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FOREWORD

The Nineteenth Conference on the Design of Experiments in Army Research,
Development and Testing was held 24-26 October 1973 at Rock Island, Illinois.
Like the first conference in this series, it had two hosts. They were the Head-
quarters U.S. Army Armament Command and the U.S. Army Management Engineering
Training Agency. The last-named host furnished the excellent conference rooms
for the mwieting. In the planning phases of the meeting Hr. Raymond B. Loecke
was their representative. Dr. Norman Coleman, a scientist at the U.S. Army
Armment Comm nd, served as the Local Chairman. Those in attandan" at the
conference are indebled to him and his assistants for issuing the host invitational
letter, arranging for local acconmodations and handling the many details needed
for a successful cutiference. Dr. Coleman also helped in the initial plans for
this meeting by bringing to the first meeting of the Program Committee a list of
statistical areas that would be of interest to the scientific personnel of the
hosts.

There were six addresses by invited speakers. The first of these was by
Professor Jerome Cornfield who talked on "Bayesian Statistics." He first pointed
out that the Bayesian approach uses prior information as well as objective in-
formation to avoid incoherence. He then gave several examples illustrating
the inconsistent results that follow from attempting to judge statistical proce-
dures by using only average properties over repeated samples. The second invited
speaker was Professor Shanti S. Gupta. "Selection and Ranking Procedures for
Multivariate Mormal Populations" was the title of his address. After discussing
such procedures, he surveyed known results and mentioned some unsolved problems
in this ares. In his address on "Generalized Jackknife Techniques" Professor
H. L. Grey first carefully defined tha jackknife statistic and several of its
generalizations. He indicated how one can use these statistics as point and
Interval estimators for data from a random sample or a stochastic process with a
continuous index. In his talk on "Reliability Growth" Professor Frank Proschan
pointed out that In the development of a complex system it is useful to examine
the importance of each component and to determine the optimum effort to allocate
to each component to achieve a desired system reliability growth. One way of
attacking this problem is through use of the Birnbaum measure of component
importance. Proachan showed how this measure could be used to determine system
reliability growth from component reliability growth. "Some Critical Remarks on
Accelerated Life Testing" was the title of the address by Professor Sam C. Saunders.
He stated that one of the current needs in reliability theory is for methods
that permit the prediction of the life of a system from a few tests in which the
process of wear has been accelerated. This paper made a strong plea for the
statistician as well as the engineer to have a thorough understanding of each
appropriate cumulative damage process in terms of its chemical or physical
behavior before an aralysis is undertaken. The invited speaker who spoke last
was Professor Willi]• A. Thompson, Jr. In 1973 E. Brindley and he introduced
a multivariate concept of monotone failure rate. Here the system fails when
the first of its components fails so that not all component lifetimes are
observable. In his address Dr. Thompson discussed maL-amatical models for
problems arising in the biological and the engineering sciences. In the
biological context one refers Lo the theory of competing risks, while in the
engineering applications the model represents a non-repairable series system.
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it to Interesting to note that all the invited speaker*, except Frofueor
Cray. have appeared an the programs of earlier conferences In this series. We

are grateful to these gentlemen for their valuable help and for their willingnese
to give of their tim to bring now and useful developments In the fields of
statistics and the design of experiments to thri attention of Army Scientists.

There Is a large amount of scientific a'crk beit•g conducted 1.n the many Army
installations. These conferences offer an epportunity for individuals in these
laborabocies to present to an interested audience thu work thev/ are pursuing. At
this maeting twenty-six technical papers aid four clinical papere appeard on the
agenda. These presentations were well ro..oived and both the .onhers of the
audience, as wall as the speakers beaefi.ted from the contents of the papers as
uell as the suggestions and questions r'•ied in the discuesions after each talk.

Following the banquet, held In t0.0 evening of the first day of the conference
the ninth Samual S. Wilks Memorial Avard of the American Statistical Association
and the Department of the Army vas presented to Professor H. 0. Hartley for his
mny outstanding contributions to t%,e developments and teaching of statistice. Dr.
Hartley is Professor of Economics &and Distinguished Pvofoesor of Statistics at the
Texas A and H University, at College Station, Texas. He has served many times as
an invited speaker and also as a panelist at past Comferences on the Design of
Ixperiments, His deep insight lato statistical thory enabled him to offer
valuable suggestions to many spAakers at these meAtings. We are pleased to be
able to p•lna in these proceed.ngs the remarks Dr.. Hartley made following the
presentation of the Wilke Award.

The Army Mathematics Styeriag Comnittqe, on behalf of the Office of the Chief
of Research and Development and Acquieit -.,, sponsors these meetings in order to
expose Army scientists and engineers to various areas and new developments in
statistics, thus upgrading the competence of In-house personnel. Members of this
Committee have asked that these proceedings be published and issued Army-vide
as well as to other scieitific comunities.

Near the first of each year the Program Committee for these conferences Is
selected and maets in 'Iashington, D. C. to outline the program and ougelst
possible speakers for the next meeting. I would like to express my personal
thanks to the membera, of this year's comittee: A. Clifford Cohen, Norman P.
Coleman, Francis Dreesel, A. Rose Ickler, Walter Poster, Fred Frishmau, Bernard
Harris, Badrig Kurkjian, Clifford J. Maloney and Herb Solomon. Francis Dressel
served as socretar/ of this comittoo until 1 September. From then on the duties
of the secretary vere carried by Fred Frishman. Their help in guiding this
conference to a rucceseful conclusion is duly appreciated.

FRANK E. GRUBBS
Conference Chairman

iv



IIS~TABLE OF CONTENTS

Title Pags

Forewor d . . . . . . . . . . . .. . . . . . ... 6 s

Table of Contens .. . ......... . . . . . . . . . . v

progarm . . . . . . . . . . . . . . .. ix

Bayesian Statistics

Jerome Cornfield . . . . . . . . . . . . . . . . .

Selection and Ranking Procedures for Multivariate Normal PopulationsShanti S. Gupta ... .. .. .. .. .. .. . ... .. .. . .. 13

Interpretation of Analysis of Variance Effects In Designs Yielding a
SSubiects X Tretmnt Interaction

lay T. Sterner, Richard S. Teplick and James 1. Wheeler . . . . . 23

Problems vith a Compartment Modal for Assessing Humand Vitamin A
Kinetics

Richard Teplick and Captain,. M . . . . . . . o ................ 31

Sample Site Determination and The Operating Characteristics Cur've
for the Circular Probable Error

Gideon A. Culpepper.. ..................... 47

Design and Analysis of a Hit Probability Experiment Based on a
Bivariate Normal Distribution

Robert W. a . . . o. . . . . . . . . . . . . . . . . . . . 53

Model for Probability Hit Analysis of 20t0 Projectiles
Diana L. Frederick ... .$ 0 . . . . . . . . . .. .. 69

Condition/Iffectiveness Model for Facility Components
R. J. Colver, J. G. Kirby, P. V. Kauffold, Re. . DeVor.
Me J. Kraiteik . . . . . . . . . . . . . . . . . . 97

Using the Beta Distribution to Suggest the Distribution of Computer
Access Time to Storage

Walter D. Foster . ... . . ............. 117

v



On Bimodality in Parameterized Atmospheric Models and Some
Solutions to Avoid It

Oskar Essenwanger .... . . . . . . . . . . . . . . . .. . 125

Toward the Prediction of Effects of Ultfa-Short Laser Pulses
E. W. Stuebing, E. A. Lucia and F. D. Verderame . . . . . . . . . . 141

Modeling See Through Aerosols for Infrared Countersurveillance and
Laser Countermeasures

i. Doherty, J, J. Pinto, 1. W. Stuebing and F. D. Verderams .... 153

Transformations Through a Non-Euclidean Space in a Linear Transformation
Context

Oren N. Dalton . . . . . . . . . . . . . . . . . . . . ... . ...... 169

Hartley Awarded the 1973 Samuel S. Wilks Memorial Meaal
Frank E. Grubbs and J. S. Hunter ................. 205

Reliability Growth of the TF-30 Engine
Bertran W. Haines, Frederick L. Carter and Martha R. Cummings . . . 209

Reliability Growth Estimation from Failure and Time Truncated Testing
Larry H. Crow ........................... 225

Responsiveness Properties of Continuous Sampling Plans
Richard M. Bru8ger . . . . . . . . . . . . . 233

Expected Values from a Markov Chain Model of CSP-F aed the Z
Transform

David L. Arp . ... . . . . . . . . . . . . . . . . . . . . . . . . 263

Automated Production Line Modeling Using Gerts IIIQ
eartin M. Roffman and Lawrence P. McNamee . . . . . . . . . .... 297

Configuration Management for Reliability/Maintenance Testing
John Fargher . . . . . . . . . . . . . . . . . . . . . . . . . . . 313

Bayesian Inferences for Interval Reliability of Veibull Components
Ronald.L. Racicot . . . . . . . . . . . ...... . . .. . 321

Reliability of a Serial System
A. E. Johnsrud ............ . . . ................ ... 335

The-Role of Instrument Performance Standard& in the Control of the
White Sands Missile Range Test Support Process

J. B. GoSe and W. R. Jenkins . . . . . . . . . . ......... 345

iv



Multivariate Analysis Techniques Applied to Equipment Testing
John Dart Wilburn. Jr ....................... 359

One Shot Sensitivity Test for Extreme Percentage Points
Seymour K. Einbinder .......... ... ...................... . 369

Analysis of Techniques for Finding a Forward Observer
Charles McElwee .......... . . . . . . . . . . . . . . . ... 387

Predictive Equations for Accelerated Life Tosting of Impregnated
Charcoal

W. S. Magee, Jr., J. A. Baker, E. J. Posiomek, J. Broadway and
iH. Ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 419

A Gaussian Tolerance Technique for Multilayer Optical Coatings
J. J. Walls, Jr., R. A. McKyton and A. IKawalec . . . . . . . . 427

A Table of Cumulative Distribution Function Values of Expected Values of
Normal Order Statistics

Gary L. Aashei . . . . .................... .. 445

A Strong Justification for the Use of Rank Tests in the Case of Non-
Normality

J. Sethuraman and D. H. Jones . . . .................. 471

Statistical Analysis and Modeling of Path Loss Distance Dependency
Information

R. D'Accardi and Do Dance . . . . . . o . . . . o . . . . o * a 4 481

An Approach to Occupant Evaluation of Army Family Housing Interiors
Roger Brauer and Robert Neathanmer ............ 501

Generalized Jackknife Techniques
H. L. Gray . . . . . . . . . . . . . . . . . . . . . . 507

Reliability Growth
Frank Proachan . .... . . . . . . . . . . 521

Some Critical Remarks on Accelerated Life Testing
SamC. Saunders ......... . . . . . . . . . . . . . . 543

Reliability of Multiple Component Systems.
Larry Lee and W. A. Thompson, Jr. . . . . . . ..557

Nineteenth Conference on the Design of Experiments Attendees . . . . . . 585

vii

• --,I I I ...... i... ...I I .. .. .. ... .. ... I I



AGENDA

NINETEENTH CONFERENCE ON THE DESIGN OF EXPERIMENTS

IN ARMY RESEARCH, DEVELOPMENT AND TESTING

Wednesday, 24 October 1973

0830-0900 REGISTRATION - Room 16, A4ETA Building 90

0900-1130 GENERAL SESSION I
Auditorium, Second Floor, Bldg. 90

CALLING OF CONFERENCE TO ORDER
Dr. Normn Coleman, Local Chairman

WELCOMING REMARKS
Dr. Colin Hudson, Chief Scientist, US Army Armament Command
Dr. A. Lynn Bryant, Director, US Army Management Engineering

Training Agency

CHAIRJMAN OF SESSION I
Professor Herbert Solomon, Department of Statistics, George

Washington, University, Washington, DC

BAYESIAN STATISTICS
Professor Jerome Cornfield, Department of Statistics, George

Washington University, Washington, DC

RANKING AND SELECTION PROCEDURES FOR MULTIVARIATE NORMAL POPULATIONS
Professor Shantt S. Gupta, Department of Statistics, Purdue

University, West Lafayette, Indiana

1130-1245 LUNCH

1245-1430 CLINICAL SESSION A
Room 14, Bldg. 90

CHAIRIMAN
Douglas Tang, Walter Reed Army Institute of Research

PANELISTS
Jerome Cornfield, Department of Statistics, George Washington

University, Washington, DC
Walter Foster, Fort Detrick, Maryland
Gerald Lieberman, Department of Operstions Research, Stanford

University, Palo Alto, California
William A. Thompson, Jr;, Department of Statistics, Universityof Missouri, Columbia, Missouri

ix

S. ........... ,, • I 1



Wednesday

1245-1430 CLINICAL SESSION A - (ConL'd)

INTERPRETATION OF ANALYSIS OF VARIANCE EFFECTS IN DESIGNS
YIELDING A SUBJECTS X TREATMENT INTERACTION

Ray T. ST, in-er-Tchard =. Teplick and James T. Wheeler,
Fitzsimons Army Medical Center, Denver, Colorado

VITAMIN A MODELING
R. S. Teplick, Fitzsimons Army Medical Center, Denver, Colorado

1245-1430 TECHNICAL SESSION 1
Auditorium, Bldg.. 90

CHAIRMAN
William McIntosh, US Army Test and Evaluation Command

SAMPLE SIZE DETERMINATION AND THE OPERATING CHARACTERISTIC CURVE
FOR THE CIRCULAR PROBABLE ERROR

G. A. Culpepper, White Sands Missile Range, New Mexico

DESIGN AND ANALYSIS OF A HIT PROBABILITY EXPERIMENT BASED ON A
BIVARIATE NORMAL DISTRIBUTION

R. W. Mai, Yuma Proving Ground, Yuma, Arizona

MODEL FOR PROBABILITY HIT ANALYSIS OF 20MM PROJECTILES

Diana L. Frederick, Frankford Arsenal, Philadelphia, Pennsylvania

1430-1500 BREAK

1500-1630 CLINICAL SESSION B
Room 14, Bldg. 90

CHAIRMAN
Gerard Dobrindt, US Army Test and Evaluation Command

P A.sLs
A. S. Cohen, Institute of Statistics, University of Georgia,

Athens, Georgia
S. S. Gupta, Department of Statistics, Purdue University,

West Lafayette, Indiana
J. Richard Moore, Ballistic Research Laboratories, Aberdeen,

Maryl and
Herbert Solomon, Department of Statistics, George Washington

University, Washington, DC

CONDITION/EFFECTIVENESS MODEL FOR FACILITY COMPONENTS
R. J. Colver and J. G. Kirby, Construction Engineering

Research Laboratory, Champaign, Illinois

USING THE BETA DISTRIBUTION TO SUGGEST A DISTRIBUTION OF ACCESS
TIME TO COMPUTER MEMORY

W. Foster, Ft. Detrick, Maryland

1500-1630 TECH4iICAL SESSION 2
Room 15, Bldg. 90

x



Wednesday

1500-1630 TECHNICAL SESSION 2 - (Cont'd)

CHAI RMAN
Roger Brauer, US Army Construction Engineering Research

Laboratory

ON BIMODALITY IN PARAMETERIZED ATMOSPHERIC MODELS AND SOME
SOLUTIONS TO AVOID IT

0. E. Essenwanger, U.S. Amy Missile Research, Development and
Engineering Laboratory, Huntsville, Alabama

PREDICTION OF EFFECTS OF ULTRA SHORT LASER PULSES
E. W. Steubing, E. A. Lucia and F. D. Verderame, Frankford

Arsenal, Philadelphia, PA

MODELLING SEE-THRU AEROSOLS FOR INFRARED COUNTCRSURVEILLANCE AND
LASER COUNTERMEASURES

E. W. Steubing, R. Doherty, J. J. Pinto and F. 0. Verderame,
Frankford Arsenal, Philadelphia. PA

1500-1630 TECHNICAL SESSION 3
Auditorium, Bldg. 90

CHAIRMAN
Frank Proschan, Florida State University, Tallahassee, Florica

TRANSFORMATIONS THROUGH A NON-EUCLIDEAN SPACE IN A LINEAR
TRANSFORMATION CONTEXT

0. N. Dalton, White Sands Missile Range, New Mexico

REGRESSION ANALYSIS APPROACH TO INTERPOLATION ALGORITHMS
E. L. McDowell, Construction Engineering Research Laboratory.

