYCHO-
PHYSIOLOGICAL RESPONSES

Captain John R. Jennings, Department of Experimental
Psychophysiology, Walter Reed Army Institute of Re-
search, Walter Reed Army Medical Center, Washington,
D. C.
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1320-1510 CLINIPAL SESSION A (Cont'd)

VALIDATION OF MATHEMATICAL MODELS

Rotart E. Kasten, United States Army Weapons Command,
Armored Weapons Systems Directorate, Rock Island, 111.

1320-1510 TECHNICAL SESSION 1 qoom 358
Chairmani Henry. Ellner, Quality Assurance Directorate

"Unted States Army Materiel Command, Washington, D. C.

COMBAT MODELS AS APPLIED TO RADIOTHERAPY

Barry W. Brown, M.D., Anderson Hospital and James R.
Thompson, Rica University, Houston, Teasas

A COMPUTER PROGRAM FOR TRICHOTOMOUS BIOASSAY

Clifford J. Maloney and Fred S. Yamada, National
Institutes of Health, Bethesda, Maryland

CRITERIA OF BIOCELLULAR MODELS: THE INFRARED MICROSCOPY
OF HARD TISSUE

George I. Lavin, Vulnerability Labs,. BRL, Aberdeen
Research and Development Center, Aberdeen Proving
Ground, Maryland

1320-1510 TECHNICAL SESSION 2 - Room 372

Chairman: William McIntosh, Test and Evaluation
Command, Aberdeen Proving Ground, Maryland

FACTORIAL EXPERIMENTS OF SMALL ARMS WEAPON FIRE CONTROL

Adolph P. Kawalec, Fire Control Reliability Engineerling
Branch, Quality Assurance Directorate, Frankford Arsenal
Philadelphia, Pennsylvania.

CHARACTERIZATION OF BALLISTIC EFYECTIVENESS BY MAXIMAL
TRAJECTORY INFORMATION

J. T. Wong and T. H. H. HunS, Systems Research Division,
Research, Development and Engineering Directorate, US
Army Weapons Command, Rock Island, Illinois

AN EFFECTIVENESS MODEL FOR BURST FIRES ON VOLUME TARGETS

To H. M. Hnng and J. T. Wong, Systems Research Division
Research, Development and Engineering Directorate, US
Army Weapons Command, Rock Island, Illinois
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1510-1540 Break - Lobby of Sternberg Auditorium

1540-1720 CLINICAL SESSION B - Sternberg Auditorium

Chairman: Badrig M. Kurkjian, US Army MaL.rielI
Command, Washington, D. C.

UTILIZATION OF GAS FLOW DYNAMICS IN A GRENADE LAUNCHER
SYSTEM

Herman E. Tarnow, US Army Weapons Command, Small
Arms Weapons System-Directorate, Rock Island', Illinois

SIMULATING SUBSURFACE NUCLEAR EXPLOSIONS WITH CHEMICAL
EXPLOSIVES

Edward J. Leahy, Explosive Excavation Research Office,
Lawrence Livermore LabotaLory, Livermore, California

1540-1720 TECHNICAL SESSION 3 - Room 358

Chairman: Beatrice S. Orleans, Naval Ships Systems
Command, Washington, D.C.

MODIFIED FACTORIAL EXPERIMENTS FOR POISSON DATA

Lyman Ott and William Mendenhall, Department of
Statistics, University of Florida, Gainesville, Florida

INFERENCES OF FUNCTIONS OF THE PARAMETERS OF THE WEIBULL
DISTRIBUTION

Ronald L. Racicot, Applied Mathematics and Mechanics
Brance, Benet R&E Labs, Watervliet Arsenal, Watervliet,
New York

ESTIMATION IN THE EXPONENTIAL DISTRIBUTION

A. Clifford Cohen, Univeroity of Georgia, Athens,
Georgia;
Frederick Russell Helm, Georgia Southern College

1540-1720 TECHNICAL SESSION 4 - Room 372

Chairmant C. M. Greenland, Applied Mathematics
Branch, Systems Analysis Office, Edgewood Arsenal
Maryland

DYNOSS-DYNAMICALLY OPTIMIZED SMOOTHING SPAN .1

Roberto Fierro, White Sands Missile Range, New Mexico
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1540-1720 TECHNICAL SESSION 4 (Cont'd)

STUDIES WITH A PROTOTYPE "OPTIMIZER" FOR USE IN
COMPUTER SIMULATION

Dennis E. Smith, VRB-Singer, Inc. Science Park,

State College, Pennsylvania

STAG MONOTONE EXPERIMENTAL DESIGN ALGORITHM (SMEDAL)

PrivateFirst Class Alexander Morgan,.Systems Develop-
mert Division, US Army, STAG, Bethesda Maryland

1800-1900 SOCIAL HOUR - Officers' Open Mess

1900- BANQUET - Officers' Open Mess

Presentation of the Samuel S. Wilke Memorial Award

Dr. Frank E. Grubbs, Chairman of the Conference
US Army Aberdeen Research and Development Center,
Aberdeen Proving Ground, Maryland

Thursday, 28 October

0830-1000 CLINICAL SESSION C - Sternberg Auditorium

Chairman: Captain Isaac S. Metts, Jr., Division of

Biometrics and Medical Information Processing,
Walter Reed Army Institute of Research, Walter
Reed Army Medical Center, Washington, D.C.

COMPARISON OF TREATMENTS GIVEN BI-VARIATF TIMF %bPONSE
DATA

Pearl A. Van Natta, US Army Medical Research and Nu-
trition Laboratory, Fitzsimons General Hospital,
Denver, Colorado

EXPERIMENTAL DESIGN IN PROSPECTIVE STUDIES OF INFECTION
IN MANI

Major Robin T. Voll:yer, US Army Medical Research
Institute of Infectious Diseases, Fort Detrick,
Frederick, Maryland

0830-1000 CLINICAL SESSION D - Room 358

Chairman: David Howes, Strategy and Tactics Analysis
Group, Bethesda, Maryland
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0830-1000 CLINICAL SESSION D (Cont'd)

TREATMENT OF NULL RESPONSES

Genevieve L. Meyer and R. L. Johnson, US Army
Mobility Equipment, Research and Development Center,
Fort Belvoir, Virginia

DESIGN OF RELIABILITY EXPERIMENTS TO YIELD MORE INFORMA-
TION OF FAILURE CAUSES

Roland K.1Rigdon, US Army Weapons Command, Artillery
and Air Defense Weapons Systems Direct.•rate, Weapons
La&oratory, Rock Island, Illinois

0830-1000 TECHNICAL SESSION 5 - Room 372

Chairmans Erwin Biser, US Army Electronics Command,
Fort Monmouth, New Jersey

MAXIMUM LIKELIHOOD APPROXIMATION FOR GUMBEL'S LA•I AND
APPLICATION TO UPPER AIR EXTREME VALUES

Oskar M. Essenwanger, Physical Sciences Directorate,
Rese'irch, Development, Engineering and MSL, US Army
Missile Command, Redstone Arsenal, Alabama

STATISTICAL MODELS FOR HP IANOSPHERIC FORECASTING FOR
FIELD ARMY DISTANCES

R.J. D'Accardi and R. A. Kulinyi, US Army Electronics

Command, Fort Monmouth, New Jersey
C. P. Tookoa, Virginia Polytechnic Institute and State
University, Blacksburg, Virginia.

1000-1030 Break

1030-1220 CLINICAL SESSION E - Sternberg Auditorium

Chairman: Henry A. Dihm, Jr., Aeroballiatics
LIRECTORATE, Research, Development, Engineering
and Systems Laboratories, US Army Missile Command,
Redjtote Arsenal, Alabama

SOME PROBLEMS IN THE DESIGN OF TESTS TO CHARACTERIZE IR
BACKGROUND TRANSIEN7T3

J. S. Dehne, J. R. Schwartz and A. J. Carillo, Combat
Surveillance and Target Acquisition Lab, US Army
Electronics Command, Fort Monmouth, New Jersey.

THE ANALYSIS OF A SUCCESS-FAILURE TIME SFR1ES WITH AN
APPRECIABLE NUMBER OF MISSING OBSERVATIONS

Robert P. Lee, US Army Electronics Command, Atmospheric
Sciences Laboratory, White Sands Missile Range, New Mexico
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1030-1220 TECHNICAL SESSION 6 - Room 358

Chairman: Bruce J. McDonald, Probability and
Statistics Program, Office of Naval Research,
Arlington, Virginia

A DISEASE SEVERITY INDEX

Clifford J. Maloney. Division of Biologics Standards,
National Institutes of Health, Bethesda, Maryland

EXTREME VALUE THEORY IN RADIATION-STERILIZATION OF FOOD

Edward W. Ross, Jr., US Army Natick Laboratories,
Natick, Massachusetts

DIGITAL SIMULATION OF EQUIPMENT ALLOCATION FOR CORPS OF
ENGINEER CONSTRUCTION PLANNING

D. W. Halping and W. W. Happ, US Army Corps of
Engineers, Champaign, Illinois

1030-1220 TECHNICAL SESSION 7 - Room 372

Chairman: Edward N. Fiske, Systems Analysis Office,
Edgewood Arsenal, Maryland

MACHINE GUN EFFECTIVENESS MODEL BASED ON STOCHASTIC VARI-
ATIONS OF THE BARREL DURING FIRINGS AS APPLIED TO HEMIS-
PHERE TARGETS

Captain Richard H. Moushegian, Systems Research Division,
Research, Development and Engineering Directorate, US
Army Weapons Command, Rock Island, Illinois

AN ANALYTICAL APPROACH FOR SOME AIR SCATTERABLE MINEFIELD
EFFECTIVENESS MODELS

Barry H. Rodin, Applied Mathematics Division, Ballistic
Research Labs, US Army Aberdeen Research and Development
Center, Aberdeen Proving Ground, Maryland

A MATHEMATICAL THEORY OF MEASURES OF EFFECTIVENESS

Captain David L. Bitters, US Army Combat Development
Command, Institute of Systems Analysis, Fort Belvoir,
Virtinia

1220-1320 Lunch - Officers' Open Mess
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1320-1430 TECHNICAL SESSION 8 - Sternberg Auditorium

Chairman. Virginia W, Perry, Army Logistics
Management Center, Fort Lee, Virginia

OPTIMAL DESIGNS FOR ESTIMATING THE SLOPE OF A SECOND
DEGREE POLYNOMIAL REGRESSION

V. N. Murty, The Pennsylvania State University, The
Capitol Campus, Middletown, Pennsylvania

A GENERALIZATION O! MINIMUM BIAS ESTIMATION FOR WEIGHTED
LEAST SQUARES

John Cornell, Department of Statistics, University
of Florida, Gainesville, Florida

1320-1430 TECHNICAL SESSION 9 - Room 358

Chairman: Joseph S. Tyler, Jr., Applied Mathematics
Branch, Systems Analysis Office, Edgewood Arsenal,
Maryland

A COMPARISON OF CLASSIFICATION AND HYPOTHESIS TESTING
PROCEDURES FOR CHOOSING BETWEEN COMPETING FAMILIES OF
DISTRIBUTIONS, INCLUDING A SURVEY OF THE GOODNESS OF FIT
TESTS

Alan R. Dyer, Office of the Chief Operations Research

Analyst, ARDC, US Army Aberdeen Research and Develop-
ment Center, Aberdeen Proving Ground, Maryland

MAXIMUM LIKELIHOOD ESTIMATION OF LIFE-TIME DISTRIBUTIONS
FROM RENEWAL PROCEDURES

Larry H. Crow, Reliability and Maintainability Division,
US Army Materiel Systems Analysis Agency, Aberdeen
Proving Ground, Maryland

1320-1430 TECHNICAL SESSION 10 - Room 372

Chairman: Robert P. Lee, US Army Electronics Command,
Atmospheric Sciences Laboratory, White Sands Missile
Rane*, New Mexico

SIGNIFICANCE OF OPTIMAL REPLACEMENT POLICIES

Royce W. Soanes, Jr., Computer Science Office, R~esearch
Laboratory, Benet R&E Labs, Watervliet Arsenal, Water-
"11liet, flew York

A TECHNiQUE FOR OBTAINING A MEASURE OF INDUSTRIAL LEARNING
AND LEVEL-OFF USING ECONOMIC PARAMETERS

xiv
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1320-1430 TECHNICAL SESSION 10 - Room 372 (Cont.)

Eugene oit, Headquarters, US Army Munitions
CoumaU Dover, New Jersey

1430-1500 Break

1500-1710 GENERAL SESSION 11 .- Sternberg Auditorium

Chairman of General Session 11, Dr. Ivan R.
Hershner, Jr., Office of the Chief of Research
and Development. Washington, D. C.

CLASSIFICATION AND CLUSTERING TECHNIQUES IN DATA ANALYSIS

Dr. Geoffrey H. Ball, Senior Research Engineer,
Stanford Research Institute, Menlo Park, California

HOTELLIRWS NUEIHING DESIGNS

Professor K. S. Banerjee, University of Delaware,
Newark, Delaware

Friday, 29 October

0830-1000 TECHNICAL SESSION 11 - Sternberg Auditorium

Chairman: Edmund H. Inselmann, US Army Materiel
Command, Washington, D. C.

EXPERIMENTAL TESTING OF INTRUSION DETECTION DEVICES

Eric Mendelson, US Army Mobility Equipment Research
and Development Center, Fort Belvoir, Virginia

LABORATORY CONTROL OF DYNAMIC VEHICLE TESTING

James W. Gran, US Army Tank-Automotive Command,
•'.: Warren, Michigan

0830-1000 TECHNICAL SESSION 12 - Room 358

Chairman: Alan S. Galbraith, Mathematics Division,

US Army Resmarch Office-Durham, Durham, North Carolina

FUNCTIONAL PROPERTIES OF CSP-l APPLIED TO A FINITE
LENGTH PRODUCTION RUN

Richard H. Brugger, Concepts Branch, US Army Ammuni-
tion Procurement and Supply Agency, Joliet, Illinois

xv
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THE DEVELOPMENT OF FEATURE EXTRACTION TECHNIQUES FOR
PULSE DATA

J. S. Dehne and Lieutenant B. E. Beaumont, Combat
Surveillance, and Target Acquisition Lab, US Army
Electronics Command, Fort Monmouth, New Jersey

0830-1000 TECHNICAL SESSION 13 - Room 372

Chairmant Oskar M. Essenwanger, Physical Sciences
Directorate, Research, Development, Engineering
and MSL, US Army Missile Comand, Redstone Arsenal,

_Alabam at . .. . . ... . . . . . . . ..

THE UZI OF A DESIGN OF EXPERIMENT FOR DETERMINING
OPTIMU BRIGHTNESS OF PHOSPHORS EXPOSED TO HIGH-ENERGY
ELECTRON-BEAN BOMBARDMENT

Joseph M. Velasquez and Isidore H. Stein,
Quantum Electronics/Display Devices Technical Area,
Electronics Technology and Devices Laboratory, US
Army Electronics Command, Fort Monmouth, NNw Jersey

3XPERIMENTAL COMPARISON OF OPERATIONAL ToCHNIQUES FORA SEK/IAUTOK/ATIC FLIGHT OPERATIONS CENTER

William Patterson, American Electronics Laboratories
Compa r.ny l Pennsylvania
Erwin Blear and HermanMenchar, US Army Electronics
Conaand, Fort Monmouth, Now Jersey

1000-1030 Break

103D-1220 GENERAL SESSION Ill - Sternberg Auditorium

Chairmans Dr. Frank E. Grubbs, Aberdeen Research
and Development Center, Aberdeen Proving Ground,
Maryld nd

OPEN MEETING OF THE AMSC SUBCOMMITTEE ON PROBABILITY
AND STATISTICS

Dr. Walter D. Foster, Analytical Sciences Directorate,
Department of the Army. Fort Detrick, Frederick, Maryland

THE COMPARISON OF PROPORTIONS: A REVIEW OF SIGNIFICANCE
TESTS, CONFIDENCE INTERVALS AND ADJUSTMENTS OF STRATIFI-
CATION

Dr. John J. Gart, Mathematical Statistics and Applied
Mathematics Section, National Cancer Institute,
Bethesda, Maryland

1220-1320 Lunch - Officers' Open Mess
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M1.MDOMIZIHD RESPONSE: A NEW SURVEY TOOL
TO COLLECT DATA OF A PERSONAL NATURE

Bernard G. Greenberg

ianaes R. *bernathy

Department of Biostntistice, University of North Carolina at Chapel Hill

Daniel G." Horvitz

Sstatistcs Research Division, Research Triangle Inatitutki,

Research Trianglec P~ark, North Cnrolina

INTRODUJCTION

Refusal to respond and an untruthful. answer from a respondent are recognized

as two principal sources of nonsampl~ing error that can influence sample estimates

involving surveyn of human populations. These potential sources of bias aro more

prevalenL In surveys which involve sensitive or embarrossing questions. Warner~i 1 3t.'

the developer of the randomized response technique, designed the procedure in

order to reduce' or eliminate bias introdukced when respondents in surveys delib-

erately give false informiation or refuse to answer questions of- a personal or

Rzandomizecd re.Fipon,,a iri a relatively new and exciting statistical technique

of great potenitial. In s~.irv:.>'n of humani, populations. Although the method is still

in the infancy staige, much growth and development have occurred since its crea-

tion in 1965.

