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FORSWOPD

The Eighteenth Conference on the Design of Experiments in Army Research,
Development and Testing !as Iheld 25-27 October 1972 at the Aberdeen Proving
Ground, Maryland. The U. S. Arnly Test and Evaluation Command served as its
host. This is the second conference in this series to be held at the
Proving Ground. The first one, called the Sixth Conference on the Design of
Experiments, was held in October 1960 with the Ballistic Research Laboratories
serving as the host. The father of these meetings, Professor S. S. Wilks,
was in charge of arranging the program, and the undersigned served as the
Chairman on Local Arrangements. Having served once in this capacity, one
has a better appreciation of the work-load faced this year by the Local
Chairman, Mr. Gerard T. Dobrindt. Let me thank Mr. Dobrindt for his excellent
handling of the many prcblems with the physical arrangements as well as the
problems presented by the attendees. Thanks are also due to Dr. William
McIntosh for his guidance and assistance in many phases of the on-base
arrangements.

Professor John Tukey, the first invited speaker, got the conference off
to an excellent start with his interesting and informative treatment of the
top5.c "Exploratory Data Analysis". He was followed on the program by one of
his colleagues at Princeton University, Progessor G. S. Watson. Dr. Watson
discussed some recent developments in the interesting field of "Orientation
Analysis". At the Second General Session members of the audience had the
pleasure of hearing Professor J. S. Hunter discuss one of his papers on
"Sequential Factorial Estimation" and Professor G. E. P. Box present some
of his work on "Forecasting and Control". It is interesting to note that
both Drs. Box and Hunter served on a panel discussion entitled "Common
Pitfalls in the Design and Analysis of Experiments" at the Sixth Design
Conference. The fifth invited speaker was Professor Raymond H. Myers who
enlightened members of the audience on some recent and important
developments in the field of "Dual Response Surface Analysis". The recipient
of this years Samuel S. Wilks Memorial Awards was one of the above-mentioned
invited speakers, namely Dr. G. E. P. Box. We are pleased to be able to
include in these proceedings his acceptance remarks.

The Army Mathematics Steering Committee sponsors these conferences
on behalf of the Chief of Research and Development. Members of this
committee would like to thank the many Army scientists who contributed to
the success of this meeting. Without their dedicated efforts these meetings
would not be repeated year after year. Scientists in other government agencies
have also lent their talents to the programs. This year we were pleased to
have three contributed papers presented by members of the National Bureau of
Standards, and also to have Dr. Churchill Eisenhart of the Bureau serve as a
member of the Program Committee. The Food and Drug Administration was
represented on the agenda by Dr. Clifford Maloney. His services as a member of
the Program Committee were also appreciated. One or two Canadian scientists
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usually Attend and contribL to the discussion at these meetings. This year
we were pleased to have one ;. our Canadian friends, Mr. G. J. McLaughlin,
of the Defense Research Establishment Valcartier, present one of the clinical
papers. --

In addition to the two members of my Program Committee already mentioned,
the following individuals served: Robert Bechhofer, Norman Coleman, Gerard
Dobrindt, Francis Dressel, Walter Foster, Boyd Harshbarger, William McIntosh,
Herbert Soloman, Grace Wahba, and Geoffrey Watson. Those gentlemen and onelady were charged with the responsibility of outlining the general character
of the conference, and to select the invited speakers. My thanks to them

for preforming this task in a fashion that again led to a successful
scientific conference. It seems in order at this time to give speciai mention
to Dr. Walter D. Foster, w-o is the Chairman of the AMSC Subcommittee on

Probability and Statistics. In this capacity Dr. Foster can be looked upon
as the one generally responsible for initiating the advanced and overall
planning for each conference. He serves in the conduction of many other
phases of these meetings; in particular, he serves as the Chair-•an of the
committee that organizes the final form of the agenda. He uakes the report
to the AMSC on some of the accomplishments of each Design of Experiment
Conference. On behalf of all attendees at these meetings, let me express
our thanks to Dr. Foster for his dedicated efforts to t:hese scientific
conferences.

Finally, we desire to express our sincerest appreciation to Dr. Francis
G. Dressel whose many significant contributions make the Army Design of
Experiments Conferences a success from year to year.

S Frank E. Crubbs
Conference Chairman
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EIGHTEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN ARMY RESEARCH, DEVELOPMENT, AND TESTING

25-27 October 1972

HQ, U. S. Army Test and Evaluation Command

* * * * * Wednesday, 25 October * * * * *

0830-0900 REGISTRATION - Library Conference Room. Building 330

0900-1130 GENERAL SESSION I - Library Conference Room

CALLING OF CONFERENCE TO ORDER
Gerard Dobrindt, Chairman for Local Arrangements,
US Army Test and E:valuation Command

WELCOME TO THE U. S. ARMY TEST AND EVALUATION COMMAND
Benjamin S. Goodwin, Chief Engineer, U. S. Army Test and
Evaluation Command

CHAIRMAN OF SESSION I
Dr. Fred Frishman, Physical Sciences & Engineering Division,
Office, Chief of Research & Development, Washington, D. C.

EXPLORATORY DATA ANALYSIS
Professor John Tukey, Department of Mathematics, Princeton
University, Princeton, New Jersey

ORIENTATION ANALYSIS
Professor G. S. Watson, Princeton University, Department of
Statistics, Fine Hall, Princeton, New Jersey

1130-1300 LUNCH - Officers' Open Mess, APG, MD

1300-1445 CLINICAL SESSION A - Library Conference Room, Bldg. 330

CHAIRMAIN:
Norman P. Coleman, Jr., HQ, US Army Weapons Command,
Rock Island, Illinois

PANELISTS:
A. Clifford Cohen, Institute of Statistics, University of
Georgia, Athens, Georgia 4

ix

.1<-.

S- ,. _• .....-'. - . -. -. • • .•. .••



'o .WEDNESDAY • .. c'•..

Bernard Harris, Mathematics Rez-arch Center, The University
of Wisconsin, Madison, Wisconsin

Boyd Harshbarger, Department of Statistics, Virginia
Polytechnic Institute and State University, Blscksburg,
Virginia

Herbert Solomon, Department of Statistics, George Washington
University, Washington, D. C.

FREQUENCY RESPONSE ON THE M50 ROCKET DUE TO WIND
Bernard F. Engebos, Atmospheric Sciences Laboratory, U. S.
Army Electronic Command, White Sands Missile Range,f New Mexico

EXPERIMENTAL DESIGNS WITH LARGE NUMBERS OF VARIABLES
Roger L. Brauer and Charles C. Lozar, Architecture Branch,
Special Projects Division, U. S. Army Construction Engineering
Research Laboratory, Champaign, Illinois

* 1300-1445 TECHNICAL SESSION 1 - Conference Room B, Building 314

CHAIRMAN:
Jerome R. Johnson, US A7-my Materiel Systems Analysis Agency,V- Aberdeen Proving Ground, Maryland

ORTHOGONAL ESTIMATES. IN WEIGHING DESIGNS
William G, Lese, Jr., US Army Materiel Systems Analysis Agency,
Aberdeen Proving Ground, Maryland

WEIGHING DESIGNS FOR MASS CALIBRATION
J. M. Cameron and R. C. Raybold, Office of Measurement Services,
Institute for Basic Standards, US Department of Commerce,
National Bureau of Standards, Washington, D. C.

COMPUTER CONSTRUCTION OF CYCLIC BALANCED INCOMPLETE BLOCK DESIGNS
Malcolm S. Taylor, US Army Aberdeen Research and Development
Center, Aberdeen Proving Ground, Maryland

1300-1445 TECHNICAL SE3SION 2 - Conference Room A, Building 314

CHAIRMAN:
Vernon V. Visnaw, Materiel Testing Directorate, Aberdeen
Proving Ground, Maryland
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WEDNESDAY

REGRESSION ANALYSIS APPROACH TO INTERPOLATION ALGORITHMS
E. L. McDowell, Structural Concepts Branch, Construction
Systems Division, US Army Construction Engineering Research
Laboratory, Champaign, Illinois

ON SPURIOUS CORRELATIONS FOR PARTIALLY RELATED VARIATES
Oscar M. Essenwanger, Physical Science Directorate,
Directorate for Research, Development, Engineering and
Missile Systems Laboratory, US Arxiy Missile Command,
Redstone Arsenal, Alabama

THE LEAST SQUARES ANALYSIS OF DATA GENERATED BY A "PIECE-WISE"
GENERAL LINEAR MODEL

Robert L. Launer, Procurement Research Office, US Army
Logistics Management Center, Fort Lee, Virginia

1445-1515 BREAK

1515-1700 CLINICAL SESSION B - Library Conference Room, Building 330

CHAIRMAN:

Paul C. Cox, White Sands Missile Range, New Mexico

PANELISTS:
A. Clilford Cohen, Institute of Statistics, University of
Georgia, Athens, Georgia

Bernard Harris, Mathematics Research Center, The University
of Wisconsin, Madison, Wisconsin

Boyd Harshbarger, Department of Statistics, Virginia Polytezhnic
Institute and State University, Blacksburg, Virginia

Herbert Solomon, Department of Statistics, George Washington
University, Washington, D. C.

EXPERIMENTAL ESTABLISHMENT OF ACCURACY OF RANGE-TO-FUNCTION
MEASUREMENT FOR ARTILLERY PROJECTILFS

ILT L. Dave Clements, Data Reduction Section, Yuma Proving
Ground, Yuma, Arizona

AN IMPROVED METHOD OF ESTIMATING THE CRITICAL VELOCITY OF A
PROJECTILE IN PENETRATION BALLISTICS

G. J. MrLaughlin, Defence Research Establishment Valcartier,
Courcelette, P. Q., Canada
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WEDNESDAYc

1515-1700 TECHNICAL SESSION 3 - Conference Room A, Building 314

CHAIRMAN:
COL L. Ponder, US Army Test and Evaluation Command, Aberdeen
Proving. Ground, Maryland

EVALUATING AND SCHEDULING PROTOTYPE REQUIREMENTS FOR SUITABILITY
TESTING

Majors Richard B. Cole and William J. Owen, US Army Infantry
Board, Fort Benning, Georgia

STOPPING RULES FOR SCHEDULING WITH PARTICULAR REFERENCE TO
MISSILE RANGE SCHEDULING

Paul H. Randolph, New Mexico State University, Representing-
Instrumentation Directorate, White Sands Missile Range,
New Mexico

1515-1700 TECHNICAL SESSION 4 - Conference Room B, Building 314

CHAIRMAN:
John S. Hagan, Materiel Testing Directorate, Aberdeen Proving
Ground, Maryland

A ROBUST CONFIDENCE INTERVAL FOR LOCATION
Alan M. Gross, Princeton University, Department of Statistics,
Fine Hall, Princeton, New Jersey

APPROXIMATE CONFIDENCE LIMITS FOR P(X<Y)
J. R. Moore and M. S. Taylor, US Army Aberdeen Research and
Development Center, Aberdeen Proving Ground, Maryland

STATISTICAL EVALUATION OF FLIGHT TEST PERFORMANCE OF THE
HELICOPTER LIFT MARGIN SYSTEM (HLMS)

Er•-n Biser and Ronald Kurowsky, Avionics Laboratorr, US
Army Electronics Command, Fort Monmoutih, New Jersey

1830- SOCIAL HOUR FOLLOWED BY THE BANQUET. PRESENTATION OF THE
SAMUEL S. WILKS MEMORIAL AWARD

Dr. Frank E. Grubbs, Chairman of the Conference

k * * * *Thursday, 26 October * * * * *

0900-1015 TECHNICAL SESSION 5 - Library Conference Room, Building 330

CHAIRMAN:
Royce W. Soanes, Jr., Benet R&E Laboratory, Watervliet
Arsenal, Watervliet, New York
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THURSDAY

AUTOMATED RADAF DATA PROCESSING AT WHITE SNADS MISSILE RANGE
FEATURING ADAPTIVE FILTERING WITH BIAS ESTIMATION

W. A. McCool' Analysis and Computation Division, White
Sands Missile Range, New Mexico

ALGORITHM FOR EDITING BIVARIATE DATA FILES WITH RANDOM
SPACING IN THE INDEPENDENT VARIABLE

ILT L. Dave Clements, Data Reduction Section, Yuma Proving
Ground, Yuma, Arizona

0900-1015 TECHNICAL SESSION 6 - Conference Room B, Building 314

CHAIRMAN,
SP/4 Ray Peterson, Frankford Arsenal, Philadelphia,
Pennsylvania

STATISTICAL ANALYSIS OF H. F. OBLIQUE AND VERTICAL INCIDENCE
INOSPHERIC DATA APPLICABLE TO FIELD ARMY DISTANCES

Richard J. D'Accardi, US Army Electronics Command, Fort
Monmouth, New Jersey
Chris P. Tsokos, University of South Florida, Tampa, Florida

COMPARISON OF THE TRANSMISSION THROUGH FOG OF THE 3-5 AND
8-12 •ICRON SPECTRAL REGIONS AS A FUNCTION OF THE VISIBLE
TRANSMISSION

James E. Perry and Stuart Laymar, Night Vision Laboratory
USAECOM, Fort Belvoir, Virginia

0900-1015 TECHNICAL SESSION 7 - Conference Room A, Building 314

CHAIRMAN:
Col. George T. Morris, Jr., US Army Test and Evaluation
Command, Aberdeen Provix.g Ground, Maryland

MAXIMUM LIKELIHOOD ESTIMATION PROCEDURES IN RELIABILITY
GROWTH

Larry H. Crow, US Army Materiel Systems Analysis Agency,
Aberdeen Proving Ground, Maryland

MODIFIED PROPAGATION OF ERRORS WITH APPLICATIONS TO MAINTAINABILITY
AND AVAILABILITY

Paul C. Cox, White Sands Missile Range, White Sands, .

New Mexico /

1015-1065 BREAK

10145-1130 TECHNICAL SESSION 8 - Conference Room A, Building 314
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.. .THURSDAY

CHAIRMAN:
George L. Kinnett, HQ, US Army Aviation Materiel Laboratories,

jFort Eustis, Virginia o

WIND TUNNEL MODIFICATION AND EVALUATION
E. G. Peterson, C. E. Sperry and E. Covert, Deseret Test
Center, Building 100, Soldiers' Circle, Fort Douglas, Utah

1045-1130 TECHNICAL SESSION 9 - Library Conference Room, Building 330

CHAIRMAN:
E.,ward Fiske, Product Assurance Director, Edgewood Arsenal,
Maryland

TECHNIQUES FOR TAIL LENGTH ANALYSIS
James J. Filliben, Statistical Engineering Laboratory,
Institute for Basic Standards, National Bureau of Standards,
Washington, D. C.

CRITERIA FOR A BIOCELLULAR MODEL - BIOCELLULAR COMMUNICATION
George I. Lavin, Vulnerability Laboratory, BRL, ARDC,
Aberdeen Proving Ground, Maryland

1045-1130 TECHNICAL SESSION 10 - Conference Room B, Building 314

CHAIRMAN:
Boyd Harshbarger, Virginia Polytechnic Institute and State
University, Blacksburg, Virginia

EQUATION-OF-STATE AND SHOCK INITIATION EXPERIMENT ON EXPLOSIVES
USING PULSED ELECTRON BEAMS

L. Avrami and P. Harris, Picatinny Arsenal, Dover, New Jersey
J. Shea, Physics International Companyc[

AN ANALYSIS OF 5.56MM ALUMINUM CARTRIDGE CASE "BURN-THROUGH"
PHENOMENON

Walter H. Squire and Reed E. Donnard, Frankford Arsenal,
Philadelphia, Pennsylvania

1130-1300 LUNCH - Officers' Open Mess, APG

1300-1415 TECHNICAL SESSION 11 - Library Conference Room, Building 330

CHAIRMAN:
Hurry Greveris, US Army MUCOM, Frankford Arsenal, Philadelphia,
Pennsylvania

xiv
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THURSDAY

STATISTICAL MODELING OF PROPAGATION LOSS DATA
M. Acker, R. D'Accardi, D. Dense, Communications/ADP
Laboratory, US Army Electronics Command, Fort Monmouth,
New Jersey
C. Tsokos, Department of Mathematics:and Statistics,
University of South Florida, Tampa, Florida

1300-1415 TECHNICAL SESSION 12 - Conference Room A, Building 314

CHAIRMAN:
A. Clifford Cohen, University of Georgia, Athens, Georgia

GRUBBS' ESTIMATORS TO DATE
Clifford J. Maloney, Bureau of Biologics, Food & Drug
Administration, 5600 Fishers Lane, Rockville, Maryland

A SYSTEM FOR POSITION-LOCATION BASED ON RANGES
Richard H. F. Jackson, James A. Lechner, and David J. Sookne,
US Department of Ccmmerce, National Bureau of Standards,
Washington, D. C.