Champaign, Illinois

1830-1915 SOCIAL HOUR

1915- BANQUET

PRESENTATION OF THE SAMUEL S. WILKS MEMORIAL AWARD
Dr. Frank Grubbs, Ballistic Research Laboratories, Master of

Ceremonies

Thursday, 25 October 1973

0830-0945 TECHNICAL SESSION 4
Auditorium, Bldg. 90

CHAI RMAN
Arlen Dillin, GEN Thomas J. Rodman Laboratory, Rock Island,

Illinois

xi



Thursday

0830-0945 TECHNICAL SESSION 4 - (Cont'd)

RELIABILITY GROWTH OF THE TF-30 ENGINE
B. W. Haines, F, L. Carter and M. F. Cummings, Naval Air

Station, Norfolk, Virginia

RELIABILITY GROWTH ESTIMATION FROM FAILURE AND TIME TRUNCATED
TESTING

L. H. Crow, Army Materiel Systems AnalysisAgency, Aberdeen
Proving Ground, Maryland

0830-0945 TECHNICAL SESSION 5
Room 14, Bldg. 90

CHAIRMAN
William Fulkerson, GEN Thomas J, Rodman Laboratory, Rock

Island, Illinois

RESPONSIVENESS PROPERTIES OF CONTINUOUS SAMPLING PLANS
R. M. Brugger, U.S. Army Armament Command, Rock Island,

l linois

A COMPUTATIONALLY FEASIBLE ALGORITHM FOR THE AFI FUNCTION
ARISING FROM SHORT-RUN SCP-l

D. L. Arp, Weapons Planning Group, China Lake, California

0830-0945 TECHNICAL SESSION 6
Room 15, Bldg. 90

CHAIRMAN
Richard D'Accardi, U.S. Army Electronics Command, Fort

Monmouth, New Jersey

SYSTEM SIMULATION OF FIVE MODULE ARRAY PRODUCTION LINES CONTAINING
INDEPENDENT COUPLED AND CROSS LI!,KED BUFFER CONFIGURATIONS

M. Roffman, Frankford Arsenal, Philadelphia, Pennsylvaia•

CONFIGURATION MANAGEMENT FOR RELIABILITY/MAINTENANCE TESTING
J. Fargher, Jr. Frankford Arsenal, Philadelphia, Pennsylvania

0945-1015 BREAK

1015-1130 TECHNICAL SESSION 7
Auditorium, Bldg. 90

CHAI RMAN
Michael H. Strub, U.S. Army Research Institute

BAYESIAN CONFIDENCE INTERVALS FOR INTERVAL RELIABILITY OF WEIBULL
COMPONENTS

R. Racicot, Watervliet Arsenal, Watervliet, New York

RELIABILITY OF A SERIAL SYSTEM
A. E. Johnsrud, U.S. Army Concepts Analysis Agency, Bethesda,

Maryland
xii



Thursda

1015-1130 TECHNICAL SESSION 8 .
Room 14, Bldg. 90

CHAIRMAN
William S. Agee, White Sands Missile Range

THE ROLE OF IiNSTRUMENT PERFORMANCE STANDARDS IN THE CONTROL OFTHE WHITE SANDS MISSILE RANGE TEST SUPPORT PRCCESS
J. 8. Gose and W. R. Jenkins, Jr., White Sands Missile Range,

New Mex co

MULTIVARIATE ANALYSIS TECHNIQUES APPLIED TO EQUIPMENT TESTINGJ B. Wilburn, Jr., U.S. Army Electronic Proving Ground,
Fort Huachuca, Arizona

1015-1130 TECHNICAL SESSION 9
Room 15, Bldg. 90

CHAIM•MAN
Bernard F. Engebos, White Sands Missile Rangc

A ONE-SHOT SENSITIVITY TEST PROCEDURE AND MODEL FOR EXTREME
PERCENTAGE POINTS

S. K. Einbinder, Picatinny Arsenal, Dover, New Jersey
ANALYSIS OF TECHNIQUES FOR FINDING A FORWARD OBSERVER

Charles McElwee, Frankfod Arsenal, Philadelphia, Pennsylvania

1130-1245 LUNCH

1245-1345 TECHNICAL SESSION 10
Room 14, Bldg. 90

CHAIRMAN
Edward N. Fiske, Edgewood Arsenal

PREDICTIVE EQUATIONS FOR ACCELERATED LIFE TESTING OF IMPREGNATED
CHARCOAL

W. H. Magee, Jr., E. A. Baker, E. l. PozAomek, Prohn Boaudw,and Harold Ball, Edgewood Aksenalr Aberdeen Provhng Ground,
Maryland

A GAUSSIA:N TOLERANCE TECHNIQUE FOR MULTILAYER OPTICAL COATINGS
J. J. walls, Jr., R. McKyton and A. Kawalec, Frankford

Arsenal, Philadelphia, Pennsylvania
1245-134b TECHNICAL SESSION 11

Auditorium, Bldg. 90

CHAIRMAN
George Kalemkarian, GEN Thomas J. Rodman Laboratory, Rock

Island, Illinois

xiii

I



Thursday

1245-1346 TECHNICAL SESSION 11 - (Cont'd)

A TABLE OF CUMULATIVE DSTRIBUTION FUNCTION VALUES OF EXPECTED
VALUES OF NORMAL ORDER STATISTICS

G. L. Aasheim, U.S. Arny Armament Command, Rock Island, Illinois

A STRONG JUSTIFICATION FOR THE USE OF RANK TESTS IN THE CASE OF
NON-NORMALITY

J. Sethuraman, Florida State University, Tallahassee, Florida
and D. H. Jones, Rutgers University, New Brunswick, New
Jersey

1245-1345 TECHNICAL SESSION 12
Room 15, Bldg. 90

CHAIRMAN
Mrs. Aenevieve Meyer, U.S. Army Mobility Equipment R&D Center

* STATISTICAL ANALYSIS AND MODELING OF PATH LOSS DISTANCE DEPENDENCY
INFORMATION

R. D'Accardi and D. Dense, Electrcnics Command, Ft. Monmouth,
New Jersey, and C. Tsokos, University of South Florida,
Tampa, Florida

AN APPROACH TO OCCUPANT EVALUATION OF ARMY FAMILY HOUSING INTERIORS
R. Brauer and R. Neathamner, Construction Engineering Research

Laboratory, Champaign, 1111nois

"1345-1415 BREAK

1415-1630 GENERAL SESSION II
Auditorium, Second Floor, Bldg. 90

CHAIRMAN
Dr. Richard Moore, U.S. Army Armament Command, Rock Island,

Illinois

GENERALIZED JACKKNIFE TECHNIQUES
Dr. H. L. Gray, Charles F. Frensloy, Professor of Mathematical

Sciences, Southern Methodist University, Dallas, Texas

RELIABILITY GROWTH
Professor Frank Proschan, Department of Statistics and

Statistical Consulting Center, Florida State University,
Tallahassee, Florida

Friday, 26 October 1973

0830-1000 GENERAL SESSION III
Auditorium, Second Floor, Bldg. 90

CHAIRMAN
Dr. Frank E. Grubbs, Ballistics Research Laboratories

xiv



triday
0830-1000 INERAL SESSION III - (Cont'd)

OPEN 1EETING OF THF SC SUBCOMI•TTEiE ON PROBABILITY AND STATISTICS
Dr. Walter D. Fo4 r, Fort Detrick, Frederick, Maryland

ACCELERATED LIFE TESiINGProfessor Sam C. Saunders, Department of Pure and Applied
Mathematics, Washington State University, Pullman,Washington

1000-1030 BREAK

1030-1130 GENERAL SESSION III - (Cont'd)

RELIABILITY OF MULTIPLE COMPONE14T SYSTEMSProfessor William A. Thompson, Jr, Department of Statistics,University of Missouri, Columbia, Missouri

A

xv I

X- 4
[]I



BAYESIAN STATISTICS

Jerome Cornfi il dDepartment of Statistics -The Deorge Washington University

Washington, D.C. 20006

ABSTRACT. In the standard frequency approach to statistics one is
concernedwth properties over the sample space In contrast to the Bayesian
approach which is concerned with properties over the parameter space. Thus,
given n Independent trials at constant probability p the frequentist is con-
cerned with the probability of such and such a number of successes. whereas
the Bayesian asks, given whatever number of successes have been observed,
for the probability that p falls within certain limits. The answer to the
latter, but not the former, question Involves the use of prior probabilities.
It therefore seams natural to conclude that the Bayesian is distinguished
from the rest of statistical mankind by some special wish to use some un-
identified entity called "prior information" in addition to the *objective"
information available to everyone else. This Is an incomplete and unproductive
introduction to Bayesian statistics and Is more likely to lead to polmics
than to understanding.

A more informative introduction can be achieved by criticizing some
of the ideas underlyitng the fmquentist viewpoint. I shall therefore start
by giving several examples illustrating the anomalous results that can
follow from attempting to judge statistical procedures by reference to
their average properties over repeated samples. These anomalies are seen
to have the common property of incoherence (defined below). We then go
on to sketch the argument that Bayesian procedures are necessary and
sufficient to avoid incoherence. From this point of view the Bayesian
augument is a natural extension and correction of that of the frequentist,
and the prior probabilities an inevitable consequence of the, search for
procedures which will, in full generality, avoid Incoherence.

Ex. 1

In this example we exhibit two different tests of the same hypothesis. Both
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have the sm Tye I error, but the one with the smeller type I error Beosm

clearly absurd. Something more than Type I and Type II errors must therefore

be i•nolved In selecting tests of hypotheses.

We consider the following simple null and alternative hypotheses.

"HO: x dN(O,0)
SHI" x N(0,#

t a is known, once an auxiliary rendom variable, y, is observed. When y m 0,

c is known be 1and wheny - 1,is kn tobe 100 Pr(yul)p.which

-6
in the numerical example that follows is taken to have value .05- (3 x 10")

We can think of the experiment as involving two steps:

(a) choosing an instrument for measuring x, with the Imprecise Isztrument

having a probability, p, of being chosen

and (b) using the instrument chosen to measure x.

These considerations are stunarixed in the table below:

Instrument y P(y)

Precise 1 0 1-p
Imprecise 100 1 p (-.05-3x10"')

We now consider two different tests to Ro 0 For

Test A

Reject H° when x >1.645, given y a 0

x>40)(1.64$, given y I I

Test B

Reject Ho when x> 4.5. given y - 0

X>-. , given y - l

Test A seems like a plausible test, since for the case whore p - 0 or 1 it is the

most powerful test, while test B seem unacceptable, since for y " 1, it rejects
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the hypothesis that 1A - 0, even for an observed x a 0. Nevertheless, as

summarized below, U• the choice between A & 3 is to be based on standard fre-

quency criteria, B is the Lest of cholce, sitce it has essentially zero type U

error.,

Operatina characteristics

TeaL Type I error Type II error
A .05 .037
5 .05 (l-p)*(-S.5)NO

(#(z) is the standard norinl integral frm -a to x.)

Why do we prefer A to B, even though on standard frequentist criteria It

is the inferior testl A concept with which Fisher familiarized statisticians,

although the idea is older and goes back at least to Keynes, is ihat our criteria

must take account not only of properties over the entire sample space but over

any recognizable subset of it. For the present example two such recognizable

subsets are defined by the cases y - 0 and y - 1. For test A the type I error is

.05 for both subsets, but for set B it is not. Thus,

Recognizable sub$et Conditional probability of rojectionlEio

Test A Test B

y - 0 .05 3U10"6

y 1 .05 1

Although the unconditional probability of rejection over the entire sample

space is the same for both tests, this is not true for the conditional prob-

abilities. Given that the sample point is in the subset defined by y - 1 we

know for sure that Test B will give the wrong answer and why should anyone

use a test that is certain to be wrong in identifiable circumstances?
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z~z. 2

The sme point La sade hare but for a very coimen rather than contrived

problem, confidence l~aits on the ratio of two indepedlntnormal variables.

An argument leading to the most restrictive confidence set ts as follows..

Given xt(i-l,2) which is N(k .1) and 0 c / confidence limlit on 0

can be obtained by noting

(1) zL-OBx La normal

(2) I(z1•-Bx) - 0

(3) Var(xz-Oxs) m + 0,.

so that if ),.M is the upper (-la) probability point of one degree of freedon

chi-square distribution, the confidence set of e with coefficient l-z is the set

of 0 satisfying

By multiplying out and collecting coefficients of the povers of 0 this s seen to

be equivalent to

When the discriMnaJnt of the quadratic on the left hand side is positive, the

inequality will hold for all 0 between the two roots of the quadratic obtained

by setting the left hand side equal to zero. 2hese two values of 0 supply

a standard confidence interval for points in the sample space, leading to a

positive dLscrlalnant. Consider nov the subset of points Lp the sample space

in which both the discrimlnant end the coefficient of 08 In (2) are negative.
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for Chi$ case it is euy to see that tde inequaIlty (2) holds for 8ll 8 so that

the confidence Interval is -a to +. - asoerted vith confidence 1-. Surely

this is being over-cautious.

the anomrous feature of the result - which, from the point of view of

standard frequentist criteria cannot be Improved upon - €"n again be highlighted

by ConuIderA 4he coacept oi recognisable subsets. Thus, for one such subset

the oonfideTniterval Is certain to include 0 and for the other it includes

It with probebiltv < 1-a

10o4n"Iable subset Conditional probability of
includint 0

4< X. , discriminant <0 unity

all other -41-0

Unconditionally, the probability of including 0 is indeed 1-a, but this does

not correspond to our confidence for either of the two identifiable subsets.

Ve now show chat a fully general effort to avoid such anomalies leads

to lays. theorem. We start, with example 2 In mind, by asking a frequentlst

statistieian who assigns a confLdence coefficient 1-a to an Interval whether

he would be willing to bet that the interval always zontains the true value

at odds of 1-% to a, plus say a suall premium for being obliging, He ntarally

agrees s@nce his expected loss on the bets is sero no matter what the true value

and he gains the premium. This is a consequence of the. frequency properties of.

the confidence set defined over the entire sample space.

We now modify our question. As before we ask him to offer odds of 1-a

on the set to L against it, but to 2erilt us to decide whether we bet for or

aainet cth interial. Thus, for sample point. leading to an infinite interval

on 0 we bet for the Interval and offer him odds of 1-a to a. For this subset

we always win, since the Interval includes all Be For the rmaining subset we

always bet against the Interval, again accepting his odds of I-a to Cis since



• for this subset: we shall have probability of vi•nnin greater t1.An cL, Our :

i ~ expect~ed ginal is thus posit~ive no umatter what the value of O. (The

premium to clearly a theoretical irrelevency, and can always be eliminated by

letting the smie of the bet overpower the size of the stake.)

7his experience of ,osing "or a11 values of 9, despite the use of confidence

limits with optimmm properties aneas the frequentist statitician to. consider

whether there is some alternative system of setting probabilities on paraeiter

sets that would safeguard him against this aertain loss. 2his sets him on

the Bayesian path, since his probability assigamants must be Bayesian

in the sense of the theorem stated belov. We here sketch out the ideas leading

to the theorem. For the detailed argument see [1E. We consider

a betting Sam. with a cast and a set of rules. the cast consists of

A - an antagonist

B - a probability setter

C - a referee

The rules ate that 1. We are given an m x n matrix In which each raw corresponds

to a possible sample point and each colum to a possible state of naturea of

which discrete paramter points are a special case. The entry in the ith

row and jth column, p1 j, gives the probability of the ith sample when the jith

M
state of nature obtains ( P P tJ" I for J a 1,2...n). Both A end B knov

the P1 1 .

2. A value of i is selected with probability PJ and both A and B are

informed as to the value of i, this is, which sample is drawn, but not the value

of J,i.e.not the true state of nature. C however, knows J.

3. B's task is to announce a probability P,(Z), where I is an interval containing

some subset of the states of nature, i.e. a subset of the integerstl to n.

(Clearly there are 2 n possible I's.) 4. A selects a stake, 8, which may be
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positive or negative, and Sives I moMt ?PM (3)$. S. C determines whether

I includes the true state of nature 3. If it does, the interval is correct

and A has won the bet, and B pays his amount St. If it does not, A has lost,

and B pays nothing. (When st is negative the direction of money flow. is

reversed.)

It will be recognised that these rules are equivalent to i offering odds

of

P, (1) to 1-P 1 (I) that I is correct when 8> O

and I-Pt(I) to Pt(l) that I is Incorrect when 8140,

thNow consider B's expected gain when the j state of nature obtains.

B would clearly like to select the Pt (I) in such a way that this is in somn sense

maximized. But clearly a milimum requirement would be that the gain not be

negative for all states of nature, as in example 2, no matter how A chooses

the St. We state this more precisely by denoting B's expected gain by GO(PS)

and then introducing the key notion of coherence [23.