O~L8itv re-- -- _i. lit his original paper, Warner considered the case

where a proPortion 1r of the population (say Group A) possessed some sensitive

charticterin tic w~iI.].e the rematinder of the population did not possess the

Thin; renearc~h was supported undor Resea~rch Grants 111) 0346J.-01 and 11D 03441-04
from theI National Iuut:I tubc1 OE Child Heatlth and Hluman Decvelopment.



characteristic. The objective was to estimate if. With the aid of a randomizing

device, the respondent sele'cts one of the following statements by chance,

I am a member of Group A. (with a probability of P]'
I am not a member of Group A. [with A ,'obability of (l-P)] '

and answers "Yes" or "No" to whichever one of the tWo siatements is selected.

The-intervierer does not know which statement was aeAlly. selectd' t ugh

the randomization process and, therefore, does not know to which statement the

respondent's reply refers. Only the respondent knows to which one of the two

statements his reply ia addressed.

The rationale underlying the randomized response procedure is that, since

the respondent can w.awer a sensitive question without revealing his personal

situation, potential stigma and embarrassment on the part of the respondent are

removed. Under these conditions there is no longer any need to refuse to

respond or to give an incorrect or evasive answer. If respondents are con-

vinced that the procedure guarantees anonymity in this respect, it follows that

cooperation and validity of response should be improved.

The randomized response procedure clearly does not permit Interpretation

of individual responses and, in fact, is not designed for that purpose. Its

sole purpose is to determine 7r in a group of respondents. For analytical pur-.'.

poses the total sample may be subdivided according to age, race, and other

available characteristics in order to study the relationship of the various

values of w in the subgroups.

Warner showed that the maximum likelihood estimate of ff is unbiased, if

persons are encouraged by the technique to tell the truth, and its value is
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where

n is the sample size of which m persons reply in the affirmative.

The variance of the estimate, as given by Warner, is

itr (17 - M(-rl
Val.(71) *!.2 + Pl. .n n(2P-1) 2

Abul-Eln et ml,[2] extended Warner's model to the trichotomous case designed

to estimate the proportions of three related, mutually exclusive groups, one or

two of which possessed a sensitive characteristic. The model was further

extended to estimate any j proportions (J>3) when all the j group characteristics

are mutually exclusive, with at least one and at most i-i of them sensitive. The

reason behind this extension was to provide theory for the multichotomous situation

which is often found in practice. The solution to this problem was found to lie

in choosing a new, nonoverlapping sample with a different value of P for every

additional parameter to be estimated.

Following a suggestion by Simmons, Abul-Ela[ 3 ] investigated and described a

variation of the Warner technique known as the unrelated question model. As

indicated above, the Warner technique concerned two questions (or statements)

which are inversely related to the sensitive characteristic. The unrelated .model

is predicated on the assumption that confidence in the anonymity of the technique

would be increased if two unrelated questions were used, one pertaining to the

sensitive characteristi.c and the other to a nonsensitive, innocuous condition.

Horvitz, Ct al[4 further discussed this modification and presented results from

two field studies. Greenberg et al151 studied the theoretical framework of the

unrelated question model with respect to estimation of the sensitive attribute,

variance of the estimates, effect of untruthful reporting, selection of the

unrelated characteristic, and other design properties. Mean square error efficiency

of the unrelated question model versus the original Warner model was reported to
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favor the unrelated question model. Further reduction in mean square error was

shown to accrue when the frequency of the unrelated neutral characteristic was

known Ir, advance. Furthermore, a method of formulating the unrelated question

which insures a priori knowledge of its parameters was described. This latter

sugges;tion wits mado to the senior author by Richard Morton of the Uvniversity of

fiO
Sheffield and it U'as field-tested by Greenberg et al with favorable results.

The results of thIH application are shown in the next section in an example where.

data on emotional problems are described.

The maximum likelihood estimate of the sensitive attribute, let us call it

fA now) in the unrelated question model (assuming that the proportion of Oe

population possessing the unrelated characteristic, ?¥, is known in advance) and

its varitnce are

AP (2)

nP

where

X probability that a "Yes" answer will be reported, and

P probabili..y that the sensitive question is selected by the respondent,

To obtain an cstimate of IrA, one simply substitutes the observed value of

X, say , fAir its eCxpected value in the above equation. 9 is defined as -
n

whcre n and m have the same definition as in equation (1).

Although highly dosirable, it is not mandatory that an estimate of it¥ be

knownt In advance. There may be situations where Iry is not known and not
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amenable to a prori estimation. Under these conditions the sample design

can be alt.red to permit estimation not only of the sensitive characteristic

by Ty as well. This may be accomplished by' seleeting two independent samples

of sizes n 1 and n 2 from the population. There are two devices and they would 4
be arangad in such a way that -the probabilities of selecting the sensitive

question in the two subsamples (P1 and. 2, respectively) are differaent.' The

resultine proportions of "Yen" responses in the.two subsamples, AX and A2 * would

also be different. Estimation formulae, assuming t not known in advance, are

Il
A o

I( -2) -' '"I1

A P 1_p.

1 12- 21

•y p2-P 1

with variances,

A -p-p) 11 1('-l )(lp2 )
2  )2 2______

v(IA) n .(- (') + n'('2(-1•

_o _ t l6 considered the unrelated question method with two trials

per respondent in an attempt to develop models of respondent behavior and

apply thece models to survey results on illegitimate births in which randomized

respunse k•a* used. ..
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(71
Darksdale extended previous work in randomized response to permit the

estimation of the coefficient of correlation of two related traits, at least A

one ot which is stigmatizing. The potential value of estimratig the proportion

of indivIduals with two attributes was also treated.

Quantitative responso. Most of the randomized response work to date

has been concerned with refining the technique for use In personal, interviews

UsiAg questions of & qualitative nature requiring only a .Yes" or "No" response.

The technique need not be restricted to nominal scale data, hovever. It has wide

application in the area of quantitative response and study is being directed

toward further development of the method in this area. Greenberg et _11 have

presented theory underlying thn quantitative application of the randomized

response procedure including unbiased estimates of the population mean and

variance of both the sensitive and non-sensitive distributions.

The quantitative model differs from the qualitative In that the questions

are designed to elicit a response in quantitative terms rather than "Yes" or

"No". The responses to both the sensitive and non-sensitive question must be of

the same relative magnitude, thus making it impossible to identify from the

response which question has been answered. The overall distribution of responses

is comprised of numerical answers to both questions. nhis distribution must be

separated in order to provide estimates of the parameters of interest, viz., the

population mean of both the sensitive and non-sensitive distribution, and their

variances.

Assuming two independent, non-overlapping samples of sizes n1 and n20

unbiased estimators for the mean of the sensitive and non-sensitive distributions,

p..,.and Py respectively, are shown(8] to be
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(1-P 2 ), -" (I-P1) 2

P2 1 P2 12

y P2 -PlI

where

-P4 probability tha. the sensitive question in selected by the

T rospondent in sample i(i-1,2), POP2

L zt mean response of sample 1(i-l,2)

- The variances of the two estimators, 1A and were found to be

,1 v(1+ 21-Pv(

where

V(zi) 2 • ( P " • +

The variances of the estimators can be conveniently estimated by using

.O.ther. develov~monts. Since many survoys are welf-ad-,inistered by mesans

S~of mail questionnaires or other media, extension of randomized response to

: such sources of information La essential. The North Carolina group of

Sinvesti~ators ii• currently exploring the dovelopment of a randouisatlon
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device which can be implemented in the questionnaire. This technique presents

no substantive problems in statistical theory different from those already

studied but does present problems in question design, format, respondent

acceptance, and illiteracy.

FILD APPLICATIONS

The first field application of the unrelated question tuchnique was con-

ducted by the Research. TrL,.ngle Institute in October, 1965,141 and involved

personal interviews in a total sample of 104 white and 44 black households in

which it was known that a live birth had occurred within the previous two

months. It was also known that 18.9 per cent of the births were illegitimate

according to the birth certificate on file with the North Carolina State Board

of Health. The respondents were anked to select a card from'na shuffled deck of

50 cards and to answer "Yes" or "No" to the statement printed on the card. The

two statements used in the deck werst

1. There was a baby born in this household after January 1,

1965, to an unmarried woman who was living here.

2. 1 was born itt North Carolina.

The objective was to estimate the proportion of all households with a .

birth to an unmarried woman. The results were in remarkable agreement with ¶

the known proportions of illegitimacy in each race in the sapple.

North Carolina Abortion Study. The North Carolina Abortion StuwyE9 l1]

was a major field survey in 1968 to test the practicability of the randomized

response procedure in eliciting information of a still more sensitive nature

from the general population. Information was sought on a variety of subjects

Including Illegally induced abortion, oral contraceptive use, emotional

problems, and income. Each of these areas of interest utilized an independent



sample of women 18 years old and over from the combined population of five

metropolitan areas of the state.

In deriving estimates of induced abortion, the randomization device con-

slated of a small, transparent, sealed, plastic box with two questions printed

on the top, easily legible to the respondenti

1. I was pregnant at some time during the post 12 months.
and had an abortion which ended the pregnancy.

2. I was born in the month of April.

The first printed statement had a small, red ball in front of it; the

second statement had a blue ball in the same location. Inside the box there

were 35 red balls and 15 blue balls. The respondent was asked to shake the

box of balls thoroughly, and to tip the box allowing one of the freely moving

balls to app.ar in a "window" located in the device and clearly visible to

the respondent. The color of the ball which appeared in the window determined

which of the two statements the respondent answered with a simple "Yes" or

"No". If a. red ball appeared, she answered the abortion statement; if a blue

ball appeared, she answered the born-in-April statement. Each respondent was

urged to experiment with the plastic box several times to assure herself that

both colors of beads could appoat in the window. Color blindenss is no problem

with female respondents.

On the direction of the interv'iewer, the respondent then shook the box

to answer the quention officially. The interviewer was some distance away

from the respondent so that she was unaware which statement had been selected.

The respondent's reply of "Yes" or "No" was recorded by the interviewer with

no knowledge concerning which statement had been answered.

Subsequent estimates of induced abortion in the population of women 18-44

years of age indicated that 3.4 par cent of them had experienced an induced



abortion during the previous year, By racial groups the estimates were 1.4

per cent for whites and 6.8 per cent for nonwhites. There is no way these

findings can be absolutely validated. They do appear to be within the realm

of reason, however, based upon limited evidence available for comparison.

The women who were asked about abortion during the past year were also

queried about use of the contraceptive pill. The. procedure used was exactly

the same as that used kor abortion, except.. that..the .statements were different,

as followL.

1. 1 am now taking "the pill" to prevent prognancy.

2. I was born in the month of April,

The results indicated that one-fourth of the women were taking oral contra-

ceptives at the time of the survey. A higher estimate was found for non-

white women (28.4%) than for white women (23.1%) and this concurred with

previous expectations because of family planning programs conducted in some

areas for poverty groups.

Ir another sample designed to obtain information on emotional problems,

the following set of questions was used with women 31 years -old or over:

1. At some time during my life I had an emotional problem
which caused me to seek help from a professional person,
such as a psychiatrist, doctor, clergyman, psychologist,
or social worker.

2. The color of the ball in the window is blue.

The emotional problem trial was different from the others in that it used

three colors of balls: red, white, and blue. After shaking the box in the

usual fashion and causing a ball to roll into the window, respondents with a

red ball in tho window answered the cmotional, problem statement. Those with

either a white or blue ball in the window answered the other statement.
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Estimates of the proportion of women with an emotional problem showed

that 22.8 per cent had experienced such a problem which required profesaional

attention. The estimates wers higher for nonwhites (30.6%) than for whites

S(19.9%, he with abortion and oral contraceptives, the emotional problem

eatimates were computed under the assumption that the value of the unrelated

question for the group was known In advance. This value for the emotional

problem aspect of the study was defined as the ratio of the number of women

drawing a blue ball to the number drawing a non-red ball. The exact value of

the numerator and denomimator were, of course, unknown. The expected value of j
this proportion is the ratio of blue balls to non-red balls in the randomizing

device, and this wap known. It was considered to be a reasonable estimate of

the proportion answering "Yes" to the statement, "The color of the ball in the

window is blue" and was used in calculations of emotional problem estimates.

The North Carolina Abortion Study also collected quantttativa data on

abortion and income'using the randcmized responde procedure. The statements

on abortion were as follows:

1. Now many abortions have you had during your lifetime?

2. If a woman has to work full-tima to make a living, how
many children do you think she should have?

T.e principal difference between this application of the technique and

the situations previously described is that the answer was expected to be a

small number rather than a "Yes" or "No" response. The estimation procedure

was entirely different, of course. The income statements were completely

analogous to those for number of abortion; in both application and analysis.

They wore:
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1. About how much money in dollars did the head of this
household earn last year?

2. About how much money in dollars do you think the veva~s
head of a household of your size earns in a year?

Estimates and variances of the mean number of abortions obtained over a

lifetime in ea urban population of women, and of mean income of heads of

households, were reported in [8). A more detailed treatment of data collected

"in the North Carolina Abortion Study and the analysis, both qualitative and

quantitative, may be found in [9,10].

Other applications. Proctor and Camble, Ltd., conducted a survey in

England in 1968 using the randomized response technique to gain informa-

tion on personal hygiene habits of housewives. Two sets of questions were

used with the plastic box technique previously described:

Box.l

1. Have you cleaned your teeth today?

2; Were you born in one of the following months:
January, February, March, April, May, June, or July?

Box 2

1. Have you had a bath in the last two days?

2. Were y u born on one of the following days of the month:
slt, 2nd, 3rd, 4th, 5th, 6th, 7th, 8th,9th, 10th, llth,

12th?

For purposes of cnmparison, each of the two "sensitive" questions above

was also asked through the direct question approach of an analogous group of

women. The two sets of escimates of the proportion of housewives cleaning

their teeth agreed within limits of sampling error. The same was true of the

estimates pertaining to having a bath in the past two days. The authors con-
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eluded that the housewives understood what was required of them in the randomized

respmsa application, but that neither "sensitive" question proved to be

embarrassing to the ho11sewives. Hence, they felt the randomized response

was unnecessary as long a* iroct questioning is not embarrassing to the

respondent.

Barksdale reported using the randomized response procedure among selected

students at the University .of North Carolina[ 7 ] to justify the feasibility of

some of the extensions to the method which he recoumended as a result of his

research. He was concerned with determining the proportion of students who

had smoked marijuana at some time in their lives, and the proportion who had

never cheated on an examination. This survey was beset with many unforeseen

problems leading the aut or to conclude that "due to the lack of an adequate

sample size and experimental procedure, little credibility can be associated

with the observations".

The Research Triangle Institute used the tochnique in 1970 in a drinking-

driving attitude survey in Mecklenburg County, North Carolina[12l. Comparisons

were made between randomized response and dtrect question responses.

LESSONS LEARNED PROM FILLO YXPERIENCES

The randomized response technique has now been widely tested in the field

and much has been learned as a result of these valuable experiences. Some of

the additional knowledge gleaned from these surveys is of a positive nature

which might be implemented immediately to improve estimates of the sensitive

characteristic. The field experiences also identified problems in the

procedure which are not readily amenable to solution, and which require further

research. Some of the more important lessons gained from field experiences are

enumerated below.
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1. The respondent must be convinced that the survey is for legitimate

research purposes, and that his anonymity to the sensitive question

cannot and will nmt be violated. The institution with which the j

interviewer identifies himself is of particular importance In that
LI

* 'the respondent must not get the impression that some agt.cy is prying

Into his parsonal life for some ulterior motive.. ,

2. Estimates of the parametor, 7rA, and its variance are extremely sensitive -

to tile P (und P ) values (probabilities of selection of the sensitive

question associated with the randomization device). It is, therefore,

imperative that the device in pr'aoti•e produce these values within reasonable

sampling error and untainted by non-sampling error and bias.

3. Further reseatch should be directed toward determining optimum P1

(and P2 ) values from the point of view of acceptability to the respondent.

4. ltimates of the parameter, ITA, and its variance are sensitive to the

choice of the alternate (or non-sensitive) question. The latter should

be chosen with known and relatively low prevalence in the population

being surveyed. It should not be foreign to the group, and must be culturally

acceptable. It is best to choose 7¥ in the anticipated region of 11A. If theseI]
conditions cannot be met, consideration should be given to formulating

the alternate question as a function of the randomization device (as

was done in the emotional problem trial).

5. The interviewer should thoroughly understand the technique and be able

clearly and lucidly to impart this knowledge to a respondent whose

education Is minimal. The interviewer must evoke a feeling such that

the respondent has confidence in her integrity and sincerity. Furthermore,

the interviever should have faith in the procedure and not be skeptical

lest this attitude be unconsciously transmitted to the respondent.

-14-
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1o The respondent must be convinced that the survey Is for legitimate

research purposes, and that hi. anonymity to the sensitive question

cannot and will not be violated. The Institution with which the

.Interviewer identifies himself is of particular importance in that

the res ent must ndt-get the impression that some agency is prying

into his personal life for some ulterior motive,.

