[

a2

AD-776 910

PROCEEDINGS OF THE CONFERENCE ON
THE DESIGN OF EXPERIMENTS IN ARMY
RESEARCH DEVELOPMENT AND TESTING
(18TH) HELD AT ABERDEEN PROVING ‘
GROUND, MARYLAND ON 25-27 OCTOBER 1972

Army Research Office
Durham, North Carolina

October 1973

\

J

DISTRIBUTED BY:

National Technical Information Service

U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va. 22151

)

v R s Ve e e

g

T




e

ST IR E iy

2t g yrELe ol

AD776 7/0

. . . PR . i . ]
o - L & . PR c

U. S. Arm& Research Office

Report No, 73-2 :
October 1973 e

PROCEEDINGS OF THE EIGHTEENTH CONFERENCE

ON THE DESIGN OF EXPERIMENTS

Reproducad by

NATIONAL TECHNICAL
INFORMATION SERVICE

U S Department of Commaercs
Springfield VA 22151

Sponsored by the Army Mathematics Steering>Coun1ttee
HOST
U. S. Army Test and Evaluation Command

Aberdeen Proving Ground, Maryland

| 25-27 October 1972

Approved for public release; distribution unlimited.
The findings in this report are not to be construed

as an official Department of the Army position, unless
so designated by other authorized documente.

U. S. Army Research 2ffice
Box CM, Duke Station
Durham, North Carolina

o

[ S

[ e I

1
i
i

-



FOREWOPD

The Eighteenth Conference on the Design of Experiments in Army Research,
Development and Testing was held 25-27 October 1972 at the Aberdeen Proving
Ground, Maryland. The U. S. Army Test and Evaluation Command served as its
host. This is the second conference in this series tc be held at the
Proving Ground. The first one, called the Sixth Conference on the Design of
Experiments, was held in October 1960 with the Ballistic Research Laboratories
serving as the host. The father of these meetings, Professor S. S. Wilks,
was 1in charge of arranging the program, and the undersigned served as the
Chairman on Local Arrangements., Having served once in this capacity, one
has a better appreciation of the work-load faced this year by the Local
Chairman, Mr. Gerard T. Dobrindt. Let me thank Mr. Dobrindt for his excellent

.handling of the many prcblems with the physical arrangements as well as the

problems presented by the attendees. Thanks are also due to Dr. William
McIntosh for his guidance and assistance in many phases of the on-base
arrangements,

Professor John Tukey, the first invited speaker, got the conference off
to an excellent start with his interesting and informative treatment of the
tooic "Exploratory Data Analysis'. ‘He was followed on the program by one of

"his colleagues at Princeton University, Progessor G. S. Watson. Dr, Watson
-discussed some recent developments in the interesting field of "Orientation

Analysis", At the Second General Sessicn members of the audience had the
pleasure of hearing Professor J. S. Hunter discuss one of his papers on
"Sequential Factorial Estimation' and Professor G. E. P. Box present some
of his work on "Forecasting and Control". It is interesting to note that
both Drs. Box and Hunter served on a panel discussion entitled "Common
Pitfalls in the Design and Analysis of Experiments" at the Sixth Design
Conference. The fifth invited speaker was Professor Raymond H. Myers who
enlightened members of the audience on some recent and important
developments in the field of '"Dual Response Surface Analysis'. The recipient
of this years Samuel S, Wilks Memorial Awards was one of the above-mentioned
invited speakers, namely Dr. G. E. P, Box. We are pleased to be able to
include in these prcceedings his acceptance remarks.

The Army Mathematics Steering Ccmmittee sponsors these conferences
on behalf of the Chief of Research and Development. Members of this
committee would like to thank the many Army scientists who contributed to
the success of this meeting. Without their dedicated efforts these meetings
would not be repeated year after year. Scientists in other government agencies
have also lent their talents to the programs. This year we were pleased to
have three contributed papers presented by members of the National Bureau of
Standards, and also to have Dr. Churchill Eisenhart of the Bureau serve as a
member of the Program Committee. The Food and Drug Administration was
represented on the agenda by Dr., Clifford Maloney, His services as a member of
the Program Committee were also appreciated., One or two Canadian scientists
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usually attend and contribt to the discussion at these meetings. This year i
we were pleased to have one .. our Canadian friends, Mr. 6. J. McLaughlin, §
of the Defense Reﬂearch Eseablishment Valcartier, present one of the clinical S .
< . papers. o AR SR
!

In addition to the two members of my Program Committee already mentioned
the following individuals served: Robert Bechhofer, Norman Coleman, Gerard
Dobrindt, Francis Dressel, Walter Foster, Boyd Harshbarger, William MciIntosh,
Herbert Soloman, Grace Wahba, and Geoffrey Watson. Those gentlemen and one
.. lady were charged with the rcsponsibility of outlining the general character
of the conference, and to select the invited speakers, My thanks to them
for preforming this task in a fashion that again led to a successful
sclentific conference, It seems in order at this time t3 give special mention ,
to Dr. Walter D, Foster, w-o is the Chairman of the AMSC Subcommittee on ‘
Probability and Statistics. In this capacity Dr. Foster can be looked upon .
as the one generally responsible for initiating the advanced and overall
planning for each conference. He serves in the conduction of many other
phases of these meetings; in particular, he serves as the Chairzan of the ,
committee that organizes the final form of the agenda. He makes the report : ;
to the AMSC on some of the accomplishments of each Design of Experiment i
Confererce. On behalf of all attendees at these meetings, let me express ?
our thanks to Dr. Foster for his dedicated efforts to rhese scientific
conferences. | 2 ‘

Finally, we desire to express our sincerest appreciation to Dr. Francis
G. Dressel whose many significant contributions make the Army Desizn of
Experiments Conferences a success from year to year.

[ U

Frank E. Grubbs
Conference Chairman
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- % & % X * YJodnesday, 25 October * * % * *
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CHATRMAN:

Norman P. Coleman, Jr., HQ, US Army Weapons Command,

Rock Island, Illinois

PANELISTS:

A. Clifford Cohen, Institute of Statistics, University of
Georgia, Athens, Georgia
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EXPLORATORY DATA ANALYSIS AS PART OF A LARGER WHOLE®*
John W. Tukey

-Princeton University, Princeton, New Jersey. e

o
3

(4) Most data analysis should be investigzative

. It is not enough to:look for what we antieipate. The greatest gains e
from data come from surprises, We will usually not be very surprised,

but we should try to be.

(AA) Data analysis is well thought of in three phases

As we come to think over the process of analyzing data, when done well,
we can hardly fail to identify the unrealism of the descriptions given or
implied in our texts and lectures. The description I am about to give
emphasizes three kinds of stages. It is more realistic than the description
we are accustomed to but we dare not think it (or anything else) the ultimate

in realism.

The first stage is exploratory data analysis, which does not need
probability, significance, or confidence,and which, when there is much data,
may need to handle only either a portion or a sample of what is available.
That there 13 still much to be said and that there are new simple techniques
to be developed is testified to by 3 volumes of a book now in a limited
preliminary edition (Tukey 1970-19/1) which deals only with the simpler
questions, leaving multiple regression and related questions for later treatment.

The second stage is probabilistic. Rough confirmatory data analysis
asks, perhaps quite crudely: "With what accuracy are the appearances already

3 o

found to be believed?" Three answers are reasonable:

- The appearances are so poorly defined that they can be forgotten
(at least as evidence though probably not as clues).

- The appearances are marginal (so that crude analysis may not suffice
and a more careful analysis is called for),.

- The appearances are well-determined (when we may, but more often
do not, have grounds for a more careful analysis).

Among the key issues of such a second stage are the issues of multiplicity:
How many things might have been looked at? How many had a real chance to be
looked at? How should the multiplicity decided upon, in answer to these
questions, affect the resulting confidence sets and significance levels? These
are important questions; their answers can affect what we think the data

has shown.

*At the Eighteenth Conference on the Design of Experiments, Professor Tukey
issued this outline of his address. It contains several references for

those interested in pursuing this topic.
.
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It will only be after we have become used to dealing with the
issues of multiplicity that we will be psychologically ready to deal
effectively with correlated estimates, to Tecognize in particular (a)
that the higher the correlatiov the less the chance -- NOT THE GREATER -~
of one or more accidental significances and (b) that correlation of
fluctuations need impiy nothing as to whether the real effects measured
by one calculated quantity will in any way "leak” into other calculated
quantities. Leakage of fluctustion and leakage of effect NEED NOT
go together, though they sometimes do.

: When the result of the second stage 1s marginal, we need a
third stage, in which we wish to muster whatever strength the data

before us possesses that bears directly or the question at issue -~ and in
which we often also want to borrow strength from either other aspects of
the same body of data or from other bodies of data. It is at this stage
of "mustering and borrowing strength” that we require our best statistical
techniques. Medians may be quite good enough for our rough confirmatory
analysis, but if we have guod robust measures of location they are needed
in mustering and borrowing strength.

To argue, as we have implicitly done so often in the past, that
~- (1) all data requires mustering and borrowing of strength and (2) this
can — nay should -- be done without any exploratory data analysis —- is
surely at least one of the minor heights of unrealism. Trying to make
what needs to be data investigation into data processing that really meets
our needs involves many new ideas, and ideas come slowly.

(AAA) Novel ad hoc analyses need not bar us from confirmatory analysis

To be clear that this is so, we must be prepared to face up to two’
points:

- questions of multiplicity are not going to be avoided.

- approximate confidence and significance procedures are quite
good enough.

Once we do, the jackknife+ will give us adequate confirmatory
assessment; our only struggle will be with assessing degrees of multiplicity.

(Waiting for specific statistical theory for specificvanalyses is
unsound. We fkave to wait too long, and -- what 18 worse -— we get theory
based on too narrow assumptions.)

4+ For an introductorv account see:

Mosteller, F. and Tukey, J.W. (1968). Data analysis, including statistics.
Bandbook of Social Psychology, 2nd edition, vol. 2. C. Lindzey and E. Aronson,
editors, Addison-Wesley, h2ading, Massachueetts, 80-203.
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i/ SOME PRINCIPLES

e

TEAT SHOULD GUIDE

c.‘:“

!XPLORATORY DAIA ANALYSIS

(A) Walk first, run later ‘ e e

. "It is well to underatand vhat you can do bcforo you learn how to
messure hov vell you seem to have done it",

; (44) Don't wait for running shoes, start now

(444) Data analysis should be investigative

i "Exploratory data analysis is detective work -~ numerical detective
work -- or counting detective work — or graphical detective work".

(AAAA) Resistant techniques should be the usual beginning

i ‘A technique is resistant if changing a small part of the data will
' have only small effects on the result, no matter what is done to the small
part. (Means are not resistant, but medians are.)

(AAAAA) Analyses should come b:fore summaries

Before we summarize, we should analyze, and look at the analysis.
Here an analysis is:

a8 conversion -- usually a breakdown -- of numerical data into
other numbers that is both reversible and relevant.

Reversible means that you can get all the data back IN DETAIL
from the results of analysis. Relevant means that some, at least, of the
results of analysis illuminate each of the questions most likely to arise. _
We will come to examples a little later. !

vt

%AAAAAA) In routine analysis the client should be presented with at
least two different versions

If the two versions "agree", fine. Let some summary of one be
prblished. -

' I1f the two versions "disagree'", the client must think —— very
painful, but forcing this may be the best thing the statistician can do.

;
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(4484484) "Looking at the data" implies both MORE NUMBERS and BETTER
PICTURES

-

The unexpected is best brought to our attention by pictures.
Failing this, as is alwvays to some extent necessary, more numbers can
and do help. '

¢

(A28A85A8) Implicitly defined -~ and hence iteratively calculated -—-
analyses are inevitable

We have been frightened too long by some mixture of the apparent
difficulties of hand calculation and the inaptness of mathematical
.formulas. Some implicitly defined, iterative calculations are "as easy"

. aad "at l:zast as safe from error” aes those that use arithmetic means.

(*+metex¥) Not only mathemstical statistics, but slso date anelysis,
is going to have to beccme more like bicchemistry.
added March 1972)

The greatest danger of an spplied mathematical science 1is the
tacit essumption ¢f

OMNIFERENCE

of the assumption that both users snd bystandars, from knowing exactly
what is done, will te atle to draw --and will, in fact, draw-- the relevant
inferencez concerning the tehavior of every technigu=> at hand. To have
direct omniference by as many users as possible sbout as many technigues

" as possible 1s s very good thing. But to avoid e technique, because
omniference is hard or impossitle, can bte very unwise. .

We ought all tc expect that users are to be told the best
informatinn stout dats anslysis techniques thst is availasbtle --whether
or not they cun afford the effort *o understand how that informeation was
gained-- and whether or not the information is proved, provetle, or even
sutject to confidence statements.

4=
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EXPLORATORY DATA ANALYSES c
ST CINRELATION TO . L. Ceoe -
i _ . PROBABILITY MODELS .

M

N :

e R N i o s °
E . i~

B E () Probability aocdels are to give results for guidance.

: st As statisticians we nuut takn thc major share of tespon-ibility
here. We ought to make the existence, nature, and details of probability
models openly available to all —- encouraging their perusal. But we
ought not shove them down throats in the early stages of learning.

e e v el meew e o s

Mathematics i{s the only possible scientific discipiine in which
responsibility can bc completely avoided -- by teaching every student
all the prcofs, thus saking him responsible for the validity of all the
mathematics he has thus learned. No one else can avoid responsibility
this way. If, as statisticians, we are concerned with the analysis of data,

! ve camnot escape.

Understanding what comes of carefully formulated probability
situations is of the essence. Rarzly will it be directly and precisely

applicable to our problems. Caly as we carefully broaden the bases on
vhich it is built will we bring it closer and closer to direct application.

i (84) In Exploratory Data Analysis, SOZ efficiency is plenty

If 50% efficiency will not reveal an effect, 95% will nc’ nmake
it significant,

(AAA) Singlicitz and flexibility outweigh efficiency

‘ o xecall Church111 Eisenhart's definition of the "practical power" ) h ¢
of a statistical test: o

T T G s e Moy s st s+ 1 o et

B O

The product of the probability that the test will be applied and
the mathematical power when applied.

e mae e
~

Nt

(0AAA) As we learn from broader probability models, we will be

better guided in Exploratory Data Analysis

.

s
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TWO-WAY TABLES
OF

RESPONSES

We have analyzed many hundreds of thousands (at least) of
two-way tables of responses by fitting something of the form

+ B8, + hash

a, 7

Almost all of this has been done by explicit arithmetic meanas.

These are really used as algorithms to meet implicit conditions
that certain arithmetic means of residuals and effects are zero.

The results are very NON-resistant, — and hence very NON-robust

of efficiency. We can no longer live with them as the only approach.
Implicit medians do quite well, and are not hard to apply.

As an example, let us look at data from page 103 of the
Rothamsted Field Experiments of 1969. The analysis by means hardly shows
that anything is going on among the residuals. The analysia by implicit
medians calls at least two things to our attention.

I ol
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i DATA, weight of sugar beet roots in 0.0l ton ﬁ
|
t " n3 1 %7 (Means)
< . ... DG 1468 1597 =~ 1670 1687 (1596) . FU e e
j ST 980 1237 1379 1449 (1260) o
@ ' P %7 us6 19 1511 (273) % |
; (-1 1304 1611 1470 1444 (1415) ‘
r 912 1234 1325 1374 (211
. 963 1234 1351 1367 (1228) . §
(Mesns) (1104)  (1311) (1442) (1462) \1330) {
| |
} ANALYSIS 1, by explicit or impiicit means _
; DG 9 20 -38 -83 266 }
| ST -s2 14 3 s =10 P
PT 80 -98 72 104 57
™ 145 15 -57 -105 85
) 3} -73 A2 2 29 -119
( rs -39 25 R L 2 . -102
(eff) -226 = ~19 ©o112 - C 132 1330
" ANALYSIS 2, by implicit medians
DG 176 22 =21 67 . . 289 !
ST - -32 6 & 17
PT -53 ~147 62 73 17
oM 230 22 -21 -80 103
PJ -25 6 -5 11 -58
rs 6 -6 7 -11 -41
(eff)  -334 51 51 8 1337

Note: N1, N3, N5, N7 are four levels of added nitrogen.
, . -7
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OTHER KINDS

OF ANALYSIS

CONSIDERED BRIEFLY

(A) When regression is for residuals, as usually in the analysis
of covariance, for example, we often need siructural regression, rather than
predictive regression.

Stripping out An effect can be much more important than minimizing

residuals.

(84) Almost all applications of spectrum analysis are exploratory
in nature

Where spectrum analysis has helped, it has been because of what
it has shown to us. '

(AAA) Numerical classification (numerical taxonomy, cluster analysis,

etc.) has been an unrecognized battleground between explanatory: and
confirmatory data analysis

The techniques of steadily increasing effectiveness pushed onward
by W.J. Williams ard G.N. Lance are essentially exploratory in nature.
The views of N. Jardine and R. Sibson, to pick an antithesis, are basically
confirmatory. (Rather than facing the multiplicity problem ((see, for
example, Day, N.E. (1969) Biometrika 56, 470-473)) the most usual reaction
has been one of fear and retreat to axioms and abstract criteria.)