1300-1415 TECHNICAL SESSION 13 - Conference Room B, Building 314

CHAIRMAN:
COL Luke Vavra, Combat Develcpment Command, Aberdeen Proving
Ground, Maryland

APPROXIMATE CONFIDENCE LIMITS ON THE CEP: CASE FOR UNEQUAL
VARIANCES

E. Inselmann, Headquarters US Army Materiel Conmmand,
Washington, D. C.

ON THE VARIATION IN MECHANICAL PROPERTIES OF LARGE CALIBER
GUN TUBE FORGINGS

Peter A. Thornton, Benet Weapons Laboratory, Watervliet
Arsenal, Watervliet, New York

1415-1445 BREAK

1445-1700 GENERAL SESSION 1i - Library Conference Room, Building 330

CHAIRMAN:
Professor Herbert Solomon, George Washington, University,
Washington, D.fC.
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THURSDAY

SEQUENTIAL FACTORIAL ESTIMATION
Professor J. Stuart Hunter, Department of Chemical Engineering,
Princeton University, Pzinceton, New Jersey

FORECASTING & CONTROL
Professor G. E. P. Box, Department of Statistics, University
of Statistics, University of Wisconsin, Madison, Wisconsin

* * * * * Friday, 27 October * * * * *

0900-0940 TECHNICAL SESSION 14 - Library Conference Room, Building 330

CHAIRMAN:
Alan W. Benton, Army Materiel Systems Analysis Agency,
Aberdeen Proving Ground, Maryland

A CONTINUOUS SAMPLING PLAN WITH A PROVISION FOR A REDUCED
CLEARANCE NUMBER

Gary L. Aasheim, Mathematical Statistician, US Army
"Ammunition Procurement & Supply Agency, Joliet, Illinois

0900-0940 TECHNICAL SESSION 15 - Conference Room A, Building 314

CHAIRMAN:
Douglas Tang, Walter Reed Army Institute of Research,
Washington, D. C.

SELECTION OF THE MOST MEANINGFUL SUBSET OF RESPONSES IN A
MULTIPLE RESPONSE EXPERIMENT

Walter D. Foster, Fort Detrick. 1rederick, Maryland

0940-1010 BREAK

1010-1130 GENERAL SESSION III - Library Conference Room, Building 330

CHAIRMAN:
Dr. Frank E. Grubbs, Aberdeen Research & Development Center,
Aberdeen Proving Ground,Maryland

OPEN MEETING OF THE AMSC SUBCOMMITTEE ON PROBALILITY AND
STATISTICS

Dr. Walter D. Foster, Fort Detrick, Frederick, Maryland

DUAL RESPONSE SURFACE ANALYSIS
Professor Raymond H. Myers, Virginia Polytechnic Institute
and State University, Blacksburg, Virginia

xvi

S. .... ---.- ,,•.. * . . . . . . . .. . ....L .... > " .



PAPERS BY TITLE

A REVIEW OF THE BAYESIAN APPROACH: AN APPLICATION OF
BAYESIAN STATISTIC TO STOCKPILE RELIABILITY ASSURANCE

Martin Messinger, Ammunition Development & Engineering
Directorate, Picatinny Arsenal

VISUAL DETECTION ABILITY
Bruce L. Bucklin, Human Engineering Division, Picatinny
Arsenal

PERFORMANCE EVALUATION BY MODELING
Ray Peterson, US Army Munitions Command, Frankford Arsenal

BIASED SAMPLES FOR TESTING
John Fargher, Jr., US Army Munitions Command, Frankford
Arsenal

MALFUNCTION PREDICTION METHOD FOR SMALL ARMS WEAPON SYSTEMS
Harry Greveris, US Army Munitions Command, Frankford Arsenal

xvii

" ' i~ i • i" .... .... ..... t ... "' .. .... .......•' . ..



N /-

EXPLORATORY DATA ,%NALYSIS AS PART OF A LARGER WhOLE*

John W. Tukey

-Princeton University, Princeton, New Jersey,

(4) Most data analysis should be investigative

r It is not enough to, look for what we anticipate. The greatest gains
from data come from surprises. We will usually not be very surprised,
but we should try to be.

(AA) Data analysis is well thought of in three phases

As we come to think over the process of analyzing data, when done well,
we can hardly fail to identify the unrealism of the descriptions given or
implied in our texts and lectures. The description I am about to give
emphasizes three kinds of stages. It is more realistic than the description
we are accustomed to but we dare not think it (or anything else) the ultimate
in realism.

The first stage is exploratory data analysis, which does not need
probability, significance, or confidence,and which, when there is much data,
may need to handle only either a portion or a sample of what is available.
That there iz still much to be said and that there are new simple techniques
to be developed is testified to by 3 volumes of a book now in a limited
preliminary edition (Tukey 1970-1911) which deals only with the simpler
questions, leaving multiple regression and related questions for later treatment.

The second stage is probabilistic. Rough confirmatory data analysis
-asks, perhaps quite crudely: "With what accuracy are the appearances already

found to be believed?" Three answers are reasonable:

- The appearances arf- so poorly defined that they can be forgotten
(at least as evidence though probably not as clues).
The appearances are marginal (so that crude analysis may not suffice
and a more careful analysis is called for).

The appearances are well-determined (when we may, but more often
do not, have grounds for a more careful analysis).

Among the key issues of such a second stage are the issues of multiplicity:
How many things might have been looked at? How many had a real chance to be
looked at? How should the multiplicity decided upon, in answer to these
questions, affect the resulting confidence sets and significance levels? These

* are important questions; their answers can affect what we think the data
has shown.

*At the Eighteenth Conference on the Design of Experiments, Professor Tukey
issued this outline of his address. It contains several references for
those interested in pursuing this topic.
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It will only be after we have become used to dealing with the
issues of multiplicity that we will be psychologically ready to deal
effectively with correlated estimates, to 7ecognize in particular (a)
that the higher the correlatiou the less the chance - NOT THE GREATER --

of one or more accidental significances and (b) that correlation of
fluctuations need imply nothing as to whether the real effects measured
by one calculated quantity will in any way "leak" into other calculated
quantities. Leakage of fluctuation and leakage of effect NEED NOT
go together, though they sometimes do.

When the result of the second stage is marginal, we need a
third stage, in which we wish to muster whatever strength the data
before us possesses that bears directly ov the question at issue - and in
which we often also want to borrow strength from either other aspects of
the same body of data or from other bodies of data. It is at this stage
of "mustering and borrowing strength" that we require our best statistical
techniques. Medians may be quite good enough for our rough confirmatory
analysis, but if we have guod robust measures of location they are needed
in mustering and borrowing strength.

To argue, as we have implicitly done so often in the past, that
-(1) all data requires mustering and borrowing of strength and (2) this

can - nay should - be done without any exploratory data analysis -- is
surely at least one of the minor heights of unrealism. Trying to make
what needs to be data investigation into data processing that really meets
our needs involves many new ideas, and ideas come slowly.

(AAA) Novel ad hoc analyses need not bar us from confirmatory analysis

To be clear that this is so, we must be prepared to face up to two
points:

- questions of multiplicity are not going to be avoided.

- approximate confidence and significance procedures are quite
good enough.

Once we do, the jackknife+ will give us adequate confirmatory
assessment; our only struggle will be with assessing degrees of multiplicity.

(Waiting for specific statistical theory for specific analyses is
unsound. We have to wait too long, and - what is worse - we get theory
based on too narrow assumptions.)

+ For an introductory account see:

Mosteller, F. and Tukey, J.W. (1968). Data analysis, including statistics.
Handbook of Social PsychcZogy, 2nd edition, vol. 2. C. Lindzey and E. Aronson,
editors, Addison-Wesley, ksading, Massachueetts, 80-203.

-2-
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SKM! PRINCIPLES

THAT SHOULD GUIDE

EXPLORATORY DATA ANALYSIS

(A) Walk first, run later

"It is weill to understand what you can do before you learn how to
seasure bow veil you sem to have don* it".

CM) Don't vait for runnins shoes, start now

(AM) Data analysis should be investigative

"Exploratory data analysis is detective work - numerical detective
work - or counting detective work - or graphical detective work".

(AWA) Resistant technigues should be the usual beginning

A technique is resistant if changing a small part of the data will
have only small effects on the result, no matter what is done to the small
part. (Means are not resistant, but medians are.)

(AAAA) Analyses should come bifore summaries

Before we sunaarize, we should analyze, and look at the analysis.
Here an analysis is:

a conversion -- usually a breakdown - of numerical data into
other numbers that is both reversible and relevant.

Reversible means that you can Set all the data back IN DETAIL
from the results of analysis. Relevant means that some, at least, of the
results of analysis illuminate each of the questions most likely to arise.
We will come to examples a little later.

(AAA6At) In routine analysis the client should be presented with at
least two different versions

If the two versions "agree", fine. Let some summary of one be
p,,bliahed.

If the two versions "disagree", the client must think - very
painful, but forcing this may be the best thing the statistician can do.

/ I.
-3-.

W I I l ,



"-i < .. ..- 'N " .,,

- N --

(MAA"A) "Looking at the data" implies both MORE NUMBERS and BETTER
PICTURES

The unexpected is beat brought to our attention by pictures.
Failing this, as is always to some extent necessary, more numbers can
and do help.

(MAgAA) Implicitly defined -- and hence iteratively calculated --

analyses are inevitable

We have been frightened too long by some mixture of the apparent
difficulties of hand calculation and the inaptness of mathematical

.formulas. Some implicitly defined, iterative calculations are "as easy"
at least ai safe from error" as those that use arithmetic means.

(*********) Not only mathematical statistics, but also data analysis.

is goini to have to become more like biochemistry.
(added March 1972)

The greatest danger of an applied mathematical science is the

tacit assumption cf

OMNU-RENCE

of the assumption that both users and bystanders, from knowing exactly
what is done, will be able to draw -- and will, in fact, draw-- the relevant
inferences concerning the behavior of every techniqu2 at hand. To have
direct omniference by as many users as possible about as many techniques
as possible is a very good thing. But to avoid a technique, because
omniference is hard or impossible, can be very unwise.

We ought all tc expect that users are to be told the best
informnation about data analysis techniques that is available -- whether
or not they can afford the effort to understand how that information was
gained-- and whether or not the information is proved, provable, or even
subject to confidence statements.

-4-
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t EXPLORATORY DATA ANALYSES

S! PROBABILITY MODELSIsi

(4) Probability models are to give results for guidance.

As statisticians we must take the major share of responsibility
here. We ought to make the existence, nature, and details of probability
models openly available to all - encouraging their perusal. But we
ought not shove the. down throats in the early stages of learning.

Mathematics is the only possible scientific discipline in which
reaponsibility can be completely avoided -- by teaching every student
all the proofs, thus making him responsible for the validity of all the
mathematics he has thus learned. No one else can avoid responsibility
this way. If, as statisticians, we are concerned with the analysis of data,
we cumot escape.

Understanding what comes of carefully formulated probability
situations Is of the essence. Rarely will it be directly and precisely
applicable to our problems. Caly as we carefully broaden the bases on
which it is built will we bring it closer and closer to direct application.

(AA) In Exploratory Data Analysis. 50Z efficiency is plenty

If 501 efficiency will not reveal an effect, 95Z will nc' %ske
it significant.

(AAA) Simplicity and flexibility outweigh efficiency

Recall Churchill Eisenhart's definition of the "practical power"
of a statistical test:

The product of the probability that the test will be applied and
the mathematical power when applied.

(MM) As we learn from broader probability models,.vs will be
better guided in Exploratory Data Analysis

-5-



TWO-WAY TABLES

OF

RESPONSES

We have analyzed many hundreds of thousands (at least) of
two-way tables of responses by fitting something of the form

a + B + hash

Almost all of this has been done by explicit arithmetic means.

These are really used as algorithms to meet implicit conditions
that certain arithmetic means of residuals and effects are zero.

The results are very NON-resistant, - and hence very NON-robust

of efficiency. We can no longer live with them as the only approach.

Implicit medians do quite well, and are not hard to apply.

As an example, let us look at data from page 103 of the
Rothamsted Field Experiments of 1969. The analysis by means hardly shows
that anything is going on among the residuals. The analysis by implicit
medians calls at least two things to our attention.

.p

-6-
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DATA. weitht of sugar best roots in 0.01 ton

NI N3 15 U7 Olsas)

DG 1468 1.597 1670, 1647 (1596)

ST 980 1237 1379 .14S (1260)

PT 967 1156 1457 1511 (1273)

CH 1304 1411 1470 1444 (1415)

7J 912 1234 1325 1374 (1211)

FS 963 1234 1351 1367 (1228)

(Means) (1104) (1311) (1442) (1462) %1330)

ANALYSIS 1, by explicit or implicit means

DG 94 20 -38 -83 266

ST -52 14 3 5M1 -70

PT -80 -98 72 104 -57

QE 145 15 -57 -105 85

FJ -73 42 2 29 -119

FS -39 25 11 2 -102

(eff) -226 -19 112 132 1330

ANALYSIS 2. by implicit medians

DG 176 22 -21 -67 289

ST -6 -32 6 41 -17

PT -53 -147 62 73 17

GH 230 22 -21 -80 103

FJ -23 6 -5 11 -58

7S 6 -6 7 -11 -41

(off) -334 -51 51 84 1337

Note: N1, 13, N5, 07 are four levels of added nitrogen.

-7-I



OTHE KINDS

OF ANALYSIS

CONSIDERED BRIEFLY

(A) When reiression is for residuals, as usually in the analysis
of covariance, for example, we often need structural regression, rather than
predictive regreslion.

Stripping out an effect can be much more Important than minimizing
residuals.

(W) Almost all applications of spectrum analysis are exploratory
in nature

Where spectrum analysis has helped, it has been because oZ what
it has shown to us.

(AAA) Numerical classification (numerical taxonomy, cluster analysis,
etc.) has been an unrecognized battleground between explanatory. and
confirmatory data analysis

The techniques of steadily increasing effectiveness pushed onward
by W.J. Williams and G.N. Lance are essentially exploratory in nature.
The views of N. Jardine and R. Sibson, to pick an antithesis, are basically
confirmatory. (Rather than facing the multiplicity problem ((see, for
example, Day, N.E. (1969) Biomntrika 56. 470-473)) the most usual reaction
has been one of fear and retreat to axioms and abstrdct criteria.)

(AMA) Almost all of multivariate analysis has suffered from an
emphasis on confirmatory data analysis, to the concealment of what mlght
have been seen

(The nearly complete book of RL Gnandesikan on multivariate data
analysis is a valuable first step forward.) (Canonical analysis, in the
sense of M.J.R. Healy et al, is an outstanding example of improved data
insight by exploratory methods.)

(AAAMA) Contingency tables can often be analyzed, not just summarized

It is their analysis that offers an effective foothold for their
exploratory data analysis.

(******) Effective local techniques in multivariate analysis seem
likely to Jepend on near-volume indicators. (added March 1972)

Cells and grids are useful in one-dimension from moderate amounts of
date up, in two-dimensions from moderately large amounts up, and in three
dimensions from quite large amounts of data up. To work in four or more
dimensions with any feasible amounts of data, or to work in three or two
with lesser amounts of data, we have to do something else. kth nearest
volume, for an appropriate shape of neighborhood, seems likely to fill this
gap.

-8-

-- i.,.

C'.



EXAMPLES

OF

BETTER PICTURES

-1) to 4) Stem-aind-leaf

5) to 7) Schem~atic plots

8) to 9) Residuals from line.

10) to 13) Rov-PLUS-colwm fits4

14) Bar diagrams may need bow legs.

15) to 19) Rootograms for amounts or balances

20) to 22) Rootogram. for counts

23) to 24) Rank-size-log plots

25) to .9) Counting-in

There needs to be a

GOOD PlC¶'URE

in response to

EVERY

type of question

FREQUENTLY ASTM

*Taken or adapted from Johv W. Tukey, Exploratory Data Analysis.
Limited preliminary editioL ( volumes). Copyright 1970! 1971,
Addison-Wesley Publishing Company.

-9-



Xc -

CLOSE

Some would call o Out loud, or in their minds exploratory
data analysia "Just descriptive statistics". Those who r.te this view
must believe that "descriptive" statistics is a horrible misnomer. For
I hope I have shown thAt exploratory data analysis is actively incisive
rather than passi*y descriptive, with a real emphasis on the discovery
of the unexpected - if necessary by figuratively knocking the analyst's
head against the wall until he notices it.

Data analysis should customerily, if not routinely, be
investigative. Quantitative detective wo:k has to be a professional
responsibility.

Undoubtedly, the swing to exploratory data analysis will go
somewhat too far. However:

It in better to ride a damped pendulum

than to be stuck in the mud.

-in-
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THE STATISTICS OF DIRECTIONS

G. S. WatsonS• • • Princeton University,= •''•.. .. °o

f
INTRODUCTION. An analysis of directional data is required in many

fields of research. The writer's work was stimulated first by studies
of the direction of permanent magnetization of ancient rocks (palaeo
magnetism - see Irving (1964)) and then by studies of bird navigation.
These yield examples of directions in three and two dimensions respec-
tively. Like so much of statistics, the developement of the required
theory and methods owes much to a paper by Fisher (1943). The literature
has been recently summarized in a book my Mardia (1972).

The subject not only has practical interest - it has theoretical
interest. The tools of statistics -- means, medians, variances, distri-
bution functions, etc. - are all fashioned for the real line on which

' " the observations are points. When they are points on a circle or a
sphere, one must start afresh - none of the tools just mentioned make
sense any more. Creating a new set, although a simple job, has given
the writer more pleasure than any of his other statistical work. Other

* interest stems from the compact nature of the circle and the sphere
which makes things simpler than the line - but this aspect is not
appropriate for further discussion today.

2. Data and its summary descriptions. In two dimensions, a
direction may be thought of as an angle, a point on a circle or a unit
vector. To display data in angles one could show it on a straight
line of length 3600 and find the mean, median, variance, etc. But this
is surely wrong since it supposes that observations of V and 359* are
far apart. If all the data is concentrated around 180, no great harm
is done, of'course. If it is shown on a: circle no such:problem arises
but new tools are required. If we think of it as

/

a bunch of unit vectors, the new concepts immediately suggest themselves.

The direction of the mean vector E E is suggested as a center of the

sample. E - is the vector resultant of the sample and we define the

sample r .n direction to be a unit vector in the direction of R. Thus

instead of having e.g. the mean of directions I' and 3590 as 1800 (H!),
it comes out sensibly as0 = 3600.