2. Estimates-of the paraeetor, "A, and Its varilance are extremely sensitive

to the P1 (und P2 ) values (probabilities of selection of the sensitive

question associated with the randomization device). It is, therefore,

imperative that the device in praotilg produce these vas vithin reasonable

sampling error and untainted by non-sampling error and bias.
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choice of the alternate (or non-sensitive) question. The latter should

be chosen with known and relatively low prevalence in the population

being surveyed. It should not be foreign to the group, and must be culturally

acceptable. It is boot to choose iry in the anticipated region of IrA. If these

conditions cannot be met, consideration should be given to formulating

the alternate question as a function of the randomization device (as

was done in the emotional problem trial).

5. The interviewer should thoroughly understand the technique and be able

clearly and lucidly to impart this knovledge to a respondent whose

education Is minimal. The interviewer must evoke a feeling such that

the w•espondent has confidence in her integrity and sincerity. Furthermore,

the iltcrviower should have faith in the procedure end not be skeptical

lest this attitude be unconsciously transmitted to the respondent.
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6. The problem of adnistering the technique to illiterates must be

resolved.

7. The technique should not be used in situations where the direct question

can be used.

8. Research toward a more efficient randomization device should continue.

Making P equivalent to I has intuitive appeal and would tend to lessen

suspicion on the part of respondents that the procedure was rigged In

some way. This value cannot be used in the original, Warner model as

indicated in Equation (1); it can 'be used in the unrelated question

model (Equation 2) but with a loss in efficiency when compared with

higher values of P. This lose might possibly be overcome by :Increased

cooperation on the part of respondents when, for example, a simple toss

of a coin is used In. lieu of the box-and-balls device currently used.

POSSIBLE APPLICATIONS IN MILITARY RESEARCH

There are several sensitive areas involving the military in which inform&-

tion may b6 vital but unavailable because, for obvious reasons, the direct

question approach would not yield truthful responses.

One such matter involves the use of drugs by members of the armed forces.

The randomized response method could be utilized to determine the proportion of

returning personnel or veterans, for example, who experimented with heroin,

or any of the other drugs available during their service abroad. Such a

study would permit estimates of drug use by members of the military classified

by rank, branch of service, location of station, age, length of service, race,

and a multitude of other characteristics.

Homosexual practices among the military is another field in which reliable

information may be practically non-existent. It is generally conceded that
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knowledge of the extent of a problem is a prerequisite to launchin. a program

to prevent or reduce the problem. This would be particularly true for homosexul

or other deviant sexual practices that may exist in the armed forces. Detailed

classification by branch, rank, and other strata would also be avuilable.

A sttudy of attitudes and opinions of members of the armed foree! toward

officers, ýilltary service In general, discipline, and related matters is

another fertile field for exploration with the randomized response technique.

- Alcoholism among the military Is yet another .field in-'which the lack-of .

valid data on prevalence could be rectified through the use of randomized

response. Obviously, there are many other areas of potential use in 'the

military which could be enumerated but those mentioned suffice to indicate

the potential of the method.

SUMMARY4

A method of reducing or eliminating bias introduced when respondents in

surveys deliberately give false information, or-refuse to answer questions

of a sensitive nature, is described. The method is known as randomized

responses

The growth and development of the method since its origin in 1965 to

the present time is documented. Special emphasii is placed on lessons that

have been learned through several field experiences involving application of

the technique. Some further research on the methodology is indicated.

Several potenti.l applications of randomized tespoose among the armed

forces are discussed. These include the use of dr6gs, homosexual practices,

attitudes or opinions toward military matters, and altoholism.
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t THE CHARACTERIZATION AND ANALYSIS OF
COMPLEX BIOLOGICAL RESPONSES
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Washingt~on, D. C. j
ABSTRACT. Complex3 tiLme-va lying biological responses~. t,' iscrete pb6,chologica .1

eventa pose problem# of numerical characterisation and statistical analysis. .

Biological responses, such as brief heart rate changes and cortical evoke'd
potentials, are multiphasic response-with inherent dependency'vithin the
response. Th dependency should be identified in order to separate
event. A pototype exporiment is developed based on actual data illustrating.

these problems. Alternate analyses are suggested and advice concerning the
application of multivariate techniques in sought.'

INTRODUCTION. The acfurate and complete numerical characterisation of
a biological system's response to stimulation is a vexing problem-for many . 'r j
investigators, This is particularly true of the investigator seeklng relattons
between psychological and physiological functioning within a normal human
being. In such investigations a clearly spedified psychulogical event in
presented and the physioiogical reaction is observed. The physiological
reaction is not simple, however. Reactions are generally extended in time and .
vary during this time. In addition, such pbysiological reactions are multi-
determined -- biological controls on the response necessarily Interact with
the reaction to the psychological event, Current knowledge of these response
determining events and their interactions doesn't seem to allow any straight-
forward deterministic modeling of the biological response process. The .
first apptoximation to understanding ;these response processes must be' it
seems, through an empirical and statistical approach.

The biological responses of particular interest are those which occur as
time-varying responses to relatively specific stimulation. An exampln of
such a respoase would be a second to second change in heart rate induced
by a burst of white noise or an electrical potenti.al change in brain waves
elicited by a flash of coloved light. To elaborate the heart rate example,
at the onset of a burst of white noise, a person's heart rate, which
even without stimulation show•s momentary variations in rate, may momentari•y
slow down and then speed up prior to returning to a pre-stimulation rate.
Aith this type of response in mind, the basic questions of this paper can

Preceding page blank 19
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be powed: "How can this biological rqoAonse be characterized in a simple
yet complete manner? How can the characterized response be compared to
both. pre-etimulus variability and responses to other psychological atimuli?"'

dA Pýene EXPERIMENT. A somewhat simplified prototype operiment hoe been.
de.igned. that ii gts a general approach to expe.rimentation.with .
paychophysiology. AIter theodescription of this prototype experiment, the

Sproblemwill be reduced to the .nompirison of two heart..rate respOnasc curvus
based on real-data collpctad under circumstanceseanalogous to thome of the

.. • ,•-~~~~proto~type .experiment.,. . ... , .' .. . ...

The prototype study conceraw the information processing bf numbers
"within a map reading Oroblem. Subjects 1hihly familiar "ith a certain map ]
were given two taska. For both tasks a Wet of eight numbers representing
map grid coordinates was presented visually for five seconds using.a slide I
projector. In one task the subject was required to remember the exact

..Coordinates. In the other task the subject via asked only to decide which
quadrant of the map contained the coordinates displayed. The physiological
concomitants of performance in these two tasks were of primary intereat.
More specifically, a pronounced physiological reaction was expected to
accompany the task demand for exact grid specification, but not to
accompany the les demanding quadrant placement task. *

The experimental design specified the use of ton subjects. In order to

use each subject as his own control, each subject performed In both tasks.
Five subjects Vern randomly grouped to. receive the coordinate memory task
first and the remaining five receivfd the quadrant placemaent task first. I
Three response measures were collecteds hoart'rate, skip conductance (GSR's),
and accuracy of performance on the information processing tasks, Each
task was composed of ten trials using different map coordinates. For each
task the response measures were averaged over the ten trials. The design can
be diagramed as follows:

-20-
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Assuming for a moment that the three response measures were simply single
Snumbers reflecting the heart rate, skin conductance, and performance responses,

a rather straight-forward analysis of the results might be possible. A tech-
nique comparable to the profile multivariate analysis of vartauavA suggested
by Morrison (1967) might provide an overall estimate of the presence of any

L significant effect due to task and order treatments within the three response
measures, lubsequent comparisons following a multivariate analy1ý,p8!-..
determine the locus of any significant effects. The -appllca:WtiY-ff
technique,to the current data is not straight-forward. However, oapers such
as Potthotf & Roy (1964) suggest that generalisation to cases such as the

S * current one are possible. In short, if the data copld truly be fit into the
layout of Table 1, a comprehensive statistical analysis would seem possible.

The problem arises that, in fact, at least two of the response measures
(heart rate and GSR) are not single numbers but a vector of dependent values

. reflecting both pre- and post-stimulus physiological activity. The decision
L of how to analyse this vector of values must be based on some knowledge of

the nature of the physiological response and also upon the validity and
availability of statistical methods of representing this data. A detailed
knowledge of the heart rate response measure may aid it• %4.% d4eision.

THE HEART RATE RESPONSE. Psychophysiologists find it meaningful to measure
heart rate during psychological performance because of a belief that the
autonomic nervous system is continuously adjusting the internalm leau of
the organism on the basis of events in the external environment. These
adjustments are generally not massive enough to ,enter our awareness, although
in states such as rage we are aware of physiological changes. Minor
adjustments occur, however, and can consistently be related to psychological
events. These adjustments appear as momentary changes that are not
observed if pulse rate is measured over a minute or so. In order to
observe such changes, the time between individual beats of the heart must be
measured. This time can be converted to the familiar beats per minute (bpm).

Heart Rate (bpm) - 60 seconds
Inter-beat i%%toval (seconds)

For example any interbeat interval of one second yields a heart rate of 60
beats per minute. In such a manner instantaneous heart rates can be expressed
for individual beats before and after stimulation. In Figure 1 the rate of
the heart is plotted for six beats prior to and six beats following stimulus
presentation. Focusing on the curve with the solid line, the first three
beats plotted show a stable heart rate of 82 beats per minute. This is
followed by an increase to 83 bpm for the next three beats and then the
reaction to the stimulus followvu a decrease in rate followed by a substan-
tial increase. These are the sorts of brief changes in heart rate under
study. Note that Figure 1 represents a total time of about ten seconds.

Returning to the prototype experiment, Figure 1 represents the cardiac
cesponses to the two experimetal tasks. rhe heart beat response curves are
compared for the coordinate memory task and the quadrant placement task (the
order of task presentation is ignored for sake of simplicity). The data

-22-



C 0

W. in. et R 0 0 P a .
Ia. r- @cm e- P. - 0

~~P ý 0 ' U
at r. eC 0 @ r % t*

CL

u N 10" IF!

CL "C T P0 M ) o aoI

4Ji

&A

CD

w - Vc o c i C
Ii- P, I CO a r o c

4--
tu w. W u

4.)~V fý fa. ~ N~ ~
:2 L . In 0r 0 0,lr.w m

10 * "1

n. -, t . Ia M 0 l

-23-



0A
r0

LIi
W op

'.4

o E4

0w

3inf) -4 d I3

I-24



R

'4•

for the individual subjects are shomi in Table 2. Figure 1 indicates that
during the coordinate memory task a relatively slow heart rate prior to
stimulation was followed by a brief slowingsand then a substantial speeding
after stimulation. For the quadrant placement task a relativejy fast heart
Srate was replaced by a progressively slowing heart rate after stimulation.

posThe basic questions of response characterization and analysis can be

posed based upon the response curves shown in Figure 1s

1. Does the post stimulus reaction in either task constitute a real
response to stimulation as opposed to a chance occurrence?

2. Given a true change in heart rate, do the complex, time varying
responses in Figure 1 represent a unitary reaction of the cardiac control
system? Alternately, can this reaction be meaningfully separated into a
number of independent or semi-dependent components representing, perhaps,
the influence of different cardiac control nechanisms?

3. Given a set of meaningful components, can a comparison across tasks
be made of these components?

None of these questions are novel. Various approaches to their solution
have been offered, but none have been generally accepted. Furthermore
current interest in multivariate techniques leads toý, reopening ofsuch
questions in the light of the availability of these *thods. The eventual
goal being a simultaneous analysis of a whole set of biological and psycho-
logical dependent variables.

SOME APPROACHES TO SOLUTIONS. Question 1: Does the post stimulus reaction in
either task constitute a real response to st!mulation as opposed to a chance
occurrenne?

A relatively straightforward solution to this problem may exist. The
problem is essentially to decide whether two vectors both of size n (the
baseline beats and the response beats) are significantly different. Given
adequate experiwental planning, an equal number of heart beats should be
available before and after stimulation. The pre-stimulation values should
be collected during a time period adjacent to the response when no psycho-
logical events are influencing the heart rate consistently. This is achieved
by initinting stimulus events, e.g. map coordinates, at quasi-random times
after the response to the previous event. Thus the stimulus induced pertur-
bation in cardiac rate may be compared to a sample of normally varying
cardiac rate.

Two requirements must.be placed on the analysis. First, it must take
into account the marked dependency between beats and between the two periods.
In addition the integrity of Lhe beats must be maintained -- averaging across
beats would eliminate the transient response that is under study.
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Two statistical approaches have been used both of,which weem Inelegant
,.if not unsatisfactory. One approach (e.so. Coquery •a cey, 1966) has been
to do a series .of univariate comparisons (e.g. Wilcoxon paired comparison or
t-test for dependent ;'s) between analogous beats (pre-stimulu' beat l1against
post-stimulus beat 1. atc.). This approach yields a set of points in the
response period that are supposedly significantly different from analogous
points in the pre-period. This approach would seem to capitalise on the
beat-to-beat'dependency within the data as well as on random variations in
the numerous errors terms used in the t-tests.

A second approach (e.g. Wilson, 1967 as derived from Greenhouse &
Geisser, 1959) uses an analysis of variance design which treats beats as a
.. ±assification factor. In the case of the current date, a two-way analysis of J
variance, might be set up with pre- vs. post-stimulation as a factor (two .-'
levels) and beats as factor (6 levels). A significant main effect of beats
is interpreted as showing that consistent differences between beats occur.
Central interest is, however, in the beats by pro- vs. post-interaction.
This interaction is intarpreted ,as showing that the beat-by.-beat response
curves are different between the pro- and post-stimulation period. Deopite
adjustments in degrees of freedom to "account for" dependency, thia sort
of analysis seems questionable if only because of the peculiar use of beats
as a classification factor. Another problem with this analysis may be the
varying degrees of dependency often found in physiological data.

The direction of solution for this problem seems at present to be a
multivariate analysis comparing the two vectors simultaneously. The
problem of comparing dependent vectors within the sam sampling unit remains
somewhat confusing, however. The intuitive appeal of the multivariate
approach is the consideration of heart beats as a multiple response rather
than a classificatiou factor. The question remains whether the underlying
model truly represents the data or questions better than the univariate
approach. As noted previously, papers such as that by Potthoff and Roy
(1964) suggest some optimism on this account.

Question 2: Given a true change in heart rate, do the complex, time
varying responses in Figure 1 represent a unitary reaction of the cardiac
control system? Alternatelyt can this reaction be meaningfully separated
into a number of independent or semi-dependent components representing, perhaps,
the influence of different cardiac control mechanisms?

If the cardiac response is indeed different from baseline activity, the
* nature of this response becomes the next question. Has the coordinate memory

task produced a truly independent acceleratory change in heart rate or is the
speeding seen in the latter part of the response period due to biological
regulatory adjustment from the irmmdiately prior slowing -- or even due to
the relatively low pre-stimulation heart rate? In short what is the depen-
dency structure within the total HR eample including baseline and response.
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I An example of the type of biological control system may behelpful in

_k. explaining the need to Jmw•ary of changes in response that are physiologi-
cally Induced rather Cfan caused by stimulation. This. exaple will also

* demonstrate the need to look within the HR response for dependency. A basic
and well known control mechanism present in biology is the homeostatic loop*
In such cases differences•,from a preset Internal state of the system are :

P corrected by a negatlve feedback loop based on the output of the system. In
the cardiac system, for example, baroreceptors in major arteries sense pressure
rand rate changes. Sigrdficant changes in rate or pressure cause. the baro-S r ~~receptor to send via the nervous syntstem nhibItory signals which result in ... ....

.. corrective return of rate and pressure to normal levels. Thus, an efficient
control loop prevents any major changes in cardiac parameters.

Within suuh a system, any change in heart rate would be. expected to be
followed by a feedback-induced change in the opposite direction. To the•: • ~psychologist this feedback Induced changes in of little interest, butrather ..

m• •nay'ak to some degree fther cardiac change Induced by the experimental task.
SThus a brief slowitn o:*rart rate (as in the coordinate memory response

1:' • curve) may elicit a homeostatic acceleration. This acceleration may eitherWi• • mask further deceleration of heart rate or combine with a psychologically-

X• induced acceleration thereby confounding this reaction. Thus, if one Aishes,
to demonstrate an accelatory reaction to a task, the independence of the4 acceleratory reaction vis-a-vis prior changes must be demonstrated. Prior

* changes must include both pro-stimulation oscillation as well as preceding
changes within the cardiac response.

Psychologists have been concerned about biological cont;rol influences or
reactions for at least 20 years. Early rapers in the field formulated con-
tepte such as the "Law of Initial Values' stating that the preresponse level
of the variable influenced the response level. In general theonotion was that
the lower the initial level the greater the probability of a large response.,
In practice, most have followed the general outline of the ougestion of
"Lacey (1956) and empiric"Ay found the correlation between pre- and
post-stimulation levels 'nd covaried out this influence upon the response,
Let us look at the application of such notions to our HR case.