(AAAA) Almost all of multivariate analysis has suffered from an
emphagsis on confirmatory data analysis, to the concealment of what might

have been seen

(The nearly complete book of R. Gnandesikan on multivariate data
analysis is a valuable first step forward.) (Canonical analysis, in the
sense of M.J.R. Healy et al, 1s an outstanding example of improved data
ingight by exploratory methods.)

(AAAAA) Contingency tables can often be analyzed, not just summarized

It is their analysis that offers an effective foothold for their
exploratory data analysis.
(##*%¥*) Effoctive local technigues in multivariste analysis seem
likely to Jepend on near-volume indicators. (added March 1972)

Cells and grids are useful in one-dimension from moderate smounts of
data up, in two-dimeusions from moderstely large smounts up, and in three
dimensions from quite large amounts of data up. To work in four or more
dimensions with any feasitle emounts of data, or to work in three or two
with lesser smounts of dats, we have to do something else. kth nearest
volume, for sn spprcpriete shape of neightorhood, seems likely to fill this
gap. T

~
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EXAMPLES *

ﬂop - i; o
BETTER PICTURES

1) to &) - Sten-énd-leaf " “
3) to 7 Schematic plots

8) to 9 Residuals from lines

10)° to 13) Row-PLUS-colurm fits

14) Bar diagrams may need bow legs!

15) to 19) Rootograms for amounts or balancas
20) to 22) Rootograms for counts
23) to 24) Rank-size-log plots

25) to .9) Counting-in

There needs to Le a
GOOD P1CTURE
A ° in respomse to
r !Yﬁ!!' |
type of question
FREQUENTLY ASKED

* Taken or adapted from Johr W. Tukey, Exploratory Data Anzlysis.
Limited preliminary edition (3 volumes). Copyright 1970, 1971,
Addison-Wesley Publishing Company.
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CLOSE

o Some would call — out loud, or in their minds -— exploratory
data analysia "Just descriptive statistics". Those who take this view
must believe that "descriptive" statistics is a horrible misnomer. For
I hope I have shown that exploratory data analysis is actively incisive
rather than pnuiﬁy descriptive, with a real emphasis on the discovery
of the unexpected ~— 1f necessary by figuratively knocking the analyst's
head against the wall until he notices it.

Data snalysis should customerily, 1if not routinely, be
investigative. Quantitative detective wo-k has to be a professional
responsibility,

Undoubtedly, the swing to exploratory data analysis will go
somewhat too far. However:

It is better to ride a damped pendulum

than to be stuck in the mud.

~10-
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THE STATISTICS OF DIRECTIONS

G. S, Watson
« < Princeton University = - i;;- oroe .

INTRODUCTION, An analysis of directional data {s required in many
fields of research, The writer's work was stimulated first by studies
of the direction of permanent magnetization of ancient rocks (palaeo
magnetism - see Irving (1964)) and then by studies of bird navigation,
These yield examples of directions in three and two dimensions respec-
tively, Like so much of statistics, the developement of the required
theory and methods owes much to a paper by Fisher (19<3), The literature
has been recently summarized in a book my Mardia (1972).

The subject not only has practical interest -- it has theoretical
interest, The tools of statistics -- means, medians, variances, distri-
bution functions, etc, = are all fashioned for the real line on which
the observations are points, When they are points on a circle or a
sphere, one must start afresh -- none of the tools just mentioned make
sense any more, Creating a new get, although a simple job, has given
the writer more pleasure than any of his other statistical work, Other
interest stems from the compact nature of the circle and the sphere
which makes things simpler than the line —— but this aspect is not
appropriate for further discussion today. .

2, Data and its summarv descriptions. In two dimensions, a
direction may be thought of as an angle, a point on a circle or a unit
vector, To display data in angles one could show it on a straight
line of length 360° and find the mean, median, variance, etc. But this
is surely wrong since it supposes that observations of 1° and 359° are
far apart. 1If all the data is concentrated around 180°, no great harm

‘1s done, of course. If it is shown on a circle no such problem arises

but new tools are required. If we think of it as -

El""’EN ’

a bgnch of unit vectors, rhe new concepts immediately suggest themselves.

The direction of the mean vector % L r, 1is suggested as a center of the
1
sample. ~ = Ir 1is the vector resultant of the sample and we define the

sample 1 .n direction to be a unit vector in the direction of R, Thus

instead of having e.g. the mean of directions 1° and 359° as 18C° (!!),
it comes out sensibly as 0° = 360°,

=11~
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The graphical display of directional data is shown in Figure 1 a,b,
Figure l,c shows how undirected lines are plotted -—— these are called
axes and need a different treatment than directions. Figure 1l's b and ¢
together indicate the axes of slump folds tend to be parallel with the
palaeo current direction.

Given a aample of directions with a single center, how might one
describe the scatter or dispersion of a sample of directions? If the
bunch of vectors is very tight (i.e. none of TisesesTy make much of an

angle with R) the dispersion is small and R, the length of R, is almost
as large as "N, If the r L point in many directions, the dispersion is

large and R will be small, Hence
Diaperaion of sample = N-R (1)

would be a sensible definftion., This needs to be reduced by a factor
like N to get it on a per-~observation basis so we might define

- R R . : ’
-l_ﬁ » (2)

Scatter =

It is clear that we have found analogues of §, 2(xi-§)2 and 52!

If we turn to directions in three dimensions the above arguments
and definitions still make sense, To visualize such data, we must look
at points on the surface of a sphere, To show them on a two dimensional
page, some projection must be used, Different projections are used in
different subjects. The Lambert projection projects a hemisphere so
that areas are preserved, Thus the density of points is not distorted,
Hence it is usually best for statistics, Special paper 1s available for
doing this manually, The point with spherical polar coordinates (6,¢),
0 < ¢ <n/2, is made to correspond to a point (p,¥) using planar polars,

where y = ¢ and p = Y2C sin ¢/2,

Thus the upper hemisphere is mapped on

a disc of radius C. Figure 2 shows plots of some sets of geological

data, Efforts are often made to
generalization of histogramming,

"contour" the density of points -~ a

The paper by Watson (1970) gives more

details and references and relates all the ways different subjects have
used to define a direction in three dimensions,

The definitions of mean direction, dispersion and scatter are only
useful for data like that in Figure 2.a, It will be noted that they are
related to the center of mass of the points, each of unit mass. By con-
sidering the moment of inertia (M. I.) of the set of points we can sort
out other configurations e.g. bipolar distributions, gird1e distributions.
Let the vector r, have components x and z, so that x < + yi + zi2 =

i X425 i 1
1., Define

-12-
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The matrix M is symmetric and definite., Its eigenvalues,l1 > 12 > 13

say, are positive and add to n = trace M. . They are the stationary values

-of d'Md where d is a unit vector and the eigenvectors are the veccors d

yielding these values. The eigenvalues and eigenvectors of M may be
interpreted, Consider the M. I, of the unit mass at point 51 about an

axis through the origin parallel to a unit vector d,

5-1 .
o~ T — . m— (E.ig-

Figure 3

: ' ' )
From FPigure 3, it is 1 ~ (54 g)z =1-drxr dso that the M, I, of all

the points is »
. N L ' '
H.I. - N - 1-1 g- Ei 'E'd. d - N - _M_ dc

Suppose now the points are fairly uniformly distributed around a
great circle. The direction of greatest M. I. is perpendicular to the
great circle, The M, I. is about the same around any orthogonal direc-
tion. Thus this distribution corresponds to one small root and two
nearly equal larger roots. One large and two small corresponds to a
uni- or bi~polar distribution --~ and these can be distinguished by the
length of R (large in one case and small in another), If all three roots
are ejual, the distribution of points must be uniform on the sphere.

And so on,
It is possible to write a simple program to draw Lambert projections

of gamples and to calculate R , R , M and its eigenvectors and values,
These quantities give one a good feel for the data,

' 3. Parametric distributions and tests, If the observations are
symmetrically arranged about a single center with a density falling off
as one moves away from the center, one will not go far wrong in assuming

~13-
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they are a sample drawn a distribution with density proportional to
exp k cos 8 where k > 0 18 an accuracy parameter and & is the angle
between the center and the observation.

We will now, because of time, stick to three dimensions. There
this distribution is called the Fisher distribution, If the center is
the unit vector p and x the observation, the density is

t

k Iy L )

4nreinh k L L . c

With data IysecasIp 1t is easily seen that the maximum likelihood (m.1l.)

estimates of k and u are
u = the direction of R = R/R ‘ (5)

and k, the solution of

Ao .
Cothk -3 =& (6)
- kk
If k is greater than 3,
E e N
ko )

Now k is an "accuracy" parameter, the opposite of scatter, so this
matches our intuitive formula (2). This fortifies our belief that (2),
(5) and (7) make sense even if (4) is not quite true,
If u is known, the m,1, estimate of k is
o
N/(N-X), X =R u (8)

Thug N-X is evidently the dispersion of the sample about u, just as
N-R is the dispersion of the sample about u,

When k = 0, (4) is the uniform distribution. It is often necessary

to test whether this is so, For single cluster alternatives, we will
naturally reject if R is too large. It 1s easily shown that

2
N X3 (9

so the test 1s easy to make, (For more complex alternatives, other tests

are appropriate.)

To test whether a sample comes from (4) with a given mean or polar
direction, one may consider the analysis of dispersion

14—
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8o that the test is
Rl + Rz - R

¥ ) T -2 ) (17)
e ?.2(N ?) N N RkL R2 - o :'z: ) < .

© ¢

The logic of (16) is seen from the triangle
R
-2

- ¢ ‘, _R.l
R
It has been shown that these tests are robust against quite severe

changes in the parental law of Fisher, The extreme outliers that play
havoc on the line cannot occur here.
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, :
; Fisure ] {a) Raw Jntn plotted on circle,

(b) Rose diagram of some pelaeocurrent directions,
(c) Rose disgram of some axes of slump folds.

{Redrawn from Pott.r and Pettijohn(1963))
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Yigure 2 rotlern:; ol preferred orientation (median girdles shown by broken
j _ lines). (a) Maximum (symmetric): 150 linestions from Loch leven,
Scottish Highlands. (b) Girdle: 1,000 poles of foliation from /o
Turoka, Kenya. (¢) "crossed girdle": 390 [0001] of quartz from / i
quartzite, Barstow, California. (d) Small circle or "cleft" girdle: '
140 [0001] of quartz from Orocopia schist, California. (After .J. M. /
Christie; redrawn from Turner and Weiss (19€3)) : /
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AN INVESTIGATION OF WIND FREQUENCY RESPONSE ON THE M50 ROCKET

Bernard F, Engebos and Abel J. Blanco
Atmospheric Sciences Laboratory, US Army Electronics Command
White Sands Missile Range, New Mexico

ABSTRACT

The wind frequency response for the M50 rocket was studied using

quadrant elevation angles of 200, 400, and 800 miles. The wind profile

was assumed to be of the form of finite Fourier series with statistically
determined amplitudes obtained through a random number generator.

Impacts were simulated using a 5-degree—of-freedom trajectory model

using 100 randomly generated wind profiles. Correlations between the
randomly generated amplitudes and the simulated displacements were then
computed. So far the results are inconclusive and improvement is necesrary,

INTRODUCTION

The main reason for this study is to delineate the degree of fidelity with
which the wind field must be known to achieve acceptable rocketry
accuracy. Jpecifically, how high must a space frequency of wind be before
the flight path of the rocket is essentially unaffected by that frequency?
An exact answer to this question would involve exhaustive studies into
meteorological data collection, data analysis, and the aerodynamics
involved in treating wavelengths of wind. Several preliminary studies
[1-5] concerning this type problem have been reported. The objective of
the study is to find optimal wind layers so that relatively accurate
impacts can be achieved. To accomplish this end, a 5-degree-of-freedom
ballistic simulation model was used [6].

The Honest John M50 rocket is approximately 8 meters long. The
mathematical ballistic model (linear aerodynamics) used to calculate
theoretical trajectories assumes a net aerodynamic force acting through
the center of pressure of the rocket, which is equivalent to assuming

a constant angle of attack over the surface of the rocket, i.e., the
wind is invariant along the rocket's length. Thus, it is difficult to
speak of the effect of wind oscillations when the wavelength is the same
order as the length of the rocket. As a result, the highest space
frequency considered corresponds to a wavelength of 16 meters (twice
the length of the rocket). For all trajectory simulations considered,
all atmospheric and aerodynamic data on the rocket but the wind were
held constant,

The remainder of this article was reproduced photographically from the
authors' manuscript,
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DISCUSSION

The input wind conditions were components of the horlzontal wind =

as functions of the alititude z.

-‘The first approach consisted of letting

¢ ¢

m

we (z) = 5 I (A jcosuz + B sine.z)

J J J
J=1

m

cosw.Z + D, .sinw,2)

wyf(z) = 5‘ L (CU ; i j

j=!

where wx, (z) is the east-west and wy,(z) the north-south component of
the I-th'wind profile (m/sec), w. répresenfs m wind space frequencies
with wavelengths in intervals of Yi6 meters up to the burnout altitude
of the rocket, It should be noted that m Is equal to the greatest
intager value of the quotient of the burnout altitude and 6.

The various coefficients of the trigonometric functions were generated
by a random number generator, assuming a normal distribution of mean
zero and standard deviation of one. The multiplier of 5 was chosen

to ensure representative wind magnitudes. This yields a finite
Fourier series for the wind components. |

.

<

Associated with the i-th wind profile is the simulated impact
point (x., v.). This point was obtained by using the above wind
profile Buriﬁg the power on and power off portions of flight. Let
{xo, Yo) be the nowind impact point. Setting

Dxi = xI -~ Xgq

oyi =y, = X

1
™o, = (Dxiz + Din)

-~20»
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2 2 2 2
P' = E(AIJ + B + Cij + DiJ Y]

J i

one then can compute correlation coetficient: as fol lows:

Dx

i J
Dxl Vs B;J C ‘
Dy, vs € V1,2, .00 ,m,
Dy' vs Dij
TDI vs PIJ ),

Only the latter correlation coefficient is shown, since the others are

similar., Figure | shows this correlation coefficient versus the wave-

length of the space frequency for a quadrant elevation angle of 200
.mils, 100 wind profiles, and m equal to 12, One should note here

that this correlation coefficient is low in value, This may be caused

by too few cases considered and/or by the Doppler effect on the space

frequency due to the rocket's changing velocity.

Figures 2 and 3 show similar results for quadrant elevation
angles of 400 and 800 mils, respectively,

Another approach involves holding the amplitude of wind constant
and varying the space frequency, mj; l.e., set

wx.(z) = Scosuw.z
J J

'}

(2) S5sinw,.z
"] ®

Figure 4 is a plot of total displacement versus the various wavelengths
of the space frequency for 200, 400, and 800 mil trajectory simulations.
As the wavelengths increase, the tota! displacement of the simulated
impact point from the nominal impact point also increases. This is
quite logical since the low frequency wind occurring during the

powered portion of the rocket's trajectory (most of the wind weighting
ef fect [7] occurs here) appears more as a trending wind. In the "real
world situation,” higher frequencies have smaller amplitude and thus

can be neglected. Generally frequencies with wavelengths less than ‘ﬁ
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50 meters long can be ignored for the M50 rocket, as can be seen by
Figure 9.‘ .

Combining aeveral wind space frequenries into a single wind profile
seems to bear out the fact that space frequencies are relatively
independent of one another in influencing the rocket's flight path.

: . . . . CONCLUDING REMARKS
Several questions still are unanswered:

(1) Will the statistically derived wind profile technique described
herein be successful when the sampling size is increased?

(2) What about wind measurements as a function of horizontal range?

(3) At what altitudes do wind space frequencies most effect the
rocket impact accuracy?

(4) Is there a "best” way to determine optimal wind layering to
ensure relatively accurate impacts?

A solution to the above questions is extremely difficult., Any possible
suggestions on how to solve this overall problem would be greatly appreciated.

C .
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PROBLEMS IN DESIGNING EXPERIMENTS WITH
LARGE NUMBERS OF VARIABLES
Roger 'L, Brauer and Charles C, Lozar
Special Projects Division Architecture Branch
Construction Engineering Research Laboratory
Champaign, Illinois

o

The performance of buiidings is of primary concern to architects. The
designer desires to produce a bullding for human occupancy that not only
achieves high performance of materials of construction but also achieves
high quality for the user. The designer wishes to achieve a high degree of
user satisfaction and support for user performance,

The problem we wish to present at this clinical session occurs in the
evaluation of buildings for users and in measurement of the quality of the
constructed space., In completing such evaluations and designing experiments
which will measure comparative differences between buildings there is a
tremendous number of variables that can contribute to user satisfaction and
performance within buildings. We are faced with a problem in measuring and
accounting for this wide range of factors and in putting them all together
in an experimental design. The results of such experiments are intended to
help establish design criteria that will increase the satisfaction of users
and meet their needs, as well as satisfy the requirements of management,

Briefly the evaluation of buildings must include the assessment of:

a., Physical conditions,

b. Functionality,

c., Attitudes of users about conditions,
d. Behavior and performance of users,
e, Cost,

The physical conditions include space, heat, light, sound, color, furnish-
ings. Functionality includes such things as traffic flow, productivity of
workers, etc, The attitudes of building users can be influenced not only
by the physical conditions but also by organizational climate, personal
factors, and demographics. The behavior of people within a building can
be social or nonsocial and their performance can be in terms of sickness,
absenteeism and productivity. Finally, cost is important to determine the
cost effectiveness of designs.