-11- 4
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The graphical display of directional data is shown in Figure 1 a,b.
Figure l.c shows how undirected lines are plotted - these are called
axes and need a different treatment than directions. Figure l's b and c
together indicate the axes of slump folds tend to be parallel with the
palaeo current direction.

Given a sample of directions with a single center, how might one
describe the scatter or dispersion of a sample of directions? If the
bunch of vectors is very tight (i.e. none of rl.,...,rN make much of an

angle with R) the dispersion is small and R, the length of R, is almost
as large as N. If the E point in many directions, the dispersion is

large and R will be small. Hence

Dispersion of sample - N - R (1)

would be a sensible definition. This needs to be reduced by a factor
like N to get it on a per-observation basis so we might define

Scatter N - - 1- (2)N N

It is clear that we have found analogues of x, Z(xi-x)2 and 82i

If we turn to directions in three dimensions the above arguments

and definitions still make sense. To visualize such data, we must look
at points on the surface of a sphere. To show them on a two dimensional
page, some projection must be used. Different projections are used in
different subjects. The Lambert projection projects a hemisphere so
that areas are preserved. Thus the density of points is not distorted.
Hence it is usually best for statistics. Special paper is available for
doing this manually. The point with spherical polar coordinates (0,0),
0 < < 7/2, is made to correspond to a point (p,p) using planar polars,

where p - * and p - /rC sin 0/2. Thus the upper hemisphere is mapped on
a disc of radius C. Figure 2 shows plots of some sets of geological
data. Efforts are often made to "contour" the density of points -- a
generalization of histogramming. The paper by Watson (1970) gives more
details and references and relates all the ways different subjects have
used to define a direction in three dimensions.

The definitions of mean direction, dispersion and scatter are only
useful for data like that in Figure 2.a. It will be noted that they are
related to the center of mass of the points, each of unit mass. By con-
sidering the moment of inertia (M. I.) of the set of points we can sort
out other configurations e.g. bipolar distributions, girdle distributions.
Let the vector ri have components xiy and z so that x 2 + y,2 + zi 2 =

1. Define

-12-
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The matrix M is symmetric and definite. Its eigenvalues, 1 1 > X2 > A3

say, are positive and add to n - trace M. .They are the stationary values
•of d'Md where d is a unit vector and the eigenvectors are the veccors d
yielding these values. The eigenvalues and eigenvectors of M may be
interpreted. Consider the M. I. of the unit mass at point r about an

axis through the origin parallel to a unit vector d.

d

.r d

Figure 3
t 2

From Figure 3, it is 1- (rd) - - dr ri so that the M. I. of all

the points is

M.I. -N -1 d d N d Md.
i=1

Suppose now the points are fairly uniformly distributed around a
great circle. The direction of greatest M. I. is perpendicular to the
great circle. The M. I. is about the same around any orthogonal direc-
tion. Thus this distribution corresponds to one small root and two

h nearly equal larger roots. One large and two small corresponds to a
uni- or bi-polar distribution - and these can be distinguished by the
length of R (large in one case and small in another). If all three roots
are equal, the distribution of points must be uniform on the sphere.
And so on.

It is possible to write a simple program to draw Lambert projections
of samples and to calculate R , R , M and its eigenvectors and values.
These quantities give one a good feel for the data.

3. Parametric distributions and tests, If the observations are
symmetrically arranged about a single center with a density falling off
as one moves away from the center, one will not go far wrong in assuming

-13-
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they are a sample drawn a distribution with density proportional to
exp k cos 8 where k > 0 is an accuracy parameter and 0 is the angle
between the center and the observation.

We will now, because of time, stick to three dimensions. There
this distribution is called the Fisher distribution. If the center is
the unit vector y and r the observation, the density is

1

k ek r u (4)

4vsinh k

With data li,...,#N, it is easily seen that the maximum likelihood (m.l.)

estimates of k and v are

p - the direction of R - R/R (5)

and k, the solution of
A 1 R

Coth k- - (6)
kk N

If k is greater than 3,

k - w-(7)
N-R

Now k is an "accuracy" parameter, the opposite of scatter, so this
matches our intuitive formula (2). This fortifies our belief that (2),
(5) and (7) make sense even if (4) is not quite true.

If y is known, the m.l. estimate of k is

N/(N-X), X - R p (8)

Thus N-X is evidently the dispersion of the sample about p, just as

N-R is the dispersion of the sample about v.

When k - 0, (4) is the uniform distribution. It is often necessary
to test whether this is so. For single cluster alternatives, we will
naturally reject if R is too large. It is easily shown that

23R2 2-N X3 (9)

so the test is easy to make. (For more complex alternatives, other tests
are appropriate.)

To test whether a sample comes from (4) with a given mean or polar
direction, one may consider the analysis of dispersion

-14-
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so that the test is

1+ -

oF2,2(N-2) N- R 2  (N - 2) (17)

The logic of (16) is seen from the triangle

R

It has been shown that these tests are robust against quite severe
changes in the parental law of Fisher. The extreme outliers that play
havoc on the line cannot occur here.
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(C)

1'gr' (a) ilaw'latitr plotted on circle,

(b) Roce diagram of some pealaeocurrent directions,

(c) Rose diaigra~m of some axes of slump folds.1

(Redrawn from Pott--r and Pettijohn(1963))
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(0) (b)

-Cv

I'IiPa ttf."rri; of' preferred orientation (miedian girdles shown by broken
lines) . (a) Maximum (symmetric): 150 lineations from Loch Tleven, /
Scottish Highlands. (b) GJirdle: 1,000 poles of foliation f'rom
Turoka, Kenya. (c) "crossed girdle": 390 [0001] of quartz from
quartzite, Barstow', California. (d) Small circle or "cleft" girdle:
140 [00013 of quartz from Orocopia schist, California. (After J. M.
Christie; redrawn from Turner and Weiss (1963))



AN INVESTIGATION OF WIND FREQUENCY RESPONSE ON THE M50 ROCKET

Bernard F. Engebos and Abel J. Blanco
Atmospheric Sciences Laboratory, US Army Electronics Command

White Sands Missile Range, New Mexico

ABSTRACT

The wind frequency response for the M50 rocket was studied using
quadrant elevation angles of 200, 400, and 800 miles. The wind profile
was assumed to be of the form of finite Fourier series with statistically
determined amplitudes obtained through a random number generator.
Impacts were simulated using a 5-degree-of-freedom trajectory model
using 100 randomly generated wind profiles. Correlations between the
randomly generated amplitudes and the simulated displacements were then
computed. So far the results are inconclusive and improvement is necessary.

INTRODUCTION

The main reason for this study is to delineate the degree of fidelity with
which the w!nd field must be known to achieve acceptable rocketry
accuracy. Specifically, how high must a space frequency of wind be before
the flight path of the rocket is essentially unaffected by that frequency?
An exact answer to this question would involve exhaustive studies into
meteorological data collection, data analysis, and the aerodynamics
involved in treating wavelengths of wind. Several preliminary studies
[1-5] concerning this type problem have been reported. The objective of
the study is to find optimal wind layers so that relatively accurate
impacts can be achieved. To accomplish this end, a 5-degree-of-freedom
ballistic simulation model was used (6].

The Honest John M50 rocket is approximately 8 meters long. The
mathematical ballistic model (linear aerodynamics) used to calculate
theoretical trajectories assumes a net aerodynamic force acting through
the center of pressure of the rocket, which is equivalent to assuming
a constant angle of attack over the surface of the rocket, i.e., the
wind is invariant along the rocket's length. Thus, it is difficult to
speak of the effect of wind oscillations when the wavelength is the same
order as the length of the rocket. As a result, the highest space
frequency considered corresponds to a wavelength of 16 meters (twice
the length of the rocket). For all trajectory simulations considered,
all atmospheric and aerodynamic data on the rocket but the wind were
held constant.

The remainder of this article was reproduced photographically from the
authors' manuscript.
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DISCUSS ION

The input wind conditions were components of the horizontal wind
as functions of the altitude z.

'The first approach consisted of letting

J wx (z) = 5 E (A cosw z + B ij.snw z)

J=1

m

wy I(z) = 5 E (C cosw z + D sinw z)

j=I

where wx. (z) Is the east-west and wy (z) the north-south component of
the I-th wind profile (m/sec). . r4presents m wind space frequencies
with wavelengths in intervals of 4i6 meters up to the burnout altitude
of the rocket. It should be noted that m is equal to the greatest
integer value of the quotient of the burnout altitude and 16.
The various coefficients of the trigonomatric functions were generated
by a random number generator, assuming a normal distribution of mean
zero and standard deviation of one. The multiplier of 5 was chosen
to ensure representative wind magnitudes. This y~ields a finite
Fourier series for-the wind components.

Associated with the i-th wind profile is the simulated impact
point (x., y.). This point was obtained by using the above wind
profile buriAg the power on and power off portions of flight. Let
(x,, y,) be the nowind impact point. Setting

" "Dx= xI - x0

Dy. = Y. - x0
1/2

TD. = (Dx 2 + Dyi 2 )

-20-
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[(A 1
2  + BeJ2 + ciJ2 + ij2)31/2

"one then can compute correlation coefficient: as fol lows:

DxI vs Aij

DxI vs BIj

Dyi Vs C ij j=l,2...,m.

"-,Dyl vs Dilj

TO I Vs P IJ

Only the latter correlation coefficient is shown, since the others are
similar. Figure I shows this correlation coefficient versus the wave-
length of the space frequency for a quadrant elevation angle of 200
mils, 100 wind profiles, and m equal to 12. One should note here
that this correlation coefficient is low in value. This may be caused
by too few cases considered and/or by the Doppler effect on the space
frequency due to the rocket's changing velocity.

Figures 2 and 3 show similar results for quadrant elevation
angles of 400 and 800 mils, respectively.

Another approach involves holding the amplitude of wind constant
and varying the space frequency, wj; i.e., set

wx.(z) = 5cosw.z
J J

wyj(z) : 5slnw.zS~J

Figure 4 is a plot of total displacement versus the various wavelengths
of the space frequency for 200, 400, and 800 mil trajectory simulations.
As the wavelengths increase, the total displacement of the simulated
impact point from the nominal impact point also increases. This is
quite logical since the low frequency wind occurring during the
powered portion of the rocket's trajectory (most of the wind weighting
effect [7] occurs here) appears more as a trending wind. In the "real
world situation," higher frequencies have smaller amplitude and thus
can be neglected. Generally frequencies with wavelengths less than

,21-,
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50 meters long can be ignored for the M50 rocket, as can be seen by
Figure 4.'

Combining several wind space frequencies into a single wind profile
seems to bear out the fact that space frequencies are relatively
independent of one another in influencing the rocket's flight path.

CONCLUDING REMARKS

Several questions still are unanswered:

(1) Will the statistically derived wind profile technique described
herein be successful when the sampling size is increased?

(2) What about wind measurements as a function of horizontal range?

(3) At what altitudes do wind space frequencies most effect the
rocket impact accuracy?

(4) Is there a "best" way to determine optimal wind layering to
ensure relatively accurate impacts?

A solution to the above questions is extremely difficult. Any possible
suggestions on how to solve this overall problem would be greatly appreciated.
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PROBLEMS IN DESIGNING EXPERIMENTS WITH
LARGE NUMBERS OF VARIABLES

Roger L. Brauer and Charles C. Lozar
Special Projects Division Architecture Branch
Construction Engineering Research Laboratory

Champaign, Illinois

The performance of buildings is of primary concern to architects. The
designer desires to produce a building for human occupancy that not only
achieves high performance of materials of construction but also achieves
high quality for the user. The designer wishes to achieve a high degree of
user satisfaction and support for user performance.

The problem we wish to present at this clinical session occurs in the
evaluation of buildings for users and in measurement of the quality of the
constructed space. In completing such evaluations and designing experiments
which will measure comparative differences between buildings there is a
tremendous number of variables that can contribute to user satisfaction and
performance within buildings. We are faced with a problem in measuring and
accounting for this wide range of factors and in putting them all together
in an experimental design. The results of such experiments are intended to
help establish design criteria that will increase the satisfaction of users
and meet their needs, as well as satisfy the requirements of management.

Briefly the evaluation of buildings must include the assessment of:

a. Physical conditions,
b. Functionality,
c. Attitudes of users about conditions,
d. Behavior and performance of users,
e. Cost.

The physical conditions include space, heat, light, sound, color, furnish-
ings. Functionality includes such things as traffic flow, productivity of
workers, etc. The attitudes of building users can be influenced not only
by the physical conditions but also by organizational climate, personal
factors, and demographics. The behavior of people within a building can
be social or nonsocial and their performance can be in terms of sickness,
absenteeism and productivity. Finally, cost is important to determine the
cost effectiveness of designs.

Consider the case of family housing as an example of the large num-
ber of variables that can influence user performance and satisfaction.
Many of these are shown in Figure 1. Everyone has some idea of what

-27-
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FAMILY HOUSING

PHYSICAL CONDITIONS j

M~TUMP*?RUM

PO.NUS OChE CONDIION

PLO@UNMU SOS?

P*ESONAL COMMaMITIN AItm DUMOGMAWNCS.
A??IIUuome TowAUU P*WYUIcAL coadorNS

EMMAVmION k "

ENO RESULTS:
SULMLY UP upacri
USER SATIUFACTION

Figure 1. An Example (Family Housing) Showing the Many Variables
That Have Some Influence on the Quality of Design
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contributes to making a house acceptable, pleasant, desirable, and satis-
fying to its occupants and how well the design of the house supports the
activities that occur there.

In describing the physical condition of the house it is clear
that the various rooms in the house individually and collectively contri-
bute to the quality of the house. Each room can be described in several
ways. The number of bedrooms would be important, as would the size of
the bedrooms, the amount of storage space, the lighting, the temperature,
the state of repairs, room color, type of wall and woodwork finish, type
of flooring, the kind of windows, the arrangement of one bedroom relative
to the others, the arrangement of bedrooms relative to the rest of the
house, the distance from the bedrooms to the bathroom, and so on. Each
of the other rooms in the house could be described similarly. Each con-
dition in each room contributes in some degree to the overall quality of
the house.

Beside physical conditions, other factors can also have an in-
fluence on the quality of the house. It could be the overall cost of the
house. If a house is too cheap, it may not be durable; if it is too ex-
pensive, it may place other constraints on family finances. The geographical
location may be important to members of the family. Because the house is
located in the wrong part of the country, no house would be good enough to
satisfy the user. Geographical location might include distances to shops
and stores, convenience to schools and convenience to work. Again each of
these factors contributes to some degree to the quality of the house and
to the satisfaction of its users.

Furthermore, each of these conditions may not contribute directly
to the quality of the space or user satisfaction but are usually affected
by intervening factors. The intervening factors could include previous
experience with other houses, differences in personal composition--personal-
ity factors, age, level of income, social status, and other demographics.
Attitudes are also important. There can be attitudes towards the physical
conditions themselves, attitudes about one's job, general attitudes towardsthe Army and attitudes towards neighbors, the neighborhood, the community,

the geographical location. In addition, behavior can have an effect on how
the physical conditions relate to quality of the space or user satisfaction.
If little time is spent in the house, the occupant may not be as critical
about conditions. On the other hand, the occupant may prefer to do activ-
ities at home for which the design of the house is not very accommodating.
The design of the house may directly impact the health and safety of the
occupant. All these intervening factors in some way mediate the effect of -•

physical and other conditions on the quality of the space and on user satis-
faction and performance.

In designing an experiment which is intended to evaluate the
quality of the house and how satisfied the user is with it, all these factors
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must be measured and the effect that each one has on the quality of the

space or on user satisfaction must be determined. To complicate matters,
it is clear that interactions or interrelations between the physical con-
ditions, attitudes, behaviors, previous experience, and personal composi-
tion exist. The strength of these interrelationships, as well as their
effects must also be determined.

Other buildings could similarly be described and evaluated in
terms of user satisfaction and performance as a measure of quality of de-
sign. Some buildings need to be evaluated on a more micro-scale basis.
Here the problems of all of the other variables mentioned still exist,
with one additional parameter attached. In order that the designer be
able to make decisions about the physical character of the space he pro-
vides, he needs the psycho-social data to be location-specific. He re-
quires that the data be connected to an identifiable physical location
in a room, or a specific room in a building. Much of the psychological
literature to date ignores this need and therefore is regarded as "unusable
theory" by many designers. We find a need to quantify the behavioral suc-
cess of a building and relate these data to specific locations in the en-
vironment. Therefore the problem under examination in this part of the
discussion is the quantification of the degree of "fit" between man and
his environmental setting and the identification of behavioral "units" of
designable environment.

A basic "chunk" or unit of man-environment interaction called a
behavior setting has been identified in the psychological literature (Barker,
1968) and applied to such contexts as housing (Bechtel, 1970) and hospitals
(LeCompte, 1972). This unit shows great promise for analyzation of micro-
scale architectural environments. Barker states that this "chunk," the
behavior setting, is characterized by a standing pattern of clearly iden-
tifiable behaviors regardless of participants. Examples might be classes
of behaviors in restaurants, libraries, and supermarkets. In each of
these contexts, patterns of behavior are similar for participants, and are
independent of individuals. The behavior setting analysis technology de-
veloped by Barker provides a system for identifying chunks of location
specific behavior and notating activities and attitudes to these. Just as
a language has a vocabulary, syntax, and rules of grammar, the behavior set-
ting has units, qualities, and degrees of independence and interdependence.
Now, the problem of using these "chunks" of man-environment interaction be-
comes more difficult when structured into an experimental situation to pro-
vide information usable for the designer.