The problem of the nature of the beat-by-beat data rises at once. The
data is collected in order to look at momentary reactions not at changes
from a base level to a response level. Through averaging across beats the
HR data may be forced into this nodel, but there is no rationale for doing
this. The underlying rationale for correcting kor dependency is to subtract
out or at least be aware of biological control influences upon the response
unrelated to the experimental manipulations under study. The response
assumedly due to the experimental manipulation is a momentiry flunctuation
and thus measures of this fluctuation not averages should be corrected. In
like manner it seems more reasonable to covary with the pre-stimulus degree
of fluctuation than to covary with the pre-stimulus average.

The influence upon one another of fluctuations within the response itself
also shohld be investigated. Each task is expected, however, to produce a
distinctive response curve. For example, the response to the coordinate
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memory task includssen early deceleration while quadrant placement task
does not ahoy deceleration until late In the .response period. The mnxibum
heart rate in the.-coordi"te memory task response should be corrected for
the influence of prior deceleration. It..I.not.appropriate,. however, to
perform the Sam correction on the quadrant placement data or ibdoed on the
combined quadrant placement and coordivAte memory, data. In contrast the
c.::orrection for pre-stimllation variabi'ity should be applied across all tasks*
Pre-stimulus variability is assumed r .rse inherent variability and every
pro-stimulus period should be a sample of this variability. Thus in order
to correct for the influence of the inherent variability, the best estimate
would be the mean of all the pre-stimulus periods.

-fe upshot of such thoughts seems to be an extensive correlational
analysis of the complete.HR (baseline andrespons) curve. Two analyses are

• " suggestedi 1) determine the correlation between pro- and pest-stimulus
fluctuation and then to temove the influence of the pre-stimulus fluctuation;
2) determine the scre!*,e of the posc-stimulation response separately for
each experimental treaftent. The first analyoss would involve correlations ,

across subjects and across all experimental treatments while the second could
be done within and/or across subjects within tn ezperimental trea1ment group.

Buth of the suggested analyses zequire that a score or set of scores
representing HR change be derived from the data. These scores might be

data points themselves or a derived statistic. Initially one might take
points of intuitive interest such an maxima and minima and treat these as ,
scores representing change. Two advantages of such scores can be cited.
First, they estimate the fluctuation in the data without losing .the identity
of the mauimum and minimum as would be done with a variance estimate.
Second, they express the variability Independently of the time dimension.
This second advantage is important within the pro-period because this period
is usually initiated randomly with respect to time, Thus the pro-period will
show random sezgents of any regular periodicity, With respect to the
post-stimulation response, the temporal information becomes important in
defining the response, and thus simple maxima and minima are not as advanta-
geous. In camse where the post-stimulation response is not precisely
time-locked, however, the use of saxima and minima may be preferable to the
method to be developed below.

The correlation of maximum and minimum scores from thei pro and response
periods could serve to estimate the degree to which the maxima and minima of
the response reflect baseline fluctuations. This assessment may be made
separately for the basal maxima and the basal minima's effect on response
maxima and minima. Regression equations based on one or more of the four
correlations computed could be used to "correct" the response scores by the
baseline scores. This procedure appears to be a workable solution to the
"initial value" problem albeit a cumbersome solution. Objections to this
solution are the intuitive approach of looking at peaks and valleys and the
probable unreliability of single points plucked from either the basal or
response curves,
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An alternative to the intuitive points of interest would be an attempt
to incorporate all the heart beats Into the anahlysAs Vie would in general
mean doing snalyses which preserve the time dimension, A simple correlation
betweeik analogous points in pro- and post-stimulation response might be
considered. "-Thp. andom timing nature .of the pro-sclaulatfon i.pntod discuseed"
S" above argues a�ainst this approach for the ,pre- vswe posresponSe comparison.
Some form of time independent data.representation,jsUchlas developed above,
would seem to be the'preferred approach to :he pre-poe•t.comparson. An
alternative might be to eliminate hte specific pro-period 1ý favor of a
suitant4il baseline period of ten minutes" o so. Uto-corrcioinal 'or
time series techniques coluld be applied to the baseline data to derive the
components of the resting variability. The response curvee,'could then be
compared to the baseline spectra. This comparison would probably not be
statistical, however.

The dependency structure withiA thecardiac response to a specific task
(the second analysis) may be untangled vith a time-based correlational analysis.
The fruitful applicatibn of this anal'"sis requires that' the cardiac response
to the task be timeslocked in a similar manner across all subjects. If this
is the case, a simple correlation matrix consisi~ng of each heart beat's
correlation with the romaining beat# should be revealing, Bats, other than
immediately adjacent beats, that are significantly correlated would indicate
dependency within the response. Such dependency would be preliminary evidence
for either the operation of a biological control mechanism or the presence
of a unitary but multiphasic response. With such Interpretations in mind,
it would be of interest to further explore the dependency structure, Factor
ana).ysis might provide a statistical tool for this purpose. The ability to
isolate independent factors within the response is appealing conceptually
although practical problems of the interpretation of factors might emerge.

Other practical considerations are whether or not to rotate the factor
matrix, which rotation to use, and whether the factors should be derived from
the. covariance matrix or the correlation matrix. (The covariance matrix is a
possibility because all of the scores have the same bpm mctric). Even the
basic correlation matrix should answer, however, the question of whether
dependency exists with the cardiac response to a task.

In summary, an exploration of the question of the nature of the response
- has suggested that this problem be split into two sections. 1) Can the

post-stimulation response be predicted from the pro-stimulation variability?
This question may be answerable by intercorrelating intuitive points of I

. interest, such as maxima and minima, across the two segment of the HR response
* curve. 2) What are the dependency characteristics of the post-stimulation

response? The direction suggested to answer this question was an extensive
correlational analysis.

question 31 Given a set of meaningful components, can a comparison
across tasks be mad* of these components?
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adThe meaningful comparison of the cardiac response to quadrant placing
and oorinae mWryis he ssetia tak rmaiing Tw ofthepreviously

suggested analysis techniques can be used to show some problems Involved in r
such a co. par ison.

In discussing thio questioný the realistic auwumption will be made that
amoderate degree of dependency: t.xists within the response to the task and
between the pro-period and response period, If $n fact little dependency

"eists-, then relatively ttraight forward statistical comparisons are
possible.

One approach to comparing cardiac responses would be to use the results
of the factor analysis suggested earlier. Hopefully, this analysis produced
two or three independent factors that were Interpretable in terms of different
influences on cardiac function. If one of thas* factors vas ituerpre ýable-jtp

i ~the influence of the psychological *vent., t~hen ptimary interest would be in'
identifying this factor in the response to both tasks and then comparing the
factor loadings. -It is likely, however, that less clear factors would euergo~
and that more then one factor would seam implicated in the response to the
psychological event. In either case, the factor structure of one task must.ý
be interpreted and then the factors within the response to the other task
muot be rotated to the criterion cf matching the structure of the first
task response. Once this is achieved, a statistical comparison of the load-'$
ing on each factor would be desirable.* It It very unclear whothier some
type of analysis of variance on factor loadings would be desirable and
Justified, (e.g'., Factors X Tark X Order X Replications). Indeed the whole
procedure just outlined seems suspect and suggests that other forms of

t multivariate analysis might be preferable.

The use of Intuitive peaks and valleys i,s another way of comparing task
responses. These scores must be adjusted in some way by prior vauI'es, how-

ever. This necessity acorns in general to lead to a proliferation of scores
with dubious validities.

For example, a response maximum score may be corrected by covarying
the pro-response maximum and minimum and, perhaps, even by covarying an
Immediately preceding response minimum. Seveni different scores can be
generated using different combinations of these covariates. Those @even
scores plus those for the response minima could be analyzed one-by-one
using a univariate or multlvariate analysis of variance. The high degree
of intra response score dependency, however, poses interpretive problems,
Similar argument can be made for and against a beat-for-beat comparison
of two response curvas.

37D. R1obert Chapman -also -of the Department of Experinental Paychophysiology,
WRAIR, has developed ideas along these lines in attempting to deal with the
comparison of cortical evoked potentials. His ideas suggested this applica-
tion to heart rate.
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in conclusIOn, the problem of, how to statistica¢ y analyze and.S.... ,characterize a~complex, dspsndent..time-vatryi-;8 .iesponss has b~eeP,.pseod, .

The question was posed in term of a prototyeexperiment and then a a. . 1..
'specific comparison of the reeponst sraaiflad' t• e 'question in more detail.',
Tenative approaches.to some apect' ; •he'.roblem were offered but no
truly coherent maesi of charadter -44, .naysing, the data oould be......
offered. What would you do?
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COMBAT MVDELS AS APPLIED TO RADIOTHERAPY;(I!
'tarry W. Brown James R. Thompson
K. D. Anderson Hospital and Tumor Institute Rice University and .A

R. M. Thrall and Associates

-- o ,m'l ABSTRACT

'The equations of chemical kinetics have been applied to combat models for

over half a century. Because of wide variability in military performance due

.. o personal toirietive, terrain, weather, etc., .iuch applications have sometimes

had their difficulties. However, kinetic equations are vrcry useful in describing

the tlvatment of malignant tumors by chemotherapy and radiotherapy. A £airly

general model for radiotherapy is proposed. The combat analogy is that of an

invulnierable blue side engaged in the destruction of a red iorce inextricabLj

ititarmeshed with a defeseleos pro-blue side, e.g., ar in the use of air power I
to ntiupreos a guerilla insurrertion. It As demonstratem how the mo6e, nscr.

i som. of the conjectures of experimental rediology. Moreover, the model shows

how actite dose external oeam treatment may be used to simulate continuous low

dosp' ':ierapy. This should enable (generally preferred where feasible) "radium"

treatments to be employed in miny more cases than at present.

4

,*This rosetarch was supported in pert by U.S.Armv Contract: DAAB09-71-R-0063
and by The National Institutes of Hlealth ;rant CA11430.
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Slntciuction. Thu credit for introducing differential equation models into the

theory of combat is generally given to Lanchester [10]. tis early two force

models are of the general, form

dx

dt -blx -bgy -b 3xy

Thoe-may easily be extended to a variety of heterogeneous force models.

Below we exhibit a combat model useful in formulating wtrategies in

* radiotherapy. In the context of warfare, it is a description of the use of

airpowor In a friendly area occupied by an enemy force. Lot there be 84ven an

enemy with strength w and three friendly forces with strengths x, y, and z.

Over a particular interval of time, let the equations of attrition be given by

dt =cwz + q~w

d3s -cxz + q~x
dt

--c~yz + q~ydt

dt

where the x•placement parameters satisfy q% > q, > q, -• 0

Such a situation might arise where airpower, z, is to be used in destruc-

tion of an enemy with strength w . Because the enemy is mixed with the friendly

inhabitants of the area, it is impossible to avoid a certain amount of non-enemy

injury and loss of life. Some of this attrition will occur in segments of the
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population -e.g., village eders, civil rosistance.,orcGos, ate. : ::ch can be

satisfactorily replaced very slowly. These are the forces with strength x.

Other non-enemy loss of life will include persons not in positions essential to
'r the resistance effort, However ghastly their deaths are - rom a humanitarian

standpoint,"their niches in the society'are filled relatively swiftly. These are

the forces with st.rength y.. The enimy force's are toons derd Co be replacenble.. b

rather slowly - e.g., by indoctrination of friendly forces. It is assumed that

a fairly constant airpower committmetit is made by the friendly side with losses

replaced immediately. The above model might be a useful description of a'number

of real world uses of airpower. - e.g., some of the bombing campaigns, in Indo-

China. The problem is to minimize w subject to constraints on, x and y

It happens that the model described above is also useful in thn.consider-

ation of the problem of obtain-ing optimal strategies in radiotherapy. Thc

effect of a treatment on three separate cell groupings :u|st be considered.

First, there is the malignant tissue which we seek to destroy. Next, there are

connective, vascular and nerve tissues which are replaced so slowly thee they'

can be considered virtually irreparable. Finally, there are the functionol

tissues, skin, muscle, gut, etc. Under moderate radiotherapy, these tissues

are replaced very swiftly and practically need not be considered as a constraint

in the treatment. The problem, then, can be treated as one of constrained

miniimization. We wish to dectroy as much neoplastic tissue as possi.ble without

causing so much destruction of connective, vascular and norve tissues that a

necrosis will result.

It is a generally accepted view that low rate continuous radiation by

radium implants is preferred to high rate fractionated external beata therapy

* (4, 7, 12, 13]. Unfortunately, only a small percentage of maliguant tumors con

be treated by implantation.
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A.1.4
The purpose of this paper is to use a Lanchester typo model to give an

interrelation between continuous an6 fralctionated radlatiozi therapiej. Havilng
achieved this objective, we shall demonstrate a scheme by which the effact
of continuona. therapy suay be closely approximated by a fractionated resime.j

Discussion. Al2,our modelling has'been cerried .out .under the-. ausuujociono of : .
multi-target. thieory- (for. an.. excellent introduction to the subject-see Birendsen

1).Basically, it is assumed that eachi cell has n , targets'. When all n

rtargets have been damaged., the cell is destroye d.' A convenient meaaure o:0 d0se
is the number of Do 'a divgd, wihere f or a given tý'pe 'of cel~l a dos. of one
Do will result in as many. hits as.,targets.. All targets 'are'repaired coil-

* currently [5, 6, 20] and at a reae which is a paramecter of. the model. The

* equati~on for the surviving fraction of cells at th.9 and of a high rate treat-
ment of doves b (in Do 's) is' given by

The chailge of sensitivity during the cycle L2, 8, 11, 15, 16, 17, 18) is
accounted for by a variation iti the target. number [15)j. This vnriation* is approx-

imated by breaking the cycle into two phases,. one a rusistant phase 1±r, which

c~ells have a high terget numiber, the Other A sensitive phase in which a single

hit ki~lit the cell..

In 'Nigure 1 we show our basic modal. In a short J.nte~rvsl of time, dt, a
proportion k, Ot .of the cells is leav6 resistant phase.. During the some
time interval, a prop-)rtion ke dt leave thle sensitive. phade. During mitosi~s
each cell is replaced by an average of q daughter cello' which immediatel~y
enter the sensitive phase. Whon no cells die, q is 2.0 . For nonprolifer-

ating tise q is 1.0. Genierally, we have assumod a q value of 1.1 for
tieophistic tissue.
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A.1. 5

It iR assumed that durinar continuou3 radiotherapy, in addition to single

target killing, there is an appreciable amount.of single hit killing [1, 3, 9,

14, 19). This damage may reqult from high LET• traversal (3, 14, 19], the"

accumulation of a few relatively high-energy traversals, or some target which

cannot be repaired but which has a:b1igher DO than. the reparable ones. In

system with1 an appreciable ýiUmber 'of targets, aln.uit' 411 kil I f rcm "low rate

radiation appears to' be due t .Irrepar ble damage. .

In continuous radiotherapy, 'Killing is achieved at'iats k3  and kc4

from the sens.itive and resistant phases re'pectively. Hence,, k3  i'" simply

the dosea rate (in unit. of Dc). As'sumlnjA that fixed fracoibn o d'f the

:do~e delivured does irruparable damage, , is .u times th. dose ra ti.. ',:

"to he more specific, let

X'(t) tho number of cells in the resistant phase, at t ime t ,:

y*(t) =" thE: number of cells in the sensitive phase at time t

If we normalize these quantities (in order to talk about curviv'ing proportions),

we have'

x(t) - x*(t)/(x*(O) + y*(O))

y(t) - y*Ct)/(x*(O) + y*(O))

Then the kinetic equations for continuous radiation are given by

dx
dt - -(k, + k,)x + k2 qy

dty k,x -(k 2 + ka)ydr

The solutIon is triven by
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)X(t) - a% exp((-c, + cU)t] + AV exp[-(cl + c.)tj ,

y(t) -b, cp[U(-c + c2 )t] + bq .xpf-(C€ + c,).tj ,

+ c
•h . .,.

-. ,* ,a . -CrC

k + .k 4  e g) c (4qkg c k k

aT k1T

T cell cycla timeI: 1 _

b, k b,.

2T
k, +. k.+k, k

cl .,.2

co . -k kk k5 k r'(l-q) - k4 (ke + k+ ý

At the end of the treatment (t - t,), the fraction of surviving cells is

given by ':A

f K(t') + y()'-

To obtain an algorithm for fractLonated radiation, we use the above

formulae during the time between treatments with k k4 - 0. The surviving

proportion at the end of a fraction is given by

X(t + o) -x(t)[e'C-L .( I '1"))

y(t + 0) y(D,
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Below, we alter the parameters in 'the model one at a time holding the

other parameters at their "standard conditions" values (see Fig. 1). As previously.

.. .. noted, in a course~of fractionated treatment the target number in the resistant

.phase is quite important. - This fact can be seen froM Figure 2.'.' The iurviving

fraction increases dramatically as 'the number of targets increases from one to

- six. It t en increases at *a more leisurely rate, to an asymptotic value where:

the only killing is of the singletarget variety in both the sensitive ahd

resistanr phases.

In Figures 3 and 4 we show the effect of the percent of the cell cy€.i1e

spent in the sensitive phase an cell su'rvival for both m9dag of radiation

exposure. In both cases, the surviving'fraction derreases with increasing time:

in the sensitive phase - more dramatically at low dose rates. In the 'frictionoted

course, higher dosp rates always give lower surviving fractions. This is not so

for continucus treatment. At some point, the.effect reverses and low rntea give

a lower rur:i.val fracrion than the high rates. The greater the proportiorn of

the tinte in the sensitive phase the greater this effect, so that with' forty

percent in the sensitive phase the dose given at 5 Do's per cycle produces

surviving fraction one-hundred ti•ns lower than when given at 25 Do's per cycle.