Consider the case of family housing as an example of the large num-—
ber of variables that can influence uger performance and satisfaction,
Many of these are shown in Figure 1. Everyone has some idea of what
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FAMILY HOU

PHYSBICAL CONDITIONS
BEORCOMS: NUMBRR

L ]
sTOonRsou
LIBMTING
TEMPERATUNS
GTATE OF RaErPAIR

L e LI
<

OTHER CONDITIONS:
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SEOBRAPMICAL

. s e e
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INTERVENING FACTORS:

PREVIOUS EXPERIENGSE
PERBONAL COMPOSITION AND
ATTITUDES: TOWARD PKYBICAL

ARMY (ORSANIZATIONAL CLIMATH)

.. NEMHEORMOOD ANG COMMUNITY
" BEMAVION: TR IN Ues, NTC.

Figure 1.

T

END RESULTS:
SUALITY OF SPACI!

PEAFCGRMANCE
BEMAVIOR

UBER SATISEACTION

An Example (Family Housing) Showing the Many Variables

That Have Some Influence on the Quality of Design
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contributes to making a house acceptable, pleasant, desirable, and satis-.r

. _fying to its occupants and how well the design of the house supports the
“activities that occur there.

In describing the physical condition of the house it is clear
that the various rooms in the house individually and collectively contri-
bute to the quality of the house. Each room can be described in several
ways. The number of bedrooms would be important, as would the size of
the bedrooms, the amount of storage space, the lighting, the temperature,
the state of repairs, room color, type of wall and woodwork finish, type
of flooring, the kind of windows, the arrangement of one bedroom relative
to the others, the arrangement of bedrooms relative to the rest of the
house, the distance from the bedrooms to the bathroom, and so on. Each
of the other rooms in the house could be described similarly. Each con-
dition in each room contributes in some degree to the overall quality of
the house.

Beside physical conditions, other factors can also have an in-
fluence on the quality of the house. It could be the overall cost of the
house. If a house is too cheap, it may not be durable; if it is too ex-
pensive, it may place other constraints on family finances. The geographical
location may be important to members of the family. Because the house is
located in the wrong part of the country, no house would be good enough to
satisfy the user. Geographical location might include distances to shops
and stores, convenience to schools and convenience to work. Again each of
these factors contributes to some degree to the quality of the house and
to the satisfaction of its users.

Furthermore, each of these conditions may not contribute directly
to the quality of the space or user satisfaction but are usually affected
by intervening factors. The intervening factors could include previous
experience with other houses, differences in personal composition--personal-
ity factors, age, level of income, social status, and other demographics.
Attitudes are also important. There can be attitudes towards the physical
conditions themselves, attitudes about one's job, general attitudes towards
the Army and attitudes towards neighbors, the neighborhood, the community,
the geographical location. In addition, behavior can have an effect on how
the physical conditions relate to quality of the space or user satisfaction.
If Tittle time is spent in the house, the occupant may not be as critical
about conditions. On the other hand, the occupant may prefer to do activ-
ities at home for which the design of the house is not very accommodating.
The design of the house may directly impact the health and safety of the
occupant. A1l these intervening factors in some way mediate the effect of
physical and other conditions on the quality of the space and on user satis-
faction and performance.

In designing an experiment which is intended to evaluate the
quality of the house and how satisfied the user is with it, all these factors

A o | U A B ‘e

e B e

R T e el B SO S & o S el mI g v
P M Wﬂ#&"«?' IR’

L AT

AR TR

"q-l'
I




must be measured and the effect that each one has on the quality of the
space or on user satisfaction must be determined. To complicate matters,
it is clear that interactions or interrelations between the physical con-
ditions, attitudes, behaviors, previous experience, and personal composi-
tion exist. The strength of these interrelationships, as we]l as their
effects must also be determined.

‘Other buildings could similarly be described and evaluated in

" terms of user satisfaction and performance as a measure of quality of de-

sign. Some buildings need to be evaluated on a more micro-scale basis.
Here the problems of all of the other variables mentioned still exist,
with one additional parameter attached. In order that the designer be
able to make decisions about the physical character of the space he pro-
vides, he needs the psycho-social data to be location-specific. He re-
quires that the data be connected to an fdentifiabie physical location

in a room, or a specific room in a building. Much of the psychological
literature to date ignores this need and therefore is regarded as "unusable
theory" by many designers. We find a need to quantify the behavioral suc-
cess of a building and relate these data to specific locations in the en-
vironment. Therefore the problem under examjnation in this part of the
discussion is the quantification of the degree of "fit" between man and
his environmental setting and the identification of behavioral "units" of
designable environment.

A basic "chunk" or unit of man-environment interaction called a
behavior setting has been identified in the psychological literature (Barker,
1968) and applied to such contexts as housing (Bechtel, 1970) and hospitals
(LeCompte, 1972). This unit shows great promise for analyzation of micro-
scale architectural environments. Barker states that this "chunk," the

- behavior setting, is characterized by a standing pattern of clearly iden-

tifiable behaviors regardless of participants. Examples might be classes

of behaviors in restaurants, libraries, and supermarkets. In each of

these contexts, patterns of behavior are similar for participants, and are
independent of individuals. The behavior setting analysis technology de-
veloped by Barker provides a system for identifying chunks of location
specific behavior and notating activities and attitudes to these. Just as

a Tanguage has a vocabulary, syntax, and rules of grammar, the behavior set-
ting has unifts, qualities, and degrees of independence and interdependence.

. Now, the problem of using these "chunks" of man-environment interaction be-
- comes more difficult when structured into an experimental situation to pro-

vide information usable for the designer.

An example of a military dining hall might serve to develop the
concept of behavior and attitude relationships related to specific units
of environment. In the normal dining process of food acquisitinn, respon-
dents experience physical and social environment in a linear sequence
(Thiel, 1961). Each of the activities subjects engage in can be differ-
entfated by the nature of the behavior mechanisms employed, i.e., gross
motor, manipulative, motion, etc. On the basis of this differentiation,
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we can identify some ten, distinctlyv different key behavior settings such

~.as sign-in desk, silverware pick-up, path to table, etc. Now the behavior

in the physical space of one setting will affect the attitudes of respon-
dents at another setting elsewhere in the dining space. We know that re-
spondents will rate the concept of "privacy” lower at the dining table as
the number of persons standing in line at the sign-in desk increases (Gibbs,
1972). The behavioral data in this case is location-specific. The designer
can make decisions of a physical nature to change the attitude rating. He
can shield the check-in desk from view, provide two desks for faster pro-
cessing, or more the check-in desk elsewhere, all with the intent of in-
creasing the sense of privacy at the dining table. In this example, be-
havioral data (number of persons in 1ine) and attitude (rating of privacy)
have been made location-specific (sign-in desk, table) and the designer

can make decisions based upon this information. However it is not quite
that simple.

From our previous discussion, we realize the great number of
variables interacting in any social setting. Obviously privacy and popu-
lation at sign-in desk are not independent of other factors in the environ-
ment. Not only would the dining "privacy" experience be affected by popu-
lation movement, but also by physical conditions, noise level, and the
management climate. To some degree, all of these affect the rating of
privacy. It is the combination of factors that cumulatively make up the
concept of privacy and the problem is again one of a large number of vari-
ables. It is, of course, possible that the designer could not solve them
all, but certainly a knowledge of what amount of the total variance could
be accounted for by changes in physical design would be useful in develop-
ing a measure of cost effectiveness for changes in the environment.

We have presented two kinds of problems in environmental analysis
each involving a great number of variables. The first involved the range
of parameters and variables existent in any environmental setting, and the
second problem addressed the need for identifiable “"chunks" of behavior-
environment interaction which the designer might address to begin his ar-
chitectural translation process, with the intent of improving the performance
of the building. From the standpoint of the designer, he realized that be-
havior and environment interaction is not a one-valued concept, but rather
multi-dimensional and interactive. The behavioral scientist would certainly
beli2ve that interactions between the many variables suggested in this paper
are probably more complicated than simple correlation coefficients would
describe, yet he would not suggest a priori a series of interrelated factors.
The question is then, what kinds of research designs and analytic techniques
will lend themselves to discovering major components of human interaction with

environment. Multiple linear regressipn (Brauer, 1972), factor analysis
(Canter, 1972), and cluster analysis f%eéhte], 1972) g&&e been suggg;ted.
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o Since 1t is seldom possible to experimentally control varjables
in building designs and comparative demonstration projects are far too

expensive, suggestions for handling a large number of varfables in a semi-

controlled, real world situation are needed. Are there other techniques
more responsive than tnose suggested to discovering relations and major
factors in large data matrices? Can they also relate disparate data from
attitude and behavioral investigations to location-specific chunks of
environment? Will these techniques be more or less responsive than
present ones to investigations in the real world context, and what sort
of experimental controls are necessary? These are the questions we ask in
order to build a firm scientific basis for the design of buildings that
are compatible with human behavior and needs.
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“° " ORTHOGONAL ESTIMATES IN WEIGHING DESIGNS

William G. Lese, Jr. '
US Army Materiel Systems Analysis Agency, APG, Maryland

and
K. S. Banerjee
University of Delaware, Newark, Delaware
ABSTRACT
A new tecﬁnique has been developed for modifying all balanced incomplete
block designs (BIBD) to provide orthogonal estimates when the modified BIBD

are to be used as a weighing design. Previously, K. S. Banerjee developed a

¥’

method for modifying BIRD to ﬁrovide orthogonal estimates, However, for a
certain class of BIBD, Banerjee's method failed to provide orthogonal estimates.

A comparison of the relative efficiencies of the new procedure with that of

Banerjee's procedure is also presented. In addition, under the new procedure
it is shown that the covariance matrix of the estimators obtained by the least
squares procedure is identical to that obtained by the maximum liklihood
procedure, even when the design matrix X is not square. Several examples of :
the utilization of the new technique, along with a historical development of
the weighing problem from its origin in a casual example by Yates through the
work of Hotelling, Mood, Kempthorne, and Banerjee as relative to the problem

of providing orthogonal estimates, is also presented.
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CHAPTER I

ORIGIN OF THE WELGHING PROBLEM

In an article, "Complex Experiments”, Yates [10] considered the
following problem: A chemist i{s given the task of determining the'
wejghts of seven light objects, and the scale the chemist must use
réquires a zero correction. The customary tgchnique would be to
weigh each of the seven objects individually and then make an eighth
weighing with ho objects on the scale. This eighth weighing would be s

used to determine the zero correction factor.

Mathematically, the customary weighing technique for the
chemist problem would be as follows: The seven objects will be

denoted as a, b, ¢, d, e, f, and g. The §ca1erbias will be denoted

by z.
: Weighing Number Object Weighed Scale Reading
| .
- £ ] { a+z Y] s
- ‘ : S .
; , 2 b+z Y, 7
3 c+2 Y3
4 d+2z Y4
5 e+z Y5 X
6 f+2 Y6 %
7 g+z Y7
8 2 Y8 i
|
ﬂ34-
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Using this notation the weight of any object can be determined by

taking the difference between the scale readings when carrying the
object and the scale readingrﬁhen no object is on the scale. For this
example, the weights of the seven objects would be determined as
follows:

b‘YZ'YB

o

c= Y3 - Y8
d= Y4 - Y8
e = Y5 - Y8

fSYG-Y

8 : | o
9=1Y;-1g

—

Assuming that systematic errors are non-existent and that the
] errors are random, the variance of each weighing may be denoted by
I o2 and the standard error by o. With these assumptions, the variance
% of the estimated weights using the customary weighing technique is 242

and the standard error is o/2 .

1]
~v-

For an improvement over the customary weighing technique,
Yates suggested that the objects should be weighed in combinations
with each other instead of being weighed individually. For example,
Figqre 1 presents Yates' technique for the determination of the weights

- of seven objects.




We notice that in Yatesomethod. each object is weighed four

i times in combination with the other objects. In the four weighings of

‘ L .- a given object, every other object is included twice. In the remain-
VF/‘. » ing four weighings, {.e. the weighing without the object, every other
"‘ object is also included twice. Thcrefore, the weight of anx:object

‘ cén be determined by addihg the scale readings containing the object,

i subtracting the scale readings not containing the object and dividing
this result by 4. Using this procedure, the weights of the seven

objects would be determined as follows:

(
1
; b =
X

+Y

]
-
|
-
L}
-
]
-<

Yp+Y¥3+ Y+ Y,

c=

Y tY v Y+ Yy

]
-~
1
-
]
-
]
-
(=4}

-
-
+
-
+
-
+
-
'
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-
W
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ﬂeighing Number Objécts weighed Scale Reading
1 ° a+btcHdre+f+g ~ Y

2 a+b +d Y2

4 a +f+g Yy

5 b+c +f Y5

8 d+e+f Y8

Figure 1. Yates Weighing Design
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and )

f= -
5

4

g=

‘It should be noted that the bias (1.e.uthe zero scale correc-
tion) cancels out in the above expressions. Since the variance of a
sum of independent observations is the equal to the sum of the vari-
ances, the variance of an estimated weight determined by Yates fech-
nique isvazlz and the standard erfor is o//2 , whereas the variance and
standard error using the customary technique was‘Za2 and o/2 , respec-
tively. Therefore, Yates weighing technique improved the precision of
the estimated Qeights as compared to the customary weighing technique
without increasfng the number of weighing operations (both techniques

required eight weighing operations).

N

This illustration by Yates, whereby the precision of an S

‘estimated weight'was‘inéreased (without additional weighings) by

weighing the objects in combinations rather than individually, was

the origin of the weighing problem.
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CHAPTER 11
© HOTELLING'S ENUNCIATION OF THE WEIGHING PROBLEM

Hotelling [5] presented a furthér improvement by suggestihg
that Yates' procedure be modified by placing in the other pan of the
scale those objects not included in each weighing as specified by Yates.
For example, in Yates' procedure (see Chapter I)lone weighing of the
seven objects had the combinafion of atb+d= Y2 which represented‘.
the objects a, b, and d being weighed on the scale. Hotelling suggested
that in addition to objects a, b, and d being placed in one pan for
weighing, thé remaining objects, i.e. ¢, e, f, and g, be placed in the
other pan. Hotelling's weighing design for the determination'of the
weights of seven light objects is presented in Figure 2. Using
Hotelling's procedure, the estimated weights of each of the seven
tight objects would be given as follows: |
H] + ”2 + H3 + H4 - We - NG - H7 - W

a= 3
8

g + W - N3 - W

8

N, + W, + W
S I

c= 2
8

=39
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Weighing Number Objects Welghed Scale Reading
e | c/a‘+_,br+'c+d'+e+'f vg "1»'
2 a+b-c+d-e-f-g - .NZ
‘3 a~-b+c-d+e-f-g ‘ H3
4 a-b-c-d-e ; f+g Wy
5 ~at+b+c-d-e+f-g "5
6 ~a+b-c-d+e-f+g Ws
7 ~a-b+ct+d-e-f+g Wy
8 -a-b-c+d ; é +f-g Wg

Figure 2. Hote]1fng's Heighing Design
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f=

The variance of each unknown weight by Hotelling's method is therefore
02/8 and the standard error is o//8 . This standard error is half that
of Yates method and a fourth of the value determised by the customary
method. Also in Hotelling's method, as in Yales' method, the scale

bias (zero correction) gets subtracted out in the equations for the

determination of the unknown weights.

The design principle inherent in both Yates' and Hotelling's
method may be illustrated even better with reference to a simpler
example. Let us suppose that it is required to find the unknown
weights of two objects a and b, and that the scale to be used is
already corrected for bias. If the two objects are weighed together
in one pan of the scale, and also in opposite pans, the equations for
the unknown weights will be

a+b=Y, a-b=Y,

where Y] and Y2 denote the readings from the scale. From the above,

b et




we get

and v Y
.ba" 2

If az is the variance of an individual weighing, the variance of a and
b, by tals method, is obtained as 02/2. The error for both the esti-
mates, therefore, is o/72. Thus, with only 2 weighing operations. it
has been possible to obtain the standard error for both the objects

as o//2; whereas if the objects were weighed separately twice each,

4 weighing operations would have been needed in all to obtain this
standard error for both. Weighing the objects in combination has,
therefore, saved the trouble of making weighing operations by half

the number.

The above, therefore, amply illustrates the following quotation
due to Hotelling: “When several quantities are to be ascertained
there is frequently an opportunity to increase the accuracy and reduce
the cost by suitably comb1ning 1n one experiment what m1ght ordinar11y

be cons1dered separate operations"

In addition to the improvement in Yates' method, Hotelling
also gave a precise formulation of the weighing design prob]em This

formulation, as later pointed out by Banerjee [1], may be interpretated

as follows:

Results of N weighing operations to determine the individual
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Qeiéﬁts of pm11gﬁ£4objects £1t 1n to the geneeaiilineaf'hypotheeis
model, Y = X8 + ¢, where Y is an N x 1 random observedcvector of the
recorded weights; X = (xij)' f=1,2,...NJ5J=1,2,...,p, 18
an N x p matrix qf known quantities, with T +1, <1 or 0, if, in
the 1th weighing operation the Jth object 1s placed respectively in the

' ’left pan, right pan or in none; B is apx 1 vector (ps N) represent-
‘1ng the weights of the objects; ¢ 1s an N x 1 unobserved random vector

- such that E (¢) = 0 and E (ee') = ale.