An example of a military dining hall might serve to develop the
concept of behavior and attitude relationships related to specific units
of environment. In the normal dining process of food acquisition, respon-
dents experience physical and social environment in a linear sequence
(Thiel, 1961). Each of the activities subjects engage in can be differ-
entiated by the nature of the behavior mechanisms employed, i.e., gross
motor, manipulative, motion, etc. On the basis of this differentiation,
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we can identify some ten, distinctly different key behavior settings such
.as sign-in desk, silverware pick-up, path to table, etc. Now the behavior

in the physical space of one setting will affect the attitudes of respon-
dents at another setting elsewhere in the dining space. We know that re-
spondents will rate the concept of "privacy" lower at the dining table as
the number of persons standing in line at the sign-in desk increases (Gibbs,
1972). The behavioral data in this case is location-specific. The designer
can make decisions of a physical nature to change the attitude rating. He
can shield the check-in desk from view, provide two desks for faster pro-
cessing, or more the check-in desk elsewhere, all with the intent of in-
creasing the sense of privacy at the dining table. In this example, be-
havioral data (number of persons in line) and attitude (rating of privacy)
have been made location-specific (sign-in desk, table) and the designer
can make decisions based upon this information. However it is not quite
that simple.

From our previous discussion, we realize the great number of
variables interacting in any social setting. Obviously privacy and popu-
lation at sign-in desk are not independent of other factors in the environ-
ment. Not only would the dining "privacy" experience be affected by popu-
lation movement, but also by physical conditions, noise level, and the
management climate. To some degree, all of these affect the rating of
privacy. It is the combination of factors that cumulatively make up the
concept of privacy and the problem is again one of a large number of vari-
ables. It is, of course, possible that the designer could not solve them
all, but certainly a knowledge of what amount of the total variance could
be accounted for by changes in physical design would be useful in develop-
ing a measure of cost effectiveness for changes in the environment.

We have presented two kinds of problems in environmental analysis
each involving a great number of variables. The first involved the range
of parameters and variables existent in any environmental setting, and the
second problem addressed the need for identifiable "chunks" of behavior-
environment interaction which the designer might address to begin his ar-
chitectural translation process, with the intent of improving the performance
of the building. From the standpoint of the designer, he realized that be-
havior and environment interaction is not a one-valued concept, but rather
multi-dimensional and interactive. The behavioral scientist would certainly
believe that interactions between the many variables suggested in this paper
are probably more complicated than simple correlation coefficients would
describe, yet he would not suggest a priori a series of interrelated factors.
The question is then, what kinds of research designs and analytic techniques
will lend themselves to discovering major components of human interaction with
environment. Multiple linear regressipn (Brauer, 1972), factor analysis
(Canter, 1972), and cluster analysis (Bechtel, 1972) have been suggested.
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Since it is seldom possible to experimentally control variables
in building designs and comparative demonstration projects are far too
expensive, suggestions for handling a large number of variables in a semi-
controlled, real world situation are needed. Are there other techniques
more responsive than tnose suggested to discovering relations and major
factors in large data matrices? Can they also relate disparate data from
attitude and behavioral investigations to location-specific chunks of
environment? Will these techniques be more or less responsive than
present ones to investigations in the real world context, and what sort
of experimental controls are necessary? These are the questions we ask in
order to build a firm scientific basis for the design of buildings that
are compatible with human behavior and needs.
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ORTHOGONAL ESTIMATES IN WEIGHING DESIGNS

William G. Lese, Jr.
US Army Materiel Systems Analysis Agency, APG, Maryland

and

K. S. BanerJee
University of Delaware, Newark, Delaware

ABSTRACT

A new technique has been developed for modifying all balanced incomplete

block designs (BIBD) to provide orthogonal estimates when the modified BIBD

are to be used as a weighing design. Previously, K. S. Banerjee developed a

method for modifying BIBD to provide orthogonal estimates. However, for a

certain class of BIBD, Banerjee's method failed to provide orthogonal estimates.

A comparison of the relative efficiencies of the new procedure with that of

Banerjee's procedure is also presented. In addition, under the new procedure

it is shown that the covariance matrix of the estimators obtained by the least

squares procedure is identical to that obtained by the maximum liklihood

procedure, even when the design matrix X is not square. Several examples of

the utilization of the new technique, along with a historical development of

the weighing problem from its origin in a casual example by Yates through the

work of Hotelling, Mood, Kempthorne, and Banerjee as relative to the problem

of providing orthogonal estimates, is also presented.
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CHAPTER I

ORIGIN OF THE WEIGHING PROBLEM

In an article, "Complex Experiments", Yates [10J considered the

following problem: A chemist is given the task of determining the

weights of seven ligt~t objects, and the scale the chemist must use

requires a zero correction. The customary technique would be to

weigh each of the seven objects individually and then make an eighth

weighing with no objects on the scale.. This eighth weighing would be

used to determine the zero correction factor.

Mathematically, the customary weighing technique for the

chemist problem would be as follows: The seven objects will be

denoted as a, b, c, d, e, f, and g. The scal'e bias will be denoted

by z.

Weighing Number Object'Weighed Scale Reading

2 b + z

3 c+ z 3
4 d + z
5 e +z

6 f+z
7 g + Z7
8 z Y

-34-

4~;L./ CA- -.-



• oN

Using this notation the weight of any object can be determined by

taking the difference between the scale readings when carrying the

object and the scale reading when no object is on the scale. For this

example, the weights of the seven objects would be determined as

follows:

a = Y 8

b Y, 2 " Y8

C -
c 3" Y8

d Y

e = 5 Y8

f = Y6  8

g= Y 7  Y

Assuming that systematic errors are non-existent and that the

errors are random, the variance of each weighing may be denoted by

o2 and the standard error by a. With these assumptions, the variance

of the estimated weights using the customary weighing technique is 2G2

and the standard error is oc12

For an improvement over the customary weighing technique,

Yates suggested that the objects should be weighed in combinations

with each other instead of being weighed individually. For example,

Figure 1 presents Yates'technique for the determination of the weights

of seven objects.
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tWe notice that in Yates method, each object is weighed four

times in combination with the other objects. In the four weighings of

"a given object, every other object is included twice. In the remain-

ing four weighings, i.e. the weighing without the object, every other

object is also included twice. Therefore, the weight of any object

can be determined by adding the scale readings containing the object,

subtracting the scale readings not containing the object and dividing

this result by 4. Using this procedure, the weights of the seven

objects would be determined as follows:

a 1 Y + Y2 + Y3 + Y(4 - Y5- Y6 Y7" Y8

4

b' Y1 + Y 2 + Y 5 + Y 6 " Y3 "Y4 "Y7"- Y8! b=a

4

C Y1 + Y 73 + Y + Y7 " Y2 Y4 Y6"- Y8

4
d = 1 +2 7 + 8 " Y3 "41 Y5 Y6

Y1 + Y3 + + '8 - '2 Y3 5 Y 7 "
4
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Weighing Number Objects Weighed Scale Reading

1 a+b +c +d +e f +g 4
2 a+b + d V2

3 a + c + e V3

4a +f+ g Y4

5 b +c + f

6 b + e + g V6

7 c +d + 9.

8 d +e +f Y8

Figure 1. Yates Weighing Design
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S Y1 + Y4 + Y5 + Y8" Y" Y "

and
Y1 +Y 4 + Y6 + Y7 Y Y3  Y5  Y8

4

-It should be noted that the bias (i.e. the zero scale correc-

tion) cancels out in the above expressions. Since the variance of a

sum of independent observations is the equal to the sum of the vari-

ances, the variance of an estimated weight determined by Yates tech-
2

nique is a /2 and the standard error is /v/7 , whereas the variance and

standard error using the customary technique was 2a2 and av1 , respec-

tively. Therefore, Yates weighing technique improved the precision of

the estimated weights as compared to the customary weighing technique

without increasing the number of weighing operations (both techniques

required eight weighing operations).

This illustration by Yates, whereby the precision of an

estimated weight was increased (without additional weighings) by

weighing the objects in combinations rather than individually, was

the origin of the weighing problem.
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CHAPTER II

HOTELLING'S ENUNCIATION OF THE WEIGHING PROBLEM

Hotelling [5] presented a further improvement by suggesting

that Yates' procedure be modified by placing in the other pan of the

scale those objects not included in each weighing as specified by Yateý..

For example, in Yates' procedure (see Chapter I) one weighing of the

seven objects had the combination of a + b + d = Y2 which represented

the objects a, b, and d being weighed on the scale. Hotelling suggested

that in addition to objects a, b, and d being placed in one pan for

weighing, the remaining objects, i.e. c, e, f, and g, be placed in the

other pan. Hotelling's weighing design for the determination of the

weights of seven light objects is presented in Figure 2. Using

Hotelling's procedure, the estimated weights of each of the seven

light objects would be given as follows:

W1 + W2 + W3 + W4 -W - W6 -W 7 - W88

b = I + W? + W5 + W6 - W3 - W4 - W7  W8

8

C= WI + W3 + W5 + W7 - W2 -W4 -W6 W88
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Weighing Number Obje:ts Weighed Scale Reading

1 a+b+c+d+e+f+g W1

2 a + b-c + d- e- f- g 4W2

3 a-b+c-d+e-f-g W3

4a b - c -d -e + f+ g W4f

5 +a+b+c-d-e+f-g W5 51
6 -a+b-c-d+e-f+g + g

7 -a-b+c+d-e-f+g W7

8 -a-b-c+d+e+f-g W8

Figure 2. Hotelling's Weighing Design
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d- + W 2+ W7 + W8 "W3 " W4 " W5 " W6

de W1 + W3+ W6 + N8 W - W4- W5-W

8

W + W + W +W -W -W -W -W
f 1 4 5 8 - W2 W3 W6 W7

8

9 1 + W4 +W6 + W7 - 2 - 3 - 5 -%W

8

The variance of each unknown weight by Hotelling's method is therefore
2, /8 and the standard error is a/11 . This standard error is half that

of Yates method and a fourth of the value determiied by the customary

method. Also in Hotelling's method, as in Yates' method, the scale

bias (zero correction) gets subtracted out in the equations for the

determination of the unknown weights.

The design principle inherent in both Yates' and Hotelling's

method may be illustrated even better with reference to a simpler

example. Let us suppose that it is required to find the unknown

weights of two objects a and b, and that the scale to be used is

already corrected for bias. If the two objects are weighed together

in one pan of the scale, and also in opposite pans, the equations for

the unknown weights will be

a + b =Y, a- b =Y 2

where Y, and Y2 denote the readings from the scale. From the above,
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we get Y1 + Y2

Y1  
2

and
Yl - Y2

If o2 is the variance of an individual weighing, the variance of a and

b, by this method, is obtained as a2/2. The error for both the esti-

mates, therefore, is a/l&2. Thus, with only 2 weighing operations, It

has been possible to obtain the standard error for both the objects

as /v17; whereas if the objects were weighed separately twice each,

4 weighing operations would have been needed in all to obtain this

standard error for both. Weighing the objects in combination has,

therefore, saved the trouble of making weighing operations by half

the number.

The above, therefore, amply illustrates the following quotation

due to Hotelling: "When several quantities are to be ascertained

there is frequently an opportunity to increase the accuracy and reduce

the cost by suitably combining in one experiment what might ordinarily

be-considered separate operations".

In addition to the improvement in Yates' method, Hotelling

also gave a precise formulatibn of the weighing design problem. This

formulation, as later pointed out by Banerjee (l, may be interpretated

as follows:

Results of N weighing operations to determine the individual
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weights of p light objects fit in to the general linear hypothesis

model, Y - X0 + t, where Y is an N x I random observed vector of the

recorded weights; X - (xij), i a 1, 2, . . . N; j - 1, 2, . .. , p, Is

an N x p matrix of known quantities, with x - +1, -1 or 0, if, in-

the Ih weighing operation the j th object is placed respectively in the

left pan, right pan or in none; 8 is a p x 1 vector (p s N) represent-

ing the weights of the objects; c is an N x I unobserved random vector

such that E (c) = 0 and E (cc') = 02 1N.

Consistent with the signs that the elements xij can take, the

record of the ith weighing is taken as positive or negative, according

.' as the balancing weight is placed in the right pan or left.

The matrix X is called the "design matrix". When X is of

full rank, that is, when [X'X] is non-singular, the least squares

estimates of the weights are given by [ = [X'X"lY X'Y, where X' is the

transpose of X. The covariance matrix of the estimated weights is

given by COV (s) = c2 C. The ith diagonal element of C, cij, represents

Othe variance factor for the ith object. The objective of the Weighing

Design Problem is to obtain the design matrix, X, such that the ci1

are a minimum.

In this connection, H6telling [53 proved the following Lemma:

Let A = [X'X] = (a..), I, j = 1, 2, . .. , p. Then, if a12,

a13, • •., a. p (= a2 1, a31, . . ., ap respectively) are free to

vary while the other elements of A remain fixed, the maximum value of
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is all, and is attained when and only when an a13  * . . .

alp - O, where All is the Tnor of A obtained by deleting the first

row and column.

From the above Lemma, it is evident that the variance of a1.

namely o2 AII/jAf, cannot be less than 02/all, and that the variance

would reach this value only if the experiment is so arranged that the

elements after the first row and column of A are all zero. This

minimum value, a2 /alI, will be attained, when the first column of X

is orthogonal to all the others. It will also be clear that the

minimum minimorum [s] of the variance will be reached, if the first

column of X is not only orthogonal to all the others, but also if it

consists entirely of +1's and -l's as its elements, so that a,1 = N.

N is the maximum possible Value that a11 can take. The value of this

minimum minlmorumn will thus be equal to 02/N.

It is evident from the Lenmma and the above discussion

that this minimum minimorum of the variance would be reached in respect

of all the estimates a , (1= 1, 2, . .. , p), if the design matrix X
1

is orthogonal in the sense that [X'X] is diagonal with N on the
/

diagonal.

/

///
/
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CHAPTER III

TWO TYPES OF WEIGHING PROBLEMS (SPRING AND
ý:CHEMICAL BALANCE) AND ILLUSTRATIONS OF EACH

In general, there are two distinct types of weighing problems.

These problems have been designated as the spring balance weighing

problem and the chemical balance weighing problem. In the spring

balance problem (only one pan is used) the design matrix X is composed

of elements xij which can assume only the values of +1 or 0, where

+1 denotes that the object is to be pla-ed in the pan and a 0 denotes

that the object is not to be placed in the pan. In the chemical

balance problem (two pans are used), the design matrix X is composed

of elements xij which can assume values of +1, -1, or 0, where +1

denotes that the object be placed in the left pan, -l denotes that

the object be placed in the right pan and 0 denotes that the object

not be placed on either pan. It is evident that the design origi-

nally proposed by Yates (see Chapter I) was a spring balance design,

"and the improved design proposed by Hotelling was really a chemical

balance design (see Chapter II).

Example of a Spring Balance Weighing Design

As an example of a spring balance weighing design, consider

the problem of determining the weights of three objects (a, b, and c).
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A spring balance weighing design matrix would be:

0 1

Where the columns refer to the objects and the rows refer to the

weighing operation. For this example the first weighing would have

objects a and b on the scale. Object c would not be used in the first

weighing operation. The second weighing operation would have objects

a and c being weighed together. Object b would not be used in the

second weighing operation. Likewise, the third weighing operation

would have objects b and c being weighed together. Object a would not

be used in the third weighing operation.

The least squares estimates of the unknown weights are given

by = [X'X X'IxY and the covariance of the unknown weights are given

by Coy (v) = (XIX)'lo, where X is the weighing design matrix and Y

is the matrix of recorded weights of each weighing operation. GFor

'this example

I0 1

211

(x'xJ =

-46-

i i i i i i i i i i I I I I I I I I I I I I



. .. -- '' -•mN#'-~

and

3/ -'g 4 ~ -1/4 -1/A]
-1/4 3/4 -1/4j

L-1.4-1/4 
3/j

For the least squares estimates, C

[1/2 1/2 -1/2 Y

(X'XJ'IxY - 1/2 -1/2 1/2 Y

Wie therefore have, as least squares estimates,

2

""1 - 2 + Y

2

and

2
2

The variance of each unknown weight is 3/4 a2 (as given by the diagonal

elements of (X'X)I).

Example of Chemical Balance Weiahing Design

As an example of a chemical balance weighing design consider

the problem of determining the weights of four objects (a,b,c, and d).

A chemical balance weighing design matrix would be:

-4•!-
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1111
Ll-11-1 1

As in the spring balance example, the columns refer to the objects to

be weighed and the rows refer to the weighing operation. In this case,

the first weighing operation would have all four objects (a, b, c, and

d) placed in the left pan. The second weighing operation would have

objects b and d placed in the left pan and objects a and c in the

right pan. The third weighing would have objects a and b placed in

the right pan and objects c and d in the left pan. Likewise, the

fourth operation would have objects b and c placed in the right pan

"and objects a and d placed in the left pan. Using the same notation

as in the spring balance example, we have

-11

4 04000

0 40 0

~000j

and
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1/4 01 00
SX'X 0 0 1/4 0

0 0 0 1/4

For the least squares estimators,

1/4 -1/4-1/4 1/4 Y

1/4 1/4 -1/4 -1/4 Y
x'1/4-1/4 1/4 -1/4 Y 3J

1/4 1/4 1/4 1/4 Y4

We therefore have, as least squares estimates,

yl-y- y +y2 y3 4

S."Y1 " 2 Y3 + 4 !