This mighL seem Lo Lbe an ar'gument in favor of dose rates lowir than the 20 - 25

Do's per cycle given in intracaviary therapy. It is doubtful, however, that the

proportion of time in the sensitive phase approaches forty percent for any

neoplastic tissues. Moreover: the points of crossover of the lines move to the

right with increasing q . A gross lessening of dose rate could reduce the

treatment effectiveness due to an increase in q during the period of treatment.

Nevertheless, moderately lower doAe rates than currently applied in radium

therapy might very well be desirable in some cases.

The possibility of the production of lower survival fractions by low dos v

rates is, of course, due to rediszribution. In the fractionated course, the
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V...
interval betwoe, treatments is half of a 'cycle, end redistribution of surviving

colls into a mixture of sensitiveand resistant phases is largely completed.during

this time. In a course of continuous radiation there is a different effect as

showne in Figure 5. The fraction of cells in the sensitive phase falls rapidly

early in .treatment but quickly.aymptotes. The value of the asymptote depends

to ar-large extent on the rate at which cells in-the compartment are.killdd.

Hence, there is a greater fraction of cells in the sersitiva phase at low dose

rates. Consequently, leas of the dose is wasted on cells in the resistant phase.

In Figures 6 and 7 we exhibit the effect of the proliferation rate, q,

for continuous and fraztionatod strategies. 'A very important point which is

observed is the fact that the efficacy of continr•ijs treatment is little Lhanged

by even a drastic change in q . We conjeuture that thia may be an important

iactor in the generally preferred results obtained by radium therapy. In the

fractionated course the surviving fraction changes by CL least a factor of 100

as q goes from one to two.

In Figures 8 and 9 we examine the effect of the proportion of single hit

events in the resistant phase. In the case of continuous radiation there is a

great change in surviving fractions with w . In the fractionated case, the

change is much less.

In Figure 10 we see the effect of the number of high dose rate treatments

per cell cycle on the surviving fraction of cells. The change in surviving

fraction is large as we go from one to three treat.ments per cycle. However,

for the dose rotes considered there is essentinlly no change in surviving

fraction with change in the number of courses per cycle if this number is at

least seven, Beyond this number, only single target killing takes place.

Figures 11 and 12 give the surviving fraction as a function of the total

dose delivered. There is little doso rate effect in the continuous case,
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although the surviving fraction changes a bit more rapidly with total dose at

low dose rates. However, in the fractionated case, the dose rate effoct is

significant, since multitarget killing increases with the dose rate.

In Figure 13 we note the lowoaing in the killing ability of fractionated

radiation if the target numb.r in the resistant phase is increaded to 10.

Let us now consider a practical example to interrelate conteinuodas and ,

fractionted treatments. It sheall be assumed that Do for koth norwal cydc

neoplastic tissues is 150 with a cell. cycle time of 48 hours. ,. It is further

assumed that w- .3, q - 1.1, the proportion oi'time in the sensitive phase is

.2, and the target nuabor In the resistant phase is 6. The total dose of

iradiation is limited by the allowable amoutit of killing of slowly cycling

tissues. A typical continuous treatment consists of r total dose of 7000 rads

over a period of 7 days by radium implants. This corresponds to 13.3 1).'a per

cycleand a total dose of 46.7 Dr's . The surviving fraction of the slowly

cycling connective, vascular and nerve tissues is given by

f uxp[-IDt.3. 1 ] -e-4  10- .

The correponding surviving fraction of neoplastic tissue is obtained from

Figure 11 as slightly less than I0-(.44 x lO').

Vow let us consider a fractionated treatment of the same tumor with a

regime using an acute dose of 300 rads (4 Do's) per call cycle. We wish to

determine the total dose which would result in the same degree of destruction of

slowly cycling tissue as the radium stategy given above. This is easily obtained

by solving

)[- (1 - C )-('7)2)G - e- 1 4

We obtain a solution of 17.4 creatmeutts, or 34.8 D;,'s (5200 rads). Using
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. .Figure 12, we find a surviving fraction of malignant tissue slightly in excess

of 10-" (1.09 X

In this example the model gives neoplAstttc survival fractions for contin-

uous and acute fractionated dose therapies which differ sommwhstilens then,,a fiaeor

of 3 in favor .of the continuous strategies, It should, be remembered that a

constant -value of q - 1,..1has been assumed throughout-. Should q increaseI beyond this value during the course of treatment, then as Figures 3 and 4

demonstrate, the relative effectiveness of the continuous strategy will increase.

- . In Seneral, the relative constancy of the killing abilit ..of.

continuous radiotherapy with changes in the cell kinetics of the neoplastic

4 .tissue is a decided advantage over the usual fractionated strategies.

Inasmuch as radium implants can be employed in only a small fraction of

ttumors, it shell now be our task to demonstrate hoa the proposed model may be

used to devise approximations to continuous treatment by fractionated external

beam therapy. (The approximation of a constant valued function by a Dirac comb

is,of course, a common technique in a number of fielbs, e.g., the design of

filters in time series analysis.) For approximating the radium implant strategy

above, it might be tndesirable to deliver 1000 reds per day in small incremental

acute doses, since Lhis would involve, with present facilities, a constant

wheeling of the patient in and out of the treatment room. (Perhaps in the

future there will be a floor in major hospitals devoted to rooms for radio-

therapy patients with cobalt machinea, etc., located on tracks on the floor

above so that it is possible to treat the patlent in his own room.) However,

delivering 1000 rads evey two days in 125 red doses every 6 hours should be

feasible. This would be 6.65 D0 's per cell cycle instead of 13.30, An exam-

ination of Figure 11 shows that under the cell kinetic conditions listed, a
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continuous strategy using 6.65 Do !a per call cycle would actually increase some-

what the total killing of neoplastic tissue for a total dose of 46.7 Pe (7000

rad$) Figure 10 shows that at a dose of.6.65 DO's.per cell cycle, 8 equal

treatments per cell cycle give a slightly smeller surviving fraction than an

infinite. number of treatments (i.e., continuous therapy) per cycle. R hence

- .Figure 11 may be used to give conservative estimates of the surviving ftactLon

of malignant tissue. However, we must still determine the total dose allowable

under this regime to kill no more noncycling tissue than in the 7000 red radium

stratety. Solving fot m in

(exp[-.3(125)/1501 1I - exp(-.7(l25/150))]e )m e a-"

we obtain a value of m - 56. Hence a total dose of 125 x 56 - 7000 reds is

allowable. Using Figure 11, we obtain a conservative value of .44 x 10" an the

surviving fraction of malignant tissue. Thus with the exception of better

control of dose discribution in the tumor by actual implantation, it would appear

that the effect of continuous treatment via radium implants may be nicely approxi-

mated by acute dose fractionated treatment.

Conclusions. We have seen that a Lanchester type combat model gives a straight-

forward means for interrelating continuous and fractionated strategies of

radiotherapy. At this stage in the modeling we "ave not taken account of the

dynamics of the model parameters during the course of treatment. Undoubtedly,

the length of the cell cycles, the proportion of time in the sensitive phase and

* the value of .q change during the treatment. In addition, the pooling of all

cells with target numbers otber than unity into a compartment with one target

number is an oversimplification. Moreover, the possibility of a growth fraction

of less than unity has not been considered. A mixture of cells, some stopped in

the resistant phase of tlhc model and some cycling, can be handled. However,
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pilot dalculations Indicated that if the irowth fradtion atays cl@5*. to unity.

(gay at least .9),the survizing fraction at treatment end Is' not We a f foy.

W* wtevih to' reiterate ,that calculations using mnodels of solely amulti..

target killing by continuous low rats radiation predictlimuch loes debtruction.

than is observed, In a fashion asl4iar t others, we hive postulated that a

fraction of-the doese delivered does single 1mrget killing regardless of the

number of A des in the cell. It is not surprising that such a factor t~ould

have gone largely unnoticed, since it makes comparatively little differencelin

a fractionated acut* doese regime. Contrary to one's Initial-reaotion when

first exploring the necessity for positive w , it is not a bonus which mnakes

continuous low rate radiotherapy feasible. One hit LET killing limits the

flexibility of treatment, since without it one could much more fully exploit

I ~the diff erences between the kinetic parameters of neoplastic and normal tissues

by adjusting dose rate and schedule.

The principle reason for lack of consideration of these matters is rho

fact that changes in cellular dynamics during treatment seem to be poorly under-

stood. Mbreover, it seems reasonable to study the simpler static parameter

case before proceeding to the more complex dynamic parameter case.

The model gives a plausible explanation for the fact that continuous

radiotherapy has generally produced better results than fractionated acute dose

treatment. Moreover, it gives a straightforward means for obtaining radium-

like results by a regime of closely spaced fractionated treatments. Thus

the advantages of radium treatment should be available to amuch greater number

of patients than is presently tho case.
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Fiuro I

--. .DEAD

kc4  ka

• • ~qkv

'4k.,j.jk

STANDARD CONDITIONS:

Treatment conditions

Course of treatment is 4 5 .Dcis

Proportion.:of radiation which does single hit killing is 0.3

In fractionated high rate treatment, two fractions pet cell cycle are

given

Kinetic conditions-

Proportion of time in sensitive phase is 0.2 of the cycle

Proportion of time in resistant phase is 0.8 of the cycle

The proliferation factor q is 1.1

The target number is 6
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Figure 2

NUMBER OF TARGETS vs LOG SURVIVORS j
(TWO FRACTIONS PER CYCLE).
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Figure 3

PERCENT OF CYCLE SENSITIVE vs LOG SURVIVORS

w 0.3.
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Figure 4

PERCENT OF CYCLE SENSITIVE vs 100 SURVIVORS

(TWo 1RACTIONS PEIR CYCLE)
w =O. 3"."

"Tar.t.number 6

Total treatment dose -45 Do

q-l.l
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Figure 51

PROPO1ATION OF CELLS TI SENSITIVEIPHSE va DOSE

(OONTINUOUS)
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F~igure 6

PROLIFERALTION RATE ve LOG SURVIVORS (CONTINUOUS)

OL Percent of cycl.e in sensitive phase -. 2

Target number -6

Total treatment dose *45 Do

Dose rate bottom to top left 5, 25, (5)

V,
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PROLIFERATION RATE vs LOG SURVIVORS 7

(TWO FR.ACTIONS PER CYCLE)

w -.

Percent. of cycle in sensitive phase * .2 <
Targot number -6

To~tal treatment dose vo 435 Do

Dose rate (top to bottom) 1, 5, (1)
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FigureS 8

EFFECT OF w ON TREATME.T (CONTINUOUS RADIATION)

Total treatment dose a 45 Do
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Figure 9

w va LOG SURVIVING PROPORTION (FRACTIONATED)

Dose race top to bottom 1, 5, (1)

Target number - 6

Proportion of cycle In sensitive phase - .2

Total treatment dose - 45 Do

q-1.1
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Figure 10

NUMIER OF FRACTIONS PER CYCLE vs LOG PROPORTION SURVIVING
Sm" 0.3

"Target number = 6

Proportion of cycle in sensitive phase - .2

r * Total treatment dose a 45 Do

Doserate top to bottom left 1, 9, (2)
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Figure 11

EFFECT OF TOTAL DOSE ON TREATHENT (CONTINUOUS)

w - 0.3

Target number 6

Proportion of cycle in sensitive pha.e .2

Dose rate , 25, (5)
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Figure 12

EFFECT OF TOTAL DOSE ON TREAT)~nT (FRACTIONATED)

TWO FRACTIONS PER CELL CYCLE

w.3
Proportion of cycle in sensitive phase w..2

Target number - 6

Doac rate .1.,. 5, (1) D0/eycle top to bottqta
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Figure 13 1I
EFECT OF TOTAL DOSE ON TREATMENT (FRACTIONATED) I

TWO FRACTIONS PER CELL CYCLE

f - 0.3

- Proportion of cycle In sensitive phase - .2

Target number 10

q-1.l
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A COMPUTER PROGRAM FOR TRICHOTOMOUS BIOASSAY

Clifford J. Maloney
Fred S. Yamada

National Institutes of Health

A statistical,.technique is'applied so frequently in a biological

context that it is widely described as bioassay, though it is by no mane

confined to such applications and applications in other fields, e.g.,

expI.osive sensitivity or armor penetrability, 1 are common. The standard

text is that of ?Inney, 2 though here again the name, probit analysis,

applies only to one special approach and the book in fact discusses

other approaches. It is unfortunate that the terms "quantal regression"

or "quantal Unalysim," which are neutral, descriptive, and not preevt'ed

for othor purpose@ are not more widely adopted.

A second characteristic of the great majority of contributions'to

bioassay'(quantal regression) is that the response variable is assumed

to take just one of two values, response (which is often death or compo-

nent failure) and non-response. In some instances, however, the response

may take one of several forms which can be ordered as to severity. In the

case of an insect, for example, the response could be moribund as well

as dead. In the armor penetrability example, the response could be partial

as well as complete penetration. In such cases a method of analysis that

takes both types of response into ccnsideration should give more precise

answers than the devico that lumps intermediate responses either with the

responders or with the non-respondors to permit application of standard

analysis.

A solution for this situation was supplied some years ago by

Burland st, al., 3 giving explicit equations for the case of three classes

of response, the trichotomous case; though an appendix treats the general

situation of S outcome cassees of one relation. The fully worked out

I Golub, Abraham, and Grubbs, Frank. "'Anal5sis of Sensitivity Experiments

When the Levels of Stimulus Cannot be Controlled."
JASA, June 1956, Vol. 51, pp. 257-265.

2 Finney, D. J. PROBIT ANALYSIS, Third Edition, Cambridge University, Press, 1971.

3 Gurland,.John, et, al. "Polychotomous Quantal Response in Biological Assay,"
Biometrics, Vol. 16, No. 3, September 1960, pp. 382-398.
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computing formulas for relative potency--in.luding data for both a test

product and a osandard, each with two ordered classes of outcomes--ld

applied to an Illustrative example. The particular example happens to

have the samimumber of subjects exposed at all doses on one relation end

for both relations-tost and standard-though this Is not necessary. 4  It

may be helpful to some readers of the Outland Paper to be told that doeee

given in Table 1 are to be converted to common losaritlhs, though the

paper itself makes no mention of this step.

This paper reports the fact that the, appropriate calculations have

been programed in the BASIC and FORTRAN languages and applied to the

example in Gurland's paper. General availability of both programo it con-

templated. Theme first programs are limited to the specific one cycle

calculation described in (3). Modification to permit Iterative fittInj

Is modest. Finney applied his generalized eomputer program to this case

aLso, 5 but his program ts not directly applicable to currently available

computers.

4 Gurland, John. Personal Comunication.

5 ibid, pages 223-226.

-62-



CRITERIA FOR A BiOCELLULAR MODEL

6eorpe I. Lavin
Vulnerability Laboratory

BRL, ARDC
Aberdeen Proving Ground, Maryland

We are concerned with the design of a biocellular model. This
model Is to b0 used to evaluate the modification of performanee, of an
animal system consequent to the absorption of energy by the animal.

Previously reported work has had to do with the application of
specific, non-destructive-analytical procedures for the assessment of
traumatic consequences, (ARO-D Report 69-2)

A considerable effort has been empended on animal models. However,
little attention has been &ivan to the physiological aspects of the problem.
Most of the publications have had to do with a mathematical type of analysis.
This, I think, will be of value when we have learned more about the bio-
chemistry, biophysics and bionics of the systems involved.

It is suggested that the criteria includes

The relationship between the biochemical composition and the
specific functionality of the system(s) under considerations Proteins,
Nuclei. Acids, Nucleo-proteins, Polysacoharides, Lipoids, Lecithins, Cephalins...

The mechanism of snergy absorption by the systems The origin of
spectra.

The equipertation of the absorbed energyt Formation of wound tracts.
The Initiation of atom and free radical reaction chains.

The dimensional-physiological nature of the systems: Soft tissue,
Hard tissues Heart, Kidney, Brain, Lungs, Muscle, Nerve, Circulatory
system..oo.

Feedback effects: Secondard traumas. Shock.

SUMM(ARY

An attempt is being made to obtain a perspective of the reality
of animal-task performance in terms which are involved in the performance.
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FACTORIAL EXPERIMENTS OF SMALL ARMS WEAPON FIRE CONTROL

Adolph P. Kawalea
Quality Assurance Directorate, Frankford Arsenal,

Philadelphia, Pennsylvania

Frankford Arsenal, in Philadolphist is engaged In the research
t and development of fire control instruments for a wide variety of

uses such as afthts, rangefinders and ether instruments for 40i-
copters, hovitmerso tanks, artillerymotaro, recoil1eoi riT ls, as

* well as vehicle diagnostic equipment and computers. This paper deals
I with the test and analysis of small arms weapons fired from moving

tracked vehicles.