Consistent with the signs that the elements X4 can take, the

th

record of the i~ weighing is taken as positive or negative, according

as the balancing weight is placed in the right pan or left.

The matrix X is called the "design matrix". When X is of
full rank, that is, when [X'X] is non-singular, the leasf squares
estimates of the weights are given by 8 = [X‘X]'] X'Y, where X' is the
transpose of X. The covariance matrix of the estimeted veights is

given by COV (8) = o2C. The ith diagonal element of C, Ciy° represents

<the variance factor for the ith object. The objective of the Weighing

Design Problem is to cbtain the design matrix, X, such that the Cij

are a minimum,

In this connection, Hotelling [5] proved the following Lemma:

Let A= [X'X] = (aij)’ i,j=1,2,.. ., p. Then, if 355
a3 - - s Ay (= 310 3310 - - s 3 respectively) are free to

vary while the other elements of A remain fixed, the maximum value of
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Al/Ayy is ayy, and 1s att%ined when and only when 3y % Ay T . . -
N " ; 12 13

a;, * 0, where A, is the minor of A obtained by deleting the first

p
row and colum.

From the above Lenwa. it is evident that the variance of 51.
namely °2A11/IAI. cannot b; less than °2/a11' and that the variance
would reach this value only if the experiment is so arranged that the
elements after the first r?w and column of A are all zero. Thfs
minimum value, ozla]j. wi]i be attained, when the first column of X
is orthogoné] to all the o#hers. It will also be clear that the
minimum minimorum [ 5] of fhe variance will be reached, if the first
column of X is not only oréhogonal to all the otﬁers, but also if it
consists entirely of +1's %nd -1's as its elements, so that a = N.

|
N is the maximum possible ﬁalue that a;; can take. The value of this

minimum minimorum will thus be equal to o2/N.

|
1

It is evident from the Lemma and the aone discussion
that this minimum minimorum%of the variance would be reached in respect
of all the‘éstimétes éi’ (f?= 1,2, . . ., p).fif the design matrix X C
is orthogonal in the sense %hat [X'X] is diagonal with N on the
diagonal.

~44~
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CHAPTER 111
TWO TYPES OF WEIGHING PROBLEMS (SPRING AND
- CHEMICAL BALANCE) AND ILLUSTRATIONS OF EACH
In general, there are. two distinct types of weighing problems.
These problems have been designated as the spring balance weighing

problem and the chemical balance weighing problem. In the spring

i balance problem (only one pan is used) the design matrix X is composed

of elements'xij which can assume only the values of +1 or 0, where

e

+1 denotes that the object is to be plased in the pan and a 0 denotes

that the object is not to be placed in the pan. In the chemical

balance problem (two pans are used), the design matrix X is composed
: of elements xij which can assume values of +1, ~1, or 0, where +1

i denotes that the object be placed in the left pan, -1 denotes that
the object be placed in the right pan and 0 denotes that the object
not be placed on either pan. It is evident that the design origi-

! " nally proposed by Yates (see Chapter I) was a spring balance design,

E and the improved design proposed byrHotelling was really a chemical

balance design (see Chapter II).

Example of a Spring Balance Yeighing Design

As an example of a spring balance weighing design, consider

the problem of determining the weights of three 6bjects (a, b, and c).

~45-
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A spring balance weighing design matrix wouldkbe:

110
X=1101
011
Where the columns refer to the objects and the rows refer tp the
weighing cperation. For this example the first weighing would have

objects a and b on the scale. Object ¢ would not be used in the first

- ‘weighing operation. The second weighing operation would have objects

2 and ¢ being weighed together. Object b would not be used in the
second weighing operation. Likewise, the third weighing operation
would have objects b and c being weighed together. Object a would not

be used in the third weighing operation.

The least squares estimates of the unknown weights are given
by 8 = [X'X]'1X'Y and the covariance of the unknown weights are given
by Cov (B) = (X'X)"oz. where X is the weighing design matrix and Y
is the matrix of recorded weights of’each we{ghing‘operation. _For

[

‘this éiample

[x'x] = |12

46=
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(xx3t = [-1/4 3/4 -1/8
-1/4 -1/4 3/4

For the least squares estimates,

2 2 a2 |y,
xex) Iy = § 12 <2 12 Y,
W2 2 /2] |y,

We therefore have, as least squares estimates,
2
2

as

b=

and
'Y] + Yz + Y3.
2 -

c=

The variance of each unknown weight is 3/4 o> (as given by the diagonal

elements of (X'X)']).

Example of Chemical Balance Weighing Design

As an example of a chemical balance weighing design consider
the problem of determining the weights of four objects (a,b,c, and d).

A chemical balance weighing design matrix would be:

. abh




1111
REERREE
K=laa 11
141411

As in the spring balance example, the columns refer to the objects to

be weighed and the rows refer to the weighing operation. In this case, .

the first weighing operation weculd have all four objects (a, b, ¢, and
d) placed in the left pan.  The second weighing operationAwou1d have
objects b and d placed in the left pan and objects a and ¢ in the

right pan. The third weighing would have objects a and b placed in
the right pan and objects ¢ and d in the left pan. Likewise, the
fourth operation would have objects b and ¢ placed in the right pan
and objects a and'dvp1aced in the left pan. Using fhe same notation

as in the spring balance example, we have

X'x1=1lo040

and

-48-
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17406 0 o
ey lowva o of
XXT" = 1o o0 14 0

0 0 0 1/4

[x'x3x'y =

(-}

haacse

| For the least squares estimators,

174 -1/4 <178 /8] [y
74 /4 -1/8 28| Y,
1/8 <174 /4 -1/8] Y
174 174 /4 /80 Y,
- -

We therefore have, as least squares estimates,

~Y] - Yz‘- Y3 +Y, .
4
4
4

[~ 283
L]

W+ Y+ Y34+,
4

d =

} The variance of each unknown weight is 02/4 (as given by the

. diagonal elements of (X‘X)'])-




CHAPTER IV .

MOOD AND KEMPTHORNE'S CONTRIBUTIONS

, Mood [ 7] has indicated that if N weighing operations are made
to determine the weights of N objects, the minimum variance that the

estimated weights could have is ¢2/N; and further, this minimum vari-

ance will be reached only when the design matrix is crthogonal
(orthogonal in the sense that (X'X) is diagonal) with elements con-
sisting entirely of +1's and -1's. Thus, Mood [ 7] showed that the
problem of finding the best chemical balance design is related to

Hadamard matrices and the Hadamard determinant problem.
The theorem that Hadamard proved is as follows:

If the elements xij of a square matrix X are restricted to
the range -1 ¢ X{5 € 1, the maximum possiblg(yalue of the determinant

J
N/Z, and when this maximum value is achieved, all X5 = 1. -

“of X is N j
The matrix X also will be orthogonal in the sense that (X'X) will be

diagonal with all non-zero elements equal to N.

Such matrices are denoted by HN. If HN exists fof‘a given
N, HN is the best chemical balance design for N = p. If the number of
objects, p, to be weighed is less than N, the best design is one which

=50~
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s derived from HN by selecting a number of columns equal to the

number of objects to be weighed.

Mood has further pointed out the work of Paley [8] and

UﬂHamson [9] and showed that H4k xists for the range of 0 < 4k < 100

with the possible exception of 4k = 92, The solution for 4k = 92 was
later found by Baumert. 'Golomb, and Hall Jr. [3].

c ¢
[ o

In summary, for those chemical balance designs where an HN
exists, the determination of the optimum design is completely solved;

{.e. the optimum chemical balance design will be HN’ if HN exists.

- For the remainder of this dissertation we shall devote our
attention to the spring balance problem. As mentioned before, the
spring balance problem differs from the chemical balance problem in
that the elements of the design matrix X can only assume values of +]
or 0, whereas, in the chemical balance design the elements of the

design matrix X can assume values of +1, -1,-or O.

We notice that Hadamard's theorem does not directly apply to
the spring balance problem since the design matrix, X, can only
assume values of +1 and 0. For the spring balance problems, where
N=pand N =3 (mod 4), Mood showed that the best possible spring

balance design is determined by H , if HN + 1 exists. Mood's

N+1
method of construction of these best possibie designs is as follows:

Let KN +1 denote a matrix formed from HN + by adding or

51
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subtracting the elements of the first row of HN +1 from the correspond-

ing elements of the other rows in such a way as to make the first

element’ of each of the remalning rows zero. Obviously,

lKN+]'=iIHN+]"
Except for the first row, the e]ements of KN 4 1 are 0 and 2 with (
the signs of the non-zero elements being the same for elements in the
same row. Let LN be the matrix obtained by omitting the first row
and column of KN +1 by changing a1l non-zero elements to +1, and by
permuting two rows, if necessary, to make the determinant of LN

positive. Then

N
Ity 4 g1 = 2"yl
It is clear that, given LN’ one could reverse the procedure and»deter¥

mine an HN In the same manner, there is a correspondence in

+1°
general between square matrices with elements *1 and square matrices
of one 1ess order with elements 0 and 1. The ratio of the vaIues of
correspond1ng determinants is always 2N if their detennlnants do not
vanish; hence the (0, 1)-determinant will always have its maximum

value when its corresponding (+1, -1)- determ1nant has its maximum

possible value. Thus, |L | s the max1mum va]ue possible for a deter-

minant of 0's and 1's of order N, and the value of [Ly] is

iyl = e 1y B+
ZN

The variances of the estimated weights will be aH = asz)(N+])g We

i

knew in advance that a ~ would be greater than 1/N, since an optimum

-52~
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deéign cannot exist uoléos the'designrmafrix has {ts elements eral

+1 and the spring balance design is restricted to elements +1 or O.

For the spring balance problems when N>op, Mood has presentedr” )

5 the following approach for obtaining optimum spring balance des1gns

‘ Let P be a matrix whose rows are a11 the arrangements of r
ones and (p - r) zeroes (0 srsp. (The symbol should also have a
subscript p but that is omitted because any specific value for p will
always be olear from the context.) The matrix will have p columns and

(g) rows. Let X be a matrix made up of matrices P, arranged in verti-

cal order. Let n. be the number of times Pr is used in constructing X.

rl

The matrix X is then a weighing design for p objects and N = ¢ nr,(p)
r
Using these notations, Mood has proven the following two theorems giv-

ing the best spring balance designs:
Theorem (1): If p = 2k - 1, where k is a positive integer, and if N
contains the factor (E) then laij, (det. |A[) will be maximized when

= p - o=
K N/(k) and all other e 0.

Theorem (2): If p = 2k, where k is a positive integer, and if N con-
tains the factors (? I }), then 'aijl (det. |A]) will be maximized

+

+

when Mg =My = N/(ﬁ }), a..d all other n_ = 0.

r

When p is odd, Mood observed that Pk is a design which not
only minimizes the confidence region for estimating the weights, but

also minimizes the individual variance factors. When, however, p is

53—
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even, Mood observed that the variance factors may not be the minimum,
and makes a surmise that the best design from the point of view of
minimum variance factors would be made up largely from Pk and a sma'll

‘ proportion from Pk +1°

Kempthorne [ 6] discussed the weighing problem from the point
of view of factorial experiments and in [é] has given rules by which
the fractional designs may be constructed. Kempthorne has indicated

that the fractional designs have the following properties:

(1) The design automatically takes care of any bias in the
balance. |

(2) The effects or weights may be easily computed.

(3) The effacts or weights are uncorrelated.

(4) Al7 the weights are measurod with the same precision.

(5) An estimate of the experimental error which is independent

of the effects may be computed from the results. |

-Kempthorne also compared his fractional designs with the designs

proposed by Mood and has found that the fractional factorial designs
will yield estimates which have a somewhat higher variance than Mood's
‘ designs Kempthorne also indicated that the increase in precision: in
Mood's designs had been obtained at the expense of having correlated
estimates which are subject to any bias that the measuring instrument
may have. For these reasons, Kempthorre doubted whether tha use of

Mood's designs for any practical problem could be justified.
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incomplete block designs and that the LN designs could bg easily modi-

\fied to prbw)i&e orthogonal estimates.as was feferred to by Kempthorne.

§ . e .
- ©
© < <

Subsequent to th1§ remark by Kempthorne, Banerjee [1] showed
that the LN designs of Mood are a special class of symmetrical balanced

In addition, since the LN designs are a subset of symmetrical balanced

incomplete black designs, Banerjee [2 ] developed a general method to

show how BIBD's in general could be made to provide orthogonal estimates
when used as weighing designs. A detailed description of Banerjee's

method is presented in the next chapter. |

" alh
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" CHAPTER V

BANERJEE'S METHOD OF MODIFYING BIBD TO PROVIDE
ORTHOGONAL ESTIMATES IN WEIGHING DESIGNS
As was mentioned in Chapter IV, Kempthorne noted that although
the optimum designs for the spring balance problem suggested by Mood
furnish somewhat smaller variance than that given by fractional repli-
cates, Mood's designs have the disadvantage that the estimates are
correlated, whereas the estimaies furnished by fractional replicate§
are orthogonal. Banerjee [ 1] has shown that the optimum designs of
Mood may alse be made to furnish orthogonal estimates when the designs
are adjusted to suit estimation in a biased spring balance. Since the
~optimum designs, LN’ of Mood are a special class of a symmetrical
BIBD's a question arises if it would be possible to provide by a
similar type of an adjustment, orthogonal estimates when BIBp'sygre‘:;
used as spring balance weighing design. A complete detailed procedure
indicating how balanced incomplete block designs, in general, may be
made to furnish orthogonal estimates in weighing designs was presented

" by Banerjee [ 2]. Banerjee's procedufe is presented ip theffollowing:'

Usually v denotes the number of varieties and b denotes the num-

A/ber of blocks in a balanced incompiete block design. However, in weigh-

/ ing designs, v will be used to denote the number of objects to be weighed

v e —_
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- and b will denote the number of weighings’tb be made. The parameter

r will be used to denote the number of times eachoobJect is weighed,
A Qill denote the number of times each pair is weighed together and k
will denote the number of objects weighed in a combination. Let X be

t the design matrix where a BIBD is usedtas a weighing design. The.

matrix [X'X] will have the form,

L]
L ]
> e 3 |

> > = |
> o >
> e 3
.l“
.
.

[x'X] is of order v x v.

For the determination of the variances and covariances, we need
to determine the inverse of [X'X]. The diagonal elements in the in-
-1
verse matrix, [X'X] ', represent the variance factors and will all be

equal to

r+a(v-2) 2

r-A[r*+x(v-11] o

The off-diagonal elements represent the covariance terms and will all

be equal to

- 2

(r-a)[r+a(v- 17] o
Since these off-diagonal elements are not zero, we see that the esti-

mates are correlated.

-57=
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Banerjee [ 2] has suggested the following procedure for modify-

ing -the BIBD to provide orthogonal estimates. Taking the bias as an
additional object to be weighed, a colum of ones and only one row of

zeroes in that order may be added to the BIBD design matrix to corre-

spond to the bias assumed as an additional object. The modified deéign"

will then be suitable for the estimation of the weights. This really

- means to make one additional weighing to obtain an estimate of the bias

and in the subsequent weighings the bias will automatically be included.

If, however, a column of ones and t rows of zeroes are added to the
design matrix, this implies that t weighings will be devoted to the
estimation of the bias. In such a situation, the matrix [X'X] will

be of the form, ‘
b+t rr s o T
x . L ] L] l
x r » L] L] x

xx1=| .« ...,

r
-

.
. <

Because of the inclusion of the bias, the order of this matrix is

(v +1) x (v+1).

We would like to obtain the inverse of this matrix in the

following manner:
The determinant, [X'X|, = (r-2)Y "V [(b+t) {r+alv-1}-r2v 1.