4

S I Y1  Y2  Y3  Y4

4

4

y . 1 + Y 2 + Y 3 + Y 4

The variance of each unknown weight is a /4 (as given by the

diagonal elements of (X'X) l)

/4
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CHAPTER IV

MOOD AND KEMPTHORNE'S CONTRIBUTIONS

Mood [ 7J has indicated that if N weighing operations are made

to determine the weights of N objects, the minimum variance that the

estimated weights could have is a2 /N; and further, this minimum vari-

ance will be reached only when the design matrix is orthogonal

(orthogonal in the sense that (X'X) is diagonal) with elements con-

sisting entirely of +I's and -;Ts. Thus, Mood C 7] showed that the

problem of finding the best chemical balance design is related to

Hadamard matrices and the Hadamard determinant problem.

The theorem that Hadamard proved is as follows:

If the elements xij of a square matrix X are restricted to

the range -1 s xij s 1, the maximum possible value of the determinant

of X is NN/ 2, and when this maximum value is achieved, all x.. = ±1.

The matrix X also will be orthogonal in the sense that (X'X) will be

- diagonal with all non-zero elements equal to N.

Such matrices are denoted by HN. If Hr exists for a given

N, HN is the best chemical balance design for N = p. If the number of

objects, p, to be weighed is less than N, the best design is one which
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is derived from H. by selecting a number of columns equal to the

* I number of objects to be weighed.

Mood has further pointed out the work of Paley [8] and

Williamson [ 9] and showed that H4k exists for the range of 0 < 4k < 100

with the possible exception of 4k - 92. The solution for 4k - 92 was

liter found by Baumert, Golomb, and Hall Jr. [3J.

In summary, for those chemical balance designs where an HN

exists, the determination of the optimum design is completely solved;

i.e. the optimum chemical balance design will be H., if HN exists.

For the remainder of this dissertation we shall devote our

attention to the spring balance problem. As mentioned before, the

spring balance problem differs from the chemical balance problem in

that the elements of the design matrix X can only assume values of +1

or 0, whereas, in tie chemical balance design the elements of the

design matrix X can assume values of +1, -1,.or 0.

We notice that Hadamard's theorem does not directly apply to

the spring balance problem since the design matrix, X, can only

assume values of +1 and 0. For the spring balance problems, where

N = p and N" 3 (mod 4), Mood showed that the best possible spring

" balance design is determined by HN + 1' if H N + 1 exists. Mood's

method of construction of these best possible designs is as follows:

Let K N + I denote a matrix formed from HN + 1 by adding or
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subtracting the elements of the first row of HN + I from the correspond.

ing elements of the other rows in such a way as to make the first

element of each of the remaining rows zero. Obviously,

I'N + 1 IHN + 11

Except for the first row, the elements of KN + I are 0 and 2 2 with

the signs of the non-zero elements being the same for elements in the

same row. Let L be the matrix obtained by omitting the first row

and column of KN + l by changing all non-zero elements to +1, and by

permuting two rows, if necessary, to make the determinant of LN

positive. Then

IHN + 11 = 2NILNI

It is clear that, given LN, one could reverse the procedure and deter-

mine an HN + V" In the same manner, there is a correspondence in

general between square matrices with elements ±1 and square matrices

of one less order with elements 0 and 1. The ratio of the values of

corresponding determinants is always 2N, if their determinants do not

vanish; hence the (0, 1)-determinant will always have its maximum

value when its corresponding (+1, -1)-determinant has its maximum

possible value. Thus, ILNI is the maximum value possible for a deter-

minant of O's and l's of order N, and the value of ILNI is

ILN1 = (N + 1) h(N + 1)
2N

The variances of the estimated weights will be ali = a24N/(N+l). We

knew in advance that aii would be greater than 1/fl, since an optimum
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design cannot exist unless the design matrix has its elements equal

±I and the spring balance design is restricted to elements +1 or 0.

SForthesprng blane pobles wen > p Mod hs prsened ...
the following approach for obtaining optimum spring balance designs:

Let Pr be a matrix whose rows are all the arrangements of r

ones and (p - r) zeroes (0 s r i p). (The symbol should also have a

subscript p but that is omitted because any specific value for p will

always be clear from the context.) The matrix will have p columns and

(r)rows. Let X be a matrix made up of matrices Pr arranged in verti-

cal order. Let nr be the number of times Pr is used in constructing X.

The matrix X is then a weighing design for p objects and N= r nr(P).r r\'/)

Using these notations, Mood has proven the following two theorems giv-

ing the best spring balance designs:

Theorem (1): If p = 2k - 1, where k is a positive integer, and if N
/

contains the factor (P) then Jaija (det. [AI) will be maximized when

nk= N/=k) and all other nr = 0.

Theorem (2): If p = 2k, where k is a positive integer, and if N con-

tains the factors + P ), then 1aijI (det. IAI) will be maximized

when n = n, ad all other nr O.

When p is odd, Mood observed that Pk is a design which not

only minimizes the confidence region for estimating the weights, but

also minimizes the individual variance factors. When, however, p is
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even, Mood observed that the variance factors may not be the minimum,
T-

and makes a surmise that the best design from the point of view of

minimum variance factors would be made up largely from 'k and a small

proportion from P k+ V

Kempthorne [ 6 1 discussed the weighing problem from the point

of view of factorial experiments and in C 6 ] has given rules by which

the fractional designs may be constructed. Kempthorne has indicated

that the fractional designs have the following properties:

(1) The design automatically takes care of any bias In the

balance.

(2) The effects or weights may be easily computed.

(3) The eff.cts or weights are uncorrelated.

(4) All the weights are measured with the same precision.

(5) An estimate of the experimental erroi which is independent

of the effects may be computed from the results.

Kempthorne also compared his fractional designs with the designs

proposed by Mood and has found that the fractional factorial designs

will yield estimates which have a somewhat higher variance than Mood's

designs. Kempthorne also indicated that the increase in precisionm in

Mood's designs had been obtained at the expense of having correlated

estimates which are subject to any bias that the measuring instrument

may have. For these reasons, Kempthorre doubted whether the use of

Mood's designs for any practical problem could be justified.
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Subsequent to this remark by Kempthorne, Banerjee [C] showed

that the LN designs of Mood are a special class of symmetrical balanced

incomplete block designs and that the LN designs could be easily modi-

fled to provide orthogonal estimates-as was referred to by Kempthorne.

In addition, since the LN designs are a subset of symmetrical balanced

incomplete block designs, Banerjee (.2] developed a general method to

show how BIBD's in general could be made to provide orthogonal estimates

when used as weighing designs. A detailed description of Banerjee's

* method is presented in the next chapter.
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CHIAPTER V

BANERJEE'S METHOD OF MODIFYING BIBO TO PROVIDE
ORTHOGONAL ESTIMATES IN WEIGHING DESIGNS

As was mentioned in Chapter IV, Kempthorne rioted that although

the optimum designs for the spring balance problem suggested by Mood

furnish somewhat smaller variance than that given by fractional repli-

cates, Mood's designs have the disadvantage that the estimates are

correlated, whereas the estimates furnished by fractional replicates

are orthogonal. Banerjee [l) has 5hown that the optimum designs of

Mood may also be made to furnish orthogonal estimates when the designs

are adjusted to suit estimation in a biased spring balance. Since the

optimum designs, L N. of Mood are a special class of a symmnetrical

BIBD's a question arises if it would be possible to provide by a

similar type of an adjustment, orthogonal estimates when BIBD's are

used as spring balance weighing design. A complete detailed procedure

indicating how balanced incomplete block designs, in general, may be

made to furnish orthogonal estimates in weighing designs was presented

by Banerjee [2)]. Banerjee's procedure is presented it' the following:

Usually v denotes the number of varieties and b denotes the num.-

",ber of blocks in a balanced incomplete block design. However, in weigh-

ing designs, v will be used to denote Jthe number of objects to be weighed
5r

/
/
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and b will denote the number of weighings to be made. The parameter

r will be used to denote the number of times each object is weighed,

A will denote the number of times each pair is weighed together and k

will denote the number of objects weighed in a combination., Let X be

the design matrix where a BIBD is used as a weighing design. The

matrix [X'X] will have the form,

r A A A . A

A r A A

r A

xOx

(X'XJ is of order v xXv.

For the determination of the variances and covariances, we need

to determine the inverse of IX'X]. The diagonal elements in the in-

verse matrix, [X'X]", represent the variance factors and will all be

equal to

r + A (v -2) 2

. (r'- A)'[r + A (v- 1)]

The off-diagonal elements represent the .covariance terms and will all

be equal to

-A

(r A [r + A (vI) C

Since these off-diagonal elements are not zero, we see that the esti-

mates are correlated.
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BanerJee [2 ] has suggested the following procedure for modify-

ing-the BIBD to provide orthogonal estimates. Taking the bias as an

additional object to be weighed, a column of ones and only one row of

zeroes in that order may be added to the BIBD design matrix to corre-

spond to the bias assumed as an additional object. The modified design

will then be suitable for the estimation of the weights. This really

means to make one additional weighing to obtain an estimate of the bias

and in the subsequent weighings the bias will automatically be included.

If, however, a column of ones and t rows of zeroes are added to the

design matrix, this implies that t weighings will be devoted to the

estimation of the bias. In such a situation, the matrix [X'X] will

be of the form,

b+t rrr. .. r

r r

[x'x] - . . . . .

L r . . . . .

r AAA...r

Because of the inclusion of the bias, the order of this matrix is

(v + 1) x (v+ +).

We would like to obtain the inverse of this matrix in the

following manner:

The determinant, IXxI, = (r - - b + t) Jr + X(v - r2 v j.
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On simplifying we obtain,

S...... •Ix'xl (r -x "I[ r + I (v -) l~+ b jr + I (v -I -r2 v]

jX'X. C(r, ) - 1 [t r + )I (v I)1 + b {r + r (k- 1)1 - r2 v]

v-i 2

(r- W " [t lr+ x (v- 1)1 + b k r- r v]

"(r-.X)v 1 [tr + x v-( I

•t (r - X)v- lr + A (v- 1 I

In a similar fashion, the value of the determinant obtained

after suppressing the first row and the first column of [x'x] can be

"shown to be

(r- A -1 r+ (v- 1)1 (2)

The value of the determinant after suppressing the second row and

second column of [xx] is

(r )v - 2 (b + t) r + (v -2) - r2 (v - l)] (3)

The value of the determinant obtained after suppressing the first row

and second column of [X'X] is

)r (r- x)v 1 (4)

The value of the determinant obtained after suppressing the second

row and the third column of [X'X] is

.(r - )v - 2 px(b + t) - r2 (5)

For any tNo estimates to be orthogonal, the off-diagonal A
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eler~mnts of [X'X]" 1 corresponding to those estimators must be equal to-
zero. Keeping the bias out of consideration we would like expression

(5) to be equal to zero. That is, to obtain orthogonal estimates, the

value of t must be chosen such that

(r- A)V 2{A(b + t) - r 0
Since r cannot be equal to A, the expression

A(b + t) - r2 .0,

or

t - -b7
Using this value for t, the matrix [X'X]"I becomes:

1 1 1**l

T~ "ET "0• 0 ""I'I

r - A- 0 0

1 0

This expression shows that, except for the bias, the other estimates
I- are mutually orthogonal. The estimates given by B [XX]"l X'Y will

be_ given as:

0 0

I

This expression shows ....................... exce t f r te b , te o r M



1 1 1.

IT T

1[x1x]1X1y

1 1 1 1 1 1
"IT "I F "W W t-

Given a balanced incomplete block design with parameters v, b,

r, k and X, it is always possible to obtain another balanced Incomplete

block design with parameters

V0 "y

b0- b

ro b-r

k= v-k

Xo b-2r+4A

The two balanced incomplete block designs derived in such a fashion

are said to be complementary to one another.

2
When an integral value of t (t b) is available it is

also possible to obtain orthogonal estimates in the complementary

• ~design. This is done by adding a column, of ones and t rows of onesin that order to the design matrix X. The matrix [X'X] will then have

the form,

-6I-'
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bo+t ro+ t ro+t • .. ro +t

ro+t ro+t A0 +t . . . A 0 +t

r.x+t A0 +t r+t ... A +t
0 0

r+t A0 + t A0 + t ... rO+ t

The value of the determinant after suppressing the second row and the

third column of [X'XJ in this case will be given by:
[(r 0 + t) - (Ao+ t)]V (AO + t) (bo + t) - (ro 2t)

To have orthogonal estimates, for all the weights except for the bias,

this quantity must be zero, i.e.

CrO" - (- 0 +t) (b 0 + t) - (r 0 +t) 0

or

(A0 b + A0 t + t b0 + t2 - r2 - 2 r0 t- t 2 ) - 0

which is satisfied. The matrix [XX]" then becomes

0 0
r r-1 1 ..

0 0
r r-6
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7 ,

where * " 1+The estimated weights of the objects

-ill be given by

S, v ko ko

So1 1 1 1 1 ..r r r r r

(X'X]- 1 ~1
= 1 1 1 1 1 r [i

X'Y- t-'v t-'k t-'""v-" "'

0I

It may be noticed that the variance factors for theý objects in

the complementary designs are the same as those of the original d esign.

It may be further noticed that for the designs LN suggested by M'ood,

t a 1, as was pointed out before. This means that orthogonal estimates

may be obtained for LN' by adding one column of ones and on'ly one row

of zeroes to the design matrix. As Banerjee [ 1] has shownm, this

modified LN design is identically the same as given by Kemp~thorne's

fractional replication designs.

The above procedure will fail to furnish orthogonal, estimates

when r2/X is not an integral number, i.e. when t will 1 not be an inte-

gral number. For these situations Banerjee has suggested the following

procedure for determining orthogonal estimates. Let & be the least

positive integer such that (r + &2is divisible by (X + &). Then, if

a column of ones and rows of ones and n rows of zeroes in that orderj
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are added to the design matrix to suit the estimation of the bias in a

biased spring balance, the matrix [X'XJ will become:

b .* +. r+ . r+... . . . .r+.
r + c r +¢ c + c . ,+ C

DIX X

r + C x + x + c . *. . r + g

The value of the determinant IX'X( is given by

IX'X( - (r - X)V (b + c + n)

The value of the determinant obtained after suppressing the

first row and first column of E('Xj is given by

(r - v {r + Xk (v- 1)+ (v}

Thevalue of the determinant obtained after suppressing the

second row and second column of [X'XJ is given by

..(r - V - (b + C + n)

The value of the determinant obtained after suppressing the

"first row and second column is given by

(r + c) (r- AV'-

The value of the determinant [.'X] obtained by suppressing the

second row and third column will be equal to
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[(r +c) (A + I)2v -2 [(b + + n) (+ c) -(r + C)2

Setting this expression equal to zero, we obtain

(b + C+n) (x+ g) (r + 4)or

(b + ++ n) + j or

x (r+ 2  - (b+ ) .

. j Hence, the value of n is determined.

Using these values the matrix [X'X]" will reduce to the

following form,

A -C -C ... -C
// -1 I 0 ... 0

I/[x'xJ"= -- l o

-C 00. r--AT "

-C 0 0""" r"

Swhere

-XXI

(b+•+n) (r-Ax

iII C and

r+

C (b + + n) (r- A)

This procedure shows that a more general class of BIBN designs may be

-65-4
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made to furnish orthogonal estimates as indicated by the off-diagonal

elements of EX'X]" 1 being zero except for the first row and column

which corresponds to the bias, and not the objects.

As an illustration of the above development, Banerjee [2 )
presented the following example. The design matrix X in an L7 (i.e.

A\ a symmetrical balanced incomplete block design which has v = 7, b 7,

r -4, k -4, and A =2) is given by

1 0 1 0 1 0 1

0 1 1 0 0 1 1

0 0 0 1 1 1 1

I" 1 0 0 1 1 0

0 1 1 1 1 0 0

1 0 1 1 0 1 0

• 'I 1 0 1 0o 0

iwhere the rotis refer to the weighing operat16ns and the columns refer

to the objects bl, b2, . .. ," b7 to be weighed.

Seven small copper pieces have been arbitrarily chosen for this

illustration. The results of weighings (in grams) of the combinations

of objects as given in the above design matrix are:

10.76251 = Y1

7.83798 = Y2
6.11380 = Y3

12-07808 = Y4
8.90452 -Y5
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10.63856 -Y6

and

12.80768 = Y

Using these values, and the normal equations, the estimates of

t.he seven objects are given by:

bl a 5.85763

b2 - 3.52835

b3 - 7.78600

b4a 1.94650

;55 w 1.64367

&6 w 1.04843

and

b7 - 1.47520

For this example the matrix [X'X] is of order 7 x 7 and is given

as follovis:

422 2222

242 2222
2242222

[X'X] =2 2 2 2 2 2

2 22 2422

2222242

2222224
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The inverse of this matrix, i.e. t'X]"! is

7 1 1 1 1 1 °,

1 7 1 1 1 1 1"16 Tr "T9 "Tr "Tr "Tr "T

1 1 7 1 1 1ý 1

Tr'f1  V~ -r _7 -~ 1r - 1T
= 1 11 1 7 1 1

1 11 17 11

1 1 1 1 1 7 1

1 1 1 1 1 1 7

T6' V T37 -~ 7U V T6' 1

This matrix shows that the estimates furnished by this design are corre-

lated (i.e. the off-diagonal elements are not zerd).

By utilizing Banerjee's technique previously presented the BIBD

may be modified to provide orthogonal estimates. For this example t =

-- _ b = 16 - 7 = 1, therefore one column of ones and only one row

of zeroes (in that order) must be added to the SIB3 design matrix (L7 ),

to obtain orthogonal estimates. 9

This modified matrix is given as follows:

-68-

t



I

'i • I10000000
I 1 10 1 0 10 1

1 0 1 1 001 1

10001 1 1 1~X=
- 1 1 1 0 0 1 1 0

S10111100

,• 11011010

1 1 1 0 1 001

The results corresponding to these eight weighing operations

are:

0.00101

10.76379

7.83990

6.11580
Y=

12.08000

8.90543

10.63998

12.80998I _J
The first reading (0.00101) corresponds to a measurement with no

objects on the scale.