Future track vehicle personnel carriers are being designed
with ports to enable troops inside the vehicle to fire hand held

" weapons. Instability of the weapon caused by vehicle motion can be
J separated into twv categories

1. Lateral shifts in line of sight to other parallel
lines of night.

2. Change in direction of the line of sight.

Lateral vibration can change the point of impact on the target
by only the distance over which the weapon moves. If the muzzle and
butt are moved 10 millimeters in the same direction, impact will be
10 millimeters from where it would have impacted in the original poei-
tion. If the muzzle moves 10 millimeters and the butt of the weapon
remains stationary, the impact at a target at 100 moters would be 1
meter from the point at which the original line of sight would have
caused it to impact.

This is the same change of angle characteristic of vibration
which causes blur in cameras and optical viewing devices. Gyros, whose
rotating mass directly resists motions which would cause a change in
angle, have been used successfully in aerial photography for some time
and have proven effective in reducing blur in military binoculars when
used in moving track vehicles as recent tests performed by Frankford
Arsenal have demonstrated.

A proposal was made by Frankford Arsenal to the US Army Small
Arms Systems Agency in 1970 to perform a limited field evaluation of
gyro stabilized weapons. The primary objective

The rest of this article was reproduced photographically from the manu-
script submitted by the author.
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was to determine the effect on hit probabillty of a weapon
with standard sights and a stabilizer when compared to the

same weapon without stabilieation from moving vehicles. I
Secondary objectives were to determine.if a reflex .ight
offered any improvement in hit probability withand without
stabilization from moving vehicles.

A Kenyan KS-6A stabiliii r, which can be attached
externally to the weapon, was the stabilizer utilized
for this test. The Kenyan KS-6A was previously selected
from various other stabilization devices as having those
characteristics which make it ideal for u~e with snall
arms weapons. Easily attachable, small size power supply,
etc. The stabilizer utilizes two encapsulated precision- a.
balanced gyros mounted in spring restrained gimbals which
resist pitch and yaw motion. The internal operation ofr the gyro consists of heavy mass wheels which are rotated by

400 cycle, 155 volt AC motors at 20 to 22,000 RPM. The
stabilizer was attached to the pistol grip of the M16
Rifle. The reflex sight used was a commercially available
reflex sight with an electrically illuminated reticle dot.
The dot is projected to the plane of the target and reflected
to the eye by the front surface of the winduw Wwrough which
the target is viewed. The reflex sight was attached to the
carrying handle of the rifle anJ offers a simplification of
the sighting task by reducing the number of points to be
aligned for aiming from 4 to 2. Aiming is accom.plisbed by
simply placing the dot of light on' the target. The weapon
sight requires the alignment of the front sight, rear sight,
and eye with the target, whetris the reflex Bight requires
that only the lighted dot reticle be aligned with the target.

Normally, the type of test 4eelgii is dictated by the
objectives of the tost, the information sought and the cost
considerations associated with the degree of precision, sample
size and conduct of the test. The initial approach was to
consider a single factor approach to the testing of small
arms fire control. The single factor approach was rejected
since it was likely to provide a atniber of disconnected
pieces of information that would be difficult to piece
together to obtain conclusive results. For example, in order
to perform an experiment on a two-level factor (weapon sight,
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reflex sight), some'decisions mubt be made about .the levels
of other factors. _Speed, stabiliuation, ohooters (shallJ

the fire control be studied-at 8, 10, or 12 MPH ina moVIng
vehicle stabiLized with shooter 1, 2, 3 or 4?). -The,
experiment would reveal the- offsects of the-twto-level factor
for this particular combination of speed, itabilization and'p
shooter.

'It was not knownwhether or not the factors were-
independent and since there were several levels' of, each
factor, a factorilal approach was taken r.o examiv4- the effectn
on hit probability of the weapon sights and.'reflex'sight at
various spe-ods, stabilizatiom and with, sovergi kbodters.
The-factorial approach examines all the main factors and
their imtetactions simul~taneously and-would provi.de the
maximum amount o~ information to be returned. 'The tests of
hypotheses are:

1. Each factor has no-effect on the overall mean.

2. There is no Interaction between factors.

Thlo factorial'approaqli provides for the effects of the
two-level factor wlthig= combination of speed, stabilization
and shooter that is *i~icl.Wed in the experiment and It was
expected that inferencos could be made easily, with this
design.

The test wag divided into two phases:

1. Statinary firing.

2. ýk~ving vehicle firing.

The toe t matrix for stationary firing measured the mean I
"radius of ato rund shot groups. This was a 4x3x2x2 factorial
planned to be replicated ibur times. Similar matrices were

also set tip for the moving vehicle exercise. The moving
rthicle wa.ti separated into a "toward" target and "across"
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target exercise. The data collected for the moving vehicle
firing was the number of hits in each 10 round firing. This
also was planned to be replictted four times.

Originally, each replication would be entered as a
data point in the analysis, and since there would be equal
subclass numbers (sample size), the coriputer program was
written with this in mind before the completion of the test.
After the testing was completid, several cases had more than
four replications and in other cases less than four replica-
tions. The methods available of "filling in" missing data
points was rejected as too laborious in Lerms of manual
handling of the data and if computed would require a modifi-
cation to the computer program. A major re-write of the
program would also be required if the analysis was to consider
the unequal replications. This dilemma forced a re-evaluation
of the objectives. The 4.3x2x2 factorial would determine in
the investigation of differences in means, differences of
approximately 5% in hit probabilities. This type of dif-
ference is too small to justify the development of stabilizers
or reflex sights for small arms use. Gross differences, on
the order of .15" or 20%, would indicate that investment in
stabilizers or reflex sight development could have a meaning-
ful return (in terms of hit probability). Averaging the
replications would not require a major computer program re-
write and this method of "overcoming" uneqmial subclass
numbers waH finally selected with the full awareness of the
loss in precision.

Figure 1 shows the moving target test layout. The across
target firing zone was 100 meters from the target and 60
meters across. Five rounds were fixed in each direction by
each shooter under each condition of the across targeti •_~xur l'ise,

"The toward target course was 120 meters 4 n length and
varied in range from 170 meters to 50 meters from the target.
Each shooter fired 10 rounds in the 120 meters of the toward
target exercise. The vehicl.2 speed 'was monitored by timing
the vehicle betwaun the "start to fire" and "-,ase fire"
stakes. Precise V.hileh, speed was difficult to maintain and
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controlled rather crudely with the vehicle ieter and
a stopwatch over each 120 meter course.

The stationary fiting was accomplished off vehicle in
the standing position. There were four shooters, each
equipped with an M16 Ririe, reflex sight and a stabilizer
and the necessary ancillary equipment.

Figures 2, 3 & 4show the data accumulated during the
tests. These are averages of each 10 round firing group of
approximately four replications. After each firing, the
target was coded as to shooter, toward or across target,
reflex or weapon sight, stabilized or unstabilized. Figure
5 is a dati sheet consisting of data taken from each target.
The data is in"cm"and gives the coordinates of the hit with
the origin at the center of the target. This particular
data sheet shows six hits in a ten round firing by shooter
#4 using a reflex sight stabilized when moving across the
target. The location of the hits in this case represented
data which was not used during moving firing analysis. It
was planned to measure mean radius for each ten round shot
group. This was impractical since the location of the missed
rounds was unknown, and any assumptions about the rounds that
missed would most certainly bias the results. Hit probability
was considered the most practical measure of performance. In
the stationary firing, all the rounds hit the target and
presented no problems in determining mean radius.

Figure 6 shows the factorial analysis printout for the
moving firing across target data. The main factors are S -
Sights, U - Stabilization, R - Speed, and G - Shooters. You
will notice that the F ratio for sights by shooter (SG) inter-
action is significant as well as the main factor, speed. The
significance level is .05 for all results. When an inter-
action is significant no inference can be made concerning
the main factors. The significant interaction indicates that
the main factors are not independent. We must investigate
the main effects by holding either sights or shooters con-
stant. Sights were held constant for this analysis. Figure
6 also shows the breakdown of the across target analysis into
separate eight analyses. The reflex sight indicates no
significant effects. The weapon sight shows the effects of
the three main factors significant. A covariance analysis of
reflex and weapon sights for each stabilization mode was
perforiiecd (Figure 7) to determine if a reduction in residual
ma~n square was significant. If so, covariance analysis would
indicate a linear regression (1 df, has to be linear if signif-
icant) of % hits versus vehicle speed. The reflex sight, based

-69-

.~-- .. .---. ~ ..- 44r



upon the factorial analysis, indicated no .JiRWIP.•
differencus between stabilization modes, therefore the co-
variance Analysis compared both stabilization modes .imul-
taneously. There was a significant reduction in residual
due to regression and each shooter's slopes were statisticall'y
parallel with the intercepts squall Thbiscovarlanco analysis
concludes that a single regression line describes the per-
formance of the reflex sight stabilized or unstabilised.
The equation of the descriptive line is obtained using the
combined slope and the intercept. The examination of the
weapon sight uding factorial analysis indicated a significant
difference between stabilization modes, speed and shooters,
therefore, the covariance analysis was performed examining
each stabilization level separately.

Figure 7 also shows the analysis for the weapon sight
stabilized and unstabilized aaross target firing. In the
stabilized mode there was a reduction in -residual variance
due to regression; however, the slopes were not parallel and
the intercepts were not equal. This indicates that there was

a significant difference in performance of the shooters utilizing
the weapon sight stabilized. The results would seem difficult
to Interpret, but it can be readily sqen that in moving
across the target, the stabilizer would retard the angular
motion of the rifle as the shoqter adjusts for the movement
of the vehicle and these results verify the difficulty the
shooters had in firing in this mode. The only reason this
is not apparent with the reflex sight stabilized is that the
number of points of alignment that must be made to hit the
target is ý for the reflex sight and 4 for the weapon
sight and therefore it was probably easier to acquire the
target with the reflex sight despite the retardation of the
angular motion.

For the weapon sight unstabilized there is a reduction
in residual variance using covariance (i.e. there is linear
regression). The test for parallism shows no significant
difference indicating the slopes are parallel and the inter-
cept analysis shows intercepts equal.

This analysis concludes that a single regression line
describes the unstable firing results of the shooters when
traveling across the target. Figures 8, 9, and 10 illustrate
the results of the across target firing.
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Reflex Sight: One linear regression describes reflex
performance for stable-and unstable and all shooters
(Figure 8).

Stable: Significant difference between shooters,
covariance analysis - linear regressions describe perfor.
mance (Figure 9).

Unstable: No significant difference between shooters
covariance analysis - one linear regression line describes
weapon' sight unstable perfo;aance for all shooters (Figure
10).

A comparison of reflex sight (stable and unstable) per-
formance with weapon sight stabilized indicated no signifi-
cant difference. A significant difference exists between
reflex sight and weapon sight unstabilized. This is readily
evident by comparing the levels of the regression lines.
Figure 11 illustrates these comparisons - average line for
each condition.

Figures 12 and 13 show the results of the moving
vehicle toward target analysis.

1 - Factorial Analysis (Figure 12): There are
several first and second order interactions which are
significant, indicating that the main factors are not indep-
endent and we must go deeper to determine the causes of this
significant interaction. The sights were examined separately.

2 - Reflex Sight: Again, a first order interaction
(sights by shooters) is significant. '1

3 - Weapon sight analysis: Each of the main effects

are significant.

4 - A covariance analysis of reflex sight (Figure 13)
shows there is a slivqNt reduction due to regression with the
slopes parallel and intercepts equal. One regression line

describes the performance independent of stabilization.
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5- The aovariance analysis of weapon sight was
- examined for stabiliaed and unstabilized conditions separately J

and the results are also shown by Figure 13. In the stable
toward target condition there In a slight reduction using
covariance and the anqlysi~s shows slopes parallel and
Intercepts equal,so therefore a single regression line
describes the results. However, in the unstable toward
condition, the slopes are parallel but the intercepts are
not equal. Therefore there is a significant effect caused
by the shooters. Figures 14, 15, and 16 illustrate these
results:

Figure 14 Reflex Sight: One linear presentation
describep the results (stable or unstable).

Figure 13 Weapon Sight stabilized: One linear

presentation describes the results.

Figure 16 Wcapon Sight unstabillsad: Shows the
significant difference between shooters. I

Figure 17 illustrates the comparison between reflex
and weapon sights indicated that there was no difference
betwenn the reflex and weapon sights stabilized, and both
the reflex sight and weapon light stabilized are significantly
better than the we.apon sight unstabilized in the toward tar-
get mode.

The factorial analysis and covariance analysis for the
stationary firing at three ranges was performed in the same
manner as the toward and across target analysis. Figures
18, 19, and 20 summarize the results:

- There was a significant difference between pairs
of gunners for the weapon sight stabilized (Figure 18) and
unstabilized (Figure 19), and no significant difference in
performance was noted due to stability. (Compare levels of
Figure 18 anO Figure 19).

- During stationary firing the reflex sight again
exhibited no significant difference in performance due to
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stability and there was no difference in the pertonsmno.
of the shooters. Again, one single regression lin describes
the performance...

- Figure 20 shows that the performance of the reflex

sight, stable and unsoable, is significantly better (mean
radius lower) than the weapon sight, stable and unstable,
averaged performance.

CORGLUSIONS

This completed the analysis of the test data and
several interesting conclusions were drawn:

I - The weapon sight performed significantly better
stabilized than unstabilized on moving vehicles.

2 - There was no difference in performance using a
stabilizer with weapon sights compared to weapon sights
unstabilized during stationary firing.

3 - Stability did not effect the performance of the reflex
sight.

4 - The reflex sight (stable or unstable) performed
signifie•eitly better than the weapon sight unstabilized,
and there was no difference detected between the reflex
sight (stable or unstable) and the weapon Right stabilized
during vehicle firing.

. There was a significant improvement in mean radius
using the reflex sight (stabilized or unstabiliuud) versus
the weapon sight stabilized orunstabilized.

6 - The reflex sight has a tendency to normalize the
shooters regardless of their ability. This •normalliation
appears to bring the level of ability toward the better
shooter. This normalization aspect is, of course, incon-
clusive since the levelv rf the shooters were unknown; how.
ever, further testing of iic reflex sight to verify this
aspect was recommended. The effects of a stationary shooter
and a moving target with the stabilizer was not investigated;
however, based.on the results of across target weapon sight
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stabililed, It could be postulated thts'tAbilisation would
affect the hit probability for this type of fire.

Bish ed upon the results ofthis test and in conjunction
Swith the tISAI, Frrnkford Arsenalis developing-a reflex
fight to perhaps repllce the iron sights of the primary
infantry weapon.
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V I

TOWARD TARGET (NO.7OF HITS/1OROUNDS) S

REFLEX SIGHT IRON SIGHT
STAB. UNSTAB. STAB. UNStAB.

01 7,3 5.3 .4.2 4.0 ¶

02 6.5 5.7 7.0 5.5

8 M.PH, 03 7,3. 7.0. 8.7 6.0

G 5,2 5.7 7.0 5.5 !

G1 3.7 3.5 2.7 3,3

G2 .4.0 4.5, 4.7 4,3

10" o.P.H. ' 4.3 6.0 4.0 5.0

G4 3.0 4.0 6.0 4.0

G 5.3 2.5 3.7 .3*5

III

1G G2  4.7 3.0 4.7 2.5

12 M.P.H, G3 5.7 8.0 6.7 5.5

G4 6.0 7,0 4.2 4.0

FIGURE 2 , I
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ACROSS TARGET (NO. OF HITS/lOROUNPS)

REFLEX SIGHT IRON SIGHT
STAB. UNSTABI. STAB, UNSTAB,

01 5.7 4.7 3.7 3.0

G02 6.0 4.0 6.8 6.0

8 H..N 3 4.3 ,4.0 5.7. 5.0 ,

0 4 4,5 4.0 4.2 5.5

01 3.0 6,0 2.0 1.5

2 5.0 4.5 4.7 3,5

10 MP.H. G3 4.C 5.5 4.3 4.5

G04 4.5 3,5 5.0 1.5

G 1 4.0 3,0 2.0 1.5

G2 3.3 4,5 3.7 1.5

12 MP.H, ; 3 3,0 4.5 4.0 2.5

G 4 3.7 2.5 5.0 3.0

FIGURE 3
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STANDING - (MEAN RADIUS IN INCHES)

REFLEX SIGHT IRON SIGHT
STAB. UNSTAB.. STAB. UNSTAB,

01 6.65 3.41 3.76 4.46

G2 4.03 4.84 3.19 3,62

50 M G3 5.43 3.45 3.31 3.68

G4 3.46 4.99 3,82 4,32

G1 5.85 5.59 7.45 6.90

02 5.81 4.89 5.12 5.75

100 M G3 4.04 6.01 4.96 6.91

04 5.34 7.14 7.52 7.91

G1 7.35 7.1.7 9.22 11.11

S2 10.54 8.63 8.40 8.50

150 m G3 6.07 8.18 7.26 8.31

G4 7.31 9.12 9,21 10.31

FIGURE 4
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CHARACTERIZATION OF BALLISTIC EPFECTIVENESS
BY MAXIMAL TRAJECTORY

J. T. Wong and T. H. N. Hung
Systems Research Division

Research, nevelopment and Engineering Directorate
HQ, US Army Weapons Command

Rock Island, Illinois

ABSTRACT

The purpose of this atudy is to introduce a measure by which
the information content, possessed by the trajectory generated by a
projectile, pertinent to the ballistic effectiveness of a weapon system
can be characterized.