Definition

If G,(P,8)$O for all j for g 8 and the equality can be deleted for at

least one J. B's assiuaent of the P is incoherent. Otherwise it is

coherent.

With these concepts It is then possible to prove:

Theore_

A necessary and sufficient condition for coherence is that

n
P1,(1) - E PISqj/ E pjqj.

jel Jol

where the qj are any positive quantitites.

PICZ) can then ba interpreted, by Bayes' theorem, as the conditional, or

posterior, probability that I includes j, given the reslixation of sample i.

Similarly p1 (or more stiratly any quantity proportional to p,, where the
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poportimalitY Constant does not depend on J) is the likelihood of

state of nature J, given sample i.. Finolly qS/ Eq, can be interpreted as the

prior probability of state of nature J,

Note that aside from the restriction to finite sample and parameter

spaces the formulation is general. Without the restriction to finite

parameter spaces the theorem need not be true, since the proof, vhich depends

en the interchange of order of summation, need not be true when the restriction

to finite spaces is removed. Although the restriction to finite parameter

spaces is very severe from a mathematical point of view, 1, and many statisticians

vho are far better mathematiciens than 1, do not regard it as any real

restriction at all,

Nothing in this formulation tells us how to select the qj. go long as they

are positive for all J, any qS vill lead to coherence. This has been regarded

by many trAtisticians as the fatal f atr in the Bayesian argminnt, but to

maintain this consistently one mast reject coherence as an overriding criterion.

gam statisticians have been willing to do this, rather than petuit the q; to

enter the domain of statistics. It is not "ey to discuss this point constructively.

and so I simply record my on view that such rejection is premature, and that the

introduction of the Bayezian outlook and of prior probabilities has already

paid handsome dividends in new insights and results over the entire range of

statistical theory.

2hus, unless one rejects coherence as a critirion, the theoretical

inevitability of prior probabilities seems beyond dispute. What seeme most

needed now is experience in applying these ideas to real problems, rather than

continued theoretical exegbais, In this spirit I summrize an application to

the computer interpretation of the DOG described in detail elsuehere [3).
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We start with a k-dimensional vector of BOG characteristics, ., from a

patient of unknown diagnostic status. (This statement glosses over what is in

some respects the hardest part of che problem of computerizing RCG'ap but one

that is not relevant here.) We let j index the possible diagnostic classes

(j * 12...n) and estimate the conditional density of X, given J, say f(ILIJ).

from data on patients of known diagnostic status. Denoting, s before, the

prior probability of being in the j h diagnostic class by q,, we compute the

posterior probability of being in category J, given x s

n

P0110) f(NLI)DS/ 1 Ef(LJi)S1 .

These probabilities are printed out for each patient.

The prior probabilities are interpreted as the relative frequency with

which patients in the different diagnostic classes present thoemslves.

These quantities are often not known precisely and for that reason many attempts

at medical diagnosis have dispensed with the concept entirely [4]. We, on the

other hand, have gone ahead and estimated them as best as we could, separately

for each institution using the program, as illustrated in Tables I and 2.

There are of course many problems involved in computer interpretation of

the XCC. These are slowly being identified and handled. The imprecision with

wh~ch the prior probabilities are estimated is one of the less pressing of these.

A more important one, which is a consequence of the BayesLan formulation, but

which exists for non-Bayesian approaches as wall, is that a patient. may not

belong to any of the diagnostic classes included in the program, in which case the

computed probabiltties are misleading. (A preliminary test of the hypothesis that

a patient comes from one of the n classes seems called for here even though

this falls outside the realm of Bayesian ideas.)
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There are of course many other applications of Bayesian ideas that

might be mentioned, but the basic point, that their usefulnass must be

appraised in the context of applications, remains. I hope that some readers

vill be stimulated to try them out.
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TABLE 1

MIsLAurjcATaoN MATRIX LUam Pitonis or "tHE AnMirriN Orrica or VA HOSPITAL, WASIING-
ToN, D.C. (2336 PATIENTS)'

Computer Prior
Clinical (3) (2) (3) (4) (5) (6) (7) probabilitiea

N (I) 9, 0 0 0.3 0.7 0.0 0.5 0.0 0.5 0.60

AMI (2) 14.5 60.2 3.5 2.6 12.5 0.6 6.1 0.07
PMI (3) 11.6 4.0 77.3 0.9 M.2 0.7 2.4 0.10
LMI (4) 8.2 14.1 2.4 69.4 2.4 0.0 3.5 0.02
LVH (5) 34,8 9,1 5.6 0.8 44.7 2.0 3.0 0.13
RVH (6) 48.5 4.1 2.5 0.0 4.1 28.9 11.6 0.02
PE (7) 27.7 8.4 9.2 0.9 3.4 2.6 47,8 0.06

'Total percentage correctly clasilfled - 98,0 x 0,60 + 60.2 x 0.07 + ... - 8.14.
'Note that only 2% of the normals are misclaslifled with a concomitant increase in misclasaa-

=kcafions of abnormal records.

N - normal

AZI - anterior myocardial infarct

P41 a posterior myocardial infarct

L2I4 - lateral myocardial infarct

LVH " left ventricular hypertrophy

RVH m right ventricular hypertrophy

PE w pulmonary embolism
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TABLE 2

MUtSSInCATION MATRIX UJUNU PRIORS OF THE CARDIOLOUY SERVICs or Ima VA HOPIrrAL
WilT Roxauav, MA (2336 PATIEN)6

Computer Prior
Clinical (2) (2) (3) (4) (5) (6) '7) probabilities

N (1) 76.36 1.8 3.2 0.0 15.4 1.0 2.2 0.12
AMI (2) 3.5 68.0 3.8 3.2 19.2 0.3 2.0 0.19
PMI (3) 1.3 4.7 84.2 0.9 6.5 1.1 1.3 #j.24
LMI (4) 1.2 17.6 1.2 71.8 7.1 0.0 1.2 0.06
LVH (5) 12.7 10.9 6.1 0.8 64.7 1.8 3.0 0.30
RVH (6) 21.3 9.1 8.3 0.0 14.9 35.5 10.7 0.03
PE (7) 9.8 15.0 12.1 0.9 I1.0 3.5 47.8 0.06

* Total percentage orretly clasfled - 76.3 x 0.12 + 68.0 x 0.19+- -- 69.9.
Note that 24% or the normals were misclassified with an increase in correct classlifcatlons'of

abnormal,. Thus scnlstivity and speciflcity of the method can be adjusted according to specilic
requiem1ent2.
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Selection and Ranking Procedures for
Mlultivariate Normal Populations*
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ABSTRACT.

This paper deals with selection and ranking procedures for multivariate

normal populations. Let v, be N(jt, z1), I - l,...,k, be k(!.2) multivariate

normal problems. Procedures for selecting a subset containing the (unknown)
population with the ;mallest generalized variance, the largest Mahalanobis
distance function and the largest (smallest) multiple correlation coefficient

are described. The paper also surveys other known results in ranking problems

for these populations and mentions some unsolved problems.

1. INTRODUCTION. The classical tests of homogeneity are inadequate in many
practical situations in which the experimenter has to make a decision regarding
k populations. This inadequacy is not in the development of these tests but
rather In the basic formulation itself which is not designed to answer many

questions which are of real interest to the experimenter. The early attempts
to find more meaningful formulations led to partial answers in the form of
slippage tests and tests for outliers. Some important contributions have been
made in this areaamong othersoby Mosteller (1948). Grubbs (1950), Karlin and

Truax (1960), and Doornbos (1966). The initial contributions in the direction

of multiple decision problems were notably made by Paulson (1949) and Bahadur

(1950). The basic formulations of what is now commonly known as selection and
ranking problems are'due to Bechhofer (1954) and Gupta (1956).

Let l,...,$rk be k independent populatiors with underlying distributior
functions F0  I t I,...,k. The 91 are unknown values of a quality characteristic

0 which is used as the criterion for ranking the populations. To be specific,

This research was supported In part by the Office of Naval Research Contract
NOO014-67-A-0226-00014 at Purdue University. Reproduction in whole or in part
is permitted for any purposes of the United States Government.
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we define w, to be better than ij if 91  Qj. Let the ordered 0, be denoted
by 011 -- 0[21 .5.. 1 [k). The experimenter is assumed to have no prior f
know edge regarding the correct pairing of the ordered and the unordered 01.

The goal of the experimenter in Its simple version under Bechhofer's

formulation is to choose one of the populations and claim that it is the best

(i.e. the one associated with elk]). A correct selection (CS) in this formu-
lation is the selection of any one of the populations associated with k
Any selection rule R is required to have the associated probability of a

correct selection denoted by P(CSIR) at least as large as a pre-determined

P*(- < P* < 1) whenever the distance (suitably defined) between the best and

the second best populations, denoted'by 8(0k] 9rk-l])' Is at least as large
as a specified constant 8* > 0. Of course, the experimenter has to specify P*

and 6P satisfactory to him. The problem is to determine the smallest sample
size depending on 8* and P* and other parameters which will meet the basic

probability requirement. This formulation known as the indifference zone

formulation derives its name from the fact that the experimenter is 'indifferent'
to distinguish between the best and the second best unless they are sufficiently

apart.

The goal of the second formulation due to Gupta (1956) is to select a
non-empty subset from the given populations so as to include the best population.

In the case of more than one population associated with 9 tk]' one of them is
assumed to have been tagged as the best. A correct selection in this case will

be the selection of any subset containing the best. Under this subset selection
approach, it is required that for any rule R, P(CSIR) > P* whatever be the true

configuration of the unknown 91. Here the subset selected is of random size
and one wishes to select a rule which satisfies the probability required with

as small an expected subset size as possible.

Many authors have contributed to the area of subset selection procedures
and a general survey of the work in this area has been made by Gupta and

Penchapakesan (1973). Recently some work has been done by Santner (1973), 4nd

Gupta and Santner (1973) connecting the indifference zone and subset selection

approaches.

In the present paper, we are concerned with subset selection procedures

for multivariate norma. populations using different criteria for ranking such
as the generalized variance, Mahalanobis distance function and multiple
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correlation coefficient. As it can be seen from the subsequent sections, the

statistics employed in the selection rule are scalar-valued and have univariate
distributions. Let x41, j - 1,2,...,n, be a sample of size n of vector

observations from w which is N(Y4, Ei), I - 1,2,...,k. Lot

nI n-T . - j4) (14. - )* Sample Covariance Matrix.

Now we discuss the selection procedures for the three problem mentioned

above.

2. Selection in tems of generalized variance. IzJ.

For a multivariate normal distribution, the natural measure of dispersion

is the covartance matrix. However, it is necessary, for the purpose of selection,

to define a meaningful univariate measure of dispersion. Various differont
measures have been considered in statistical literature, but none of these is

uniformly best, in the sense of being a robust estitnator of the dispersion.SThe generalized variance Is quite frequently used as a measure of dispersion.
So we discuss selection in terms of this generalized variance Izt associated

with wt. E, are assumed to be unknown. Assume also that Y are unknown. For

selecting a subset containing the smallest ilt Gnanadesiken and Gupta (1970)

studied the following rule R, based on the sample covariance matrices St
I * 1,2,...,k.

R: Select 1f iff

Isll I l l
*~~ 'ii I.c1 imin

where ISImin - min(ISlI,....,ISkD) and c - c(k,pn,P*) is the largest value to
satisfy the basic probability requirement inf P(CSIR) > P*. Note 0 < c < 1.

It has been shown that

inf P(CSIR) Y J 2,....,k) where Y1,...,Y|nI t(SR •P YI I

are independent. identically distributed random variables, each being the

product of p independent factors, the rth factor being distributed as a x

variable with (n-r) d.f. The proof follows from the fact that IS.I is
distributed as Il/(n-l)p times the product of p Ind. x2 with (n-i),

(n-2),...,(n-p) d.f.
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The exact distribution of Y Is unknown except when p - 2. In this case,

inf P(CSIR) a P(Z 1  1- I - 2,...,k) where Zt'are i.1.d. chi square with

2(n-2) d.f. In this case T its the lower 100(1-P*) percentage point of

Frein 2mik x2 vj/x 2 ,l* v - 2n-4. Tables of /F are available from Gupta and

Sobel (1962) who studied the problem of selection of variances of normal

populations.
When p > 2, one can use Hoel's approximation for the distribution of Y

2or use the normal approximation for x . Some studies of these approximations were
made in Gnanadesikan and Gupta (1970). Heal (1937) suggested approximating

Yl/p by the distribution having the density function g(y) * xp(n-p)/2

ylp(n-p)/2)- e /r pnp)) when (pl -)l/p. For p - 1,2,

this approximation is exact.

Performance of the Procedure R was studied in terms of risk functions using
three different loss functions. If the ordered generalized variances are denoted
by I1I[1] !.. Izl[k], the loss functions considered for including in the subset

the population whose gereralized variance Is z1, were:

(1) Ll( t) -lI lt1:111] "1)

(ii) L2(E1 ) - (Rank of pop. wi)! , where the ranks increase with the

generalized variance, and,

(III) L3(E) , where S(O < S <k) is the random number of populations included
in the subset.

The computations of the risk functions associated with the above loss functions,

for p 2, k a 2(1)5, Izl[,]/IEjjl1 as2t2 where a * l.2(.2)2.0(.5)3.0,
n a 3(1)7 and P* - .75 indicate that E(L2 ) and E(L3 ) are sensitive to changes in
the values of the parameters and are decreasing functions of a and n. In the
case of Li it increases In the range of values of a considered when n - 3 and
for other values of n it increases upto a certain point and then decreases as a
increases. This lack of monotonicity of EýL 1) as the best population moves
further away from the other populations, and the difficulty of its interpretation
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render L1 less suitable than L2 and L3. Between L2 and L3, due to ease of
Interpretation, L3 seems more appropriate as the criterion of performance of R.

Finally, R was shown to be monotone i.e. for all I < J.

P[R selects the pop. with III ] -P[R selects the pop. with IEI [].

On approximatlno the constant g - AoDroxtmation to the dist. of IS

Let n a product of p factors each tnd. central x2 , the rth factor

having (n-r)d.f.
(I) Then using methods of probability plotting, it is found that Hoel's

approximation to the distribution of "1P decreases in accuracy as p increases.2

(it) The approximation of the distribution of log x by the normal distribution
improves with d.f., v, of the x2 variable. For v >. 25, the maximum differance
between the quantiles Is g .4 while for .05 _ .95, the difference is less
than .05. The maximum error in probability in using the percentage point of

the standard normal distribution as those of standardized log is less
that# .02 for n _ 25 and decreases with n.

(III) The normal approximation for log(generalized sample variance) improves with

both p and n. Approximating the dist. of 1 log n by the normal
.3 p

inf P(CSIR) - ,kl(y-co)d,(y) where c2 u (log c) 2 / , Y2 n-i) where

A2() - Var(logxn) T

3. Selection in terms of distance functions

Gupta (1966) considered the problem of selection of a sqbset of k multi-
variate normal populations which would include the population located farthest
away from the origin, where the distance from the origin of the population with
mean vector, J~t and covariance matrix, E.1 Is defined as .-l the ahalanobts

distance function. Let Yij a xIJI'lx, where we assume zt are all equal to I
and x t -,...,k; - ,a I,...,n is the vector with p-components of observations

'n 
2on the ith population. Then y- J11 yij has a non-central x distribution with

5.1 -1
np d.f. and non-centrality parameter A, w nXt where Aa Y I•. For selecting

a subset containing the largest AV Gupta proposed the rule R.

R: Select v, iff yt >c max(y 1 ,...,yk) where 0 , c a c(k,n,p,P*) I I is

determined to satisfy the P* probability condition. It was shown that

inf P(CSIR)- inf F Fl(x/c)dFlx) where F,(x)-cdf of a non-central X with np d.f.
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For selecting the populated nearest to the origin, R' was defined

RI: Select wi 1ff y1 _b min(y,...,yk) where b - b(k.n,p,P*) > 1 is.

again determined to satisfy the P* condition. For this rule R',
U

tnf P(CSIR') - tnf •[1-F,,(x/b)]k' dFA,(x).
x1'>0

MonotOnicifty of the above two integrals wrt V' has been shown by Gupta

(1966) and Gupta and Studden (1970). Both integrals are monqtonically

Increasing in A' so that the inf takes place when V* 0.' Thus the problem

reduces to selecting the gamma population with the largest (smallest) scale

parameters, respectively, which is solved In Gupta (1963) and in Gupta and

Sobel (1962) where appropriate constants are available.