-58~-

\v-l"



On simplifying we obtain,

[x'x] = (r-2)¥" ! [t{r+a(v-ND}+b{r+a(v-1}- rl v]

-f’(r'- N T fefrea(v-1)+b{r+r (k- 1) .2 v]

-(r x)v'1[t{r+x(‘v-l)}+bkr-f2v]

= (p ~x)"'] [t{ri’x(v-])}]

st(r-2Y " T{rea(v-1)} (1)

In a similar fashion, the value of the determinant obtained

after suppressing the first row and the first column of [X'X] can be

shown to be
- T Nrea -} - @

The value of the determinant after suppressing the second row and

second column of [X'X] is

(e-0""20b+t){r+ear(v-2)}-r{v-1)] (3)

The value of the determinant obtained after suppressing the first row

and second column of [X'X] is
rir-nY] (4)

The value of the determinant obtained after suppressing the second

row and the third column of [X'X] is-
_(r-x)v'z{x(bi-t)-rz} : (5)

For any two estimates to be orthogonal, the off-diagonal
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~ elerents of [X'x]"! corresponding to those estimators must be equal to

" zero. Keeping the bias out of consideration we would Tike expression

(5) to be equal to zero. That 1s, to obtain orthogonal estimates the
value of t must be chosen such that e
(r-a)¥- {A(b +t) - r= 0

Since r cannot be equal to A, the expression

A(b + t) - r2 =0,

or

2
t =5-b
Using this value for t, the matrix [X')(]'1 becomes:
1 a1 g 17 | :
t & "% " "% i

X | | 1]
‘ "wovex 0 ... 0

1 ]
- - 0 * o o 0
[xlx] 1 c tk r-a

» . , , :
! LS .-EE' 0 0 « o o q
.' This expression shows that, except for the bias, the other estimates ; ?}

are‘mutuélly orthogonal. The estimates given by é = [X'X]'] X'y wi]]

be given as:
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Given a baianéed incomplete block design with parameters v, b,

r, k and A, it is always possible to obtain another balanced incomplete
block design with parameters

VoV

by = b

tg=b-r

ko =y -k

Ag = b-2r+2.
The two balanced incomplete block designs derived in such a fashion

are said to be complementary to one another.

When an integral value of é (t = %§ - b) s available it is
also possible to obtain orthogonal estimates in the complementary
design. This is done by adding a column of ones and t rows of ones
in that order to the design matrix X. The matrix [X'X] will then have

the form,

-f1-
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E; +t ro +t r0(¢ft e e o rb + tn
o +t To +t Ao +t ... xo +t
ro + ¢t *0 +t o +t ... Ao +t

,([X'XJ'-g'.y.:-....'..L."...‘...c'-

. L] L] . [ ] Ll L4 » . L] . L] . L Ll L] . L[] * .

ro*t Ao+t 1°+t o« o . |'0+t

The value of the determinant after suppressing the second row and the
third column of [X'X] in this case will be given by:
lrg + ) - (g 0172 g+ 1) (5 + ) - (ry 817

To have orthogonal estimates, for all the weights except for the bias,
this quantity must be zero, i.e. ‘ ,

[rg =391 "% Og+t) g+ t) - (rg+ 002 =0 :
or |
2 2

which 1s satisfied. The matrix [X‘i]'] then-becomeé

—

g §”

] ] .1
¢ B r
1 1
"F r-a 0
1 L]
- = 0 — 0
] 1
"F 0 0 . r-ﬂ
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where ¢ = %-{1 + 3—5—1§—:—ll}. The estimated weights of the objects

"Qf‘ 111 be given by
__,"c» < k — g( i
¢ - %; ¢- %é $-% ¢- !;! ¢ - 'él T
- ] 1 1 I R
?E EE E r r ¢ e
R R 1 1 1 1 ]

H

It

i

{

]

‘ |

t [] . . . L] L] * L 2 * [ ] . L[] ® L] L] * . * L ] L L] LB L ] (]
‘ Ll ® * . » . L[] . * L] -* L] . L] L] * L] * . L) L ] ®

. L4 L] L L) * o o L * o . . * @ L * . * L4 . *

|
|
i
I
!
|
I
i

. ; It may be noticed that the variance factors for the objects in
. 1 .

' the complementary designs are the same as those of the original design.

It may be further noticed that for the designs LN suggested by Mood,

t = 1, as was pointed out before. This means that orthogon§1 estimates

|
may be obtained for LN’ by adding one column of ones and only one row
- of zeroes to the design matrix. As Banerjee [ 1] has shown, this
modified Ly design is 1den£ica11y the same as given by Kemp&hdrne's

t

fractional replication designs.

I ot

The above procedure will fail to furnish orthogonal estimates

when rZ/A is not an integral number, i.e. when t will not be an inte-

gral number. For these situations Banerjee has suggested the following
procedure for determining orthogonal estimates. Let & be the least
. positive integer such that (r + 5)2 is divisible by (x + £). Then, if

a column of ones and £ rows of ones and n rows of zeroes in that order :

3
~63- ‘i
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‘are added to the design matrix to suit the estimation of the bias in a

biased spring balance, the matrix [X'X] will become:

b nt
b+n+g r+g r tg ... rtEl
“I'reeg  reg atg ... AtE

[X'x] = r+g A+E r+Eg ... At

* L . L4 * * L * L3 L) L] * L4 . . . [ ] L] L] . *,

L4 * L] L] L] . . . * * L] . . . . . L] L] L] . .

r+g A+ A+ ... PHE
s -

The value of the determinant |X'X| is given by
[xX[ = (r =2} (b+g+n)

The value of the determinant obtained after suppressing the

first row and first column of [X'X] is given by

(r - X)v}' L {r +a(v-1)+ 5'v} .

The value of the determinant obtained after suppressing the

second row and second column of [X'X] is given by

(r-2Y " T(b+e+n).

The value of the determinant obtained after suppressing the
first row and second column is given by

(r+g) (r-2)"""

The value of the determinant [X'X] obtained by suppressing the

second row and third column will be equal to

A g i A e e e g A e st . 5 e A e 7

B Sl
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[rve)-(+0)1 " 20becen) eg)-(r+ 2
Setting this expression equal to zero, we obtain

(bretn) B+g)=(ree? or

A
= r*
berem s o

. 2 ‘
neltd s L peg .

Hence, the value of n {s determined.

Using these values the matrix [X'X]'1 will reduce to the

following form,

— —
A -C -VC e o @ -C
1
-C r-x 0 * s o 0
-1
xexgt = | 1
cC 0 = ... 0
¢ 1
;c 0 0 o o o r_a
where
A=l tA (v-1)+cv
(b+¢+n)(r-21)
and

€= r+e
(b+¢g+n) (r-1)

This procedure shows that a more general class of BIBD designs may be

o e . e e i, e—. g e i te
LI B R RS mataisa L DTN AL G B L e Y N
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made to furnish ortthonal estimates as 1nd1c;ted by the off-diagonal

elements of [x'x]" being zero except for the first row and column

which corresponds to the bias, and not the objects.

As an fllustration of the above development, Banerjee [2 ]
presented the following example. The design matrix X in an L, (i.e.
a symmetriéal balanced incomplete block design which has v = 7, b = 7,
r=4, k=4, and 2 = 2) is given by

o 1 0 1 0 7
01 1 0 0 1 1
00 0 1 1 1 1
X*h 1 0 01 1 0
6 1 1 1 1 0-0 ""
1 01 1 0 1 0
1101 00 1|

where the rows refer to the weighing operations and the co]umns refer

to the obaects b], b2, . . ey b7 to be weighed.

Seven small copper pieces have been arbitrari]y chosen for this

i1lustration. The results of weighings (in grams) of the comb1nat1ons _ g .

r.
of objects as g1ven in the above des1gn matiix are: ?
10.76251 = Y1
7.83798 = Y2
6.11380 = Y3
12.07808 = Y4
8.90452 = Yg
-66—
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and

Using these values, and the normal equations, the estimates of

10.63856 = Y6

12.80768 = Y

the seven objects are given by:

and

For this example the matrix

as follows:

[x'x] =

b, = 5.85763
b, = 3.52835
hy = 1.78600
b, = 1.94650
b = 1.64367
bg = 1.04843

b7 = 1.47520

o v o o o )
[ R SO N OO )
DO N B N
ORI OO OO SO SO )

-67=
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[X'X] is of order 7 x 7 and is given
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The inverse of this matrix, f.e. [x'x]" is

7 1 1 1 1 _1- 1]
1 T8 T8 o "% " T16 T6
1 7 .1 ! 1.1 .1
16 16 ¥ 16 76 16 T6
1 <1 7 ] 1 1
"% 716 T 16 168 "1 ~718
- 1 ] 1 7 ] ) 3
XxJ'=1-v%¢ "% "6 1 "1 "% "T6
1 ] 1 1 7 1 1
"6 V76 T8 "T16 w 16 716
1 ] 1 1 1 7 1
"6 "% 1% TV "T6 o 18
1 1 1 1 7
“Ye¢ "Te 18 "T6 T T8 Tél

This matrix shows that the estimates furnished by this design are corre-

lated (i.e. the off-diagonal elements are not zero).
By utilizing Banerjee's technique previously presented the BIBD
(may be modified to provide ortho§0h31 estimates. For this example t =

2
%f - b= %?- - 7 = 1, therefore one column of ones and only one row

of zeroes (in that order) must be added to the SIBD design matrix (L7)

to obtain orthogonal estimates.

This modified matrix is given as follows:

-68-
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P m e s mas eein e

?. 0 0‘ 0000 'E
) 11010101
“ 101100011
10001111
ST 11T 160110
10111100
11011010
1110100 Ed
The results corresponding to these eight weighing operations
are: |
—b.OOId; '
10.76379
7.83990
6.11580
e 12.08000
8.90543
10.63998
12.80998

The first reéding (0.00101) cokresponds to a measurement with no

objects on the scale.

The inverse of the matrix [X'X] is given as:

S ACTRETRE - L

vt




o\~

4,'
- -
S R N A T R
| IR S B 5 B I ;
= -3 3} 0 0 0.0 0 o 1
! ) 1
% o 7 o 0 0 0 o0
-t 0o 0.} o 0 0 o
-1
3=k 0o 0o 0o } o o o
-3 0 0 0 0 F 0 0
1 1
-x 0 0 0 0 0 I o
| . |
| f 0 0 o o o o 3
! e ’ -—

This matrix shows that under the modified BIBD, the estimates are
uncorrelated (i. e. the off-diagonal elements are zero), except for the §
first row and f1rst column which correspond to the scale bias.

The estimaies of the scale bias and the seven weights under ; .
this mod1f1ed set up are: f
50 = 0. 00101 (sca]e b1as) SR 54 = 1.94662 :
by = 5.85790 b = 1.64354
| lzz = 3,52868 t b6 = 1.04887 ‘ w
b = i “ . ..= ) ;c
b3‘ 1.78558 b7, 1.47576 A f

This example demonstrates how a BIED can be modified to produce

: 2
orthogonal estimates when t = (1%- - b) is an integer.
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As an example of how a BIBD may be modified in a more general

situation (whenever t is not an integer), consider the BIBD where v =

"8, b=14, r=7, k=4, and A = 3. This BIBD will not, in its present

form, provide orthogonal estimates. However, orthogonal estimates may

- be obtained as previously mentioned. For this example t = %T" b --%

(not an integer). The least integer £ such that (r + 5)2 is divisible

by (A +¢) is 1. The value of n, f—%—% - (b + ¢g), also equals to 1 for

this example. Using these values, the modified weighing design is

given.as:

i1 11 11 1 1 T
1 0 0 00 0 0 0 0
111 19 G 0 0 0
1 1 100 00 1 1
1 101 0 0 1 0 1
1 1001 01 1 0
1 0000 1 1 1 1
1 0 0 1.1 1 1 0 o0

o101 101 o
1 01 10 1 0 0 1
1 1100 1 v 0 0
1 101 0 1 v 1 0
1 1 0 0 1 1 0 0 1
10 01 1 0 0 1 1
1010 1.0 1 0 1
to1 100110

71-
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The results of the 16 weighings as specified by this design

are represented by the vector Y and are given as:

— —
18.91670
o ‘ - 0.00101
o | 13.12036
o : B  |rz.a9m9
' - |10.32320
10.32997
5.79780
6.42631
8.59500
8.58860
12.07940
10.76320
; 11.08093
b 6.83861
’ - 8.15469
| 7.83958)

~—
e v ew e

e =

e A A A oetaS Wm - e 1 ot i Pt e Lo

The matrix [X'X], corresponding to the modified BIBD, will have

the form: .

EL

O N R S S G

.

[x'x] -

R O Y A I N
A A I O
N N - N -GN
N S Y N G G O

8
4
8
4
4
4
4
4
4
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i( The inverse of this matrix is given as:
j 91 1 1 1
, % "% "% "% "%
3 ‘ ,, |
: -‘5 } o o o
-5 0 ¥ 0 0
-% 0 0 ;‘f 0
'-13 _1 ‘
: ‘[XX] g 0 0 0 T
? ] o o o0 o0
"8 -
/ |
: -3 0 0 0 0
i ] 6o 0 0 ¢
: ]
? 1 6 0 0 0
)
-

o

]
8

o=

3 -
o o
o o
0 o
0o 0
6 0
0 o
%\., :
o

We notice from this matrix that the estimates furnished by this design
N

wi]]‘be'uncorrelated since the off-diagonal elements arekzero'(except

for the first row and first column which correspond to the scale bias).

Solving the normal equations we get, therefore, the following

estimates of the weights of the objects:

o
o
L}

5.85791

o O O
W n ot
n n "

3.52807
1.78583

~73=

0.00132 (scale bias)

S n e g e = e s
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and

b4 = 1.94731

bS f 1.64365

'bs = 1.04861

b7 = 1.4747

-

bs = 1.62960
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CHAPTER VI

A GENERALIZED PROCEDURE FOR MODIFYING BIBD TO PROVIDE
ORTHOGONAL ESTIMATES IN WEIGHING DESIGNS

For some balanced incomplete block designs the procedure
developed by Banerjee [ 2] fails to provide orthogonal estimates when
these modified BIBD are used as weighing designs. For example, in
Fisher and Yates Tables [ 4], the BIBD with reference number 15 has
ve10,b =30, r=9, k=3, and A = 2. These values produce n = - 7
For these situations, i.e., whenever 3 negative value is obtained for
h. no procedure yat exists for medifying the corresponding BIBD to

provide orthogonal estimates when the BIBD is used as a weighing design.

° “The remainder of this dissertatincn will be devoted to obtaining
a general procedure for modifying all BIBD designs to provide orthog-
onal estimates. Several theorems that are directly related to this
development will also be presented. In-addition, a comparison of the
merits of this generalized procedure with those of Banerjee's procedure

will be made.

As was noted by Banerjee [2], if a column of ones and t rows
of zeroes in that order are added to the BIBD matrix, the matrix

/
(X*X] will be of the form:/

R e 1 R

E'&.}?ﬁ\rM.-ul“é—-uﬂ P

o

\v [




[x'x] = . )

r x A . . . r .

. -J' ‘

For this matrix Banerjee obtained the following: %
1. [x'%| = t(r - a)¥ ~ 1 {rﬂ(v-”}- ;

!

2. Value of the determinant obtained after suppressing the
first row and the first column of [X'X] is ,
(r -2)¥ -~ ! {r +2a (v - 1)}
3. The value of the determinant obtained after suppressing the

second row and the second column of [X'X] is

(r-nY "2+ {rea -2} -2 (v- 1l

“4, The value of the determinant;dbtained after §uopressing the

Lo

first row and the second column of [X'%] is

r(r - ;)V -1
5. The value of the determinant obtained after suppressing the

second row and the third column of [X'X] is

(r-2)¥- Z{A(b +t) - rz}.

Banerjee suggested that 5 above (which would correspond to the off-diag-

onal elements in [X'X]'1) should be identically zero (except for the

~
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first row and first column) for the estimates to be orthogonal, i.e.

(r-x)"'z{x(b-»t)-rz}-o : |
or‘ g . 2 ) L L § e ‘ B
r
B e @ b i
t=5 | %
Therefore Banerjee suggested adding one co]umn of ones and t rows of -
zeroes in that order to the BIBD to obtain orthogonal estimates. For
this procedure t must always be positive. This will be shown in the !
following lemma:
Lerma: For balanced incomplete block designs characterized by v, b, r, :
k, and A, and the two well known fdentities bk = vr and A(v - 1) = ;
2 |
r(k - 1); the quantity t = %T" g will always be positive. .
We wish to show proof that t = !%- - b > 0, or substituting for r and A
(k)
—_— . b>20 .
bk :
TveT §
{
!
, ;
bk (v - 1) £
v - -b20
. ,
pkv - bk - bvk + bv T
vik-1 - >0 iy
3
ey O
3
The quantity 8 s k) will be greater than zero if v > k and E
-77- 4
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N ’ i k > 1. These conditions hold for BIBD'S. Therefore the lemma {s

2
shown to be valid, i.e. t = %t-- b will always be positive.

The above lemma guarantees t to be positive. However t does

not necessarily have to be an integer. For these sjtuations Bgnerjee,

as was noted in Chapter V, suggested adding one column of oneg. n rows
of 2eroes, and £ rows of ones in that order to the BIBD to provide

; ' 2
—_— orthogonal estimates, where n = %;—;—%}— - (b+¢) and £ is the

a least positive integer such that

2

is an 1nfeger value. This procedure, however, does not guarantee
' n to be positive and in fact we have shown at the beginning of this
A chapter where n is negative. We shall now present a methoa for ;
\ modifying all BIBD'sS to produce orthogonal estimates in weighing
designs. C
If Banerjee‘s hefhodAiszhodffiéd by add%ngfohe co]umh df ones o
and only one row where the first elemant of the row is /& and all
other elements are zeroes, we obtain the modified BIBD design as

- | . follows: / CoT : A A

4
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' | ‘
L i : -
%. | Klo o 0o ... 0
.'-"{ |
: |
\‘ ‘ H ] o
" ! . | i
{ |" } x xO ) < v *3 ¢
,(t , f 1 f
i 1 :
Uﬁv ! , 1 !
: _ — - (b+1)x(v+1)
f i, L where X0 is the original design matrix given by the balanced incomplete |
ﬂ,‘{’f ‘ block design. This is consistent with the assumption as made with S -
?,? respect to a spring balance design. We would make only one weighing
P f operation on empty pans and multiply the corresponding reading on the
i scale by /t. It may, however, be remarked here that the structure of )
-/ the variance-covariance matrix for e will also underge a corresoonding
’ ! change, i.e. under Banerjee's procedure E(ee’) = ozln whereas under ﬁ
/ .
g this new procedure E [ee'] = Vo2. V
R . E - ' t ° {
:>.N Using this modification, the matrix [X'X] becomes:
"\ = —
. b+t r r ... r
A rox ... oal .
r r .. A ¥
[x‘x] - . . 0 * o o . ‘1
. . . . !
r 3
which is identically the same as that when t rows were added instead {%
.~{/ *. . . T o e e N W
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R R

of the row, (/£ 000 ... 0). Since the [X'X] matrix is the same,
[x'x]" will also be the same and therefore will provide orthogonal

estimates as before. The advantage of adding only one row (/too. ..