The inverse of the matrix [X'X] is given as:

-
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O__ 0 0 0 0 0 0

0 - 0 0 0 0 0

4

1 1 c

0 0 0 0 0 0

(x'xJ" "-• o0 0 0 0 0 0

0 0 0 0 0 0

-~ 0 0 0 0 00

0 00 0 0 00

This matrix shows that under the modified BIBD, the estimates are

uncorrelated (i.e., the off-diagonal elements are zero', except for the

first row and first colirmn which correspond to the scale bias.

The estimates of the scale bias and the seven weights under

this modified set-up are:

b 0.00101 (scale bias) - 1.946620

=I 5.85790 b5 = 1.64354

b2  3.52868 b ,1.0487

b3, 1.78558 b 7 = 1.47576

This example demonstrates how a BIED can be modified to produce
2

orthogonal estimates when t = (- b) is an integer.

/

/
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As an example of how a BIBO may be modified in a more general

situation (whenever t is not an integer), consider the BIBD where v j
8, ba 14, r= 7, k =4. and x -3. This BIBD will not, in its present

form, provide orthogonal estimates. However, orthogonal estimates may
r2 7

be obtained as previously mentioned. For this example t = " b =

(not an integer). The least integer ( such that (r + i)2 is divisible
by (A + 0 is 1. The value of n, r+ ( (b + &), also equals to 1 for

A+

this example. Using these values, the modified weighing design is

given as:

1 0 0 0 0 0 0 0 0

l 1 0 0 0 1
I l 1 0 0 0 0 1 1

. "1 l 0 1 0 0 1 0 1

. -1 1 0 0 1 0 1 1 0

1 0 0 0 0 1 1 1 1

1 0o 0 1 1I 1 1 0 0
X=

1 0 l 0 1 1 0 1 0

l 0 1 1 0 1 0 0 1

""1 I 1 0 0 1 1 0 .0

1 1 0 1 0 1 k; 1 0

1 1 0 0 1 1 0 0 1

1 0 0 1 1 0 0 1 1
1 0 1 0 1 0 1 0 1

1 0 1 1 1- 0 1 1 0
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The results of the 16 weighings as specified by this design

are represented by the vector Y and are given as:

18.91670

"0.00101

13.12036

12.49119
10.32320

F 10.-32997

5.79780

Y y 6.42631

8.59500

8.58860
12.07940

10.76320

11.08093

6. 83861

8.15469

7.83968

The matrix [X'X], corresponding to the modified BIBD, will have

the form:

16 8 8 8 8 8 8 8 8
884444444

84 4844 44 4
[X'XJ = 84 4 4 8 4 4 4 4

844 44 8444

844 44 4 84 4

84 44 4 4 4 84

844 44 4448
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The inverse of this matrix is given as:

9 1 o. o 1 o o1 1
J

Ii

.,. • o o o~ o

1 0 0. 0 0 0 0

0 0 0 0 0

IX'X]"l- 0- 0 0 T 0 0 0 0
- -. 0 0 0 0 0 0 00~ 00 . 0 0 0 0 0

=-•- o o o o o T o a

0 0 0 1 0 0 0-. 0 0 0 0 0 0 0

-g 0 0 0 0 0 0 0 1

:> /
fWe notice from this matrix that the estimates furnished by this design

"will be uncorrelated since the off-diagonal elements are zero (except

for the first row and first column which correspond to the scale bias).

"Solving the normal equations we get, therefore, the following

• ,estimates of the weights of the objects:

60 " 0.00132 (scale bias)

6 = 5.85791

= 3.52807 -

= 1.78583
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b4 1.94731

b 5" 1.64365

b6 a 1.04861
b7 a 1.47471

"and

b 8 1.62960

-

/

/
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CHAPTER VI

A GENERALIZED PROCEDURE FOR MODIFYING BIBD TO PROVIDE
~ iORTHOGONAL ESTIMATES IN WEIGHING DESIGNS

For some balanced incomplete block designs the procedure

developed by Banerjee [ 2] fails to provide orthogonal estimates when

these modified BIBD are used as weighing designs. For example, in

"Fisher and Yates Tables C 4], the BIBD with reference number 15 has

v a 10, b - 30, r a 9, k a 3, and X - 2. These values produce nr - 7

For these situations, i.e., whenever a negative value is obtained for

n, no procedure yet exists for modifying the corresponding BIBD to
provide orthogonal estimates when the BIBD is used as a weighing design.

SThe remainder of this dissertatica will be devoted to obtaining

a general procedure for modifying all BIBD designs to provide orthog-

onal estimates. Several theorems that are directly related to this

development will also be presented. In-addition, a comparison of the

r ,merits of this generalized procedure with those of Banerjee's procedure

"will be made.

As was noted by Banerijee[Z], if a column of ones and t rows

of zeroes in that order are added to the BIBD matrix, the matrix

(X'XJ will be of the form:'
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b b+t r r . . . r

r r X...

r . r . . . .

r rx- .... r

For this matrix Banerjee obtained the following:

1. IXX- t(r 'x-- {r + AN -

2. Value of the determinant obtained after suppressing the

first row and the first column of X'XU is

(r - )v"- r{ + I (v-

3. The value of the determinant obtained after suppressing the

second row and the second column of [X'X] is

(r - )v - 2 C(b + t){r + x (v - 2)} r2 (v-),.

4. The value of the determinant obtained after suopressing the

"first row and the second column of [X'T is

r(r - A)v -

5. The value of the determinant obtained after suppressing the

• second row and the third column of [X'XJ is

"(r - A)v - 2{A(b + t)- r-2

Banerjee suggested that 5 above (which would correspond to the off-diag-

onal elements in [X'X]-I) should be identically zero (except for the
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first row and first column) for the estimates to be orthogonal, i.e.

or(r -W 2{ (b +t) ~r2}w a

Therefore Banerjee suggested adding one column of ones and t rows of

this procedure t must always be positive. This will be shown in the

following lemmra:

Lemmna: For balanced incomplete block designs characterized by v, b, r,

k, and 1, and the two well known identities bk - Yr and X(v -1)

r(k - 1): the quantity t = 7* b will always be positive.

We wish to show proof that t -b > 0, or substituting for r and I

bk2
-b'

b-

by b

Th qantity b (v k)j will be greater than zero if v > k and
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if k > 1. These conditions hold for BIBD'IS. Therefore the lemma is
S~r 2

shown to be valid, i.e. t a -r-- b will always be positive.
/c

The above lemma guarantees t to be positive. However t does

not necessarily have to be an integer. For these situations Banerjee,

as was noted in Chapter V, suggested adding one column of ones, n rows

of zeroes, and t rows of ones in that order to the BIBD to provide

orthogonal estimates, where n - ( (b + and is the

least positive integer such that

•,, i '(r + E)2

- (b +

"is an integer value. This procedure, however, does not guarantee

n to be positive and in fact we have shown at the beginning of this

chapter where n is negative. We shall now present a method for

modifying all BIBD's to produce orthogonal estimates in weighing

designs.

If Banerjee's method is modified by adding one column of ones

and only one row where the first elem-!nt of the row is /Y and all

other elements are zeroes, we obtain the modified BIBD design as

follows:

"-78-
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,,/ / ... / i , / ! "

it 000 ... 0

X XS1

1

1- (b+l)x(v+l)

where X0 is the original design matrix given by the balanced incomplete

block design. This is consistent with the assumption as made with

respect to a spring balance design. We would make only one weighing

,- operation on empty pans and multiply the corresponding reading on the

scale by /t. It may, how.,ever, be remarked here that the structure of

/ the variance-covariance matrix for e will also undergo, a corresoonding

change, i.e. under Banerjee's procedure E(ee') = a21 whereas under
n

"this new procedure E [ee'] - Va2.

Using this modification, the matrix [X'X] becomes:

r r I
b+t r r . . r

'"r r A .. Ak

r X . ... .

_r . . . _r (N+I)x(v+l)

which is identically the same as that when t rows were added instead
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of the row, (rt 0 0 0 . . . 0). Since the [X'X] matrix is the same,

S"[X'X] 1 will also be the same and therefore will provide orthogonal

estimates as before. The advantage of adding only one row (/t0 0 . . .

0) to the BIBD is that less weighing operations are required and that

this method will provide orthogonal estimates for all BIBD's since t

does not have to be an integer. For example, the BIBD with reference

no. 15 in Fisher and Yates' tables [4 ] is given by

v " 10, b - 30, r - 9, k = 3, and A - 2.

Previously for this BIBO there was no method for modifying this design

to provide orthogonal estimates. Using the new technique we get

t b 81 - 3 21

t

We would now add a column of ones and a row of (VFT 0 0 . . . 0) in

that order to the original BIBD and obtain the matrix [X'X] as follows:

8 • 9  9 9 9 9 99 9 9 9
,.2 r

9 9 2 2 2 2 2 2 2 2 2

,, "9 2 9 2 2 2 2 2 2 2 2

9 2 2 9 2 2 2 2 2 2 2
9 2 2 2 9 2 2 2 2 2 2

[IX'X= 9 2 2 2 2 9 2 2 2 2 2

"•9 2 2 2 2 2 9 2 2 2 2

S9 2 2 2 2 2 2 9 2 2 2

•".. "9 2 2 2 2 2 2 2 9 2 2

, 9 2 2 2 2 2 2 2 2 9 2
9 2 2 2 2 2 2 2 2 2 9

8
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The inverse of this matrIx will be given as:

2 2 2 2 2 2 2 2 2 2 2
T 6363 63 63 63 636363 63 63
2 1

"62 " 0 0 0 0 0 0 0 0 0

2 1.0 0 0 0 0 0 0 0
63 7
2 0 0 1 0 0 0 0 0 0 0
2~ 0 0 01

2 0 0 0 ~- 0 0 0 0 0 0-37

""2" 0 0 0 0 0 0 0 0 0

2
"r3 0 0 0 0 0 0 0 0 0

2 1-~ 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0

L2 0 0 0 0 0 0 0 o

This matrix, [X'X]", shows that under the new prorpdure, tie

modified balanced incomplete block designs do provide orthogonal

estimates when used as weighing desions (i.e. the estimates will be

orthogonal since the off-diagonal elements of IX'X]"I except in the

first row and first col unn which correspond to the estimate of the

scale bias, are equal to zero).

41

It should be noted here that the basic difference between
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B.nerjee's method and the new method is that Banerjee's method requires

t additional weighing operations whenever t is an integer and C + n

.additional weighings whenever t is'not an integer whereas the hew

method requires only one additional weighing operation. In addition,

the variance-covariance matrix for e will be slightly different for

Banerjee's method and the new method. Several questions arise concern-

ing these differences, such as, "What is the relative efficiency of

the new procedure as compared to that of Banerjee's procedure?" "What

implications arise since the variance-covariance matrices are differ-

ent?" These questions will be addressed in the following.

Under Banerjee's previous method (adding t rows) the weighing
design model had the form Y = XB + e with E [el = 0 and E [ee'] = c21n.

Under the new method (adding one row, rt 0 0 . . 0) the model beco-'es

Y XS + e with E [e= 0 and E [ee'] = Va2 where V has the form:

S010 .0"

001 . 0

Since, as noted above, the covariances have different forms, it is

appropriate to compare the relative efficiencies between the two

methods. Relative efficiency is defined in this case as the ratio of

the reciprocals of the variances.

First to aid us in this development, the following theorem
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will be proven:

Theorem: In the estimation Procedure under consideration, when . .

E [ee']= V02, the covariance of the estimators, Cov(s), obtained by

the least squares procedure is identical to the covariance of the

estimators obtained by the maximum likelihood procedure even when X

is not square.

(We know that for the estimation procedure under consideration, when

the design matrix X is square the covariance of the estimators obtained

by the least squares procedure is identical to those obtained by the

maximum likelihood procedure.)

Proof: We wish to show that L.S. Cov(i) = M.L. Cov(9)

or

I = M.L. Cov(6) [L.S. Cov(5)] 1"

We shall now determine Lhe Cov(ý) by the least square method

and also by the maximum likelihood method.

1. By Least Squares.

= (X'X)" X'Y

Cov(i) = E [(i - 0) (i - 6)']

- E{[(X'X)l X'Y - a] [(X'X)" X'Y - a]'l

•Ek[(X'X)"l X' (xs + e) - e][(X'X)" X' (Xs + e)- s]'I

E= t(X'X)"l X'e][(X'X)"I X'e]'}

F r [(XX)"1 X'e e'X (X'X)"1

or finally 02 [(X'X)" 1 X'VX (X'X) 1 ]
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2. Maximum likelihood approach.

The maximum likelihood estimator of 8 (assuming e is normally

distributed) is" 'v -1-

Crv(i) =E[(i - 06( - W)I

E{[XvrlXwl X-V1l Y - a] ((X.VlX)1 X'V Y -

E E{(X'V 14)1 X'V 1 (XO + e) - 0]

L(XlV- X)- XIV1 ( e) + e)

=EIE(X.V'lX)Y X V- X0 + (XV 1 X)1l X'v- e - 0

[(XIV x) X'V-1 X0 + (Xv 10-1 X'V- Ie - 0,'

3 vf(X'V-'Xr 1 X'VlFeJ [(X'V 1'Xf1 X'Vle]-l

=E [(X'V 14)1 X'V1 ee'V 1lX (X.V 1 )1]

0 2 ( 1 vX'1

or finally 02 ( XVx)

We would now like to show that

102(X'V-lXfl U 2 £(X'X)- 1 X VX(XXY-1]

or

I =[(xlx)1l x'vx(x'x) 1) I[(x'V 1 x)]

Under the new procedure the matrix X is determined by adding

one colunmn of ones and one row, rt 0 0 . . . 0, in that order to the

BIBD design where t = -b. i.e.
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S0 0 .0

X X

~0

*x xo

1 I

where X0 correspcnds to the BIBD used as a weighing design. Also

0

0

* xo

Using this notation, the matrix X'X will have the following form:

b b+t r r . . . r

r rr

r Xr . . .

-85- A
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iTheinverse of this ir.trix will be given as:

t -a a -,a

j-a b 0 ... 0

IX'X]"1  - a 0 b ... 0

-a 0 0 . . b

where a - and b F = Lr "
The matrix V will be as follows:

C v=t  :1
where 0 and I have the appropriate dimension. Writing V in another form,

V *[I + MJ F

Swhere =L+ .

t
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The inverse of V is given as:

0-1

or alternatively,

V-l

t

Using this notation, the maximum likeliho od covariance, (X'V1X)W,

becomes = X'V )- (X(I - { I

or

(x.v-x) I x ~ 'i
t

The least squares covariance becomes

11(X'x)1 x'vx(x'x) 1 = (x'x)1 x1(0 + Mi) x(Xx'xf

= (XIxf 1 (x I )(X'X)- + (X'xY1 (Xlx'MxXX)1

and finally,

- CX' X)1 + (X.X) - (X'mx)k-xxX)1
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To prove equality wem now must show that

* (X'X) 1 (x-x) - ,(v'x) 1  X'Mx + (x.x) 1, x'Mx(X'x) 1

(X-X) -J (xlx) 1 x :4X(X'X) 1 X-MX]

= I + r- 1: (XxX)1l X'MX + (X'x) 1 X'MX. I. (X'X) 1l X'MX

(X-x)1  -MX].

We now need only -show that the tern in brackets is zero, i.e.

- X.(xx) I x'mx + (ýx'Wxr1 X MX - ~. (xX-y1- X'MX (X'X)l X-'MX 0

To simplify this expre sion, we obtain X'MX as:

/E 1..t -1 0 .. 0 /t 0 0.

X'MX o 0

0 L ;*0
0'01 iLi jj L

and finally,
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t(t-1) 0

(X MX) .o

Now,

aa .- a t~ 0

0
a b 0 ... 0

(X'X) X'MX a 0 b ... 0 0L 0La 0 ... b

where a - and b 1 rrk X- tkAk

Or,

t-1 O0 ... 0

- at(t - 1)

- at(t - 1)

(x'x)f X'MX 0 (1)

- at(t - 1)
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Further

(t-1) 0 ... 0 (t-1) 0 ..._ 0
'-at(t-1) F.-iat(t- t17

-atlt-l) at(t-l)

E(x'x)'x't.1xJx'x 1x'MIx J -- : 0 0

-at(t-l) L-at(t-l)..J

or

(t-i) 2  0 ... 0

-at(t-I )2

-at(t-l)2(X'x)' X'v'X(X'x)'l X'MIX =0 (2)

-at(t-l)
2

Substituting equations (1) and (2) into our original exoression we get,

01 0
T •

and we need only to show that this expression reduces to a zero matrix.

On simplification we obtain the following expression
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-t-)+ 0ti C-) ... 0

t t

at(t-1) -at(t-1) + a~-)

t I
atŽl* - at(t-1) + a~-)

Reducing these expressions we get

- t-I) + (ti t-1) 2  
-t + 1 + t - t -t 2+ 2t -1 _ 0

t t t ~tO

and

at(t-i) -at(t-1) + at-) at(t-1) - at 2(t-1) + at(t-i)2
t t t

at(t-1) (1-t + t-1) = at(t-1) (0) - 0-
t t t

Therefore expr2ssion (3) in fact reduces to the zero matrix and the

theorem is proven.