To be precise, Gupta and Studden (1970) considered the case where t

are not necessarily eaual but known. In this case the procedure is modified

by using y,, - *•J;jz- t. They also studied the case where zt are different

-1-but all unknown. In this case, let zt - i'S-1 ;, Then the procedures R1 and

P! are:

S11: Select 1t tff czi 2_ max(zl,....zk), c l 1.

Rj: Select 1t tff z, S b min(zl,...,Zk), b > 1.

Gupta and Studden (1970) obtained a sufficient condition for the monotone

behavior of I(A) - F (cx)dF (x) and Jlx) - [1-FA(.)lkl dFA where

where fA(x) W gj(x), x . 0 and FA(x) W cdf of f (x) and gj(x),

J at0,1,... is a sequence of density functions on [0,a). This condition Is
a special case of a mere general condition obtained by Gupta and Panchapakesan

(1972)' for a class of more general rules. The sufficient condition Is satisfied

for R,R' and also for Ra and Ri. For Ra and Ri the constants c and b are given

by

F k- X(cx)dFpP(x) - P* and [1-Fp (x/b)]k-l dFp nWp(X) , P* wherep Fpn p(CX-d p~n-p

Fpn.p(H) Is the cdf of a central F with p and n-p d.f.

It should be pointed out that the procedures R and R' for E1 known case

are not strictly analogous to the procedures R1 and Ri for the unequal and

unknown Et case. If we use I in R and R', the constants c and b do not
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depend on n, a feature which is undesirable. Alam and Rizvi (1966) use this

type of rule. Another procedure, say, for the case of r1 - E, for all 1,

zi _Z ax-d. zj - XE 1 X1

where d is given by Inf i Fk7l(x+d)f(x)dx " P* where F and f refer to non-
2f(d

central x2 with p d.f. and non-centrality parameter A' a nX.

Procedures of the above type when Ei w E, known, or E1 not equal but known,

have not been determined in the sense that one does not know the monotone
behavior of the integral involving d (above).

Another unsolved problem is the case where z1 -. Ek - C, unknown,

and we use a pooled estimate of 1.

4. Selection in terms of multiple correlation coefficient

The random vector has multivariate distribution N(IA4,zi) where and

are unknown. Letp be the multiple correlation, coefficient
between the first variable and the rest in the population it1 defined by

1 - ll il where i, is the leading element of z1 and ti(1l) is the

matrix obtained from El by deleting the first row and the first column. This

0, (taken to be the positive square root of p) is the maximum of the correlation
between Xii and a linear combination of x12 ,...,xip over all possible linear
combinations and as such is a measure of the dependence of X on X %*...X

Gupta and Panchapakesan (1969) investigated the problem of selectin a

subset contAining the population associated with P[k] (p,]). Let Ri a Rl.2...p
denote the multiple correlation coefficient obtained from the sample 1tj,
J - l,...,n. Two cases:

(M) x129....,xip are fixed; the conditional case.

(ii) x12 ,...,xi, are random; the unconditional case.

The following rule.Q has been investigated by Gupta and Panchapakesan (1969) for

the selection of
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g: Select i lft m c xR 1 .... ,' where A * R /(1-RI). In

the above rule, we write c(O • c < 1) formally both for the conditional case
and the unconditional.

Letting A -P, we can write the density of R*2 as

UA(x.) a ~ •)J (l~A)q 4I f2,q.2m ~(X), ncndtina csSunconditional case

a -M iOqm•m
ux(x) -I .1 1 f2(q+j),2m(x)t conditional case,

whereq • ., q M -Ur and fr s(x) - density function of central F with r,s d.f.

It is easy to show that ux(x) has MLR in x and hence the distribution of
R*2 is stochastically increasing in A. Hance

inf P(CS * inf ~U 1 (x/c)dU (x), when UW)w cdf corresponding to u,(x).

A sufficient condition for the monotonicity of the above integral is
obtained by Gupta and Panchapakesan and it is verified so that the inf takes
place when A - 0 for the unconditional case. For the conditional case the
result follows from the paper of Gupta and Studden. In either case we obtain

inf P(CS) - F ,m(x/c)dF s F and f refer to central F. Table 1

'of Gupta and Panchapakesan (1969) gives values of the constants c, which are
same for both cases.
For selecting the population with the smallest p, the rule ts.s'

e*2 *2
.0:mi Seec 1ff dR .0 < d - d(k,n,p.P* < 1.

In an analogous manner, it follows for both cases

inf P(CSI') • •[1-F 2q,2m(xd)]kl dF2q,2m(x) a P*,
Sinc 2qen(xd) = F 1,2q(x'), the constantc d can be obtained from

constants c by Interchanging q and m.
Sk-1 x

Consider F2q,2m(-E)dF 2 q, 2m(X) = P*.
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When q and m are integers i.e. p and n are odd, we can use series

expansion for F20 2,(X) and obtain formulae for computing c for specified

values of q,m anl PV. The final result is:
qk-l (k-1 c -1)

p, * r(q+m) - (.l•,(qk-1')a(k-l,j)( :c )k K(c,m,q~a,j)

r(q)r(m)(1-c) m 01O j0 0k-

where a(r,j) and K(c,m,q,sj) are given by certain recurrence relations.
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D RUPRITATIOU OF ANALYSIS OF VARIANCE 19IMCTS IN DESIGNS
YIELDINn A SUBJECTS X TREATHMNT INTERACTION

Ray T. Sterner, Richard S. Toplick, and Jmms T. Wheeler
Letterman Army Institute of Research

Fitzsimons Army Medical Center
Denver, Colorado 80240

AB.ST.ACT. This paper outlines a proposed alternative analysis for
data comonly obtained under a one-way, within-subjects analyqts of var-
iance design. Briefly, for situations In which multiple replicates are
obtained within treatment cells, it is argued that inclusion of Subjects
as an indigenous factor yields important information regarding the nature
of subjects' responsivity to experismental treatments, as well as the
reliability of population inferences. Results of an empirical application
of the analysis to a set of plasma Vitem•in A observations obtained from 8
male volunteers during a successive, 50-week period of dietary Vitamin A
restriction are used to Illustrate the approach. Comments from discussents
aimed at clarifying (a) legitimacy of the approach (b) potential limitations
imposed by the occurrence of a significant Subjects X Treatment term upon
Treatment inferences and (c) alternative analytical procedures or methods
for dealing with cases yielding such a Subjects X Treatment intereation
are sought.

1. ITRO.DUCTIO.. One-way, vithin-subjects (*.a., repeated measures)
analysis of variance designs are often used in experiments where: (1)
costs of tunning multiple, independent treatment groups are prohibitive
and/or (2) estimates of experimental effects relative to prior control
values offer sufficient test of proposed hypotheses. Typically, this
analysis partitions total experimental variation into a Between-Subjects
and Within-Subjects components, with a subsequent 7-Ratio of Between-
Treatment/Residual developed from the Within-Subjects component (see
Winer, 1971). Although this design controls Inter-subject differences
In variability (i.e., variability due to differences in the average
responsiveness of subjects is removed from the Residual), no direct test
of subjects' reeponsivity across treatments Is afforded by this analysis.
In cases where multiple replicates are obtained within treatment calls,
however, this sams analysis can be viewed as involving both a Treatment
and Subject variance component. That is, estimates of the Between-Subjects
and Between-Subjects X Treatment variance can be obtained. It is felt
these components provide useful information in the assessment of the (1)
nature of subject responsivity (i.e., the homogeneous or heterogeneous
nature in the way subjects respond to specific treatments) and (2) g*onr-
alizability of an observed treatment effect to a population.
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_2. PELF MM~. Consider the qL,4 4 ~fIS.Lt analysis Of variancemdel- (i.e., with Treatment a fixed and Subjects a random effect variable):

X mj - M + +b+abij + eij. (1)

where, Xij refers to an observation of subjeat under treatment.4 *
refers to the grand mean term, &I refer, to a honstt associatl'i with
subjecti, bj refers to a constant associated with treatment , ab
referm to a constant associated with the subject1 by treat;Int, fiter-
action, ad a(4 refers to experimental error. This Is the beeas additive
=mdel whlah oiractsrines a straightforward two-way analysis of variance
comprised of Subjects and Treatments (sae Winer, 1971).

IZxtndinX the above model to the repeated measures case In which
multiple replicates are obtained for each subject within treatment cells
yields:

Xijk M + aLI + bj + %k(a,) + b1,j + bcjk(ai) + aiJk, (2)

where, X•kji refers to a replicate of subjecti under treatmentg H refers
to the grand moan term, a1 refers to a constant associated vwih subjecti,
bi refers to a constant associated with treatment1, ck(a) refers to a
constant amsociated with feplicterk nested within sub eso abj refers
to a constant associated with the subjecti by treatment 4 interstion,
bcjk(a1) refers to a constant associated with the treattlent4 replicate
neted within subjecti, and ea4k refers to error. Thus, thl proposed
model makes It feasible to di us the potential testing of variances
attributable to Treatment, Subjects, and Treatment X Subjects sources.
Additionally, inclusion of S as an Indigenous variable would seen
to yield Important Information about the uniformity of subjects' respon-
slvity to selected experimental treatments, highly useful data In attempts
to 8eneral1ae observed findings (treatment effects) to a designated popu-

3. RiRg_% *PIATO OFTSMZYM n a recent dietary Vita-
min A restriction experiment,- 50 weakly Vitamin A plasm estimates (I.e.,
mg Vitamin A per 100 al Plasma) were obtained from 8 adult male voluntenrs

'In the Discussion Session which followed presentation of the current
paper, Prof. Cornfield referred to certain similarities between the
current Issue and one alluded to by himself and J. W. Tukey in an
earlier publication (see Cornfield & Tukey, 1956).
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for purposess of determining the "characteristic Vitanin-A-deplation, pattern
of umas."Due to considerable variability present In the observed plasma

estimates (particularly during the early part of the experiment) , it wae
decided to treat restrictio'n -an 4 ucceasive series of 25, 2-week treatment
values (2 roplicate/e/esson) for each subject. Moreover, a Log truae-
formation of the date was performed in order to (1) avoid the likelihood
of a treatment call effect yielding a negative Vitamin A value, and (2)
invoke a multiplicative model of Vitamin A depletion, an approach which
seemed more realistic for describing the expected deezeases In subjects'
plasma A, Thus, the design was set up am a 25 (Treatments) X 8 (Subjects)
X 2 (Replicates) factorial, with Treatments end Subjects viewed u repeated
measures and Replicates nested vithin Subjects, This final model is the
sam s that listed in Equation 2, with the exception that Log Xeijk is
substituted for X Ijk'

Results of the analysis of variance are presented In Table 1. As anown,
the Treatment X Subjects (F- 2.65; dfu 168/192, p4.05), Treatment (YO 6.58;
"df - 24/168, p4.05), and Subjects term (To 7.04; dfu 7/8, pt.0) were all
found to be significant. Whereas interpretations of the Treatment and
Subjects min effects are fairly straightforward (i.e., msen Plasma Vitamin
A estlmates differed significantly across the 25 treatment sessions as
well as between the 8 subjects), interpretation of the Treatment X Subjects
term is amre difficult. Basically, this term indicates that the Plasma A
values for subjects varied uniquely as a function of specific treatment
sessions.

TABLEI1
Analysia of variance for Log mg Vitamin A/lO0 ml Plasma values

of 8 volunteers obtained during 25, 2-week treatment
sessions of dietary A restriction

(i.e., 2 replicates/subject/treatment session)

Source df M9q F

Treatment 24 .988 6.58*
Treatment X Subjects 168 .150 2.65*
Treatment X Replicates
W. Subjects 192 .057

Subjects 7 .777 7.0*0
Replicates v. Subjects 8 .110

* p., 0 5



In an attempt to clarify the Treatment X Subjects interaction, plots
of both the raw Plasm& A values mad Log Plasma A values for each subject
by treattmet session sre shown in Figures la and lb, respectively. (Note
that the insert of Figure la also shohs the mean mg Vitamin A/100 a1 Plasma
by Sessions for the group of 8 subjects.) As can be seen in these graphs,
whereas all 8 of the subjects displayed similar decreases in their Plasma
A values during the first part of restriction, midway through the restrictive
period, 5 subjects showed stabilization and 3 subjects continued to display
large decreases in Plasm A. This indicates subjects vere heterogeneous
in their response to prolonged A restriction, a result which linits the
straightforvard inference that subjects displayed a characteristic treatment
(depletion) pattern throughout restriction.

While such i~nteraction La explainable In a number of ways (I.e., widely

differing dapletion rates among individual.s, invake of foods containing
Vitamin A in violation of dietary regitmen, etc.), the significancs of a
Subj cts X Treatment tern would seow to argue against the generelinability
of the Treatment main effect. That is, if it :s concluded on the basis
of the Treatment effect that 50 weeks exposure to dietary VItamLn A restrLi-
tion produces significant depletion, any inference regarding the "'harac-

taristic depletion rate of humans" still remains suspect due to the apparent
differences shown by certain of the subjects. Thus, whereas under the
classical one-way, within-subjects analysis, one would be led to conclude
that Vitamin A was significantly decreased during a 50-veek period of
restr:ictLon (i.e., a result also yielded by the current aproach), the
occurrence of Subject X Treatment interaction in the proposed analysis
would suggest such a conclusion be qualified, if not ignored altogether.
Regardless of the pragmatic conclusion, however, the current analysis
would seem to provide additional information regarding interpretation
and Inferences about the Treatment effect which has utility to a variety
of research situations.

4. DISCUSSANT QESTIOIS. In conclusion, olvarel questions concerning

application of the proposed analysis are noted. Specifically, these are:

1. Are there any problems with legitimacy of the analysis?

2. What are the inference Limitations imposed upon the Treatment
affect by occurrence of the Subjects X Treatment interaction?

3. What would be an appropriate mstlhod to quantify the divergence
of subjects?

4. tWhac crLtaera can be used for determining the appropriateness
of data transaforation(s) an the current analysis?

Discussants for the current paper were: Prof. J. Cornfield, Prof.
0. Lieberman, and Prof. W. A. Thompson, Jr.
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6. - LCUSV gZcu$ u mC~q~J.

Prf ibesa:

I comnd the authors for an Interelting paper with well stated mathe-
mutcal assumptions. I have no qualm sbout the mathematical nmodel and
their treastmnt of It. However, I hbe sound reservations about the appli-
cation of the physical problem to this math model. I explain as foUmwet

The term "treatment" Is used, and there are 25 "treatments."1 However,
the "treatments" are just bi-veekly observations, I.e., "trsatuant" are
4m. Thus, the term treatuent is Artificial. I believe that the authors
are Interested in long run tre•d•, as opposed to minor fluctuations. The
suggested analysis of variance approach doesn't answer this question. Further-
more, there is a question in my mind whether or not the hooeoedasticity
assumption, within a subject, Is valid. I believe that one subject may be
more variable than mother, and this variation Is Important. I believe that
theme comnts address the first concern mentioned In the paper.

The second concern am be ansvered by the usual answer for msin e fects
In the presence of interaction. The Interaction says that the vitanin A
concentration decreass In some subjects ad stays the sam or perhaps
Increases In other subjects. This Implies there are "treatment differences."

The third area of concern Is the heart of the problem in that It requires
sone suggestion about how to handle the overall analysis. In the absonoe
of more information, I would plot the vitamin A plasm a s a function of
time (per week) for each subject, and "e what conclusions can be dram
from each subject.

The final area of concern is the "transformation." I approve of the
log transformation because it handles the case where variability is pro-
portlonal to the concentration level, and I believe this to be valid In
this case.

27 - •7 -
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A alternative manlysi of these data Is sugested by Figure 1. It
oppears that a quadratic regression equation of Log concentration$ (Y) vs.
tim (1) my be fitted to the data for each volunteer. This leads to
eight regression equations o* the form

a + Ax + Yz2, (3)

me for each volunteer. egression equations of this fom would be
particularly infomatlo If 6,O, ryO, for the e would be an asMtote a
zit. t would also be interestin8 to test the hypothesis that all
eight regression equations an in fact the se, for then the individuals
of the population can be thought of am having the soe depletion pattern.
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PROBLEMS WITH A CO!flART.iE'1T MODEL FOR

ASSESSING •UMAN VITAMIN A KINETICS

Richard Teplick
Captain, M.C.