0) to the BIBD 1s that iess weighing operations are required and that

this hethod will provide orthogonal estimates for all BIBD's since t

ddes not have to be an integer. For example, the BIBD with reference

no. 15 in Fisher and Yates' tables [4 ] is given by
vse 10..b =30, r=9,k=3,and 1 = 2,

Previously for this BIBD there was no method for modifying this design
to provide orthogonaT estimates. Using the new technique we get

.2‘

el 58320

We would now add a column of ones and a row of4g/%; 00...0)in
that order to the original BIBD and obtain the matrix [X'X] as follows:

Bl 9 9 9 9 9 9.9.9 99

9 9 2 2 2 2 2 2 2 2 2

9 2 9 2 2 2 2 2 2 2 2

9 2 2 9 2 2 2 2 2 2 2. o

9 2 2 2 9 2 2 2 2 2 2 L
[XXI=19 2 2 2 2 9 2 2 2 2 2 ’

9 2 2 2 2 2 9. 2 2 2 2

9 2 2 2 2 2 2 9 2 2 2

9 2 2 2 2 2 2 2 9 2 2

9 2 2 2 2 2 2 2 2 9 2

9 2 2 2 2 2 2 2 2 2 9

-80-
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The inverse of this ma*rix will be given as:

2 ] !
-&Z L 0o 0o 0 0 0o 0o 0o o0
2 1 ‘
-5 0 7 0 0 0 0 0 0 0 0
2 9o o X o0 o o o o0 0 o0
63 7
-2 o0 0o o L o o0 0o 0o o0 o0
53 7 |
0'1--_2- ] :
-&% 0 0 0 0o 0o T o 0o o of
-2 0 0o o0 o0 o o L o o ol
€3 7 |
-& 0o 0 0 0 0o o 0o + 0o of
-2 0 0o 0 6 o o0 o o L o
83 7
-2 0 ¢ o o 0 o0 o0 o o0 |
& d

This matrix, [X'X]'], shows that under the new procedure, tie

modified balanced incomplete block designs do provide orthogonal

‘estimates when used as weighing desions (i.e. the estimates will be {

orthogonal since the off-diagonal elements of [X'X]'], except in the:
first row and first cclumn which correspond to the estimate of the |

scale bias, are equal to zero).

It shoulZ be noted here that the hasic difference between

e I

ST et e B e ey L3
‘:"‘,?'q“‘32‘;;.‘3,-‘,&:'-'5ii':m"ii;t&n#bﬁ-i“'i""'"‘”""" -
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B.nerjee's method and the new method is that Banerjee's method requirzs
t additional weighing operations whenever t is an integer and £ + g
"aéﬁifional‘weigh§ﬁgs whenever t s not an integerjwhe}éés‘fhemhéw ’
method requires only one additioha1 wéighing operation. In addition,
the variance-covariance matrix for e will be slightly different for
Banerjee's method and the new method. Several questions arise concérn-
in§ these differences, such as, "What is the relative efficiency of

the new procedure as compared to that of Banerjee's procedure?" "What
implications arise since the variance-covariance matrices are differ-

ent?" These quéstions will be addressed in tne following.

Under Banerjee's previous method (adding t rows) the weighing
design model had the form Y = X8 + e with E [e] = 0 and E [ee'] = oI,
Under the new method (adding one row, Yt 0 0 . . . 0) the model becores
Y=X38+ewithE[e]=0andE [ee'] = V32 where V has the form:

ftoo... 0]
010...0

W X R T,

‘ loco...af
— o

Since, as noted above, the covariances have different forms, it is
appropriate to compare the relative efficiencies between the two
methods. Relative efficiency is defined in this case as the ratio of

the reciprocals of the variances.

First to aid us in this development, the fo:ilowing theorem

-82.
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will be proven:

Theorem: In the estzmatzan procedure undér conszdératzon, when

E [ee'] Vo2, the covariance of the estzmators, COV(B), obtazned by
the least squares procedure is identical to the covariance of the
estimators obtatned by the maximum likelihood procedure even when X

i8 not square.

(We know that for the estimation procedure under consideration, when

the design matrix X is square the covariance of the estimators obtained

by the least squares procedure is identical to those obtained by the

maximum 1ikelihood procedure. )

Proof: HWe wish to show that L.S. Cov(B) = M.L. Cov(g)
or

f = M.L. Cov(8) [L.S. Cov(é)]'1
We shall now determine the Cov(3) by fhe least square method
and also by the maximum 1ikelihood method.
1. By Least Squares.
8= (xn!
Cov(d) = € L( - 8) (5 - )]
= E{[(X'X)'] XY - 81 [0 X'y - e]'}
{0 1 06 + ) - BN X 08 + ) 8T}
= E{[(x'x)“ x*e][(x'x)"! x'e]'}
= £ [(x'0)7! x'e e'x (X071

or finally = 62 [(x'0)"7 x'vx (x'x)°13

-83-
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2. Maximum likelihood approach.
o The maximum 1ikelihood estimatqr of 8 (assuming e'is normally |
| digtribuéeh).is° | i . (;'v“x)"’xlv"v R | N
- - Cev(B) = EL(8 - 8)(5 - 8)'] o
| = eftoevho xv Ty - w3 coevoT xv v - 61

- E{[(x'v"x)’1 x'v1 (xs +e) - 8]

v v (s + o) - 81} | g ,

= E{F(x'v“x)“ xv T xg + (v xv e - 6]
Toev) T v xe + (v )T v le - s]‘} | %, y

. E{[(x'v"x)'1 x'vle] [(xtvinT x’v"e]-}
=g LvT0 xv ey (vl

(4

=02 (X v N

B R T eonue S B

or. finally = ozv(X‘V']X)'1 S et s e e

We would now like to show that | B

Lo xv T = 02 [0 xvxen

g

or
| =000 xvx(e ) v

Under the new procedure the matrix X is determined by adding
one column of ones and one row, vt 00 . . . 0, in that order to the

BIBD design where t =-%— - b, 1i.e.

-84=
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e =

OV,

~1

1

R

where Xq correspends to the BIBD used as a weighing design. Also

o

v/t 1

1

—

1]

X = .

0

Using this notation, the matrix X‘X will have the following form:

b+t

-

X'X = ) :

=85-
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‘The inverse of this metrix will

—
1.,

- a b

[X')(]'1 =-a 0
-a 0

ve given as:

]
[+7]

o o

D ese

wnere 0 and I

where

¢

have the appropriate dimensinn. Writing V in another form,

~86~
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“‘c, .

The inverse of V is given as:

0
11 :
or alternatively,
— -
-(t-1) ! 0
t
vli=1+ :
0 l 0
=1-1
1 T M.

Using this notation, the maximum likelihood covariance, (X'V"’X)'T, '

becomes ool 1 -
. (x'v'x)"" = [x*(1 - '3 M) x]
or
v = (e - L

The least squares covariance becomes

' -1 ' ] -1 - ] "1 ' t -1

(X'X) " x'vx(x'x) ' = (x'X) X'(I + M) X(X'X)
= 00V e s e xem) e

and finaﬂy)
e (x0) + x”! emx)xr !

-87-~
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To prove equality we ngw rmust show that

1= Lo e (o0 xene N oo - mg

. [(X'X)"i(X'X) . {- reex)? xemx + (e xemx(xex)!
) - Lo xoaee T xma
1
=1 +[- %f(x'x)“ XX+ (07T XMK - £ (x'X)7T Xt
(x%)”7 x'mxl.
We now need only show that the tenmn in brackets is zero, i.e.

- % ex)7 X o+ (k)7 XM - ‘f (xex) " xomx (xx)”! x'mx = 0

To simplify this exprejsion, we obtain X'MX as:

F;E 1 ee s i‘ r;.’ ] 0 cese 0 /t_ O 0
0 ’ 0 1
] = . ' ' . .
| X' MX : Xo ! : 0 : X0
0 d Lo i 1 i
- | - -
— -
T(t-1)]0 0 E;E 10 Eﬂ
: ]
0 ; 1
= 0 xo
0 1 /
b - — ol /
and finally, P
/
; ~88~
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[}

- (X'MX)

Now,

(x )" xmx = |-

[

. _ '! _ ~
where a = 13 and b = * T

or,

(x'x)"V xmx =

-1- -a - a co e - a
~al b 0 ... 0
a 0 b ... 0
a 0 U » e e b

0o0...

&t - 1)

ces

=3

at(t
at(t

at(t
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Further
= o
¢t po... o[ (¢ 10...0
-at(t-1) -at(t-1)
. St -at(t-1) -at(t-1)
Lo xemarex)Txemd = | L 0 . o
-at(t-1) -at(t-1) |
or
— -
(t-1%10...0
-at(t-'l)i |
‘l _] 'at(t".') ;
(X*X)TIXUMX(X'X) T XIMX = 0 (2)
’at(t'])z ’
. — -
a Substituting equations (1} and (2) into our original exoression we get  * °
¢ 0.0 1 10..0 (t-10% [0...0
-at(t-1) ~at(t-1) —at(t-1)2
‘, SRETCUNES -at(t-1) ©{-at(ten)? (
. - f i t 0 + | 0 - % 0
-at(t-1 -at(t-1 -at(t-1)°
- (t-1) 1 (t-1) ] __at(t1) ]

and we need only to show that this expression reduces to a zero matrix.

On simplification we obtain the following expression
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1) 4 (go) itt—”E lo...o

2
at(:-l) - at(t-1) + at(z-‘l)

- --——lat(f,‘“' - at(t-1) + ———)—at(t']z

t

.
] .
.

2
atltl) . gp(eer) + 2D |

Reducing these expressions we get

2 2

-t-t

+2t-1_0_
t 't‘o

2
- (t-1 gy (- -t + 1+t
T + (t-1) T :

and
at(t-1) | Lpreoq) + 2EDE | at(ee)) - at?(e1) + ar(e)?
t t t

at{t-1) (-t + t-1) _ at(t-1) (0) _ 0 _ 0
t t - t, ‘
Therefore exprassion (3) in fact reduces to the zero matrix and the ' ,

theorem is proven. :

&

As an exakple of this theorem consider the BIED’given by v = 4,
b=6,r=3,k=2,adx=1., For this example the design matrix X, :}
the transpose of this matrix, X', and the matrices V and V'1 are given

as follows: :
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b - ¥, ¢
e o —
and ;
i
L6 000 0 o )
3
0 1 0 0 0 0 O
0o 0 1 0 0 0 o
vi={0 0o 0o 1 0 o0 o
0 0 0 0 1 0 O
0 0 0 0 0 1 0
0 0 0 0 0 0 1
| - ~ o
The covariance obtained by the maximum 1ikelihood method is given by a
[ —- - - - =11 . 1
grii1111 N 0 30000 :
: 0111000 {3 W6 | 1100 ,
vy t={lor00110 11010 |
0010101 {%x1 ] T6x6l {11001
0001011 — —J1o0110
- - 10101
10011
= b —‘-_J
[ —_ - =141
gl 11111 (30000
| : 11100 :
MILARREER: 11010 .
0100110 11001 1)
0010101 10110 )
(0001011 10101 ;
REFERR !
- / S -il ’ \.
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~
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Finally the maximum likelihood covariance is given by:

B 1

1 -7

12

Z 3

vy Tyy=1 1 1
1

Z %

1 1

A

The least squares covariance is given by [(X'X)'1X'VX(X'X)'1], To

]
A
1 1
3%
1 1
T F
2 1
I
] 2
§ 3

(4)

evaluate this expression the matrix (X'xf" is determined as follows:

. o

0111000
0100110
0010107
0001011

(xx)7! =

On simplification we obtain:

-
111111

w—
3

/50000

11100
11010
11001
10110
10101

10011
L -

-1

Lo /;-....,A

e oo e vttt N



— -1
9 3.3 3 3
33111
: e l-31 311
| 31131
1
BTy
1.1 .1 .1 1
378 "% "6 °F%
-+ + 0 0o o
-3 0 1 o o %
3
1 ] |
-3'002-0 ;
{
1 1 5
g 0 0 0 2 o s

The matrix X'VX is determined as follows:

111117 3000000 [Foo0)
. Joritooo| lovooooo] [11100 .
X'VX=10100110 [0010000/ |11010 i
0010101 0001000/ [11001
0001071 0000100/ {10110
~ o+ T Joocooo10| |10101

0000001 10011
L - :

-,

d

R
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rd h;’, v
¥I111111] |Soooo
S o111000 11100
x'yx=] 01001710 11010
00710101 11001
00010711 10110
T “J1o0101
10011
e - 7
153333
33111}
={3 1311
31131
31113

Therefore the expression (X')()'.lx'\(X(X'X)'1 is given as:

1 .1 1 1
I8 "6 "% "8
-2} o o o
-3 0 7 0 0
-3 0 0 1 o
-3 0 0 o é
Or upon multiplication,

1533 3 3
33111
31311
31131

3111ﬂ

P -

—

LR
5 1 0
Fo
-3 0 o
-3 0 0

o Oil-‘

O N= o

[~}
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I 1

7 °2°7 "2

212z 1 1

Z T & 6 %
e eweaent =<1 2 02011 (5)

11 1 2 1

"Z 8§ &8 3 %

111 1 2

Z & & ® 3

- -

We can see that expression (5) is identical to expression (4).

Therefore for the sftuation under consideration, the covariance

obtained by maiimum Tikelihood method is the same as that obtained by

the least squares method even when X is not square.

Having established that the coveriance matrix obtained by
either the least squares approach or the maximum 1ikelihood approach
are identical for BIBD designe mudified to be’weighing designs to

produce orthogonal estimates, we can proceed to compare the relative

Veffic1enc1es of BanerJee s previous method with the new method We

‘would tike to determine thc covariance matrix, Cov(a), for both

Banerjee's method and the new method. Cov(8) under Banerjee's method

was given in Chapter V as
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" Cov(B) = . 0

.ooo-ﬂ%oo

.crc:oof"‘a

0
- 0 6o 0 0 0
w® O w

e

for those BIBD's that cculd be modified, i.e. either t was integer or

a positive value for n was obtairable.

For the new procedure (adding on row, YT 0 0 ... 0) the Cov(8)

as given by the method of maximum likelihood (which was previously shown

to also be equal to that derived by the method of least squares) is:’ o

Cov(d) = (x'v 1) lo2 (6)

where V" has the form

Substituting this expression into equation (6) we get
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i

e ———

[/ e A o R
S ’ . / i ¢ L R
ST e AN AN LU N e
T;\ N - o M
: 1 )
A
2 '
Cov(B) = {X X| o2
b -

or
=[x (- D amglez |

where

t-1]0
01)0

M=

We see that

—_
111...1

oo:hl

X'MX = | .

—

ot

00... Eﬂ

1

L

- wed

where xo and X6 are the original BIBD and transpose of the original

BIBD respectively.