As an example of this theorem consider the BIED given by v =4,

b =6, r = 3, k =2, and x=1. For this example the design matrix X, >

1i
the transpose of this matrix, X', and the matrices V and V- are given

as follows:



o ,.

1 0

11 1 0 0

01 10

X= 1 0 0 1

0 0 1 1 0

X'= 0 1 0 0 1 1 0

S0 01 0 0 0 0
0 0 1 0 11

0 0 1 0 00 0

0 0 000 0 1 0 0

10 0 0 a 0 1 010 0 0 0 0 0 1

90200001
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0 , x

and

00 0 00 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

V 0 0 0 1 0 0 0F0 0 0 0 1 0 0

0 0 0 0 0 1 0

10 0 0 0 0 0 I

The covariance obtained by the maximum likelihood method is given by

'"I 1 1 11 1 1 J0 0 0 0 0

0111000 "Ox6 11100(X'Vx) = 1 1 1 0 .I j 1 0 10IWI =
0010101 L6x1 0I6x6 1 1 0 01

0 _100 101 011 .x !I10110 [
10101

-101

--!-l1111 1o /3 ooo00
11100

0111000 11010': :
0100110 11001

0010101 1

0001011 111

101 01 0 0

0 10011 .0

/1

1 1 0 1

0 1 0 -9131 .



73333

33111

(XV-Ix)" 1  3 1 3 1 1

3 1, 1 3 1

C31 13

Finally the maximum likelihood covariance is given b;-:

1 21
7 T Ti

1 2 1 1

21 1 1

11 T11

The least squares covariance is given by [(X'X) Ix'vx(x'X)'I]. To

evaluate this expression the matrix (X'X) "I is determined as follows:

v' ;'11111 •/o~ooo -

0XX) 1 01 00110 F1 101 00111000 11100IX'X)"1,, 0 1 0 0 1 1 0 1 1 0 1 0

0 01 0 101 1 1 001 1

0 0001 011 110110
L - 'I 10101

10011

On simplification vie obtain:
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9 3.3 3 3

3 31 1 1

(X,X) = 3 1 3 1
3 1 1 3 1
3 1 1 1 31

0 00

a 3 0 0 0

0 0 0

0 0 0

The matrix O'VX is determined as follows:

03 1 1111 0 30 010 0000 •10110 0

. .,vX 0 1 0 0 1 1 0 010 1 0 0000 i11001 0X'X O 1 O0 1 01 0 0 10 000 1 1 010 1

0010101 00010001 11001
j 000010 10110

0 0010 00 0000 I01 0 1
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1V11 1 1 01 0o0 01
101110 0 11100

S'VX 01001100 11010

001010011010 010 1 01 10110 1

L'10 10101

10011

153333
33111
3 3 1311
3 1131

31113,

Therefore the expression (X'X)'Ix'Vx(x'x)" 1 is given as: t

71 1 1 3 1 1 1 1 IT11 I•."3 • • 133111 3 6 6 66• " "

3 1 1 3 1 0
- - •- 0 0 0 [ 1311 3 0-
- 0 00 ~-o.o

0 0 0 00
1 0 0 01 G 1

Or upon multiplication,
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1 2
ThC f t s a u c th cvrae

- j r: , : 7 .: "' * :'

-I.1 1 I

1 1 1
1 1

ob1eu~aThereforefr the sthatio under iosieaon the tovexr::an :c \

obtained by maximum likelihood method is the same as that obtained by

the least squares method even when X is not square.

Having established that the covariance matrix obtained by

either the least squares approach or the maximum likelihood approach

are identical for BIBD designs mudified to be weighing designs to

produce orthogonal estimates, vie can proceed to compare the relative

efficiencies of Banerjee's previous method with the new method. We

would like to determine the covariance matrix, Cov(O), for both

Banerjee's method and the new method. Cov(j) under Banerjee's method

was given in Chapter V as

",q97-
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_ r 0 0 0 0

/,V6 ft 0 0 0 0 024 , ' " r/. Co( = - 0 0 o o o o z

0c l 0 0 o 0 0

0 0 0 0 r 0

1r"0 0 0 0 0
"L'

for those BIBD's that could be modified, i.e. either t was integer or

a positive value for n was obtainable.

For the new procedure (adding on row, /F 0 0 ... 0) the Cov(j)

as given by the method of maximum likelihood (which was previously shown

to Also be equal to that derived by the method of least squares) is:

CoVyl ) -(X 'v 'l X)l1 2 (6)

where V has the form .

0
0. 0

Substituting this expression into equation (6) we get
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• .' ..... , \ ." I, ... _ - / ' , / C

i t

-/-- $) XO I + ÷ 02

or

... ... ' = DXX +i (- ) ,Mx]-3 ,2

•-" -where

We see that

S• 11 .. 1 -l) 01 f roo0... 0

0
o 1

X'MX : X6 x
0 1e

where X and X' are the original BIBD and transpose of the original

BIBN respectively.

Simplifying we obtain

X'M /(t-l) HýiO
0 0J L 2
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7 N

or

XIMX

0 0

Substituting back into the original expression, we get

CoylY) = X'x - ,

Writing this in another form and letting Z u XIX, we obtain

()= IX) + I 1 ] = + IWI%2

Using the formula,

(Z + UMY)" = Z- zU(Im + WZ'U) wz

we have for

Cov(6) (X 'vX)lOz I

t-)a(t-l) . a(t-l) (t-') a(t-l) .. a(t-l)I, -t -t __ ___ __ __

10 0 ... 0 0 0 ... 0=(x, x)-I_ ixlx)- I I+ . • :1: : - : - -.

0 0 ... 0 0 0 ... 0

or,

//

.•• -_ i/ zo - .< c?<,

\ • ,;.1 1,,, ,., ,, .- . .- - . . . . " -•_. .- " I -_ l ) . ...



i

1 a(t-l) ... a(t-l) It) a(t-l) ... a(t-l),

0 0 ... 00
0 0 0 0

* (XXv) 1  (XX)' 1 0

0
To invert the matrix

a~t-I) ... a~t-l]

L
we use the result that the inverse of a matrix of 'the form

die f g h ... 1

is given by
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I e -f -n -1

d --
0

0

0

to obtain

0

0

t a(t-1)(t) - .a(t-1)(t) -

0

0

0

o(

Substituting into the original expression we get for Cov(8):

1"102-
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t -at(t-l) -at(t-l) • atl ~-
0O ' -t " " ... a ....

,(xx)'l r 0 0 ... 0 ]

0

•' - 0 0 0.

-(t-1) at(t-l) atlt-I) ... at(t-l)

0 0 0 0

(xx)- . (xx)-I :

0 0 0 0

To further simplify this expression we obtain (X'X)"I as:

1 aI-ia . -a

(X'X)" = : bI

where a an d b -

r 1

Substituting this matrix for [X'X]", we get Cov(6) =

-1) ...at~t-1
, 1 a .. -a -(t-1)att-l) at(t- )' aO- 0 ... 0-a

"a abI bI :!

i0 0 0i
a
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On further simplification,

-a f .. -a s-a. a(t-a )

.-a -a 2 t(t-1) -,, -a2t(t-l)
COV(O) abI 

-r

-a 
2 2

-a a~-1) -a~ttl -a t(t-M)

Finally,

-at -at

-at a2t(t-l) b+a 2 t(t-I)

or substituting for a and b we get

1 1

-I rk+x(t-l
tkT tk I

This expression represents the Cov(i) for the situation where a BIBD is
modified to produce orthogonal estimates in weighing designs by adding
one column of ones and one row where the first element in the row is
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Rt and all other elements are zerces. ,C C

Since the diagonal elements of the covariance matrix represent

the variance factors we have for Banerjee's previous method the

variances of the estimates for t additional weighings equal to r

whereas in the new method the variance for theestiniates for only pne
additional weighing (/t 0 0 ... 0) is given byt Using

tk A
these values we obtain the relative efficiency (defined as the ratio

of the reciprocal of the variancies) as follows:

rk+"•t-l)

Relative Efficiency = tk -
1
r

tic

= rk
rk+x(t-l)C C

Using this definition, the relative efficiencies of the new

method as co,-,pared to Banerjee's method for those BIBD listed in

. Fisher and Yates Tables [4] for which t is an integer is given iný 7

Table I. For those BIBD were t is not an integer the relative

efficiencies are presented in Table II.
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TABLE I

RELATIVE EFFICIENCY OF THE NEW METHOD AS COMPARED
TO BANERJEE'S METHOD WHEN T IS AN INTEGER

Reference * r 2  Relative
Number t b Efficiency

3 3 0.857'
5 2 0.9474
7 14 0.6176

13 14 0.7111
17 3 0.9000
18 24 0.5400
20 2 0.9643
21 18 0.6792
24 12 0.8308
25 30 0.5085
29 18 0.7463
36 22 0.7237
42 15 0.6316
43 6 0.8276
44 3 O.9231
46 4 0.9000
49 3 0.9600
61 7 0.7447
64 5, 0.8596
66 14 0.7636
67 12 0.8167
71 20 0.4412
72 6 0.7500
75 5 0.8182
77 10 0.7692
78 3 0.9375
81 2 0.9783
82 6 0.9091
83 5 0.9375
85 1 0.9615

t indicates the number of additional weighings required by
Banerjee's method. The new method requires only one addi-
tional weighing.
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TABLE II
c

RELATIVE EFFICIENCY OF THE NEW METHOD AS C01.PARED
TO BANERJEE'S METHOD WHEN t IS NOT AN INTEGER

Reference r2  , LA Relative
Number t = -- - b Efficiency

1 2.50 1 1 2 0.8333
2 1.50 0 1 1 0.9615
6 2.33 1 1 2 0.8753
9 1.33 0 1 1 0.9802

11 3.33 0 2 2 0.8207
16 2.25 1 1 2 0.9000
19 1.25 0 1 1 0.9878

*

ln denotes the number of additional weighings with no ohjects on the
scale.

Sdenotes the number of additional weighings with all the objects on
"rthe scale. requ red

n+p indicate the total number of additional weighings required to
provide orthogonal estimates by Banerjee's method.
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Tables I and II indicate the followingt.

a. Whenever t is an integer Banerjee `'mthod produces

smaller variances than the new method. (In al.1. situations in Table I

the relative efficiency was less than 1.0.) .

b. Whenever t is not an integer and Valong with a positive

q could be found, Banerjee's method again provided smaller variances.

(In all situations in Table II the relative effifiencies were less

than 1.0.)

However, whenever Banerjee's method produces a negative n, e.g. refer-

ence numbers 15, 22, 23, 26, and 27 in [4], .or 016never a value for

Scould not be determined e.g. the design given as v = 4, b = 4, r = 3,

k = 3, and X = 2, the new method is the only available method for

modifying BIBD to provide orthogonal estimates th weighing designs.

It is of interest to note that in the design given as v = 4,

b 4, r -3. k- 3, and x =2, the value of t it 0.5. For these

situations, i.e. whenever t is less than 1.0, the relative efficiency,

when compared to Banerjee's method, is greater than 1. That is for

those designs when t is less than 1.0, the new method provides

smaller variances than Banerjee's method.

Before we compared the relative efficiency of the new method

to Banerjee's method we had shown that the covariance matrix, for our

estimation procedure, obtained by the least squares approach was

identical to that obtained by the maximum likelihood approach. Since

these covariance matrices for the least squares and maximum likelihood
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approach are the same, pne may wonder if the estimators of 0 for

the least squares and majimum likelihood approach are identical, i.e.

does (X'X}Ixi y (leas't sI.u ares estimator) (XVI X v (maximum

likelihood estimator)?' This will be shown in the following theorem.

There: I te stiatonproedreunder ccedrtowith

E(ee') - Va2, the t o , cbtained by the Least squares pro-

cedure is identica to th. estimators obtained by the maximum ZikeLi-

hood procedure.

Proof: We wish to show pat (X'x)-xY (the least squares estimator

of •) -(X'V~ XI Ix YA-.(tht maximum likelihood estimator of •), i.e.

we wish to show that,.

x'_I-•XY- (X'V'•x)- xV-IY,

or vjA()
• . I? -°

•( X,"X'X (X' v lx)x'" (1M

The method of proving'equality is to show that the left and right
sides of expression (1) reduce to the same expression. The left side

of expression (1) reduces to

l~ ~ , a -a -a ¢t T ...... 1, ,

-a c 0 ... 0 0

-a 0 c ... 0 0
S(X.x)-lx, X#

= : * ***: : : X
0 •

-a 0 0 ... c 0

where a = C U= and X0 is the original BIBD. On multipl!cation
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we get,

ka - ka
t - ka - a .

r of these terms* b-r of these terms*

S -at c -a ... c- a - a ... -a
(X'X)'X = (2)

r of these terms* b-r of these terms*

-a c - a .. c - a -a ... -a

The arrangement of these terms is determined from the X' matrix i.e.

for every 0 and I in all rows of X'0 there will respectiqely be (c-a)
and (-a) in all rows of (2).

Substituting for a and c we get

0 0 0

r of these terms b-r of these terms

(x~~1 ' ~tr -rF -

r of these terms b-r of these terms

vt r-• r-A 1 1
"I t "' " tkA t- " tk

The right side of expression (1) reduces to
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(XlV 1Ix)" 1  X1 V-1

- U- S1-•1 1 f
v.1 rv" 11 ... 1 0 ...ot

" e d ... d 0 0

(XV.1 -1XV1 1d ed 00
( - d e ... d 0 0

* . .*.. . ..
"* .. ... . *

1
, " d d... e 0 01

rkdx tt andt- is the original BIBD. On multi-
tktWplication, we get

TT

-• , : ,r .r 1 • 1...e d ... d 0

d e ... d 0

: : !- : /

, -Ii- .- -- -- j t'

. tv-* --. ,1 x



/ - -- -I'•//
"" " " / - - ,"A - . ... .- - ... . I .' .*S.... -- , - -,A• ...

, I- 1 = .. I

" r of these terms* b-r of these terms*

AC

r of these terms* b-r of these terms*

A. A

+ e +(k-l)d + +(k-1)d + k + "
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The arrangement of these terms is again determined from the X6 matrix.
... Therefore the arrangement of these terms will be identical to those

in the matrix given in expression (2).

Substituting for e and d, we get

/F 0 0 0 ... 0
t 

0

r of these terms b-r of these terms

(V 1- 1x = - tk- W - - tk

: . . . . . .

Sr of these terms b-r of these terms J'

, 1 ,- " r- - r- . 1 1
FA- -* 71-WI

We see that expressions (3) and (4) are identical, therefore

for our estimation procedure (X'X)'Ix - (X6VIX) 1xv- and the theorem

is proven.
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As an example of the above theorem, consider the BIBD given

as v 4, b =6, r = 3, k = 2, and 1 =1.

The least squares estimator of a is given as:

I VT 1 1 1 1 1 111

i T 1 0 1 1 1 0 0 0
01 1

-" " 0 0 0 0 1 0 0 1 1 0

•0 0 0 1 0 1 1S 00 0 -

0 0 0

/ 1
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We see that expressions (1) and (2), i.e. the least squares
C and maximum likelihood estirrators for a, are identical.
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COMPUTER CONSTRUCTION OF BALANCED INCOMPLETE BLOCK DESIGNS

Malcolm S. Taylor

US Army Ballistic Research Labcratories
Aberdeen Proving Ground, Maryland.

ABSTRACT. Numerous papers on construction of BIBD's (Balanced Incomplete
Block Designs) appearing in the literature consist of derivations of a set
of base blocks with symmetrically repeated differences. The inherent
properties of the algebraic or geometric structures that are employed
lead to sharply constrained values of the design parameters. There would
appear, therefore, to b- some interest in a more efficient computational
scheme to discriminate readily between a set of blocks which have symmetri-
cally repeated differences and those which do not. This is the topic of
this paper, and although the values of the parameters are limited in
magnitude by computational considerations, no restrictive parameter rela-
tionships are involved, and a number of new design configurations are
presented.

INTRODUCTION. A BIBD is an arrangement of j distinct elements (varieties)
into b sets (blocks) of exactly k distinct members, each element occurs
in exactly r different blocks, and every pair of distinct elements occurs
together in exactly A blocks. The parameters u, b, r, k, A which charac-
terize a BIBD satisfy the fundamental relations

and bk - or (1.1)

~r(k-1) -'A(u-l) (1.2),

For example,
0 0, 1, 3 ]

[ 1, 2, 4 ]
2, 3, 5

[3,4,61
[4,5, 0]

5, 6, ]
[6, 0, 2 ] r

is a BIBD with parameters u - b - 7, r = k - 3, A - 1.
Notice that if the block 0, 1, 3 1 was specified, the eatire design could
be generated by successively adding (rrodulo u) the non-zero residue classes
to each element of the specified (or base) block.

Bose (1 presented a technique for generating a BIBD directly from a set of
blocks, called base blocks, when a sufficient condition known as gymmetrically
repeated differences is satisfied. Within the scope of this investigation
symmetrically repeated differences means that the totality of the inner-
block differences of the base block elements modulo u results in the occurence
of every non-zero element exactly A times.

Preceding page blank -117-
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The k(k-1) modular differences of [ 0, 1, 3 ] are

0-1-_=6 1-0=- 1 3-0-3

0-5 4 1-3--S 3- 1= 2

and so [ 0, 1, 3 ] is a base block for a BIRD with X = 1.

Since each block gives rise to k(k-l) modular differences, it is

desirable to discriminate readily between a set of blocks which have

symmetrically repeated differences and those which do not.

One can characterize a block of a BIBD with parameters v, b. r, k, A.

as a vector of dimension v with elements 0 or 1, where the presence of a

variety i is indicated by a I in the i+lth position, and zero otherwise.