Assistant Chief Department of Information Sciences
Letterman Army Institute of Research

Fitzsimons Army Medical Center
Denver, Colorado

ABSTRACT. To utilize tracer data to assess relativP rates of
Vitar in A utilization under dietary restriction a four-compartment
model was developed. Ideally, the matrix of transition probabilities
for this model could ..e obtained by finding its four eigenvalues and
eigenvectors by fitting an equation with four exponential terms to the
tracer data from each compartment. However, since data was obtained
from only two compartments, two less direct techniques were utilized.

In one attempt to solve the model, the data from each of these
two compartments was fit with such a multiexponential equation. The
resulting two eigenvectors and four eigenvalues were used to try to
solve twelve nonlinear simultaneous equations. This proved to be very
complex and dependencies were eventually uncovered. A second attempt
utilized the eigenvalues from the first fit to derive en equation
describing the second set of data explicitly in terms of transition
probabilities, volumes and two eigenvectors. The parameters of this
equation were then adjusted to fit the data. This technique yielded
a physically unrealizable solution. However the attempts to obtain
solutions using these methods illustrate a number of problems common
to this class of models.

1. INTRODUCTION. In the late 1960s eisht adult males were
studied for a two and one half year period to acquire information
about human requirements for Vitamin A. This study included a 360
to 771 day depletion phase during which exogenous Vitamin A intake
was to be eliminated. At the beginning of the depletion phase, seven
of the subjects were given an intravenous tracer dose of C1 4 labeled
retinol. At varying intervals the label present in plasma, plasma
retinol, feces, urine and breath was determined. The original intent
was to use specific activity of the tracer to calriulate the body
stores of Vitamin A. However, since this involves an open system the
label will never equilibrate with the body stores. rhus specific
activity should vary with time and cannot be used directly to calculate
body stores of retinol. Therefore, an alternative method to estimate
total retinol stores as a function of Line was sought. The approach
selected was to model the system.
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2. THE MODEL. The simplest model which is in any way realistic
is shown in Figure 1. The assumptions made for this model are as follows:

a. The loss or gain of retinol in any compartment follows first
order kinetics. Therefore, there is no active transport.

b. Retinol exists in blood both bound to serum proteins and in a
free form.

c. All conpartments cornunicate directly with the free serum retinol

compartment but not directly with each other.

d. The volumes of all compartments are fixed.

e. The bolus of labeled retinol was introduced directly into he
free blood compartment.

The general form of the set of first order differential equations
generated by this model is shown at the bottom of Figure 1.

These equations, written explicitly for this model in terms of
concentrations rather than quantities, are seen in Figure 2A. The
initial conditions are given in Figure 2B. Since the bolus of label
is introduced only into the free-blood compartment (C 2 ); if rapid in-
jection and mixing are assumed, tie label in this cempartment at zero
time equals the initial dose. Additionally, at zero time, there can
be no label in any of the other three compartments.

The known or measured paraneters used in seeking solutions of the
model are given in Figure 2C. The concentration of labeled retinol
in blood was determined at varying intervals. Thus these values reflect
both blood compartments. Fecal samples were collected and pooled
for one week periods. Aliquots were counted and total weights measured
giving a figure for label lost per week. This was converted to a
one-day figure and assumed to reflect the loss at mid-week. The blood
volume was deternined by dilution techniques. The problem, then,
is to derive the parameters of tie model from the data.

3. SOLVING THiE "MDEL. The general forn of the solution to the
set of differential equations is shown in Figure 3A. This solution
is derived by taking the Laplace Transform of the equations and solving
them for the transform of the concentration in any compartment. This
solution, shown on the right of the equal sign in Figure 3A, always
has a fourth degree polynonial in S for a denominator. A second degree
polynomial in S forms the numerator for all compartments except the
free-blood compartment which is third decree in S. The inverse Laplace
transform of this function, shown on the left in Figure 3A, is a weighted
sum of four exponential terms where the aj's are the same for all
compartments and the Aiu's differ.
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Any attempt to solve for the defining parameters of the model
will involve nonlinear curve fitting. The major differences among
these approaches depend upon the available information. If aata are
available for the concentration or amount of label as a function of
time in each of the four compartments the simplest technique is to
fit the four exponential equation to the data for each compartment.
Since the a are the same in each compartment, once they are determined
for any co4 artment using nonlinear fitting techniques, the data for
the remaining three compartments may be fit linearly. As illustrated
in Figure 3B, the Aij are components of the eigenvector corresponding
to the eigenvalue a 'for the matrix of transition probabilities. There-
fore, as illustratel, the transition probabilities can easily be calcu-
lated if (Ai 4 ) is non-singular. This method could not be used for
this model sInce a direct measure of labeled retinol was available
only for the combined concentration of the two blood compartments.

It is readily shown that each AiJ may be written as an explicit
nonlinear function of transition probabilities and volumes. The exact
form can be derived from the equation ir Figure 3C.

The a, 0 and 6 may be determined by placing solutions for
concentrations in Laplace space into the form given on the right in
Figure 3A. The total blood concentration can be expressed as a weighted
sum of four exponential terms since it is a linear combination of the
two blood compartm•ents. A similar form can be derived for fecal excretion.
Therefore, the four elgenvalues, and the eigenvectors for the total
blood concentration for the fecal excretion may be found by nonlinearly
fitting one set of data and using the eigenvalues determined from this
fit to linearly fit other set of data. The two eigenvectors and four
eigenvalues thus determined can be used to derive twelve equations
which are nonlinear functions of the eight transition probabilities
and the four volwues. Eight of these equations are derived from the
equation in Figure 3C. The other four are formed by writing the denomi-
nator of the solutions in Laplace space in the form of the denominator
given on the right in Figure 3A. It appeared that there were twelve
equations and twelve unknowns. However, after considerable algebraic
manipulation, dependencies could be demonstrated between several of
the equations. Thus it was apparent that a solution could not be derived
in this fashion and this method was abandoned. Retrospectively, this
is obvious as half of the eigenvectors and all of the eigenvalues are
insufficient for reconstructing the original matrix.

A second approach was devised which uses nonlinear mininization
techniques to fin'.d the unknown parameters using as few variables in
the minimization as possible. Figure 4 illustrates this approach
for the blood compartments. By using the equation relatinR C3 to
C2 , (Figure 4A) the general form of the solution (Figure 4B) and the
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unknown constraints (Figure 4C) the total blood concentration can
be written as a function of the four eigenv.aues, and the bound blood
eigenvectors, volume and associated transition probabiliites.

Figure 4E illustrates this equation. The eigenvalues were deter-

mined by fitting the fecal data using a nonlinear least squares approach.

This data was chosen rather than labeled blood retinol data because

more data points were available and because there was no blood data

available for the first ten hours of thie study. Initial values for

tile fit were estimated by peeling two exponentials from the tail of

the fecal data and guessing tile remaining values. It was also evident

that all eigenvalues and at least one of the Aij had to be negative.

The fitting routine incorporates provisions for random searches
and several gradient and nongradient minimization techniques. Parameters
may also be fixed while others are permitted to vary. A procedure
is also available to attempt to subtract out a local minima and continue
the search. All runs were on a CDC 7600. A positive definite Hessian
matrix was eventually found although several parameters had to be altered
manually to escape local minima. A positive definite Hessian was also
obtained for the equations of Figure 4E usinr the eigenvalues derived

from the fecal data. The deriv2d parameters appeared reasonable. Sub-
sequently a linear fit was performed on the total blood compartment.
Using this fit and the calculated bound-blood equation, the equation
for the concentration of retinol in the free blood compartment was
calculated. This produced one negative component in the eigenvector
which drove the calculated labeled retinol negative for the first five
hours of the study and caused a maxitw.i to be reached at about 26 hours.
Because these results are physically impossible, further efforts were
abandoned. HIowever, had this not occurred, a similar technique would
have been used to determine the parameters associated with the liver
compartment in conjunction with the measured fecal excretion and calculated
free-blood pool. The parameters for the last compartment (other tissues)
would have been determined using the same technique along wv th the
calculated label remaininq in the body (assuming the percent metabolites
to be insignificant) minus the quantity calculated to be in the three
determined pools. The resultant eigenvectors and eigenvalues were
to be used to recalculate the volumes and transition probabilities
as in Figure 3B. These new values would be used as staitinrg points
for new solutions to be calculated in the same manner as the original
solutions. It was hoped that eventually the fitted parameters would
correspond to those calculated from the eigenvalues and eigenvectors.
The reason this technique was to be employed was in the hope of circum-
venting the difficulties inherent in the use and interpretation of
nonlinear .Jnimization techniques.
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4. PROBLEMS WITH THE TECHNIQUE. Regardless of the approach taken,
some nonlinear curve fitting must be performed. If measurements are
available for all compartments, onTy one nonlinear fit adjusting seven
parameters is needed. This method was utilized to fit the fecal data.
In the second approacfi used to solve the model this fit was used as
the basis for a second nonlinear fit adjusting six additional parameters.
An alternative would have been one fit for 10 parameters which would
have also determined the eigenvalues. It is evident that when fewer
parameters are fit more nonlinear fits are needed. This is counterbalanced
by the mounting difficulties in fitting more parameters simultaneously.
All fits, regardless of technique, are dependent upon the initial values
chosen. in this study, only crude guesses could be made for initial
values. If an inmroper set of initial values is used, the nonlinear fit
becomes trapped in a local minimum. This was amply clear from futile
attempts to better the fit using random searches; successively fixing
parameters; and subtracting out local minima. Yet when a different
set of starting values was selected a better fit resulted.

It is obvious from the form of the fecal data, which is initially
zero; reaches a peak in about 24 hours and then monotonically decreases;
that at least one of the A.i had to be negative and that all of the
eigenvalues must be negative. If a physical interpretation could be
affixed to the eigenvectors, reasonable starting points and constraints
might be derived. However, I am unable to find any such interpretion.
Is it valid to assume that a fit with a positive definite Hessian matrix
is the best fit? If so, should starting values be altered until a
positive definite Hessian can be found. If, as in this case, the model
fails to yield a reasonable solution, how can one decide if it is the
model, the techniques, the data, or a combination of these factors
causing the difficulty. Additionally, if a reasonable solution is
obtained without finding a positive definite Hessian is it valid to
use this solution and to compare the solution for one subject to another.
Finally, can any form of confidence intervals be placed around the
calculated parameters?

5. COMMENTS BY ONE OF THE PANELISTS. The author is grateful to
Professor Jerome Cornfield for the following remarks on a possible
methods for treating the troublesome problems:
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I have boon stimulated by this very Interesting paper to to-exezine

(13 the application of N90. Hartley's method of internal least squares

[23 to the analysis of multi-campartment models. Th~e major reason for

investigating this method is that certain parameters of the model can be

made to appear linearly, so th~at the computations become greatly simplified.

A major consequence of this uimplicity is that the issue of whether the

existence of four compartments can be inferred from measuremets oj only

two, can be investigated in a very direct way. My own working hypothesis

is that only direct meaunrements of concentratione in the compartments

in question, such as those reported by Dancan at al E330 %!ill provide

satisfactor'y answers, Such direct measurement is not possible when the

subjects are humans, so that it seems essential to have a statistical basis

for detetitning whether a given. body of data will permit reliable indirect

estimation of the parameters of unobserved compartments from direct meaturement

on observed ones.

On-CompargMet Model

Starting with a one-compartment model, the differential equation, using

quantities of label throughout is

(1)

integrating both sides from time 0 to t, we have

t
(2) QmZ)J' Qdt,

where I is the bolus injected*'

If observations q, are made at time t1 (iul,2asor)& estimate
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tt +

f Qdt as

(3) ___________-,_q__
t "lose qt-." loe8 q,

whee too 0 and q 0 , 1,

((3) is obtained by pUssing an exponential through the points at t 1 .and t,

and .interatinge.) Set

(4) KI 01

wA estimate X as the constant in the linear model.

(5) qj a I- Xx1 + c

r
ise. by-inimizing E (qj-I + Xx1)8/Vj (where Var(q 1)-V 5 ) or some other

convenient procedure. A standard error, confidence interval or other heaaure

of uncertainty can be similarly obtained. This formulation, which is

essentially due to Hartley, linearties the problem. The question of the

efficiency of the estimate seefs of secondary Importance in this context

and we shall not pursue it.

SWm-somoartment model

The model is defined by the equations

dt " IS "•+ )o4)Q, +)*IQ$

(6)
ds--t X" 8 -041'(,, + •)GQs.

Compartment 1 corresponds to the blood-free compartment, compartnent 2 to a

homogeneous all-other compartment, while X1o and )qo are the constants governing
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the wo foms of emeretion, Integrating as before

z "I - .+ o) tQjdt+ ÷)al.Q.dct

(7)
Q2" M Xo Qadt:-(Xg1z + )*a)• tQdt •

Observations q11 of mounts in comparpment 1, are made at time to and of

ui, Ithe amount excreted from compartment j between ti(I.1) and tjj (J-I2).

No observations ore made on compartment 2. We define xsl a in the one
Ito

compartment modelA- and estimate I Q1dt in equations (7) as xzs. To

estimate Jto: Q8dt we let

(8) 42t 1 - - q 1 ,-c.umulative amt. ixerstids

where the last terms i estimated from the uls. We pass over the details of

this estimation as straightforward and of no iatrinsLo Interest. We now

treat the qgi in the same fashion as the q1 of the one-compartment model

to obtain xes as estimates of Q'g'Qsdt. We then estimate (Xie +) Xo) and As,

from the linear model

(9) q1 t I - +%jO)xjj +)Olxot+C

by least squares or some other convenient procedure. X10 and )00 can be

estimated from the linear models

(10) UJI " XjoYJ7 +Its J - 1,2,

for the 2 compartment model Qt is a linear combination of 2 exponentials

and alternatively one might consider passing such a curve through the

4 points q4-., q 1.o, q, and q1+ I and Integrating between q1. 1 and q. 1 .
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tselmates of the uncertainty of the estimated constants can be obtained, as for

the one oompartment case, from standard linear regression theory.

Three compartment model

The foregoing is all preliminary to a consideration of whether the

observations q1 1 and uj will support the separation of the assu•xed homo-

&eneous all-other compartment into two or more. The differential equations

are

dQI
"d"t "•1+,I •o)Q + )41QB+ X802 Q

dt X1 .Q 1  " 06 1 + teO)Qs,

dt
dt X20 - AI )00)Q3'

which on integration become

t t t

, - %.+ X,+ ••a )SoQ,dt + •, 1 'oQsdt + XaIOQadt

t t

(12) XI" O.Qdt -(Xg* + 4o)SoQgdt

t t +Q2 % X*eOom dt - (%S I + XSe),Soqadt .

Letting Qg - Q@ +Q3 we have from the sum of the last two equations

t~ t

where 41 +40o JOQdt+ Jdqsdtd t m '•d+ So'" Q dt

Equation (13) is of the same form as tho second of equations (7), except

that the quantity Ae&+ 40, which is constant over time in that equation

- 39 -

S , I I • I ...'+! i i I I i .. . ....... .I , . .. . . I i' ... - ! ! " .. . ......... !



time if J'oQ. dt/ftQdt is not constant for all t. The ability to

break the lumped all-other compartment 'into two or more separate

compartmsnt* in the absence of direct measurements is thus entirely

dependent on the non-constancy of x + 40 and the Inferences that can be

drawn from this non-constancy.

Behavior of + '4a

The behavior of the function ea+ •4. can now be directly investigated

by first fitting a two compartment model from equations (9) and (10. We

then substitute observed quantities for the second of equations (7) to obtain

(14) q@1 - Xjgx 1..- ('( + o)0 x,•

Using the value of )% estimated from the two compartment assumption one can

compute for each tj the quantity

(15) _,_,- _____

1zs

and observe its behaviot over time. If it Is constant, within observational

error, then there is no basis in the data for breaking down the lumped all-

other compartment. This step of the investigation would benefit, however,

by knoving the behavior of :I+ X:o when the three compartment model holds.

one way of proceeding would be to substitute for 9odt and '!o3Qdt in

)t1 + '4o the linear combination of three exponentials obtained by the

solution of equations (12). All linear properties are now lost, but

there may be no simpler procedure. Under some circumstances A:&+ '4o
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amy be monotone in t, although I have been unable to prove that this is
generally true when the three compartment model holds. Although more can

and should be done to investigate the behavior of )11+ ):a, the point of

this note Is that direct investigation of the behavior over time of

expression (15), which depinds only on simply computed observables, may

provide a more perspicuous analysis than is achievable by more standard

methods.