Simplifying we obtain

e |7 [

E
KX Lo ]o lL.‘ X
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or

Using the formula,

we have for

=(x'%)"1-(x'x)"]

Ol',

I+

t(t-1) | o]’
X'MX =
0 0
Substituting back into the original expression, we get
Writing this in another form and letting Z = X'X, we obtain
-1 :
- "(t"]) 0 2 ‘]
Cov(g) = |(X'X) + 1 o = [+ W] o2
0 0
@+ o=z -z e wz e
s _:’ 1‘1‘;]2/ MR
Cov(g) = (X'V°'X) a2 |
=11 N -
F%]) a(t-1) ... a(t-1) E'I a(t-1) ... a(t-1)
0 0 0 10 6 ... O
0 o ... 0 ] 0 ... O
e _J_j = J’
-~
/o
o 100~
WL ey e T - TETTE T T

o
N i e S e o e
a
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a(t-1) ... a(é-l) [Eilll a(t-1) ... a(t-1;1~

O |erl=1]

= (xlx)‘] - (xnx)"1

o

To invert the matrix

a(t-1) ... a(t-1)

.
see
.
.

o o= 1

.

we use the result that the inverse of a matrix of -the form

efgh.. .l

o
0
0

is given by
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1 f 7]
- = -q - 1]
7 d1d d ~d 0
0
0 I
;
; to obtain
i ?( 11
T a(t-1) ... a(t-1)
0
\ {0 I .
0 _
t e 1~ alt-1)(t) - a(t-1)(t) ... -a(t-1)(t)
' . o . N |
0
1
I's ( 0
— e

Substituting into the original expression we get for Cov(é):

n102~
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A

P » amy r— —
t]-at(t-1) -at(t-1) _(%1_)_ a(t-1) ... a(t-1)
L o o < -
xx! - e, I 0 0 0
0 ’ L d * O:. . V
— — 0 0 o e 0
- (t-1) [ at(t-1) at(t-1) ... at(t-1)
0 ] 0 0
= (e - et : : :
0 0 -0 0
To further simplify this expression we obtain (X‘X)'] as:
B 7]
-a
iyl .
(X)) =f s bl
' -a
wherea=1andb= ! =T
13 r-ai  tkx °
Substituting this matrix for [X'X]", we get Cov(g) =
- T r n
% -ca...-a % a ... - (D at(en) .. at(te)
0 0 0
-a -a
) bI -1 . bl : P :
] ' 0 0 0
-a -a - -
-103-~
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On further simplification,

; r.%- -a .

or substituting for a and b we get

Cov(g) =

This expression represents the Cov(3) for the situation where a BIBD is

modified to produce orthogonal estimates in weighing designs by adding

. r‘l ey

KX
1 rk+a(t-1)
3
tk™a
_1 t-1
oW

T .
e -a —ifill- a(t-1)

-a -a(t-1) —azt(tjl)
f Cov() = | . bl - . )
; [ -2 e -aieay
| Finally,
f ' B 1 - at vee - at
; i) - | % bralt(t-1) ... a2t(t-1)
: visl=1 . : 3 :
f . . o ‘oewe .
, -at  alt(t-1) . b+at(t-1)

1
see F
IO

LI "
LI .
ceoo L

rkea(t-1)1
ow

cve a(t-1)
tae -azt(t’])

LX)
”ese »
LR ]

v =a%t(t-1)
ad

one column of ones and one row where the first element in the row is

TN s
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J/E and al1 other elements are zerces.

Since the diagonal elements of the covariance matrix rzpresent

- the variance factors we have for Banerjee's previous method the

variances of the estimates for i additional weighings equal to TET

whereas in the new method the variance for the estimates for only gne

addi tional weighing (V£ 00 ... 0} is given by ZE#i—%LE:ll . Using
tk™a ‘
these values we obtain the relative efficiency (defined as the ratio

“of the reciprocal of the variancies) as follows:

1
rk+a(t-1]
tk“2

1
r

Y

Relative Efficiency =

= : rk

P

Using this definition, the relative efficiencies of the new

method as compared to Banerjee's method for those BIBD listed in

" Fisher and Yates Tables [4]:fb}(which t is an integer is inen in’

Table I. For those BIBD were t is not an integer the relative

‘efficiencies are presented in Table II.

=105-
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TABLE I

'RELATIVE EFFICIENCY OF THE NEW METHOD AS COMPARED ~
TO BANERJEE'S METHOD WHEN T IS AN INTEGER

‘ , o - Reference ok r2 - ... Relative
; Number t =5-b Efficiency
3 3 0.857}
; 5 2 0.9474
| 7 14 : 0.6176
: 13 14 0.71M
17 3 0.9000
‘ 18 24 0.5400
; 20 2 : 0.9643
; 21 18 0.6792
i 24 12 0.8308
: 25 30 0.5085
; 29 18 0.7463
g 36 22 0.7237
\ 42 15 0.6316
; 43 6 0.8276
é 44 3 0.9231
' 46 4 0.9000
v 49 3 0.9600
3 61 7 0.7447
i 64 5 0859
’ 66 14 0.7636
- . 67 12 . .0.8167 .
c ‘, : 71 20 0.4412
< . 72 6 0.7500
; - 75 5 0.8182
: 77 10 0.7692
1 78 3 0.9375
g . B - | ‘ : 2 0.9783
o ST 82 ' 6 0.9091
o : ‘ <L 83 5 0.9375 _
L } 0.9615 ;‘

*
t indicates the number of additional weighings required by
Baneri‘ee's method. The new metnod requires only one addi-

tional weighing.
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‘ TABLE I1 |

RELATIVE EFFICIENCY OF THE NEW METHOD AS COMPARED
TO BANERJEE'S METHOD WHEN t IS NOT AN INTEGER

Reference 2 * ** ; Relative

r ek
Number t=3-b n E (ntg) ' Efficiency
1 2.50 1 1 2 | 0.8333 -;
2 1.50- 0 1 1 \ 0.9615 C
6 2.33 1 1 2 . 0.8753 ;
9 1.33 0 1 1 0.9802
11 3.33 0 2 2 0.8207 )
16 2.25 1 1 2 0.9000
19 1.25 0 1 1

| 0.9878
| |

i

n denotes the number of additional weighings with no obJects on the

scale. _ |
|

g denotes the number of add1t1ona] woighxngs with a11 the obJects on

the scale. - - .

‘ ’ F

n+t indicate the total number of additional weighings required to

provide orthogonal estimates by Banerjee's method.

*k®
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Tables I and II indicate the fo]lowing: -

a. Whenever t is an integer Banerjee s methoa produces

- smaller variances than the new method (In all situations in Table I

the relattve efficiency was less than 1.0, )

*.li

\

b. Hhenever t is not an integer and ; along with a positive
n could be found, Banerjee's method again providgd smaller variances.
(In all situations in Table II the re]attve'effjtjéncies were less

than 1.0.) | R
However, whenever Banerjee's ﬁethod produces é‘ﬁsgative n, e.9. refer-
ence numbers 15, 22, 23, 26, and 27 in [4]..oé;h§§hever a value for

% could not be determined e.g. the design giéeﬁ;is v=4,b=4,r=3,
k = 3, and A = 2, the new method is the only ;yajiable method for

modifying BIBD to provide orthogonal estimates fn weighing designs.

It is of interest to note that in the dég{gn given as v = 4,
b=4,r=3 k=3, and ) =2, the value of t is 0.5. For. these
s1tuations, i.e. whenever t is less than 1.0, the relative efficiency,
when compared to Banerjee's method, is greater than 1. That is for
those designs when t is less than 1.0, the new method prov1des

smal1er variances than BanerJee s method.

Before we compared the relative efficiency of the new method
to Banerjee's method we had shown that the covariance matrix, for our
estimation procedure, obtained by the least squares approach was
identical fo that obtained by the maximum 1ikelihood approach. Since

these covariance matrices for the least squares and maximum likelihood

-108-
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approach are the seme;'pne may wonder if the estimators of g for

| the 1east squares and max1mum Iikelihood approach are 1dentica1 i.e
does (x* x) x Y (least sduares estimator) = (X' V X)~ x V Y (maximum
likelihood estimator)? " This will be shovm in the following theorem.
Theorem: In the estmatian pmcea.tre under constderatwn, with
E(ee') = Vo2, the estma.tors, B, chtained by the least squares pro-

cedure ig identical to thc estzmators obtained by the maximum likeli-

.*}I-

hood procedure. SN

IS
L N

s'- .
.,

Proof: We uish to shou kat (X x)“x Y (the least squares estimator
of 8) = (X' v! X)~ x V ’Yathe maximum 1ikelihood estimator of 8), 1.e.

we wish to show that
(X'i)"x = vl vy,

\-"

or '.;f"f.
i , f(ti&)“x' = (xvTxyxev! )

‘-

The method of proving equahty is to show that the left and right

sides of expression (1) reduce to the same expression. The left side

o s ama—

of expression (1) reduces to

5 — S s o S : -
; Jt' -2 -a ... o-alitlyovoLny o 3;*{
z /
-a c 0

‘ - a 0 ¢ .e 0 ;

: (xx)Txe = . . . . X' §

i’_ L] 6 6 LR N ] 6 . %

i -a L Y N

1 r :
where a = ¢, ¢ = Tk and X, is the original BIBD. On multiplication

3
) -109-




i G
————— -

we get,

Y ] 1. |
/t -t- ka -f-l:a e §-ka,
. r of these terms* b-r of these terms*

o -at c-a...¢c-a -a .. -a

(X'x) x'=

r of these terms* b-r of these terms*

-a/t c¢c-a...c-a -a .. -a

ST —

.

(2)

*The arrangerent of these terms is determined from the X'g matrix i.e.
e

(3)

for every 0 and 1 in all rows of X'o there will respectiVely be (c-a)
and (-a) in all rows of (2).
Substfthting for a and ¢ we get
{§~ 0 0 o . cae 0
r of these terms b-r of these terms
Lt r- r-2 _d 1
-1 Tk tka  °°° Ttka & " Ttk
(XfX) X' = ‘ o . ‘. PR
r of these terms b-r of these terms
Yt r-a r- A _ 1 2
¢ tk Ttk kX tk Ttk

The right side of expression (1) reduces to

~110=

e s PO A 17
’ ¥ v
s .
>
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, o T .;v"r,
(xev-lx;
A - —

xl

-—
erj— |
o

o
° .]
8

(vl eyt = |-

kK| 4 d..

N o

X'O

[=}

J° -

where e = &7\_53'_1), , d= ﬁ‘z » and XO {s the original BIBD. On multi-

tk™a
plication, we get

-
1
3

ol !

vy v -

- %n d d
~11]l~

S

P
<

o

X'
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} .' l ‘/Al' ) h » s - . . I R /;’ ) i -C /// ? © . o, v ’lf
! ;‘ ':,:: // I ’ , . ,,i;/ .'_,-x/ h . '—/z./,' —s/ _ . ' - -1 - . Lo ', ) . _»‘v:" © }
L ee— T T — T -,
N - - “
- k k _k
//, F l - 'E' ' - 'E' .. o o I E
. r of these terms* b-r of these terms*
‘ / —AN —\ / A \
-5 -{-+e+(k-1)d...-%+e+(k1)d -Lend. - f ek
r of these terms* b-r of these terms* x
SE Tl ekl e - L r e 4k gtk - L4k f;
L. - |
The arrangement of these terms is again determined from the X' matrix.
. Therefore the arrangement of these terms will be identical to those
in the matrix given in expression (2).
Substituting for e and d, we get '{
’ . ,
r— -—
it
! t 0 0 0 0 )
r of these terms b-r of these terms
A
R I A U T 1
(xiv‘]x)"]xuv‘] = ?E tkx  °°°  tka EE R tk ) (4)
O : coor |
) { ( “ <. rof tl}sse terms  b-r of these terms ) BE i
L o : _v’f'r-x ro-a ] 4 ,;
; é * Ttk tka ke Ttk I 4
t el d
t ./
/
We see that expressions (3) and (4) are identical, therefore !
for our estimation orocedure (X'X)"X' = Cx‘v"x)"x'v" and the theorem o /
{s proven.
|
s oo T«“"ﬂ // 7
. . e



As an example of the above theorem, consider the BIBD given

asv=4 b=6,r=3,k = 2, and A= 1.

The least squares estimator of g is given as:

8= (x'x)Ix'y = -% 0 % 0o o

M1 .11 7
-6 "% "% "8
-3 7 0 0 o

- 0 0 o %
"g 0 0 0 0 0
11 1.1_1
"% 3 3 38" F®
g1 1 1 1 1
=1~ 5 3I°6°6 3 3
AL 11 1T
86 3°6 3°%
31 1 1 1
T®T°8°86 36 3

Teo o o © Zm1
‘wml
(=]

o

o=,

OV —
‘-<'
————t

of =~

L=

The maximum 1ikelihood estimator of 8 is given as:

<.

L PP
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1
i

8 = (x'v”lxj"x'v"v .

[~ - r- -1y -
1 -%-%-%-% /3 111 |1 ocaoao
=11 0 100110
1oz yff 3 10t18g 610000
Z 3 8 & 8| omn|o cotooo
| 1ilo ooot00|
2101 2 0 ) 0 000010
2 6§ 3 % & 0 000001 [Y]
111 2
Z 8§ 8 3 %
1111 2
2 8 8 % fj
B ~1 I 7]
-fg%%%-%-%-% 0100000
R foo10000
111 1
= - 2'3'-3“'6"3-'3‘"5 000]000 Y
. 1 0000100
111 11
0000001
BN U NN | I g
7°%°6 378 33 c
— -
73
,,5,C°,,°:° 0 .0
A1 1 11,11
8 3 3 T°65°6"%
1101 01 1
"% 3-¢-% 3 5'5/[\‘] 2)
A1 1.1 1.1 3
8°% 3°8% 3°% //'3'
1.1 1 1 1 9
" T°8F°%F 3" 3 §K
- T~
~114- \‘“ _
~_
, ..._Aum_rwmwm-..ﬂ e v ity ...\_.;.“.,..w., . \\
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We sec that expressicns (1) and (2}, i.e. the least squares

° ° and maximum likelihood estirators for g, are identical,
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_COMPUTER CONSTRUCTION OF BALANCED INCOMPLETE BLOCK bESIéNS
Malcolm S. Taylor '

US Army Ballistic Reseaxch Labcratories
Aberdeen Proving Ground, Maryland

ABSTRACT. Numerous papers on construction of BIBD's (Balanced Incomplete
Block Designs) appearing in the literature consist of derivations of a set
of base blocks with symmetrically repeated differences. The inherent
properties of the algebralc or geometric structures that are employed
lead to sharply constrained values of the design parameters. There would
appear, therefore, to b~ some interest in a more efficient computational
scheme to discriminate readily between a set of blocks which have symmetri-
cally repeated differences and those which do not. This is the topic of

. this paper, and although the values of the parameters are limited in
magnitude by computational considerations, no restrictive parameter rela-
tionships are involved, and a number of new design configurations are
presented,

INTRODUCTION., A BIBD is an arrangement of 'y distinct elements (varieties)
into b sets (blocks) of exactly k distinect members, each element occurs
in exactly r different blocks, and every pair of distinct elements occurs
together in exactly A blocks. The parameters v, b, r, k, A which charac=
terize a BIBD satisfy the fundamental relations

bk = vz a.1)

and ) .
(1.2)

S s e p(kel) = A(u-1)

For eoxample,

-

Py ey oy ey gy gy gy
PN WLWN=O
»

O AW & W
-
NFFOOWBW

-

-
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¢ .

- .
v w

-

is a BIBD with parameters v= b = 7, r=k = 3, A = 1,

Notice that if the block [ 0, 1, 3 ] was specified, the eatire design could
be generated by successively adding {(rodulo vu) the non-zero residue classes
to each element of the specified (or base) block.

Bose [1] presented a technique for generating a BIBD directly from a set of
blocks, called base blocks, when a sufficient condition known as symmetrically
repeated differences 1is satisfied, Within the scope of this investigation
symmetrically repeated differences means that the totality of the inner-
block differences of the base block elements modulo v results in the occurence
of every non-zero element exactly A times,

Preceding pags hiank -117-
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The k(k-1) modular differences of [ 0, 1, 3 ] are

0-1 1

0-3

6 1-0
4 1.3

e

S

o 3-0

Ny

53-1

and so [ 0, 1, 3 ] is a base block for a BIBD with A = 1.

Since each block gives rise to k(k-1) modular differences, it is

desirable to discriminate readily between a set of blocks which have

symmetrically repeated differences and those which do not.

N W

One can characterize a block of a BIBD with parameters v, b, r, k, A.

as a vector of dimension v with elements 0 or 1, where the presence of a

variety 7 is indicated by a 1 in the Z+1th position, and zero otherwise.

For example, thr

uniquely represen: - .y the vector x = (1, 0, 0,1, 1, 0, 0, 1, 0).

Notice that the varieties are represented by the residue claése's‘nbchslq v..

0,3,4,7) in a design withv = 9, k = 4 is

et

A NECESSARY AND SUFFICIENT CONDITION FOR SYMMETRICALLY REPEATED DIFFERENCES

If we consider the v x v matrix

0
01 1 0 .. 0
0 0 1 1 vee 0

"1+ vee 11
1 0 0 ... 1

-118-
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and form the product M;x = b, to every pair of elements a;, a; in the block
represented by z whose difference a; - a; =1 (mod v) the,re: occurs e 2 in \
the resultant vector b. Converseley, the number of 2's in the vector b is

precisely the number of differences congruent to l(mod v) that would occur

if the totahty of dlfferences modulo v of the elements of the block were

computed.

Sindlarly the matrix

M=10 0 1 0o 1 ... (2.2)

upon multiplying the vector x will cause a 2 to occur in the resultant » for
every difference of elements of the block a, - “j z 2(mod v).

<« Su ) A

"~ It is now apparent how the construction should procesd. We form sm:céssively

the products MZ::, Mgxy wuey M[v /2] %> and if exactly A twos occur in b at each
Stage, then the block dlfferences are symmetrically repeated This constltutes
a necessary and sufficient condition for a block to have syrmetrlcally repeated

differences.

One nced never proceced further than [v/2] steps, since the existence of a
pair of elements ag, g, a; - a; z n(mod m) implies a; - a zm-n. The
generalization from a single block to a set of blocks consists merely of

replacing the vector z in the product Mz, where X = (€75 Xy oue, z, J} denotes a
o
partitioned matrix, each colum of which is the rcpresentative of a block.