For example, thr 0, 3, 4, 7J in a dsign with v = 9, k.= 4 is

uniquely represeii "..y the vector x - (1, 0, 0, 1, 1, 0, 0, 1, 0).

Notice that the varieties are represented by the residue classes modulo v.

A NECESSARY AND SUFFICIENT CONDITION FOR SYM•ETRICALLY REPEATED DIFFERENCES

If we consider the v x v matrix

1 1 0 ... 0

0 1 1 0 ... 0

0 0 1 1 ... 0

M - (2.1)

1 0 0 ... 1
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and form the product Mtx = b, to every pair of elements ai, aj in the block

represented by x whose difference a- a. = 1 (mod v) there occurs a 2 in

the resultant vector b. Converseley, the number of 2's in the vector b is

precisely the number of differences congruent to 1(mod v) that would occur

if the totality of differences modulo v of the elements of the block were

computed.

Similarly the matrix

1 0 1 0 ... 0

0 1 0 1 0 ... 0

M2  0 0 1 0 1 (2.2)

0 1 0 ... 1

upon multiplying the vector x will cause a 2 to occur in the resultant b for

every difference of elements of the block ai - a. a 2 (mod v).

It is now apparent how the construction should proceed. We form successively

the products M x, M2x, ... , M x,12] x, and if exactly A twos occur in b at each

stage, then the block differences are symmetricall.y repeated. This constitutes

a necessary and sufficient condition for a block to have symmetrically repeated

differences.

One need never proceed further than [v/2] steps, since the existence of a
pair of elements ai, a., ai - a. = n(mod m) implies a. - a. = m - n. The

generalization from a single block to a set of blocks consists merely of

replacing the vector x in the product Mx, where X = ( **, x2 ... , x,) denotes a

partitioned matrix, each column of which is the representative of a block.

We proceed to sunmari ze this observation as

-119-
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ThEOR~EM 2.1 Consider a block B. = V a.2  aj ]with elements

:ik

represented by the congruence classes modulo v, and its representative x.. ..
A necessary and sufficient condition that B. satisfy the property of

symmetrically repeated differences is that the products M j Xi;

1, 2, ... , [v1Z] each contain the sam number, X, of twos, in the resultant

9 vector.

Generalizing from a single block B. to a set of blocks {Bi. we obtain

the in•ndiate

CORROLUARY 2.1 A necessary and sufficient co.dition that a set of blocks
{B.) constitute a base for a (v, b, r, k, A) -design is that the products

MX K, X2 K, ... , M[v/2] K contain exactly X twos in each of the resultant

matrices.

Observe that the matrices "2, M ... , Mv/2] may be obtained from M Z

in the following fashion: row i of matrix M 2 c r c [vI2], is precisely

the~vector sum, modulo 2, of rows i, i+Z,., i+M-Z (/nod v) of matrix MZ.

This observation is quite useful when implementing this techninue for

automatic computation, since matrices M2 a .,•v2]cnb eeae

. internally.

If one considers a block as a set of k beads on a necklace of v positions

we have, for example, for the block [0, 1, 3] the following representation:

6 /

2

43 -l2O--1

S. .... ' • -'lk,, "." p. -..1 :
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Notice that in computing modular differences what is imortant is not the

labels we have attached to' the varieties, but their positions relative to each

other. In other words, blocks [0, 1, 3] - [1, 2, 4] ... [6, 0, 2]] are

all equivalent since each gives rise to the same set of modular differences,

and as such each could serve as a base block for the BIBD. These blocks are

all members of the sawe equivalence class, or orbit.

Clearly, when constructing designs frm base blocks, we want to consider

as candidates only blocks in distinct orbits. Toward this end a convenient

way to characterize an orbit is to notice the 1-1 correspondence between an

orbit and the circular partition of an integer v; e. g.,

[0, 1, 3] ", 1 + 2 + 4

where the sunmands are simply the "distance" between adjacent beads (varieties).

If one generates distinct circular partitions, a task to which the computer is

well suited, we are equivalently generating representatives of distinct equiva-

lence classes.,

A COMITATIONAL ALGOPr M

If we denote the ith rcw of the matrix X as a =(a i V ...a , aib),

then X can be represented as

a;
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c 7 i / I . .C A

In this compact notation

aZ ai+Z

a 2 + a. 2

"If. X (3.1)

a1 + a.

where a. + a. represents the usual component-wise addition of the row

vectors ai., a in. Notice thac if the subscripts i + n > v in (3.1) then

i ÷n = i + ,i(mod v). We compute successively M.X, i - Z, 2, ... , (v/2]

and terminate the procedure as soon as the required number, X, of twos fail

to appear. Otherwise, completion of the process, indicated here by i taking

its maxim~um value (v12] without rejection, ii sufficient to establish the

'blocks represented by X as base blocks, generating a BIBD.

Since addition can be performed much more rapidly than multiplication

by the computer, in practice we compute M.X additively as expressed in the

right-hand side of (3.1) rather than performing the actual matrix multiplication

indicated in Section 2. By a judicious selection of candidates for base blocks,

it may be possible to determine a set of blocks generating a (v, b, r, k, X) -

design. Some solutions for BIBD's with large replicates determined in this

manner are presented i -a_4.L ,..
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Parameters Base Blocks
(v, b, r, k, X)

(17, 68, 16, 4, 3) [0, 1, 2, 4], [0, 1, 7, 10], (0, 2, 6, 111, (0, 3, 7, 12]

(19, 57, 18, 6, 5) [0, 1, 2, 3, 5, 10], [0, 1, 3, 7, 11, 14], [0, 1, 5, 7, 11, 14]

(11, 44, 20, 5, 8) [0, 1, 2, 3, 5], [0, 1, 2, 4, 7], [0, 1, 3, 6, 7], [0, 1, 4, 6, 8]

(11, 55, 20, 4, 6) [0, 1, 2, 31, [0, 1, 3, 61, [0, 1, 4, 7],[0, 1, 5, 7],[0, 2, 4. 7]

1(17, 68, 20, 5, 5) [0, 1, 2, 3, 6], (0, 1, 3, 8, 11], (0, 1, 5, 9, 12],

(0, 2, 6, 10, 12].
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ON SPURIOUS CORRELATIONS FOR PARTIALLY RELATED VARIATES

Oskar M. Essenwanger

Physical Sciences Directorate
US Army Missile Research, Development

and Engineering Laboratory
US Army Missile Command

Redstone Arsenal, Alabama

ABSTRACT. The spurious correlation coefficient between related objects
such as a(a ± b) is well known, although sometimes overlooked. Mostly
unnoticed goes the spurious correlation, however, when only a subset of
the material variates is identical.

The respective formulae for the spurious correlation coefficient are
being developed in the case of correlation between wind profile
characteristics of the lower tropospheric layers and the atmosphere up
to 25 km. Significance testing of the (linear) correlation coefficient
against these spurious correlations is described and demonstrated by the
wind profile analysis for four typical climatic zones.

Although the method has been developed primarily for the analysis of
wind profiles and its physical interpretation, the statistical method-
ology has general validity.

INTRODUCTION. It is well known that a spurious correlation coefficient is
produced when the correlated variates are related such as x - a and
x2 - a ± b, where x and x represent the first and second hata sets,
respectively. It is overlooked sometimes that a spurious correlation
also appears when a subset of the data is related from which x and xI
are formed. We may call this case a 'partial" spurious correlation.

The particular instance arises in the correlation between characteristic
ýcoefficients of wind profiles from overlapping layers when x is taken, I
e.g., for the surface to 3 km profile and x would be computed for the
surface to 25 km layer. Although the variaies may apparently not be
directly related in the sense of an a(a ± b) multiplication, the param-
eters are based on material data of which one part is a subset of the
total. The appropriate equations will be developed in the following
*sections.

It should be pointed out that the partial spurious correlation coefficient
is not automatically useless for practical applications. Its merit
depends on the problem to be solved. When significance of the coefficientis tested against the hypothesis of zero correlation one must be aware that

significance may be caused by the interrelation between the two variables

Preceding page blank



and not by physical cause. When the independent additional correlation
is the question, the test basis should be the spurious correlation
coefficient rather than the zero value. This may not preclude the
utilization of the spurious relationship for intar- or extra-polation,
prediction, etc., but the user should be aware that probably no new
information is gained in addition to the one already available from the
lower layer. This can be checked as discussed later.

JI

The following pages have been reproduced photographically from the
author's manuscript.
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11I. PARTIAL SPURIOUS CORRELATION~<

1. Correlption Between Means.

This partial spurious correlation is not restricted to

the application in the wind profile analysis where it originated. Cor-

relations between parameters which are mean values rather than

individual observations can be found in the literature frequently.

When one mean is calculated from a subset of the data we have

a case of partial relation.

In the parameterization of the wind profile (see

Essenwanger 1970, 1971) the characteristic coefficient for the

.•representation of the vindspeed v.h as function of the altitude

(surface to 25 km) is the mean speed A . Assume the characteristic

coefficient for the surface to 3 km layer windspeed profile is the

mean of that layer, too. Then we have
•~h1

x= (1 v.)/-v -A (1)

x 1 0h o ha~]B ..
h2  rh2 h 2 1

and y /ny [E v + Bv /n B (2)
Vh)lhn hl+l h] y

It is evident that hl < h 2 . Further, n and n are the respective
y

number of points in the computation of the means, nx < n *

x y
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We have now the choice of notation for the term E Vh- We may

select either one of the subsequent expressions eqn. 3a or b.

First we state

Vh /n 2 (3s)

which provides

7y M vz1n/ny + V2  (2b)

or y = wlv1 + V2 (2c)

Then we define

v h y n 2 (3b)
hj+I

where v2 is the regular average of the top layer. Accordingly

y - wlV1 + (n - n)v 2 /n (2d)

or y +1 + 2v2 (2c)

We have denoted

"-n/n • and w2 (n " X )/n'y

The two forms (eqn. 3a and 3b) are equivalent, but the sbsequent

-development has been written for the v2 . The equations can be

readily brought into the first form by setting w2 1.I.

The definition of the x and y can be expanded to and j, the

mean values, with

w. v" 1  22 (4a)

or y M IV I + V2 (4b)

-i-A (ic)
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As customary, the linear correlation coefficient can be written

r -COY /aC a. ,)xy xy xV y AB•~0 0

with

'Cov ix-i( N(a
4 y IE x )]W

2 [ x - IN (6b)

13! (6c)

Now
2 . 1 (6d)

17 Z[(V 1 -1 1)+ w2(v2 - ;2)

W W2 2~ + 2 wiwr + w
1a 2 1210 w-a (6e)

where r is the true correlation between v1 and v. and 4 the

variance of the layer h through h2 naly 2

vaiace1+1 2g4 a'2'

ovY - "1 ) [ 1 (V - 2(V2 "2-

W 2* 1(7 + V2 ayla 2 r 1 2  (6f)
Finally, the linear correlation coefficient becomes

r + w2 la 2 r- + 2 ww 2r12] 1 1 / C -rl 12r7 +w-,

In order to derive the spurious correlation we assume that there

is no correlation between v 1 and v2 , i.e., r 12 -'O. Then

apluw1al/(1a 1 2 2~) (5b)

is the spurious correlation. Since the weight wI and standard

deviation a, are positive this coefficient will be positive, too.
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different. It should be noted, however, that now 1 and this
V2

compensating change makes the new form identical with the first

expression.

The 02 or ag is usually not known when the correlation

*of A and B ts calculated. When amust be obtained from the data
0 0 I

there may be no need for the computation of the spurious correlation

since probably the coefficient rA can be calculated at the same

time. When data sets of A and B are available with o Cs and

, he(r 2  ad eeriato

r he establishment of v2 (rV)adsubsequent deeriatin
of Br2

0 0r

Of 1A v may be costly or time consuming. Then the examination

o the spurious correlation would be advantageous. In order to

replace 2 in eqn. 5b we go back toeeqn. 2. After some arithmetic
V2

we find

w~ a2 (Cf + w UAIV cA aB r A B w~a2  (6g)
2v2  B0  a 0 00 A0 B0

The second form appears with w2 - 1, from which we can deduct that

the same terms replace the second term in the denominator of eqn. 5b.

Consequently, the spurious correlation may be written as

r . + 2 7A
0 0 0 000

It should be pointed out that r :o r
spl 0 B-
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If we take the equal sign it can be shown that j
2crs - r,2c2( + +c 2 =0 (7)

where c = w laA /aB.

This equation can be used to study the behavior between spurious

correlation, CA and aB.

We find the two solutions

C - r (7a)

or r - wla/oB (7b)

and c1 -- r/( - 2r2) (7c)
The latter must be discarded since 0 < rp< l1.0 and c1 > 0.

Equation (7a) represents the maximum value the spurious cor-

relation could assume when all the correlation between A and B0 0

would be spurious. Since the empirical correlation comprises

the spurious and the added part, we must state
S'- ... rAoE = rs + r 1 .•.. (7d)

The independent contribution in the empirical coefficient is not

known a priori. It should be added that eqn. 7d is symbolic aid

a linear addition of the two parts is not applicable, i.e. the

r Is not identical with the rAov (see eqn. 8 and 9 later).
o 2

We may also interpret this spurious correlation co-

efficient for partially related variables as a weighted correlation.

When w 1 '2 the weights cancel out in eqn. 5b and the notation of

the familiar spurious correlation remains.
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We may test the significance of the difference between two

correlation coefficients by the transformation to Fisher's z

(e.gc see Hald, 1952 Brownlee, 1960, etc.). We find

- W 0. 5 - Cl + r)/(I - r)1 (8)

and
•z " r -z (9)r1 r2

The z is approximately Gaussian distributed and the standard

error of z can be written as

-t a (N - cor0l5 (10)

The null hypothesis that two correlption coefficients

came from the same population can be tested by

CA = [1/(hI - 3) + l/(n2 - 3)1"0•5 (1)

which is again normally distributed.

In our case nI - n2 as both samples have the same number

of observations. Hence

z- O• 2 (N - 3)"0 5 - -e2e (Ia)

At the 95% level of significance we accept the null hypothesis

when

-.5z 1 1.96 %,j= (11b)

Table 1 illustrates the testing procedure with the surface

to 5 km versus surface to 25 km windspeed profiles and the 3 km

versus 25 km system. The headings should be self explanatory.
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Table 1. Correlation Between Lower and Upper Systems'(A versus B
0 B0)

a) Surface to 5 km versus surface to 25 km

Winter Spring
95%95

r rap Ax C,6 x r r p z CA z

Albrook .204 .179 -. o26 .092 .26 .2 .203 -. 002 .091 .27

Montg. .619 .197 -. 524 .io9 .62 .r74 .174 -. 855 .096 .79
Chat. .675 .201 -. 615 .098 .67 .759 .213 -. 776 .087 .76

Thule • 51" .174 -. 191 142 .42 .496 .216 -. 325 .065 .53

Summer Fall
Albrook .223* .204 -. 019 .113 .27 .204* .191 -. o14 .096 .23

Montg. .494 .218 -. 320 .084 .49 .745 .176 -. 784 .087 .75

Chat. .785 .218 -. 837 .089 .79 .765 .205 -. 799 .092 .76

Thule .698 .290 -. 575 .057 .70 .496 .198 -. 3413 .087 .50

b) Surface to 3 km versus surface to 25 km

Winter Spring

Albrook .l86* .144 -. 043 .092 .21 .199* .163 -.037 .091 .23

Montg. .46 .105 -. 375 .109 .45 .613 .085 -. 628 .o96 .61
Ch9t. .550 .119 .56 .587 .118 - .087 .59
Thule . 15 .12 -. 201 .142 .35 .396 .115 -.304 .065 .42

Suumer Fall

Albrook .136* .133 -. 002 .075 .18 .143 .136 -. 008 .096 .20

Montg. .370 .132 -.255 .o84 .37 .588 .091 -.583 .087 .60
Chat .6195 1191 -. 6o5 .o89 .62 .62o .119 -. 6o5 .092 .62
Thule .504 .172 -. 381 .057 .50 .277 .1161 -. 167 .087 .28

Not significantly different from spurious correlation coefficient.

•/-1-
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It can be concluded from Table 1 that in the tropics close to the

equator (Albrook 90 N) the correlation between the two coefficients

has the same magnitude as the spurious correlation, but for all

other regions the linear relationship goes beyond the one expected

merely by a spurious relationship. Since the expectation in

zero correlation is the mean value, we could interprete the tropic region

result as a Justification that the most likely windspeed profile

above the lower layer in the tropical region is the mean profile.

When the (spurious) correlation coefficient is utilized for

extrapolation from the lower layer to the 25 km altitude then only

for reason of continuity of the speed profile at the top of the

lower layer. There is no apparent physical cause to associate

the lower and upper layer. This conclusion agrees with the present

facts about the general circulation in the tropical zones.

In contrast to the tropical region midlatitudes and Sub-

tropics appear with one closed system from surface to the upper

layers. The upper boundary of this system reaches far into the

stratosphere but cannot be exactly determined from this wind profile

analysis. The top of 25 km was chosen by other considerations and

should not be taken literally for the dominance of the wind regime

up to that altitude. The question about the upper boundary would
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have to be investigated by different techn ques. From other

correlation analysis (see Stewart and Esse anger, 1968) 20 Ikm

appears most likely. In this article the point of interest is

a correlation beyond the spurious relationship.

The columns next to the 95% value of Ez display the

correlation ratio q (see Mills, 1955, etc.) which includes a

non-linear relationship. As illustrated by this last column

in the parts of Table 1, there is virtually no addition to the

linear correlation.
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