Comm~ent

The foregoing is best interpreted as an informal memo to a colleague

an a possible new line of investigation that may bypass some difficulties.

but overlooking many details which must eventually be filled in. Until

this investigation is undertaken, I would claim no more than that the

general ap.proach seems promising.
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FIGURE: 3

SOLUTIONS TO COMPARTMENT MODEL

A GENERAL FORM OF SOLUTIONS'

G All SoltKS 3+OFs S* 2 S 81
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(kill [All]-u [A,ý. [ol Bill;
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o IF EXPLICIT SOLUTIONS ARE DESIRED

All Ka? *a 1 O+A 0 al8

Kal IF I=2

K sO IF i02
Z INVERSE LAPLACE TRANSFORM
S a COORDINATES IN LAPLACE SPACE
AiI,jO ARE CONSTANTS FROM FITTING DATA

11 IS KRORECKER DELTA
[1 ARE SQUARE MATRICES
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Gideon A. Qalpopper

Reliability, Availability, and ibntainsbility Division
Army Missile. Test and Bvaluation Directorate
15 Army White Sands Missile Rungs. New Maxico 88002

ADBSR/•. An equation is developed containing the simple size required
in order to met a Circular Probable Error requirement expressed In
term of a desired and essential value and the correspondlng producer
and user risks. From this equation a table is pyduce giving the
required staple size for the risk factors involved and the value of the
Circular Probable Error ratio. Also, the necessary condition is given
that the 0'! estimate not fulfill in order to met the criteria.

An Operating Characteristic Curve is also constructed for an
.x Ies. TeM OC Curve is based upon the chi-square distribution with

2N-2 degrees of freedom and the ratio of the essential CPE to the true
cPE.
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The Circular Probable Error (CPE) is often used as a measure of

accuracy in evaluating the performance of surface-to-surface missiles

and rockets. Various formulas are used in estimating the CPE

depending upon the characteristics of the miss distance data collected

from the firing tests. The estimator for the CPE used in this paper is

CPE u 1. 1774op, where a P a [ + s j. The sample variance

a 4is the pooled or average variance of the component miss distance

data.

The problem considered here is to determine first, the sample

size needed in order to meet the CPE criteria given in requirements

documents and second, to find what the condition is that the estimated

CPE must fulfill to satisfy these requirements. The CPE criteria are

assumed to be given in the following form:

CPEE = the essential or minimum

acceptable CPE

CPED . the desired or specified CPE

CPE > CPEE ED

The following risk factors are either given or assumed for the

purpose of test planning:I = the user's probability of the missile passing the accuracy test

if the true CPE of the missile is greater than CPEE'

a = the producer's probability of the missile failing this test if the

true CPE of the missile is equal to CPED. I00(I-0)% is interpreted

as the confidence that the true CPE _5 CPEE if CPE satisfies a certain

condition (see paragraph on next page). The parameters
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SCPEE CPE, determine the sample size (N) of missiles to

be fired in an accuracy demonstration test.

After the miss distance data have been collected, the CPE is

estimated by the formula n = 1. 1774sP, If CPE I K(CPE E).

where K 2X (ZN-•2)/2N-2] then the missile has met the accuracy

criteria, that is, there is a demonstrated 100(1-P)% confidence that

the true CPE 5 CPEE and if the true CPE m CPED , there is a

probability of 100(l-a)O% that the missile will be accepted.

The partial table on the next page lists the a and P risks, the ratio

CPEE/CPIED. N, and the value of K. In forming this table N, a,

and • were selected first and the ratio CPE I/CPED was computed

last. The equation

Xa(N-2)N CPE E 2

2-E
X - (2N-2) QCPED

connects the quantities. The upper percentage points of chi-square are

used with 2N-2 degrees of freedom.

Numerical Example.

CPEE = 300 meters, CPED = 250 meters

M 0. 20 a = 0.50

CPE E 300

CPED 250 1.?.O. N 7 and CP" f 0. 8 0 6 ?(CPEE)
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K such that
CPEE if CPE S K (CPEI

CPED th, accuracy criteria
4 N have been met.

sa .50 1.451 5 .6605
1.385 6 .6975

a .10 1.342 7 .7248
1.309 8 .7459
1.284 9 .7629
1.262 10 .7769
1.247 11 .7888
1.225 12 .7987

a * .50 1.264 5 .7575
1.229 6 .7861

• .20 1.205. 7 .8067
1. 187i 8 .8224
1.173 9 .8367
1.162 10 .8466

Sa .25 1.365 6 .8208
1.326 7 .8386

13 .25 1.298 8 .8521
1.275 9 .8628
1.257 10 .8716
1.242 11 .8790
1.229 12 .8853
1.218 13 .8906
1.208 14 .8953
1.200 15 .8995
1.192 16 .9033
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If an OC Curve is desired for this design, then the probability

that the missile will pass this accuracy test (be accepted by the test)

is given by

P a Prob[X 2 (2N-7.) X 2~ ( - )2

where CPET a the true CPE. If N u 7, 0 - 0. 20, the coordinates
2of the OC Curve are given in the table below. X .20(12) a 7.81.

The graphed OC Curve follows.

(7. 81) X

-PE \CPET

180 21.79 .96

200 17.57 .87

220 14.52 .74

240 12.20 .57

260 10.40 .42

280 8.96 .29

300 7.81 .20

320 6.86 .14

340 .6.08 .09

350 5.73 .07
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DESIGN AND ANALYSIS Of A HIT PROBABILITY EXPERIMENT BASED ON
A BIVARIATE NORMAL DISTRIBUTION

Robert W. Mal Data Reduction Section, Technical Test
Support Division, Materiel Test Directorate, Yuma
Proving Ground, Yuma. Arizona

ABSTRACT

The paper describes a method for analyzing the results
of a hit probability experiment in such a way that the
producer's riek (a risk) of rejecting a popul ation of items
that does in fact meet a speci fied criterion is controlled.
The procedure described Is an adaptation of the methods
ordinarily used within AMC when a binomial distribution or
exponential distribution is the model.

The method starts with a population known to have a
hit probability equal to the specification. A procedure is
defined for getting a point estimate of hit probability from
a sample. A rejection point for the point estimate from a
given sample Is then established at a level that will force
the a risk to be within a given Interval.

This method will provide Information useful in evaluating
the acceptability of a test item's hit probability when a
bivariate normal distribution is indicated. It w 11 also
help to determine a sample size which will afford desired
protection against making a Type I error. Investilation is
underway to determine interval estimates for the rlsk of a
Type 11 error (i.e. to provide quantitative control of the
5 risk using simIlar techniques.)
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INTRODUCTION

This paper is concerned with the estimation of producer's
risk a for tests of hit probability where a bivariate nornmal
distribution is indicated and Where the miss distances in the
horizontal (x) and vertical (y) directions are independent.
The a risk had to be quantified so that the project engineer
could design the test and choose an analytical plan that
would follow latest Army guidance for this phase of testing.
Guidance has been: As a result of reliability growth during
the test cycle, it is Imperative that agencies insure aqaInst
rejecting the test item early in the test cycle. This can
be accomplished by insuring a high progabil ty of accepting
a population of test items If the true hit probability, PH,
is greater than or equal to the specified hit probability,
PSPEC.

APPROACH TO THE PROBLEM

The approach taken in this investigation was:

(1) Find a hit probability estimator, Ag, that .ould be
easily measured and/or computed during t a test.
(2) A rejection point, PRP, must be computed and PH
compared to this rRP.

(3) If we set up the hypothesis that

PH 1 PRP implies PH < PSPEC

PH > PRP Implies PH 1 FSPEC

then we must be able to choose PRP such that the risk
of a Type I error is less than or equal to a.

INVESTIGATION PROCEDURES AND RESULTS

The physical set up of the test hints strongly at the
choice for PH (the hit probability eastimator). The target
was to be rectangular (or square) with height H and length L.
Previous test results had shown miss distances in x and y
directions to be independent and normally distributed.
Also the system could be boresighted to assure

WX 0 Vy
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be. For this set up we know that the hit probability could
be computed as the product of the probability of hitting in
x and the probability of hitting In y. Also we know that
the probability of hittisg In the x or y direction can be
computed based on the normal distribution.
A An obvious choice for the hit probability estimator
PH is the one described by the following equations:

PH " PxPy
;x a A(Zx.,) +, A(Zx,,)

S- aA(Zy,,) + A(Zy,,)
i - xl1

K -R
Zx91 M Ox

X."

o'x

yy

where x,: x coordinate of left edge of target

x.: x coordinate of right edge ef tdrget

yl: y coordinate of lower edge of target

y,: y coordinate of upper edge of target

Saverage x coordinate of sample Impacts

:average y coordinate of sample impacts

ax: sample standard deviation in x direction

ay: sample standard deviation in y direction

Z : standard normal variable with mean 0 and
variance 1

A(Z): Probability that the absolute value of a
standard normal variable will not exceed Z
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,i

px: Sample estimate of the probability that the
x coordinate of an Impact will be within
the bounds of the target

Py: Sample estimate of the probability that the
y coordinate of an impact will be within
the bounds of the target

The next step In the investigation is to find rejection
points PRP for )N in such a way that if

PH a PSPEC

then in a sample of size N

(*) P(H 1 RP)RO

We see from the definition of PH~that it is computed from
* the sample parameters x, 9. ax, and a r Thus to solve equation
* •*) for PRP. we would need to study thi distributions ofi, 9,

Ox, and ay..
The sample parameters I and Y are normally distributed

with means ux and respectively, and standard deviati2ns
Ox / \rN. and oy I N respectively [1]. The parameters ax and

- -•are each related to chi-squared with N-1 degrees of freedom

x'(N-1) • (N-l) &x'

X'(N-1) (N-1) 8, A

To investigate PRP, we need to know how R, 9. ax and

behave, which in turn depends on pxI, vy, x, 0;y and the normal
and chi-square distributions. We know how to approximate thedistributions and we know that

"X a 0 a Uy

The remaining unknowns are ox and a . Recall that we are
tryinq to solve equation (*) under he assumption that

PH a PSPEC

We also know that

PH PX Py

- 56 -



-A(ZXI&) + * 2

Py U Alysa A(Zy~a)

ZX91 -L/2 * lx

Qx

Z -H/2. 'i

N/2-i1

*But U 0 Implies

* 1A(ZX, 1) A( $)

and
Pa 2A(Z$,1)

Simi'larly,
P y a 2 A(ZY91) 2

In this test the size of target was such that

*a a where

* I With this simplification we have

and
H Px2  ~y SPEC

Thus If PSE a .90 we have

aX .94868 P*
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A(Zx) , .47434 a A(Z )

Ox - 1.92426 ai.

If the assumption that ax m a a when L - a H is not valid
then iterative numerical technitues are required to solve for
Ox and ay given a value for PSPEC " PH-

We how have all the Information required to solve
equation (*). We let

S * { (a,bcd) /

P(X-a, so >t b, III c. 19 1 d) a u )

We then compute
PH(&9b~c~d)O,:

for every (a,bc,d) e S by
A

substituting a 0 OX

b aOY

cm

d-y

into the equations for

Then we let

PRP * Min( FH(a,b,c,d) / (a,b,c,d) S}.

If we do the above, then

*H •SPEC

Implies
P(OH PRPO ct

To find the set S, we observe first due to independence
of x and y that

P(Ox ;a, 9 y )_ b, x c. ~ d)

"P OX a) P(ay ; b) P(Ii c) P(II > d).
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We now compute values for (a,b,cd) associated with the

probabilities

4*x "P(O•x a)

aly P(O1 _ b)

&six P(IiI • c)

*a.y P(CP l_ d)

For ease of notation, we let

& I O'• x e t oy

as " 4s.x a2,y ,

so that we are looking for (a,b,c,d) such that

8a,.

An example of the computation required Is given In table 1
for PSPEC " .90 a PH, .10, N - 38.

The observations made during computation were:

(1) For a given a&, the minimum PH(ab,c,d) occurs where
8,X " a 1 ,y a •i".

(2) For a given value of a,, the minimum value for
PH(a,b,cd) occurs when as3x a, or ay * a,
depending on whether &,,y $ as,x or ai,y x ,
respectively.

(3) For a given value of a, the minimum PH(a ,b ,c ,d)occurs where a * 1.00 and a& I o and (from (1))where a; x -&Ir - a y .

Thus P cnbe computed for a.given No a. P~pge~by
making one ut. of computations for fPr(a bc,d) Pf
(a,b,cd) associated with the probabvliltes

a l 'x 0 & t oyl l

aly • 1.0 a1,x'
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Examples of various rejection points and associated arisks are shown in figures 1 - 4. In figure 1. for example,where the specification hit probability was .90 and thesample size was 38, one can choose any desired a risk for atest by simply finding.the rejection point PRp associated
with a. Then compute PH for the sample and reject it If
PH • PAp and accepting it if PH PRP
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TABLE I

• .10 PSPEC ..90 * PH SAMPLE SUZE * 38

a|,X Ix ,y a2,x a2 y PH

i a1 ,l £ity a .10 a a asI 1 1.00

.1000 1.0000 1.0000 1.0000 .9118

.2000 .5000 .8806

.3000 .3333 .8786

.3162 .3162 N .8785

.3500 .2857 .8787

.4000 .2600 " .8791

.5000 .2000 .8806

.6000 .1667 a " .8828

1.0000 .1000 1.0000 1.0000 .9118
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41 .20 a, l 'y .50

I a1 9tx Ia3, * Yl 1

.2000 1.0000 .5000 1.0000 .9245
"" .6000 .8333 .9253

"" .7071 .7071 .9257
.8333 .6000 .9258

.2000 1.0000 1.0000 .5000 .9262

3000 .6667 .5000 1.0000 .8987
.6000 .8333 .8992.0.7071 .7071 .8992
.8333 .6000 .0991

.3000 .6;7 1.0000 .5000 .8988

'4162 .4162 .5000 1.0000 .8917
N N .6000 .8333 .8922

.7071 .7071 .8923
a .8333 .6000 .8922

.4162 .4162 1.0000 .5000 .8917

.5000 .4000 .5000 1.0000 .8960" " .6000 .8333 .8965
a .7071 .7071 .8966
a a .8333 .6000 .8965

.6000 .4000 1.0000 .6000 .8960

'6667 .3000 .5000 1.0000 .8988
.6000 .8333 .8991
.7071 .7071 .8992.8333 .6000 .8992

.6667 .3000 1.0000 .5000 .8987
1.0000 .2000 .5000 1.0000 .9262

H .6000 .8333 .9258
.7071 .7071 .9257
.8333 .6000 .9253

1.0000 .2000 1.0000 .5000 .9245
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a1 ,x .Iy a, 1  ay Po

alk a1 ,x a1,y m .3162 as - asex a2 ,y m .3162

.3162 1.0000 .3162 1.0000 .9342

.4000 .7906 .3162 1.0000 .9124

,5000 .6324 .3162 1.0000 .9092

i5623 .5623 .3162 1.0000 .9088

.6324 .5000 1.0000 .3162 .9092

.7905 .4000 1.0000 .3162 .9124

10000 .3162 1.0000 .3162 .9342

as * a .4000 at 4a,x A3 ,y .2500

.6325 .6325 .2500 1.0000 .9167

a t o a1 ,x a1 ,y a .5000 as • a,,x al,y m .2000

.70711 .7071 .2000 1.0000 .9251

a1 M aix aiy a .7000 a2 a 2,9X aly m.1429

.8367 .8367 .1429 1.0000 .9419

a * a ,x a ,y - 1.0000 a a a ,x a ,y • .1000

Vr10000 1.0000 .1000 1.0000 1.0000

- 63 -



I Pill



URGEI

-. Al,-

:7 6M T4 1

- 3



lot$
Tit

..... ........ a ~ W A k..4 ~ L~



-lgIww

i~.-Off

V

li Il l PS I S S



MODEL FOR PROBAILITY HIT ANALYSIS

OF 20MM PROJECTILES

Diana L. Frederick
Frankford Arsena1

Philadelphia, Pennsylvania

ADSTRAL. An analytical determination of probability of hit (PH)
for amnunition fired from a helicopter or fixed win$ aircraft was
calculated by a model utillsing Hastinges Error Function. The model
can incorporate errors for various slant ranges and target simes.
Primarily, the model provided trajectory comparisons and probabilLty
of hit data for a proposed 20mm 1950 grain HE projectile with an M505
fume nose contour and the recently developed 20e PGU 31B Semi-Armor
Piercing Incendiavy (SAPI) projectile for mixed firings at 10 x 10 and
100 x 100 feet targets.