Having this concept and some appropriate mathematical tools
at our disposal, a few relevant results are obtained. In particular, a
characterization of the ballistic effectiveness of a weapon system In
terms of the trajectory information is given.

The results obtained give some indications as to what conditions
the data ensemble contains all the information offered by trajectories,
concerning the weapon system under consideration. Also, a formula for
the total of maximum recoverable amount of information possessed by a set
of n trajectories (n shots) is given explicitly.

The remainder of this article has been reproduced photographically from
the author's manuscript.
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- ovnin- .....--- to0':z, E

A cora-mientall forthoJ pto ozta.of azlytn hf Ca C:

of a we-,non.kyt is to iira t..a Wi_-.3f u!,, a s. ~ ~ .

via-,e. As the r.-C ~ t i:a:c .. d.:

astablished an~alytical procedure~ is ti-en ap_' c; 6 g--:n zo=

reaization of the eiffctiva"IeSs o:ý the waao syszcn une .

The purpose of this study is to ezb.ha ra

4ormz~aion contenlt in a given trajectory. zacsC. sr ~

~rleIto the data ensambiea. Subsecontly, on :*-a bazsiz c- t.:

3nd, soma othe~r necessary mathemtiarcal.nr~a a ~ ::e.....

O t aine~d.

TLhe rasu.l;z' so o* ,iv- so.:ined. give.So..:-.;.

thea data onaemzble contains all the ý=flozzi::n 0c::erad *-y Z -

parzicular, are the data collected from h ~ae ial :herL.c..

informz.-:ion partineat to t*.heaaiiy fL- e-

in~~..- EhSS.ij W ...

L-.-): !USt Of it' (th.e dnl~a s Lh .za
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and B ia

d(AB) - inf {p(a,b)iacA, brBJ

i nf P(a,b)

aCA

beB I
where "inf" of C' is the greatest lower boune c;; L C

p denotes the usual Euclidean distance iunc;.cn cn RS; ie.,

P: R3 x R3 -[0'

defi.ncd by

p(x,y) - / x-i•,x,ycR3

where, for example, x is the i hcomponcnt of x.

If one of the sots A,B is the null set t, then

d(A,B) - .

."h:,==: 2,: Lo A, beno'-e;:;?y &iose &ub•o:z .•.,• n

dCAB b

d(A,',,) = • a ,

T 2.2: Let f and Z be :wo conLiauous Oprk,,s L .

&Paca into a ,etr.c sp-"c , The r: z A o- all pointz ;. " h

tha-t -(x) - i(X) Is clo'ed :.n E.

Theorem 2.3: If A,B and C are subsets of P%' such that BcC,

then

d(A,B) >d(A,C).
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Daof initicn: For~ Lvaoy ic n# lc~t ~ ac:tu: -~

R3 into K with rospoct to the usa! d:tzncc Tha ¶n C -

empty subset of points s (sits2 6) of R' is callci a suricc -S

n
i) S -m Si

ii) Si = {sCR3 10 (s) " ki , k CR}.

mhc: definition for a surface defined here is differanz ir-cn rhac hz..h O.re

::;ay find in machematical literature, for which n - 1 and is d.f-

forentiablo, 14, p. 209), for example.

;ow we have the necessary aothematical tools to i.rodu .a

notions and proceed a& follows.

In the coursa of evaluating exporima-a tally :he ta-±1i~l

off ctivonass or capability of a weapon system (p cuz•r~y = c:=...

in dli±varin.- a projectile to a preass-iqnad ixa:d "po'-L"

we normally collect the terminal disperslon data by placin& an .

poilnt on a sufficiantly large plane upon which the weapon syst= i: i

fired, Fallin (3). In this case, the dispersion data are tho azz ca all

impact points on the plane, with respect to a fixed two-d onn. ea-

tasian coordinate system.

Zvery impact point on the plana possesses three in;rinsic pra;eaets

of tha corrospondin, trajectory. Obviously, the three pro er:tas ara

magnctude, direction, and the point, which is itself a poLt: cn a :zz-

jectory. The vector properties of an im-pact point provide no: znly a

-99- __j



I !..

rwi~ue ofr cl' ong 044OOt a~ given traje.ctory to :he ni--1 puirn4 bu'Z *I.o

L .he biar. of this weapon sytora..

AM for the pla., Ita func:.on i: rw pick a point on L'he. :r:njctc.y,

'."r hout such a plane we do not know in gZaral tho vactor charac.=:r

! a point on a trajectory. in viow of this obscrva-_on, we could u. a
nuface to0 assumo thQ function oZ a plane as woll, Sin-ce: ev-2ry 7 .. is

a burface according to the dofiuition above, it would b.ý teto

vnd out what kind of surfaces would be baot to use instead oa i
-..a word "best'I calls for some criLoria with which a comari &o-. C-n b

:;ado L.-ong all the admissibla surfaces, The nocassity of Ln an?•o7,r :Q

qut"lity r.easura provides part of the motivations for dafining :ha 5o'.cw:r-

Concepts.

The foregoing discussions ii.ply tha-., for each point cn a

there correso,'nds some measurable quantit. i,.;ica.l.Z h b.*,..*-, .:

a we±apon system in delivering a projactila to t-a , A

fo: c:•ample, on a trajectory possesses som,. con±cr. .- n, L,.-

naess to the aiming point -- consequently, the accuracy o- th.a .

Obviously, the correspondence between each point on a :ra.•ectory a&n

corrospond:.ng ýmformation possessed by that point givas in ai'.ý;u:~1 way a

function between two sets. Such a function may ba d•ena-4 as .. I.o:..

Dofinition: Let F be a trajectory. A real-valued fu-'-zicn -r.

F into tho reals is defined by

- 1

_.o
+ P-ioo-

• ' : • ' I I I II0I



is the usua.l eijtr.'c.. fun~ctlan an tl.~o i;n

and • is the aiming point andi, for conven.ience, is L",=_n to • t

orZign of the coordinate systir.-.

We observe that the function I is wall-defined since p is.

,.so, the continuity of I is implied by that of •(,.) on a su;acc of

O.Furthermore, since p is a -.,on-r.a2&:iva roal-valued fu-actiorn, it

foilows that 0 < 1(f) ! 1 for any point f belongs to a trJacc:ory F.

Physically, the quantity I(f) is a measure of closencsL n. a Poain.

f on the trajectory F as related to the aiming point. Cons mu4; y, i:

•cntains knowledge concerning the accuracy of the wcapon syst:m uncer czn-

.,~ercin. For these reasons, we may iitarp~rc UhO cuicr :U tý

the amount of information associated with F at th. poirc •.

a:tainable amount of infor:matioi, .oessed by a trjzaJa:ory F i,

1
Sup 1(f) - + inf p(fd)
fCF fer

Since F is closed and bounded -- the direct ina.. a: a contiruo= 'ps -

on a compact set is compact, we have

1Sup IMf) - %ax i(t) t 1 + mm (,6)
fcF I + fc

Therefore, the maximum amount of information possessed by F is recoverai-,

Max 1(f) - I(f)
at some point f cF. Symbolically, f

(The existence of such a point f is asserted by Theorem 2.1.) As for

the uniqueness, we make the following stipulation:,
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, tie '.:. .: :ocgvar c r.-nount; inczf .. ic; r n of F.

bs,-. T..t-on so Statod is not: indi.pen;r.bla. idowaQvr, as a rc-tuit

,( - zi~•'tion, subaequ•nt -alysiz is sirn.plifiod. In fact, the as-

is raasonabla, Zor in tha 2nwighbornooc of thc airming poinrt, the

ra .";s rf curvature of a physica-lly roal±zable trajectory F at f ii

|.~or t than W(f0 9 6), if f 0 f0 ; that is, F is tn.genz to tjhe sphere

,:Op 2 (x,B) p 92 (f 0,8))

Ir, vicw of the foregoing remarks, for each trajectory F' t-.arQ •.:ts

"..nd only one point f belor.ging to F such that 1 assu...-s i':z

* .±.nvaluo at fo

Bcfore defining the last concopt for this ar.a=31iS I !:or

tr:.,,.ctory F wlt•h gCF, I(g) is tho amount of r : ..... to

":" Z. Equivalently, I(g) is the amount of irforna:ion gaina-c' abcu:

by obsorving (sampling) g. Having this interpretation in rnd, w- ..,ake

the iolloving deiinition.

Definition: Let F be a trajectory. A real valued function 3on

F' into the unit interval is defined by the formula

IWg - max I(f) - I(&) ,geF
fCF

"..: .:• t c 0 < 1 :( . 0 1- nd only f s -

SIC !. lar t.at Y(5) is the &zou.: of info~-raticn lost conc3r..-gF
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-- ' :If, in the dcfinition of a trajectory, t0 is ta"e.c, to ýe

the &C - which the projoc'.la l.~avea the muzzle point of r. weapon, Lhcn

the n;uzzl* velocity (t 0o) is a well daeinad quantity. Hence, f is

d4'.irentiabl8 at t 0  also. Furcharmore, the definition does not Lccoun.-

fg h case in which a round is misfired due to, for insrance, l ...

of . weapon. In such an event, the trajectory is the null sat in 3'.

~h~r~foreo~j; cocept.s zit our dizposal, -,r may cLcucc~ a

.rivi.-. G-ru.ý.Fqnces. :he pro-of of tha fiist thceorem is i.dic• ,

.I,:o:•nm 1: Let u.... be a :; ." of trajoctoric:- and, f-or - a•h

W1 be the unique point of for which mea: I(f) I(f ) ]efcF•

nn
E I~fio) - n

i-i

11 :,n only if everyone of the n trajectories hits the aiming point 0.

";:e, re we proceed to the second theorem, we need tho follow.-Lno 4-act

-t L.,.r dicposal.

Lc:nr-.: Every surface is a closed sat.

Pr -o•: By definition a surface S is a non-o.pry . ci Ra '

In
S U j Si$ for some positive integer n, -nd !or --.

Si (scR3 10i(s) - ki; kicR}.
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'..yb definition , is a continu.ous function on R3 into 0 R, ý:,,d zha

C0;'St&j function-C defined by

C i(a) wkL , SER 3

is also a continuous m-ppi., on inz Lo . 1ýy -'iheorcm 2. Z, L~i ;.uic

is clo&cd and is praciscly Sit -or C 1:) . T :tjc C,

Thoorcm 4.2.: Lat t'.J~.. ;b, C-L z-- Of jQi~

toton rounad Ifirodfro- a~t wea.pon ay ~ t "I. posi ;'.:, s

a surface. Furchcamrcnr, lac be dc!Irned by

n1 n
E max 1(rg) - ma-X 1 (0)
iiCCA ~ i- F.

Vis a necessary and sufficli,:,t Con,-ditl-on ior no infor.%.aticn _s~": oL:

by the experiment.

Proo[: Suf f icecy

A CY implios inf (~e inf ~(~)by Thearom 2.1.

Since p(&,O) > 0. We have

I

1 + in'i P(g,O) I -t- inf ~(g, 0)

* -104-



j ra 2ch

SU1(.-) - Sun 1(:;) 0.
SrA

em abo~ve, S is closed an~d soi is. It $nF. .

1ic.losed. !:;na sup~remu i th, sw.-. i3 r~x-ui W'3 ,j

0..

i:.Ia rhrotarc': i2
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.,-sho•ssarta thaot no IS.... . bC; 10ost by L ..

N,, suppose for so,., n A. , v. hn

max 1(g) Sup r(g) 0
gcAi SeAi

-. a first equality follows from zha fact thrt tha null set 0 is closed

and the convention of the supromum over the null sat yialds thea las; cq-

uality. So for this i,

max I(g) - max 1(g) - max I(g) > 0
• • Fi SCAi , &Fi

T•e strict inequality follows from a renmak in iac:ion 5 cha: :

.4us if A - for some is:• , then uh, hypo ha•c.-La nor *ol

may than deduce that the conclusion is true,

It remains to prove the nc¢ussa~ y condition. ,o i:o.6o -')4L

. ad .h ' •a ct that 0i l€ ic n , imply A. i @ , Th ,n ah- e . s 3.

6ueh that

max I(g) - I(fi0.

ALSo

0 - max I(() - I(fi 0) - max I(g) - max I(g)

Suwming over the last term on I gives th assertion, and tha p:e : of .zc

t.ecre., is conmplte.
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C,:.!,2-,;:v 4.3 Sulposa A, -o r aach C .. L IIC.:%:;f-z1.

S0 -If and only if

m ax I(f) > ZI

fC2. iun 1

C~rolinry 4.4: Let S &.^.e S' be- two sufacaýs such tha; .A 5;-

;r~par subset of Fins* for at least one i. Then, Cor a c ..

Zmax I(f) Z m Tax 1(,') 2 ;.-.x11:
imi fcFipS iml feF ls* i- i1 faE

'ýtrsz=.on o f F and S. Suppose

;hera exisrs *a Sawueara in: F s-acn that

I) v.:x IMf - lim I(hi)

faF

iý) thare is a pos~tiva int~agr N' such that, r,-.all~

I(l >,t~. max 1(f)

-107-



4- A

lim I (h) I C1±". h, 1(fQ I 1(f).

It remains to be shown~ the as 1a~cL r of tha Chlrm 1 - A

ii) *.1ads triviall1y, since F 0 0 and wo r.zy 2ick X -- . 5 ;

A ý 0. Again, Theorem 2.2. impli±es thari is z. point Coe.%~

::o, by hy~othesis we olocai- p(f S~) < C ~) , *.-

C > 0 so that ~( 6) +. C < P( e). For C .i i..s...

Iim h f

;aconc-lude~ clla; there exi ts a pos-Itive intýga N ;c..z.,t

t hase facts anid r~h, walknt- propetirý:; 0." Zig *ý-'C ',

P(hVO) P 0Chs8 20) + ;(iO,6) < + 0(U.,O) <

-108-



LProof: For F 0 ' Thaorm 2,1 oasrtsha~th there is L~ poi~n: fcT

such th•t

max 1(f) u (f0).

SlncG F is closed, then there a•xsas a daquanco hPCF such t;aa

lin hL " Also we have scan in section 3 that the fuc:tion. I is

co..inuous; it is this property for which the following first e*uali.ty

holds.

lim I(hl) - I(lim h.) - 1(fo) - max I(f).

It remains to be shown the last assertion of the theorem. IU A ,

ii) holds trivially, since F 0 # and we may pick N - 1. Suppose

A . Again, Theorem 2.1 implies thero is a point g0&A such that

max'im -f) ,fcA -I

Now, by hypothesis we obtai.n p(f0,8) - p(go,f). Also wo may pick ar.

S> 0 so thar p(WO~) + c • p(uO,e). For this and c.t.a fact th&t

/ ~lim h, - f000

Re conclude that there exists a positive integer N such that for a.l

p(hj,fO 0 •

Usinag th.,se facts and the well.-known proporties of zho metric p, we

obtain

P(h--9) < P(hi.f0 ) + P(f080) < C + WO01 ) (Sofe).
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CI

Obv±uoaly, 1 + p(h 1 ,O), 1 + p(ga8)' 3 0. It lollows that I
1 MAL, ICA

fot all I •N, whore M. depends on t.

Remark: hWe recall that in section 3 tht doi..irCon of a suhface

requires every surface being non-empty. The -restriccion does not impose

any further constraint on the results in this section; ch&c is, the

theorems and cheir consequences remain valid ior the case in whLch S

is *=pry and in particular the lemma ramalnc true .since the null set

is closed. A trivial example of a null surface is8givan by

S-xcR'p 2 (&x,bxo) - -1, a, beR, x 0  .R).

v. CONCLUS[ON'S

We concludo tho study by stating axplicitly soma of the observations

deduced from the foregol ---P rasults.

"For a given experiment,

n
E max I(f) ,, ai-I. fcF1

is the total of the maximum recoverable amount of informacion possess6d

by a set of n trajectories. 1heorem 4.1 sraces that such & total- ..

equal to n if and only if the weapon system gives a perfect paro:zn-.c

concerning its capabiltty in delivering the n projectilos ;o che airing

point.
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Thoorem 4.2 &smarts that, in the course of evalu&€rn: tha :a=za!

ba:liscic eafoctivanams of a waapon based on the a c a. ...

tarmnasl dlspars!.on data collected from the sLrfaca, an'

to b uased is one which Varse:vas all the inf :io• oe:• by t-

expariment; equivalancly, an ida4L surface is cna havis a sa t z n

tra3aecories as i:s subset. A si=ple example of such a surf;ad S. is

S 1.J (x,.x 2 ,x )uRIJx, X ; x x tR}
3) 2 x3 1 3

where

m 'in A

S'- max A

"A- (fL { C cJ)IfcFj, is L} n J-0l

Accordeng to our dafiniLion oi i surface, SI is not i surrace, tot S1

is a union of uncountably rany pl-nes. Tharoioza, a porfetc surtace does

no; exist., Also, the socond consequenca of the chccerms tolls us Lhat

"t th'rý is a positivo information gained by cxzandin4 the surface being

useP in such a, way theae ;s an :.ncreasa in zho- data ensamble to. a l±t,.s

one trajectory.