We procecd to summarize this obseivation as

-119-
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THEOREM 2.1 Consider a block B, = [ail’ @rgs vees aik]' with elements
represented by the congruence classes modulo v, and its representative T

A necessary and sufficient condition that B, satisfy the property cf

symmetrically repeated differences is that the products M X;53d =

1, 2, ..., [v/Z] each contain the same number, A, of two:, in the resultant

vector.

Generalizing from a single block B, to a set of blocks {Bi} we obtain

the immediate

- CORROLLARY 2.1 A necessary and sufficient condition that a set’ of blocks

{Bi} constitute a base for a (v, b, r, k, A)-design is that the products

M

matrices.

x, Mz Xy eeey M[v/Z] X contain exactly ) twos in each of the resultant

Observe that the matrices 112, 35 2es M{ v/2] may be obtained from MZ
in the following fashion: row ¢ of matrix Mo 2 <m < [v/2], is precisely

the vector sum, modulo 2, of rows £, i+1, ..., i+m-1 (nod v) of matrix My

This observatlon is quite useful when mplcmentmg this technmue for
automatic computation, since matrices My, Ms, seey M[ v/2) can be generated

intermally. . , : . c

P B e
¢ . . : . BN R 5
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If onc considers a block as a set of k beads on a necklace cof v positions

we have, for example, for the block [0, 1, 3] the following representation:
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Notice that in computing modular differences what is important is not the
labels we have attached to the varieties, but their positions relative to each

other. In other words, blocks [0, 1, 3] = [1, 2, 4] = ... = [6, 0, 2]] are

all equivalent since each gives rise to the same set of modular differences,

and as suchu eath could serve‘ as a base block¥for the BIBD. These blocks are

all members of the same equivalence class, or orbit.

Clearly, when constructing designs from base blocks, we want to consider

as candidates only blocks in distinct orbits. Toward this end a convenient

way to characterize an orbit is to notice the 1-1 correspondence between an

orbit and the circular partition of an integer v; e. g.,

0, 1, 3] v 1 +2+ 4

where the summands are simply the ''distance’” between adjacent beads (varieties).

If one generates distinct circular partitions, a task to which the computer is

well suited, we are equivalently generating representatives of distinct equiva-

4 .
. s &

lence classes. . , COt e
~ - A COMPUTATIONAL ALGORIT:M
If we denote the Zth rcw of the matrix X as a; = (aii’ Qrgs ooy aibo)’

then X can be represented as

¢
< c
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In this compact notation (
2. +a.
o Y
+a.;
o IR
-
A.‘o x = L4
i
+ a.
T 7 i

where a. + a.
i in

0 . .
vectors az, at "

represents the usual component-wise addition of the row

. Notice thac if the subscripts £ +n > v in (3.1) then

it+n=1714+ n'(mod‘ v). We compute successively MX, i= 1, 2, ..., [v/2]

and terminate the procedure as soon as the required number, A, of twos fail

(3.1)

to appear. Otherwise, completion of the process, indicated here by 7 taking

its maximum value [v/2] without rejection, i$ sufficient to establish the

"blocks represented by X as base blocks, generating a BIBD.

Since addition can be lierfonmd much more rapidly than rrultiplicétion

by the computer, in practice we campute M.X additively as expressed in the

right-hahd side of (3.1) rather than performing the actual matrix multiplication .

indicated in Section 2. (By a judicious selection of candidates for base blocks“,

it may be possible to determine a set of blocks generating a (v, b, r, k, 1) -

design. Some solutions for BIBD's with large replicates determined in this

manner are prescnted im-Fable.l..

B S e
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TABLE 1 :
~ Parameters S Base Blocks
(v, b, r, k, 1) !
(7, 68, 16, 4, 3) [0, 1, 2, 4], [0, 1, 7, 10], (0, 2, 6, 11], [0, 3, 7, 12] ’
Qo, s7, 18, 6, 5) [0, 1, 2, 3, 5, 10], [0, 1, 3, 7, 12, 14], [0, 1, 5, 7, 11, 14]
(11, 44, 20, 5, 8) [0, 1, 2, 3, 5], [0, 1, 2, 4, 7], [0, 1, 3,6, 7], [0, 1, 4, 6, 8]
a1, ss, 20, 4, 6) [0, 1, 2, 3], [0, 1, 3, 61, [0, 1, 4, 7],[0, 1, 5, 71,{0, 2, 4. 7]
az, es, 20, 5, 5) [o, 1, 2, 3, 6], (0,1, 3,8, 1], (0, 1,5,9, 12],
[o, 2, 6, 10, 12].
t
J
: ';
?
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/i ‘.. ON SPURIOUS CORRELATIONS FOR PARTIALLY RELATED VARIATES
E Oskar M, Essenwanger
Physical Sciences Directorate e

US Army Missile Research, Development
and Engineering Laboratory
‘ US Army Missile Command
Redstone Arsenal, Alabama

ABSTRACT. The spurious correlation coefficient between related objects
such as a(a £ b) 1is well known, although sometimes overlooked., Mostly

unnoticed goes the spurious correlation, however, when only a subset of
the material variates is identical.

The respective formulae for the spurious correlation coefficient are
being developed in the case of correlation between wind profile
characteristics of the lower tropospheric layers and the atmosphere up
to 25 km. Significance testing of the (linear) correlation coefficient
against these spurious correlations is described and demonstrated by the
wind profile analysis for four typical climatic zones,

AT R T e

Although the method has been developed primarily for the analysis of
wind profiles and its physical interpretation, the statistical method=-
ology has general validity.

INTRODUCTION, It is well known that a spurious correlation coefficient is
« produced when the correlated variates are related such as x, = a and

X, = a * b, where Xy and x, represent the first and second éata sets,

réspectively. It is overlooked sometimes that a spurious correlation

also appears when a subset of the data is related from which x, and x

are formed. We may call this case a "partial" spurious correlation.

The particular instance arises in the correlation between characteristic
‘coefficients of wind profiles from overlapping layers when x, is taken,

* e.8., for the surface to 3 km profile and x, would be comput&d for the
surface to 25 km layer. Although the variages may apparently not be
directly related in the sense of an a(a * b) multiplication, the param-
eters are based on material data of which one part i1s a subset of the
total. The appropriate equations will be developed in the following
-sections.

et s

It should be pointed out that the partial spurious correlation coefficient
is not automatically useless for practical applicatiocns. Its merit

depends on the problem to be solved. When significance of the coefficient
is tested against the hypothesis of zero correlation one must be aware that
significance may be caused by the interrelation between the two variables

e

.
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and not by physical cause. When the independent additional correlation

is the question, the test basis should be the spurious correlation’

) ( coefficient rather than the zero value. This may not preclude the

/& o ~ utilization of the spurious relationship for inter- or extra-polationm,
N\ prediction, etc., but the user should be aware that probably no new

information is gained in addition to the one already available from the

lower layer. This can be checked as discussed later.

The following pages have been reproduced photographically from the
author's manuscript,
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II. PARTIAL‘SPURIOUS CORRELATION
' 1. Correlation Between Hean;.

This partial spurious correlation is not restricted to
the application in the wind profile analysis where it originated, Cor-
relations between parameters which are mean values rather than
individual observations can be found in the literature frequently.
When one mean is calculated from a subset of the data we have
a cagse of partial relation.

In the parameterization of the wind profile (see
Essenwanger 1970, 1971} the characteristic coefficient for the

representation of the windspeed W, as function of the altitude

" (surface to 25 km) is the mean speed Ao. Assume the characteristic

coeffic;ent for the surface to 3 km layer windspeed profile is the A

mean of that layer, too. Then we have

hy
x-(f v in = v, = A r(l)
nd (“2 y +t°;2 T °
and y = {: "h)/“y" }1: vy hFL vy /ny =3B (2)

It is evident that h1 < ha. Further, n and'ny are the respective

number of points in the computation of the means, n, < ny.
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- We have denoted

R . . ¢ f - P
. - ; - .
. - - o ¢ L

L] ) ¢
¢

k

We have now the choice of notation for the term L Vo We may
. +1
select either one of the subsequent expressions eqn., 3a or b,

First we state

? w/n =V &
5 w/ny = Yy - (3a)
‘ 1 .
which provides
+
y= vlnxlny v, (2b}
or
+ .
y=wyv, +V, (2c)
Then we define
h
P v/fn -n)=v (3b)
h1+1 iy x 2 . s
wvhere vy i3 the regular average of the top layer. Accordingly "
y= wlvl + (ny - nx)vp_/ny | (Zd) ) 1:

3

“w- nx/ny and w, = (ny - nx)/ny.:

The two forms (eqn. 3a and 3b) are equivalent, but the subsequent

- development has been written for the Vo Th’e';quatiohs can (be 

teadily brought into the first form by aset:t::l.ngv2 =,1‘.

The definition of the x and y can be expanded to x and y, the

mean values, with

\ y= '1;1 g WA (La)

or- y = u1‘71 + ‘.72 (4b)

) x= Ao (ke)
—~
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As customary, the lineat correlation coefficient can be written

[

rxy Cov /c oy = rA_°B° L _ ' , (5)
with - , .
Cov,o = _Z(x - x)(y - §)] mo - o (62)
o = -)ix - i)“-’] /N . (éb)
o;' rﬂy - :7)2] /N, (6¢)
Now ) » _ .
G My - ) e (62)
2
oy = 8[1 vp - 9y vy, - ‘-'2)] N
- "Pi 1 ¥ 2 vryp00, * o (6e)

where r1 is the true correlation between Y1 and Vs and 0é the
2

2
variance of the layer h1+1 through ha name%? °V2°

Noovyy = vy - 7,’1’,["1("1 I URE” "2)]

2, Tl : . :
= V01 ¥ Vo007, (65)

Finally, the linear correlation coefficient becomes

©

(5a)

In order to detive the spurious correlation we assume that there

is no correlation between v1 and v2, 12

Typ1” 101/("201 + Wz )* (5b)

is the spurious correlation. Since the weight Y1 and standard

f.e., r.,. = 0, Then

deviation o are positive this cefficient will be positive, too,

2%
‘r - [vlai> + v2°1°2t12] / [0’1( "ic » 2 v1w2r12°‘102 wg ) ]
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© of the spurious correlation would be advantageous, In order to

It may be confusing to think in the first moment that for v, = 1

we have the second form of the sﬁutious coefficient, ‘and the expression looks

different. It should be noted, however, tﬁat now o’Z = o:g and this
compensating change makes the new form identical with the first
expression,

The o‘;‘;a or azva is usually not known when the correlation
of Ao and Bo is calculated. When a, must be obtained from the data
there may be no need for the computation of the spurious correlation

since probably the coefficient r A v, can be calculated at the same
o2 '

time, When data sets of Ao and Bo are available with Op » O and
o ]
Tap? the establishment of A (or V2) and subsequent determination
oo

of T, o DAy be costly or time consuming, Then the examination
o2

©

replace 05 in eqn., 5b, we go back to eqn, 2, After some arithmetic’

we find
2 2 2 2
."’;"v; (°§ * WO, - 20,05 Tap) " viop (68)
] o o o oo , o

The second form appears with v, = 1, from which we can deduct that
the same terms replace the second term in the denominator of eqn. 5b.
Consequently, the spurious correlation may be written as

r. .=wg, (2vg° + .2 -2w0,Qgq T )!“ (s¢)

spl 1 Ao 1 Ac’ oBo 2ul Ao Bo AoBo

It should be pointed out that t'PI < erBo.
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If we take the equal qighvif can be shown that

2er® - F(2c2 + 1)+ 2 =0 (n
. Lyhere c= "101/031
This equation can be used to study the behavior between spurious

correlation, O and og-

We find the two solutions

e, =r : (72)
or r = '1°A/°h (v)
and ¢, =r/(1 - 2r%) .v (7¢)
Ihe latter must be discarded since 0 <« r'pl:s 1.0 and < > 0,

Equation (7a) represents the maximum value the spurious cor-
relation could assume when all the correlation between Ao and Bo
would be spurious., Since the empirical correiation comprises
the spurious ;nd tﬁe added part, we must state

The independent contribution in the empirical coefficient is not
known a priori. It should be added that eqn. Td is symbolic and
a.lipear addi:ion of the two parts is not applicable, i.,e. the
r; is not identical with the‘tA ;2 (see eqn. 8 and 9 laﬁef).

We may also 1nterpreto this spurious correlation co-
efficient for partially related variables as a weighted correlation,
When v =¥, the weights cancel out in eqn. 5b and the notation of
the familiar spurious correlation remains.
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We may test the significance of the difference between two

correlation coefficients by the transformation to Fisher's z

(e.g. see Hald, 1952 Browniee, 1960,‘etc.). We find

z =05 -6[(1+)/(1-1) (8)'

and ‘
Az - zrl - zt . (9)

2
The z is approximately Gaussian distributed and the standard
error of z can be written as

e, ~(N - 3707 (10)

The null hypothesis that two correlation coefficients
came from the same population can be tested by

-0.5
- + -

€y, = [1/(h) - 3) + 1/(n, - 3)] | (1)

vhich {8 again normally distributed.

In our case n, = n, as both samples have the same number

2 <
of observations. Hence - | _
-0, \

gz J/E (N-3"07 /7 ¢ (11a)

At the 95% level of significance ve accept the null hypothesis

when

<

[82] < 11.96 ¢, | | (11b)
z

Table 1 illustrates the testing procedure with the surface

to 5 km versus surface to 25 km windspeed profiles and the 3 km

versus 25 km system. The headings should be self explanatory.
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“ Table 1. Correlation Between Lower and Upper Syétems'(Ab vetsusrno)

a) Surface to 5 km versus surface to 25 km

-Spring

Winter 95%' ‘ 95¢
L 4 r.p Az €12 m T r'p Az €Ag 1
Albrook | 204" 179 | -.026] .092 | .26 206" | 203 | -.002| .001 ] .27
Montg. |.619 |,197 | -.524 | .109 | .62 .77% | .74 | -.855] .096 | .79
Chat.. |.675 |.,201 | -.615]| .098 | .67} .759 | .213 | -.776| .087 | .76
Thule [|.351* a7 | - 1011 .2 | ke ll kg6 1 216 | -.3251 .0651 .53

Sumner . Fall
Albrook |.223% |.208 | -.019] .113 | .27 || .eo%* ] .191 | -.o1k]| .096 | .23
. Montg. |.hok {.218 | -.320| .08% Lol s | 176 | -84 .08T | LTS
Chat. |.785 |.218 | -.837| .089 | .79 |l .765 | .205 | -.799| .092 | .76
Thule .698 |.290 -.575 | .057 70 1 Jbo6 .168 ..514-3 087 | .50
b) Surface to 3 km versus surface to 25 km
Winter Spring
Albrook | .186% [tk | -.ou3 | .092 | .21 .199*| .163 | -.037]| 091 | .23
Montg. | 446 [.105 | -.375| .109 | .k5|l .613 | .085 | -.628] .096 | .61
Chat. .55% |.119 | -.502| ,098 561 .s87 | 118 | -.5%4] .087 | .59
Thule .295 1,102 -.201 § 142 351 0396 | .115 | 3041 L065 | b2
, ’ Sumhef « vFall ‘

Albrook | .136% |.133 ,-.ooe 075 1 a8l L1s3®] 136 | -.008] .096 | .20
Montg. |.370 |.132 | -.255| .08 | .37 .588 | .091 | -.583| .087 | .60
Chat. 6195 | .119 ' -.605| .089 62 |l .620 JA19 | -.605] .092 | .62

Thule | .504 |.172 l -.381| .057 | .50 .277 | .116 | -.167] .087

.28

*Not significantly different from spurious correlation coefficient.
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It can be concluded from Table 1 that in the éropics close to.the
equator ( Albrook 9°N) the correlatiqn between the two coefficients

has the same magnitude as the spurious correlation, but for all

other regions the linear relationship goes beyond the one expected
merely by a spurious relationship. Since the expectation in

zero correlation is the mean value, we could interprete the tropic region
result as a justification that the most likely windspeed profile

above the lower layer in the tropical region 1is the mean prdfile.

When the (spurious) correlation coefficient is utilized for

extrapolation from the lower layer to the 25 km altitude then only

for reason of continuity of the speed profile at the top of the

¢ ° €

- lower layer, There 18 no apparent physical cause to associate c

"the lower and upper layer. This conclusion agrees with the present

facts about the general circulation in the tropical zones,

Inféonirast to the tropical regién midlatitudes and sub-

:tropiés appea} with one closed system from surface to the upper

layers. The upper boundary of this system reaches far into the
stratosphere but cannot be exactly determined from this wind profile
analysis. The top of 25 km was chosen by other considerations and
should not be taken literally for the dominance of the wind regime

up to that altitude, The question about the upper boundary would

~134-~
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have to be investigated by different techniques, From other .

correlation analysis (see Stewart and Esseﬁwanger, 1968) 20 km
appears most likely. In this article the point of interest is

a correlation beyond the spurious relationehip.

The columns next to the 95% value of €y, display the

correlation ratio 7 (see Mills, 1955, etc.) which includes a
non-linear relationship. As illustrated by this last columm
in the parts of Table 1, there is virtually no addition to the

linear correlation.
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