-. INTRODUCTION. This analytical model provides a means of
comparing mismatched ammunition when fired Ln the same burst and it
particularly useful; for example, in comparing kinetic projectiles
with high explosive projectiles. However, specific data on these
projectiles for a fixed set of conditions were not inmediately avail-
able; therefore, the model used existing data for ammunition under
development. The model represents an input to the Systems Analysis
task for ACTS.

The purpose of this model was to ptovide a tool for determining
and comparing probability of hit data for a proposed 20mm 1950 grain
HE projectile, Figure 1, and the newly developed Armor Piercing
Incendiary (AP) ammunition, Figure 2, when used in combination in
the M61 gun. Since the firing system allows only one ammunition type
to be entered in the computer system of the weapon and since the
weapon could fire mismatched ammunitinn in the same burst, the question
arose: Now does the limitation on the weapon system and the variation
in projectile design effect the probability of hit?

A cummary of projectile characteristics follows in Table I.

TABLE I

Ammunition Characteristics
Muzzle Nose

Length Weight Velocity Length
froiectile (in) (arm) (foc) (in),

HE 3.600 1950 2950 1.440
AP 3.125 2100 2850 1.462

Preceding page blank - 69 -
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a. Projectile Assembly

- - _

b. body and Rotating Band Assembly

igure-2. .0mm-kP Projectile
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The probability of hit calculations require timates for the. following error values:

1. Trajectory dispersion caused by variation in &unitionS~~parameters such asidi'ag weight "n mussle velocity,

• 2. Projectile precision,

3. System errorscaused by the weapon mount type and movement,
functional mechanism, and &munition interaction.

2 P. The computer program was set up for use throujh
card data input or data input on a teletype. The output from DIANA PH(name of program) Is the probability of hit for a specified slant range,
and target size for single and multiple rounds. Data inputs to the
program are target size, slant range and the error estimates. All
distributions considered were normal.

where

Ph probability of hit
Px = target length probability
Py " target vidth probability .

Px Prob i'/

Py a rreb -C.X'Ya -C RV

where

X a continuous random variable of dispersion in x direction

= mean dispersion in x direction

Hx a 1/2 target vidth

Y a continuous random variable of dispersion in ydirection

m- mean dispetsion in y direction

Hy a 1/2 target height

SR = slant range

-72



Al - all errors mle

@-Ia

P rr(sR/1O00 )

Px and Py were evaluated from application of Hastings Error Approximation,
that is if

Ps -2 x tx2
•0 J dtxJo

where tX -

S• dr

where ty myH

V2r-A
then the approximations are:

Px U 1

l* a1 - + &2 _+ 413 ÷ 4

"5 ; 6 ] 16

and

[:1 + "II + &•2 + ,&3. ÷ , 4 +-3 -4

,a ?' + a6 Y 16

with:hI = .0705,2307,84

&2 - .0422,8201,23
a3 • X00*2,7052,72
64 = .0001,5201,43

"a5 M .0002,7656,72
*6 = .0000,4306,38
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Also for multiple rounds

Pn = I - (I - P)"

Symbols used in'the computer program are as follows:

SR - Slant range
3S4L - Ballistic error in mils
AHL Ammunition mismatch error in mils
REML - Range estimate error in wile
SHAPE - Projectile design name
HK - One-half target length
NY - One-half target width
IND - Index
Px - Target length probability
Py - Target width probability
P - Probability of hit
Pn - Probability of hit of n rounds

The program is described in the flow chart in Figwae 3. Tt is set up
to do multiple runs when IND is equal to zero. The program will perform
probability of hit calculations for various errors using the same target
size and projectile shape. If IND is not equal to zero the program can be
terminated,v the target site can be changed, or the projectile can be changed.

TABL- II

Data Inputs

Card

TyeColumns Format Epaai

1 2 - 24 4A6 Projectile shap4
2 1 - 10 F1O.2 One-half target width

11 - 20 110.2 One-half target length
3 1 - 10 710.2 BD4L

3 11 - 20 710.2 AML
21 - 30 110.2 RDlU
31 - 40 110.2 83
41 - 45 15 IND

The fortran program, sample data input and sample data output
follow in the Appendices.

DISCUSSION

An example of an application of DIANA PH it the probability of hit
analysis performed on two 20mm projectile@ using trajectory data generated

- 74 -
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at 7rankford Arsenal. Figure 4 contains the drag curves for these two
projectiles: the HE and AP. The lower drag of the AP projectile results
from its longer and more slender nose shape. Thus, the A? projectile
travels further with.a shorter time of flight, see Figure 5.

Mismatch is a function of range, muzzle velocity, altitude upon
firing, and aircraft dive angle and speed. Mismatch was calculated from
the difference between the trajectories of the two projectiles. This
study concerned variation of only two errors: system dispersion, BMLI
and trajectory dispersion, AML. Range estimate dispersion, REML, remained
sero. The study covered the following four cases:

TABLE UII

Variation of AML and BML Errors (Probability of Hit)

-Case I -':N.L w I for both projectiles,
A4L m 0 for AP
A4L a X(i) for HE
XWi)= mil dispersion between trajectories of the

two projectiles at the specified slant range.
In this case the value is taken to be 3.47
at a range of 2309 feet.

Case I1 - Same as Case I except range was 6928 feet and X(i)
was 13.7.

Case III- Base as Case II except BML a 4 for both projectiles.

Case IV - IML m I for HE
BML w 2 for AP
X(i)- 18.3 at a range of 10,381 feet

Table IV contains tabulations of the probability of hit comparisons
between the HE and AP projectiles for single and multiple round bursts.
The values cam from exercise of the computer program with the input
data as shown in the table plus that shown in Table III. The program
has incorporated the drag curve for the AP and HE projectiles. From the
resultant trajectory mismatch between the two projectiles, the program
computes the probability of hit for both types of projectiles but with
the AP being the reference. The trajectory mismatch is shown in Figure 6.

The firing system is programmed for one ammunition system only.
This report assumes the projectile drag curve programmed is the AP.
Thus the AM!L error is zero for this round and some value Xi for HE.

- 76 -
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Pigure 7 shows the probability of hit versus number of rounds. The
data graphed in taken from Table IV.

Table V comparen probability of hit between a small and large target
at short and long ranges with data obtained from exercise of the program
as a second example.

The data sets for these exercises are contained in the Appendices.
These data are graphically presented iCh Figures 8 and 9 for two different
target sxes: a small target 10 by 10 feet and a large target 100 by 100
feet.
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of IS VALLISTIIC (kO4 IN NILS Aft IS AIMING (EV00 IN OILS 815. IS RlANGC ESTIMATE (ER0R IN 14ILS

So 9% 81.69?NT 41*9

*OoJECTILC D(ESGN I 958%

lw A.5T MIDI" 1% .1fl0000E.02

* ??ET LkMNT% |q .10000000(.02

% PRML &ML R(4. P P3* P16 ps PIG pis

P364.40 1.00 3.47 -0.0000 .2036 .9990 1.0000 .6797 .6974 .9671
7369.40 2.00 3.47 -0.0000 *1691 .9991 1.0000 .6040 .6432 .9379
23"4.40 3.00 0.47 -0.0000 .1319 .9V54 1.0000 .5069 .7I68 .88001
2304.40 4.00 3.4? -0.0000 .1007 .9023 .990? .*119 .6542 .7967
2304.40 1.00 4.4% -0.0000 .0300 .6854 .9010 .1411 .2624 .366S
2309.40 2.00 V.dS -0.0000 .0291 .6744 ,6940 .1373 .25S7 *3rab
7304.40 3.00 VdS -0.0000 .027 b6567 .8d22 .1312 .24%? .3443
2349.40 4.00 4.4s -0.0008 .0260 .6332 *4655 .1;36 .2320 .3269
2309.40 1.00 13.96 -0.0000 *01%1 .&39S .6dsf .0133 .1413 .204-3
2308.40 2.00 1J.96 -0.0080 .0149 .4346 .68U3 .0723 .1393 .20kS
2184.40 3.00 13.96 -0.0000 .014S .4266 .6712 .9706 .1362 .1Q71
P309.40 4.00 13.96 -0.0000 .0141 .4159 .6566 .*643 .1319 .1912
230f.40 1.00 15.60 -0.0000 .021 .3713 .6047 -O592 .IS0 .167'
2306.&0 2.04 I5.60 -0.0000 .0120 .3677 .6002 .05f5 .1136 .1655
Z304.40 3.00 15.60 -0.0000 .0113 .3620 .5929 .4574 .Ills .1625
2304.40 4.00 1S.60 -0.0000 .0114 .3542 .5s29 .0559 .log?7 ,IskS
4419.00 1.00 21.30 -0.0000 .0016 .0605 .1173 .0042 .0163 .02%J
4AI9.00 2.00 21.30 -0.0000 .0016 .0601 .11645 .9011 .0162 .02 2
4619.00 3.00 i1.30 -0.0000 .0016 ,0b,4 .IIS3 .9080 .0160 .0239
4619.00 4.00 21.30 -0.0000 .0016 .0566 .1137 .4179 .01%6 .0235
8774.00 1.00 24.80 -0.0000 .0000 ,0i95 .0581 .0039 .0078 *0117
S774.00 2.00 24.60 -0.0000 .0006 .0293 .057I .0039 .0078 .0117
5774.q0 3.00 24.60 -0.0000 .0006 .0291 .0574 .4039 .0077 .0116
5774.00 4.00 24.60 -0.0000 .0008 .0280 .0568 .4039 .0077 .0115
6920.20 1.00 13.70 -0.0000 M00A8 .0646 .1250 .4067 .0174 .0260
6920.20 2.00 13.70 -0.0000 .0017 .0636 .1232 .*486 .0172 .02S6
8928.20 3.00 13.00 -0.0000 .0017 .0621 .1203 .904d4 .0167 .02S0
06920.20 4.00 13.70 -0.0000 .0016 .0600 .1164 .A041 .0102 .0241
6920.20 1.00 23.60 -0.0000 .0006 ,0U20 .0434 .*0?9 .00S .000
647a.20 2.00 23.0 -0.0000 .0006 .0Q19 .0432 .1029 .0058 .0087
6491.20 3.00 23.40 -0.0000 .00,6 .0217 .0429 .0029 .0057 .0046
6970.20 4.00 23.40 -0.0000 .0006 .0214 .0424 .*026 .0057 .008s
6070.20 1.00 26.80 -0.U000 .0005 .0178 .0352 .J824 .0047 .0070
6428.20 2.00 26.S0 -0.0000 .0005 .0177 .0351 .0623 .0047 .0010
692P.20 3.00 26.50 -0.0000 .0005 .0176 .0348 .•023 .0047 .0070
6978.2' 4.00 26.50 -0.0000 .0005 .0174 .0345 .1123 .0046 .0069
7190.00 1.00 30.00 -0.0000 .0003 .0113 .022S ."015 .0030 .0045
7690.00 2.00 30.00 -0.0000 .0003 .0113 .0224 ."015 .0030 .0045
7690.00 3.00 30.00 -0.0000 .0003 .0112 .0223 .40915 .0030 .0044
7690.00 4.00 30.00 -0.000o .0003 .0111 .0221 .40415 :0029 .0044
6083.00 1.00 22.10 -0.0000 .0005 ,0107 .0371 , s025 .0050 .0074
0083.00 2.00 22.10 -0.0000 .0005 .0146 .0369 .0,025 .0049 .0074
8083.00 3.00 22.1* -0.0000 .0005 .0184 .0365 .002' .0049 .0073
8003.00 4.00 22:10 -0.0000 .005S .0142 .0360 .0024 ,0048 .0072
9237.60 1.00 6.56 -0.0000 .00.2 ,1487 .2753 .0210 .0415 ,0816
9237.60 2.00 6.56 -0.0000 .r040 .13 9 .2602 .0196 .0319 .05786
9237.60 3.00 6.;6 -0.0000 .0036 .1274 .2365 .0176 .0352 .0524
9237.60 4.00 6.56 -0.0000 .0032 .1132 .2135 .0157 .0311 .0463
963.30 1.00 30.40 -0.0 00 .0002 .0066 .0131 .0009 .0017 .0026
9083.30 2.00 30.40 -0.0000 .0002 .0065 .0130 .0009 .0017 .0026
0993.30 3.00 30.40 -0.0000 .0002 .0065 .0130 .0009 .0017 .1026
9961.30 4.00 30.40 -0.0000 .000? .0064 .0129 .0004 .0017 J026

10381.00 1.00 18.30 0.0000 .0004 .0166 .0329 .0022 .0044 .0066
10381.00 2.00 18.30 0.0000 .0004 .0164 o0326 .0022 .0043 .0065
103A1.00 3.00 18.30 0.0000 .0004 ,0162 .0321 .0021 .0043 .0064
10381.00 4.00 14.30 0.0000 .0004 .0159 .031S .U021 .0042 .0063
10197.00 1.00 24.60 -0.0000 .0002 OUtiS .0170 .0011 .0023 .0034
10797.00 2.00 24.60 -0.0000 .0002 .005 .0169 .0011 .0022 .0034
10797.00 3.00 24.60 -0.0000 .0002 .0084 .0168 .4411 .0022 .0033
107V7.00 '.00 24.60 -0.0000 .0002 .0083 .0166 .0011 .0022 .0033
11365.00 1.00 33.33 -0.0000 .0001 .0042 .0U84 .0006 .0011 .0017
1136S.00 2.00 33.33 -0.0000 .0001 .0042 .0084 .0806 .0011 .0017
1134S.00 3.00 33.33 -0.0000 .0001 .0042 .0083 .0006 .0011 .0016
1136S.00 4.00 33.33 -0.0000 .0001 .0041 .0063 .O005 .0011 .0016
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POJICTILI KSi0,,. [1 1140

T1OWT v0Tcy Is .1060000*00.2

T1I0[T LIENTH IS .10000000§E02

So kNML. A4. tM0 p P $34 PIG PS P|0 pis

P360.40 1.00 0.00 -0.0000 .940Z 3.0000 1.0000 1.0000 1.0000 .*0000
1200.40 21.0 -0.00 -0.0000 .5199 3.0000 1.0000 .9745 .9993 1.0000
2304.40 3.00 *0.S0 -0.0000 *2805 1.0000 1.0000 *.071 .9624 *9928
V364.40 4.00 -0.00 -0.0000 .169S .9991 1.6000 .6050 .8439 .9386
2200.40 5.00 -0.00 -0.0000 .1123 .9*92 .4999 .4466 .696;a .8324

1349.40 6.00 -".00 -0.0000 .0794 .9s69 .9903 .3369 .S629 .7110
13)6.40 7.00 -0.00 -0.0000 .0590 .9009 .9V02 .Z623 .4557 *59SS

2130.40 0.60 -0.00 -0.0000 .04S5 .8297 *9110 .2074 .3724 .5026
23.0:*40 9.0 -0.00 :0.00 .036, .TS32 .931 .1642 J30S0 .8244

260.4O 10.00 -0.00 -0.0000 .0294 ,6701 .1964 .1306 .2579 *3607
2204.40 !1.90 -0.00 -0.0000 .0244 .6062 .046S .1160 .2185 ,;092