Finally, the last result conzludes chat chere is a sequance or points

ina given tra4.ectocy such thic the limit of the image or chi beudir~ncf

un4ar I is preelsely the maximum information possessed by the taetrly.

A196~, if there is a loss of informnation, such a loss can be reduced by

using an algorithm to recover some cf the loss.
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u Redma:k. ZIn view of S defined above, a reasonable su:ta:a La b:

S~~used in an expertment i8 one which consisse of 2r.-1 a~f€•t•lr

planes having the aiming point placed~on the canc6: ;f on'L • :.

raqaini±ng 2m planes erected at equidisan;*~ !r=m aa~n c. i a..

sides oi the canter plane.
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AN KEFFCTIVENESS MODEL FOR BURST FIRES

ON VOLUME TARGETS

T. A, M. Bung and J.T. Wong
Systems Research Division

Research, Development and Engineering Directorate
HQ, US Army Weapons Command

Rock Island, Illinois -

ABSTRACT

On the basis of three-trivariate normal distributions, an
effectiveness model for analysing a machine Sun firing bursts on volume
tarlets is developed. The development is essentially an extension of
an existing model based on thren-bivariate normal distributions* '

A regular parallelpiped target is employed. The effectiveness
criteria, the probability of incapacitation and the expected number of
hits per burst, are expressed as functions of hit probabilities. Finally#
some numerical examples and observations are given.

-V

The remainder of this paper was reproduced photographically from the
manuscript submitted by the author.
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,1

1. INTROD.CTION

Several studies have bean conducted for analyzing effectiveness of a

machine gun firing bursts upon a specified target 11,2,3,4]. in these

studies effectiveness is defined In terms of two measurable parameters:

E(R) and P(I)t the expected number of hits and the probability of

incapacitation per burst, respectively. On the basis of these effective-

ness criteria, the foregoing investigations have rendered som. basic

models for effectiveness analysis by using a two, three at four-bivariate

normal distributAons. The models so obtained have provided a base

for analyzing effectiveness on area targets.

In this report a threo-trivariate noral distribution model is

developed for three dimensional target-volume targets. The development

Is essentially an extension of the work in [3]. Thus, no further physical

justification for the modeling is rendered in this endeavor.

As was known in [31 the dispersion of the impact points from a burst on

area target revealed some interesting measurable phenomena. In particul&x,

the dispersion data showed that the distribution of the first impact point

of a given burst differentiated itself significantly from that rendered by

the subsequent projectiles. For this reason, it was assumed that the

behavior of these random phenometia can be characterized by two random

vectors X1 end X2 respectively. Furthermore, the offset of the mean of

the center of Impact of the subsequent projectile from that of the first

constituted the tbird random vector, denoted by X3 . As the essential
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pvim s ca• l b utod Zor modeling, It is *jeuL:~d thct t:%ase observable facts

can bs car thd ohtar.,pob 6h third domfetuior and each random vtcato he s
fuually ndo:ec trivarlate normal, distribution.

On Cho scrý'-%Gh of nxe ior- oi-"'stitpulations, tha problem is 4solvad

SZor Cho €•o+ in which 'tho. ýonfi.-urstion of te ta rga+ is a re~uLar paral-

lolpiped. In the formulations of the effectiveness parameters, E(H) and

P(I), are attained by expressing these parameters as functions of P(F)
and P(S) - the hit probability of the first round and that of the sub-

sequent ones. Finally, numerical examples as well as some Interesting

observations are given.

2. STATEMNTW OF TH4E PR03LEK

2.1 Modelins

Referrin- to Fi-. 1, lat ~sdenote a fixed point (x1 .::2 b~ j f in

the oudlidean 3-space, by xi , and the differential of xJ in L' to bo

ld% dxdxx ids dXJ dxl dxj dxJ . A s~olid parallel,,pipox! tar,,at,

as shown by the dotted lines, is located in E with its surfaces inter-

setting the coordinates of xi . (x )X XJ) at the points (sxOO),

(saOO),(O'83,O),(O's%,O),(O,O,s5) a01d (OOs8).
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... , ~ ~ ~ X X1J.4 T O~

hot us bahili by otn that the is on hrbiiitsyh targety Tu(F)'is ohan
gian by .rte~i pr~c o.,a

P (Z.) - if @(xli % (3.2)

whr he :ohilityga syha o dhenoe ist dhet thipe itegalge ova T () ata

Substituting~ (3.1) into (3.2),wo obtain P(P) exprossa4 in zarna o!

error fun~ctions as follows:

I(F) a r~rf(a2± r~~ 1 )/ (3.4)

whore

c'21-, a O (s2U- - UxOC

a 2 ' o ( 2L- "X 1)10 1
i xi

for 1 1,2,3 and c. 1/2
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Let x1 dasignate the coordinates of the first round o. a burst,

and x2  denote that of the subsequent rounds. The coordi:na:as for t•;a

offset of the mean center of impact of the subs•quear. t ¶:ch is

Sx2 (; 2 '1 2IJx2) from the first round is denot•d by x - (,: .xi,
S1 

2 3

wh e 2 S. 1 1, 2,3 or simply x3 . P2 x .(2.1)? ... ' ,S..

By ,.C1t assumptions stated in the previous section, the ........

functions of tho three mutually independent, normally di-tribu.,.d random

variables, Xiu- 1,2,3 , can be wri±ttn as :(x;;U"i ,a2 ) w'-ero .j

and a2 are the mean and variance, respoctively' of the distribution
x i

corresponding to the random variables. It follows that p x i 1 1,2,3,

can be coctsidered as the actual aim point.

'i
2.2 Th!1Problem

The foragoiag considerations enable uS to state thO " p".r o:

the problem as follows: aiven a targ3t T defined by the -elation

T - (xcE 3 
1  x, < sz , 1A 2 ' 4 . _

and the, input p a.'a;0ter!- 1Aj , L 1,2,3 j - 1,3 J , Ij 1,2,3

IN, the total nu.r-bar Of rou.'ls for 'ulhu h-urts: ard P)(1121) h Silto'•-

capacitation par hit, - find .(ni) d (.
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1,,

Lot us bagin by noting that th• •robability d•ns.ity fvu.cto.." of Xi

Scan be written in a product form, as

32
p(x:) - O ,(XJ;IA J, 21 ) (3.1)

where
j = 1,2,3..

"--a probahility that the first round hits the target T , P(F) , is then

given by

P(•) - IPCX•l)dxl (3.2)

where the intogral symbol donotes the triple integral over T

Substituting (3.1) into (3.2)jwo obtain P(F) expressed in :ar.-i o!

error functions as follows;

3

-(F I.[Lrf a2±) Q rf(Q2 1-)3]/2 (3.4)

whore

a 21-1 a O(s21-.1 - )lOX
i i

'21 " 2o1' " i •)/V[

for 1 -1,2,3 and ca 1//2
0
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.or a giv,"n •x2 the probability tht a subsqný:." roiud i.t8 r

denoteCd by P(SbJx 2 ) 'iS

P(sh, 2) - fP(x2)dx2 (3.51

The probability that a subac.uant round ,i:s T givan x1 , dnotd by

P¢sjxh) , is,

P(sIXI) -f P(O•) v(Cs1UX2l)U-- (3.6)

Whave~ ~ du2adx.dp4,# dmxa24 a nd the ±intoaral symbol. donotes the tripla

n.toaaLt oyvo E3 Using (2.1) and (3,5) in (3.6), we can rawrito

(3.6) &4 follows

' Y(81x f�J)" P 3 P -.41), p(x2 )eIj dx2  (3.7)

The probability that a subaoqu,.nt round hlics 6 , o d bLy P(S) S

then

P (S) - ft x (~: 1 dx 3

.Subst%.tution of (3.7) into (3.3t) yields the following:

3
P'(S) w Tr (vf(u ) -2 urf(B2 _1- }j2 (3.9)

where
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7.-. ox raasic'n !o- L(i) cin ax., bo- -rad~iy Qb.b-ninaI fc-.; a

of X rounda by subitLtutin.. oaquti iasn (3.4) znd (3.9) in t:. .fcI'/..wla

rolat.ion |

who re P(i) is thia probability that tha ith round in a burst of N

rounds hits T and the "cho czaistic function" X on tho ±'dax sat

Q (1,2,3, N) is defined by the formula

xn I if i C 1I

0 if iiii

It follows that

E•F) - P(F) +-(.N-1) ?(S) (2.

To seek PC%) wa proceed in the following iter tý i

[5) that for any two masurable events

P(Yf Y) + P( a. P() S) (3,.12)

P(c. ) denotes the probability that the first poue•.-JLe' "

and the subsequent projoctiles do not i;np•cpaei-:it

the taract T.

P(I I) danor.cs tho negation of P(I I) on tho Zirat ,vcna.

P(I ) denotes the prob.ability that none of the SUbzec:u.t

projecuiles incapacitates T.

Hence,

PCX) PCT') -P(IrL 8z 13)
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For a given U2, the probaabiliy ,'hat none oz the N-i Bsrcq-:ct

pro~ectiles incapacita-es T, doneotc by P(- ), is given 5y

P• . H E ?<I!.)?(. 1l 2 )] (3.14)

hao probability P(_ Ix,) that none of subsequet projectile

incapacitates T given x1  is given by

P rjx) s JI p(x3)? (1hip2)dijZ (.5S~JE;

It follows that 1x-I 3 - F.
1( - k) f~( 1 11)k r F

-kWO --lEi-l E 7 Y2-2
J ~(3 .- i

21:erf(02 1) -'erf(82 11)) W dX 2

i
"where

-7 2-

a 2i-l " 11 -x 2 /2a
i

82 U (a21 - U.•2)//2 %2
i

•i 1,2,3.

Here we have used the assumption that for a given hiM 0h0 probabiliz*r of

incapacitation is equally probable; i.e. P(1j1,) V(I'11,) for z••l iz.G
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rJ

hhr
-har " P )(x 1) P :x1 )d x! (3.18)

A:Lr som.a conputatior.s on the last in:agral, wa arrive at

PI [rfY) -0P(2IH (3.19)

JE (2k)./27T r

*(r(a S2 ) s 1 .. ) (a d 2S £ i

a 2. + a 3
xi x

i " ,2,3
-

-11-
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P.T- (3.20)



[I

Fqr~~ ~ ~ ~ ilutain eua ara!:ý102Pcd~ ta.,;t Of 2: I.
considered first. As a s*?Qoc± in.010st we .s':ath-.,'t the :r.

zeroed in at tha center of i:a front surface basa lino i.e. -3 < x < 3

O'<x2.1 1~ and 0 < , 6 roe --n-,u1ar zarZ;Q oZ, n~±.i

-3 c x 3 and 0 < x 3 is also considare.as a u.oecal case. it

provides a base for varL2ication with t.haz Siva. in (3].

Table 1 gives the values of the in.put parameters- N, axJ and Ux

for three different cases, Table 2 shows the raeults of the effectivencss

parameters for the two t•rgots. The value of ?(II1) is takon as 0.85

for finding the values of P(I).

Numerical intagrat-ons wore computed by us•n- Sir n u,

Per each iaitearation .equally s~acad increments are used over 6C.2

rannes. Any numerator value less than 10 as -ll as any value for :he

difference of two error functions less than i10- is taken to be zcro.

.5. DISCUSSSO.NS & CONC!.S

An O.f.etiv.•S f .or. .a u n burs t on volu:. ,u -- --.i haus

bean developed with thrue-triva-iata normal diLtribucioas in this report.

It is noted that for torget• hcvia• s ial eonfigu'ations, the cor-

responding models can be readily obtained by an a2propriatto coordinate

transformation[llAn area target modal is obtainable as a special case.
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.II
For Instance, the model so obtained for regular parallolepipod taraets:is

an obvious extension of the threa-blvariace model rendered by C31. This

! fact also lead us to note that ?(F) and P(S) for a volume target

can ac most assume only one-half of the corresponding VAlues for an area

:arget,

&he conventional notion of an impact point becomes rather nabulous w-ni

carried over to a volume targe.. Further pursuance for a rigorousness

development of this notion raky be necessary. The reader is roarr~ad to (6]

for such an offort.

Since the essential pr=misea used for this modelin- in axtandin; thd a

random phlcnomena from two dimonsions into the third dimension is a .:ron

one. '.are of tha model should compriso with the s~tipula:iohs.
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X 2

34

SFig. I Coordina.es of. x 1.,3 and a

S$~~olie ?ar."al,'lelpipod Target T

taraii -. e 2 ihLddd ••..2  ::Ui a• J, .....e..

.'.. II

"1 2 i 2 3

•" 0.250 0.250 0.,-,30 G0.500 0.50 0.j00

P()0.015 Q. 079 0,093 0.061 0.•.o, 0.219

!.:(It) 0.326 1.356 1.4-92 0.803 3.103 3.578

P(1+) 0.753 0.670 0.715 0.828 0.881 0.927 :,

,P(I)* 0.736 0.643 0.668 0.7D3 0.850 0.901 !1 2

F.. .. • ,8 and I I I
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SIMULATION OF SUBSURFACE NUCLEAR EXPLOSIONS
WITH CHENICAL EXPLOSIVES

Donald 3. Button, and Edwvrd J. teahy I
Lawrence Livermore Laboratory, LivoAirte, California

A series of field experiments are being designed and theoretical
studies are being conducted to select a chemical explosive and to develop I
explosive charge configurations and synthetic fallout material to aimu- ,.
late subsurface, sub-kiloton nuclear cratering explosifte. The studies
end experiments are directed toward determining the effects, the type
and degree of stesming (full stemming, water ctemaing, and no stem-
ming) have on the sine of nuclear craters, the vented radioactivity,01 --
the extent of the resulting fallout pattern. Such information for ditona-
tions in a variety of geologic media is required if nuclear explosives are
to be developed as a civil and military construction tool.

The problems associated with simulating these effects through the
use of chemical explosives are discussed, and partial solutions are pre-
sented. The theoretical and experimental programs will study the relative
effects of the different ste-ming configurations in the chemical explosive
case and relate the results to the nuclear case. It is suggested that
these investigations will lead to optimum design criteria for simulation
experiments and to a means of inferring the information which cannot be
simulated.

i1I
J
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1. InkiODUCTION

The development of nuclear explosives as a tool for civil and mIlitary
conatimction requires testing in a variety of geologic media and near-
surf ce emplacement configurations.. Chemical explosives are a conveni-
ent and economical way to model nuclear explosive effects. The U. S.
Army E3n.fneor %xplosive Excavation Research Office (3ERe), Livermore,
California, a part of the V. S. Army'. Waterways Experiment Station at
Vicksburg, Mississippi, and the Lawrence Livermore Laboratory (L ),
Livermore, California, are designing a series of field experiments to be
used in cor.Junction with numerical modeling calculations to develop such
a simulation technique. Related numerical callulatiobs are also being
conducted by System., Science, and Software (S), La Jolla, California.
The combined effort is called Project DIAMOND ORE.*

lu the development of the technology to permit employment of nuclear I
explosives as a tool for use in both civil and military construction, the
influence of burial depth and stemming material on phonomena associated
with nuclear cratering must be determined. The construction of engi-
nearing structures such as railroad cuts, storage areas, and obstacle
craters requires a detailed knowledge of ground motion, limits of material
failure, and.final crater size. Safety considerations require knowledge of
airblaut owvrpressures, seismic motions, lmssile throwout ranges, and
radioactive follout distribution. The DIAMOND ORE program Is therefore
directed toward modeling as many of these effects as possible with the
primary emphasis placed on crater size and radioactivity modeling.*

Project DIMJ,..D ORE IS JOINTLY FUNDED BY THE Defense Nuclear Agency
and the Office of the Chief of Engineers, US Army.

* The remainder of this artt'.,•.e has been reproduced photographically from
the author's umanuscript.

-128-



S1I. SIILITUDE AND CRATERING PHENOMENOLOGY

Thu kay to the successful simulation of nuclear cratering events

through the use of high explostves (HE) is the understanding of the crater-

ing phenomenology which results from both energy sources. Although teu

quantitative aspects of simulation will not be completely known until the

termination of Project DIAMOND ORE, the following qualitative aspects

Ssupply a starting point for formulating simulatlon criteria.

(1) Early-time Enerqy Source Behavior

A ll of the energy from a nuclear device is released in less than a micro-

aecond, vaporizing the device materials and its canister. IS* Point I in

Figure 1). As this high-pressure, high- temperature gas pushes on the walls

of the emplacement cavity, a strong shock wave propagates through the sur-

rounding rock, depositing sufficient energy to cause vaporization. Butkovichll

has shown that, in silicate rock, about 70 tons of rock are vaporized per

kiloto,, of yield (1 kt a 1012 cal). In the region of vaporization, the re-

spons~e of the rock to the shock is such that a lower limit of about 20% of
the device energy im lost in inte~rnal heating and will not be available to i

do mechanical work at late times. As the shock wave propagates outward,

it continues to melt the rock and shock-vaporize water contained in pores

- * and cracks. Shock vaporization of silicate rock and water occurs at

pressures of the order of a megabar and 100 kilobars, respectively.

* The spherically diverging shock wave and the expanding mass of vapor-

ized rock and water are the principal agents in the formation of nuclear

rI
* ,
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