2204.40 12.0 -0.00 -0.0000 .0205 .5449 .7929 .0994 .1071 .2671
44k19.0 1.00 -0.00 "0.0000 . g199 1.0000 1.#000 .974S .9993 1.0000
4619.00 2.02 -0.00 -0.0000 .169 .9991 1.0000 .6049 .0439 .9383
4419.00 3.00 -0.00 -0.0000 .0794 .O69 .9981 .3388 .S629 .7110
441.00 4.00 -0.00 -0.0000 .045S .6297 .9710 .2078 .3724 ,S024
4419.00 S.00 -0.00 -0.0000 .0294 .6701 .1064 .138S .2S79 .3&07
4619.00 6.00 -0.00 -0.0000 .020S 5449 *7429 .0904 .1871 .2671
46190.00 7.00 0.00 -0.0000 .015O .4392 .6456 .0733 .1412 .2042
"4419.00 0.00 -0.00 -0.0000 .0116 .3578 .5d7G .0566 .1100 .1604
4619.00 9.00 -0.00 -0.0000 .0092 .29S3 .5034 .0450 .0000 .1290
4419.00 30.00 -0.00 -0.0000 .0074 .2469 .4328 .0366 .0719 .I059
"419.00 11.00 -0.00 -0.0000 .0061 .2069 .3741 .0304 .0590 .0482
4419.00 12.00 -0.00 -0.0000 .00S2 .1707 .325S .02S6 .0SOS .0740
ST7%.O 1.00 -0.00 -0.0000 .3764 1.0000 1.0000 .90S7 .9911 .9991
S774.00 2.00 -0.00 -0.0000 .1122 .9092 .9999 .4486 .6959 .8323
5774.00 3.00 -0.00 -0.0000 .0516 .86%S .9022 .2324 .4114 .S411
5774.00 4.00 -0.00 -0.0000 .029% .6780 .8963 .1385 .2S79 .3607
5T74.00 5.00 -0.00 -0.0000 .0199 .5159 .76S7 .0910 .1738 .2490
S77l.00 6.00 -0.00 -0.0000 .01332 395 .6350 .0642 .12•2 .1004
5774.00 7.00 -0.00 -0.0000 .009? .3094 .S231 .0475 .09•4 .1360
S774.00 0.00 -0.00 -0.0000 .0074 .2460 .4320 .0366 .0719 .1059
S774.00 9.00 -0.00 -0.0000 .OOS9 .2007 .3611 .0290 .0572 .0846
5774.00 10.00 -0.00 -0.0000 .0040 .36S9 .3043 .0236 .0466 .0691
S774.00 11.00 -0.00 -0.0000 .0039 .1393 .2S91 .0195 .0Z07 .0S75
5774.0 312.00 -0.00 -0.0000 .0033 .1184 .. 2228 .0164 .0326 .0485
6920.20 1.00 -0.cO -0.0000 .2805 1.0000 L.0000 .8071 .9620 .9920
6920.20 2.00 -0.00 -0.0000 .0794 .9S69 .9901 .3389 .56p9 .7110
A92l.20 3.00 -0.00 -0.0000 .0362 .7532 .9391 .i6;z .3080 .4264
6920.20 4.00 -0.00 -0.0000 .020S .5449 .792V .0984 .1471 .2671
6920.20 5.00 -0.00 -0.0000 .0132 .3959 .63S0 .0642 .1242 . ImO4
6921.20 6.00 -0.00 -0.0000 .0092 .Z9S3 .5034 .0:50 .0620 .3290
6924.20 ?.0s -0.00 -0.0000 .0067 .2266 .4021 0333 .0454 .0965
6928.20 0.00 -".tq -0.0000 .0052 .1797 .3255 .0296 -. *505 .0740
6920.20 9.00 -0.0k -0.0000 .0041 .1441 .2674 *0203 .0401 .o096
4924.20 10.00 -0.00 -0.0000 .0033 .1184 .2228 .6164 .0326 .04b5
494.20 31.00 -0.00 -0.0000 .0027 .094b .1400 .0136 .0270 .0403
492t.20 12.00 -O.0O -0.0000 .023 .0438 .bO6 .0114 .0228 .0340
7640.00 3.00 -0.00 -0.0000 .2462 1.0000 1.0000 .7567 .9400 .9856.
71A0.O0 2.00 -0.00 -0.0000 .0686 .9327 .99S .2969 .50, 4 .65S4
74A0.00 3.00 -0.00 -.0.0000 .0311 .6990 .9094 .1461 .27oq .3774
7440.00 4.00 -0.00 -0.0000 .0176 .4-11 .7410 .0650 .1629 .2341
7600.00 1.00 -0.00 -0.0000 .2347 1.0000 1.0000 .7375 .9311 .9019
7490.00 2.00 -0.00 -0.0000 .0650 .9222 .9939 .2854 .4M93 .635o
7600.00 3.00 -0.00 -0.0000 .0294 .6780 .M969 .1388 .2S84 .3613
7490.00 4.00 -4.00 -0.0000 .0107 .4722 .741S .007 .1i54 .2230
7940.00 1.00 -0.00 -0.0000 .2220 .9g99 1.0OD0 .?ISO .910| .9760
?940.04 2.00 -0.00 -0.0000 .0611 .9049 .9917 .?704 .4476 .611S
7940.00 3.00 -0.00 -0.0000 .0277 .6SSS .6413 .1308 .2445 .3433
7940.00 4.00 -0.00 -0.0000 .01S7 .4509 .698S .07S9 .1'460 .2107
4043.00 1.00 -0.00 -0.0000 .2152 .9999 1.0000 .TOZZ .9113 .9736
0043.00 2.00 -U.00 -0.0000 a.0;o .9009 .992• .2623 .45S7 .S9bS
4043.00 3.00 -0.00 -0.0000 .0267 .6423 .8721 .1245 .2371 .3336
N03.00 4.00 -9.00 -0.0000 .0353 .4393 .6056 .0733 .1412 .2042
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PSCJCTILZ *=QN 1S SAPI (cont'd)
TARGET WUYU 1 .10000000E*0Z
TARGMT LZIRWT 18 .10000000E+01

sk BLL AML RXML P P30 P76 PS Pt0 PIS

426A.00 1.60 -0.00 -0.0000 .2060 .9990 1.0000 ,bssq .9014 .9690
10.06 2.20 -0.00 -0.0000 .0565 .8902 .9000 .2523 .4409 *S@19
0240.00 3.14 -0.00 -0.0000 *0255 .6257 .0&99 .1213 .22i9 .3215
62".00 4." -0.00 -0.0000 .0164 .4247 .6691 .0702 .1354 .1961
043Z.00 1.10 -0.00 -0.0000 .1997 .9990 1.0000 .717 .0922 .9646
P42.00 P.60 -0.00 -0.0000 0S.4 .0000 .9S? .2439 .4283 .5677
443R600 3.M -O0.b -0.0000 .0246 .6113 .0409 .11|9 .2201 .3113
443a.00 4.40 -0.00 -0.0000 .0139 .4124 .6547 .0676 .1306 .1893
923T.60 1."0 -0.00 -0.0000 .1695 .9991 1.0000 .6050 .9439 .9384
?3T1.60 2.60 -0.00 -0.0000 .045S .0297. .9710 .2070 .3724 .5028

9•3T.60 3.00 -0.00 -0.0000 .0205 .5449 .7929 .0904 .1471 .2671
41.t0 A.60" -0.00 -0.0000 .0116 .357?9 .577 .0566 .11, 0 .1604
?736.40* 1." -0.00 -0.0000 '.1540 .99083 1.0000 .5667 .A23 .9187,

1736.40 2.04 -0.00 -0.0000 .0411 *?969 .9507 .2012 .3426 .4670
0736.40 3.40 -0.00 -0.0000 .,.05 5017 .7577 .0090 .1702 .2440
9736.40 .4.0 -0.00 -0.0000 .0104 .308 .5496 ,0511 .0996 .1456
%736.00 i .60 -0.00 -0.0000 .0067 ,?3 .3998 .0330 .0650 .0958
?736.00 .0.0 -0.00 -0.0000 .0047 ,1t24 .2qS0 .0231 .04S6 .0076

9736.00 7.00 -0.00 -0.0000 .003' .1221 .2293 .0170 .0337 0501
9736.00 a."0 -0.00 -0.000C .0026 .0949 .1506 .0130 .0259 .0386
9?36.00 9.60 -0.00 -0.00 001 A 9750 .1450 .0103 .020S .0306
9136.00 10.00 -0.00 -0.00") .0017 .0612 .1198 .0004 .0167 .0249
9736.00 11.00 -0.00 -0.0000 .0014 0514 .1001 .0069 .0130 .0206
9736.00 12.00 -0.00 -0.0000 .0012 .0434 .0846 .00D0 .0116 .0173
9963.30 1.00 -0i.00 -0.0000 .1477 .9977 1.0000 .5502 .7977 .9090
"93.30 2.00 -0.00 -0.0000 .0393 .7010 .""?4 .14ls .331l .4sl?
990.330 3.00 -0.00 -0.0000 .0177 .4918 .7417 G0052 .1632 .234S5
V443.30 4.60 -0.00 -0.0000 .0100 .3167 S5331 .0489 .0454 .1396

10341.00 1.00 -0.00 -0.0006 .1369 .9963 1.0000 .5210 *1?06 .4901
10381.00 2.01 -0.00 -0.0000 .0362 .75f0 .9395 .1605 .306 .4251

103AI00 3.40 -0.00 -0.0000 .0163 .4639 .7126 .0700 .IS13 .2102
103A1.10 4.00 -0.00 -0.0000 .0092 .2954 .S0f2 .04S1 .0682 .1293
10381.00 5.60 -0.00 -0.0000 .0059 .2011 .3610 .0291 .0574 .0040
20301.00 6.00 -0.00 -0.0000 .0041 .1444 .2679 .0203 .0402 .0597
103h02.1 T1.6 -0.00 -0.0000 .0030 .1002 .2046 e0ls0 .0297 .0442
1032.h00 0.60 -0.00 -0.0000 .0023 .0040 .1609 .0115 .0220 .0340
10301.00 9.040 -0.00 -0.0000 .0011 .0670 .1294 .0041 .0101 .0270
10381.00 10.06 -0.00 -0.0000 .00IS .0S46 .1062 .0074 .0147 .0229
10341.00 11.041 -0.00 -0.0000 .0022 .0453 .0486 .0061 .0121 .0101
10301.00 12.00 -0.00 -0.0000 .0010 .0382 .0750 .005C .0102 .0153
1071.00 1,00 -0.00 -0.0000 .1273 .9943 1.0000 .4937 .7437 .6702
10191.00 2.06 -0.00 "0.0000 .0335 07265 .920 2 .60 .2890 .4005
1079.00 3.00 -0.00 -0.0000 .0151 ,4301 .6043 .0730 .1407 .2035
10701.00 4.44 -0.00 -0.0000 000o5 .2?70 ,4772 .0428 .0610 .1202
11345.90 2.00 -0.00 -0.0000 11S6 .9906 .9999 .4591 .7074 .,i17
1134".60 2.00 -0.00 -0.0000 .0303 .6697 .9037 .1427 .2650 .36099
11365.00 3.06 -0.00 -0.(800 .0136 ,4056 .6467 .0662 .1279 .1056
11104.00 4.00 -0.00 -0.t .'7? Z2S37 .4431 .0370 .0741 .1091
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§t. IS BALLISTIC E1404 IN 1ILS. 81 IS AIMING ERR0O It. MIL! AIML IS QAN'E ESTIMATE E0RRO IN NILS

So is SL.ANT O&NGE
POOJ[CTILe 010814 Is "S0O

TAibET v83T0 I% .100u0004E.03

74.G6T LEPOG714 IS *1000000E*03

SO VOL AML REM0L P P38 P76 ps Pin PIS

2301.40 1.00 3.47 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1309.40 2.00 3.47 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0U00 1.0000
Z304.60 3.00 3.47 -0.0000 1.0000 1.0000 1.0000 1.0000 1.000n 1.0000
2309.40 4.00 3.47 -0.0000 .9909 1.0000 1.0000 1.0000 1.0000 1.0000
2309.40 1.00 9.85 -0.0000 .9434 1.0000 1.0000 1.000U 1.0000 1.0000
2309.40 ?.00 9.dS -0.0000 .9386 1.0000 1.0000 1.0000 1.C000 1.0000
2309.40 3.00 9.85 -0.0000 .9303 1.0000 1.0000 1.0000 1.0000 1.0000
?399.40 4.00 9.dS -0.0000 .9186 1.0000 1.0000 1.0000 1.0000 1.0000
2309.40 1.00 13.96 -0.0000 .7712 1.0000 1.0000 .9qq4 1.0000 1.0000
1309.4ý 2.00 13.96 -0.0000 .0662 .00CO 1.0000 .y93 1.0000 1.0000
1309.40 3.00 13.9b -0.0000 .75aO 1.0000 1.0000 .9992 1.0000 1.0000
2309.40 4.00 13.96 -0.00o0 .7'66 1.0000 1.0000 .9990 1.0000 1.0000
7304.60 1.00 15.60 -0.0000 .6956 1.0000 1.0000 .9974 1.0000 1.0000
236A.%0 2.00 1S.60 -0.0000 .6913 1.0000 1.0000 .97Z 1.0000 1.0000
2309.40 3.00 15.60 -0.0000 .6842 1.0000 1.0000 .9969 1.0000 1.0000
2309.40 4.00 1S.60 -0.0000 .674.4 .0000 1.0000 .yq,3 1.0000 1.0000
4439.00 1.00 21.30 -0.0000 I50M .9980 1.0000 .5584 .800 .9139
6619.00 2.00 21.30 -0.0000 .1149 .9979 1.0000 .5561 .8004 .9125"149.00 3.00 21.30 -0.0000 .1484 .q978 1.0000 .552 .7994 .9102
W9.00 4.00 21.30 -0.0000 .1464 .9976 1.0000 .5468 .794b .9069
STT.00 1.00 24.60 -0.0000 .07S6 .9496 .97?5 .3252 .5445 .6926
S776.0y 2.00 24.60 -0.0000 .0753 .9489 .9074 .3238 .5427 .6908
ST74.0# 3.00 24.b0 -0.0000 .0747 .9476 .9973 .3216 .5308 .6878
S774.00 4.00 24.60 -0.0000 .0739 .940S .9971 .3187 .53S8 .6837
69?8.20 1.00 13.70 -0.0000 .1606 .9987 1.0000 .533 .8263 .9276
6920.20 2.00 13.70 -0.0000 .1583 .9986 1.0000 .S775 .8215 .q246
A926.20, 3.00 13.70 -0.0000 .1546 .9993 1.0000 .S682 .816 .9195
#925.20 4.00 13.70 -0.0000 .0407 .9979 1.0000 .b6s6 .8025 .9122
6926.20 1.00 23.60 -0.0000 .0567 .8912 .9082 .2531 .4472 .5834
6928.20 2.00 23.80 -0.0000 D0564 .0899 .9d19 es25n .4405 .5815
69ZA.2u 3.00 23.60 -0.0000 .0559 .8878 .9874 .2501 .4376 .5783
6'28.z0 4.00 23.60 -0.0000 .05S3 .9848 .9d67 .247S .4337 5739
6902.20 1.00 26.S0 -0.0000 .0460 .6331 .9721 .2099 .3757 .5067
69ZO.20 2.00 26.50 -0.0000 .0456 .8318 .0717 .2091 .3744 o50S2
69PO.20 3.00 26.50 -0.0000 .045S .8297 .0710 .Z079 .37?4 .5029
6907.20 4.00 

2
.'JO -0.0000 .04s1 .8Z67 .9700 .2060 .369S .4994

7690.00 1.00 30.00 -0.0000 .0294 .6785 .8966 .1387 .25P1 .361|
7690.80 2.00 30.00 -0.0000 .0293 .6772 .8058 .1383 .2574 .3601
7600.00 3.00 30.00 -0.0010 .0292 .675? .8945 .1376 .256? .3585
?690.00 4.00 30.00 -0.0000 .02@9 .6724 .8027 .1366 .254S .3S63
8083.00 1.00 22.10 -0.0000 .048S .8489 .97?2 .2202 .3918 .S2S2
8883.00 ?.00 22.10 -0.0000 .0482 .8471 .9766 .2190 .3900 .5236
P081.00 3.00 22.10 -0.0000 .0479 .844Z .9757 .01l7t .3670 .5200
80P.3.00 '.00 22.10 -0.0000 .01-71 .8402 .9745 Z1l44 .3828 .5151
9237.611 1.00 6.65 -0.0000 .3427 1.0000 1.0000 .8773 .9849 .99e2
123?.60 2.00 6.56 -0.0000 .325n 1.0000 1.0000 .d599 .9484 .9972
9237.60 3.00 b.S6 -0.0000 .2992 1.0000 1.0000 .8310 .9734 .0952
9237.60 4.00 6.56 -0.0000 .2603 1.00010 1.0000 .7917 .9566 .9910
9963.30 1.00 30.40 -0.0000 .0172 .4824 .7320 .0830 .1S91 .2209
99%3.30 2.00 30.40 -0.0000 .0171 .4813 .7309 .0827 15*S .Z2d2
9063.30 3.00 30.40 -0.0000 .0170 .4794 .7290 .0823 .1578 .2272
90A3.30 4.00 30.40 -0.0010 .0369 .4769 .7264 .0817 .1568 .2257

10301.00 1.00 10.30 0.0000 .0430 .8117 .9a45 .1972 .3550 .4827
10301.00 2.00 3".30 0.0000 .0426 .0Jo9 .0935 .3Q57 *353n .0796
10381.00 3.00 18.30 0.0000 .0420 .04042 .9"17 .1931 .3489 .4747
103A1.00 4.00 18.30 0.0000 .0412 .7?78 .9591 .1*97 .3433 .4679
10797.00 1.00 26.00 -0.0000 .0??3 .5710 .8144 .106l .2016 .2866
179?7.00 2.00 14.80 -0.0000 .022 5732 .8179 .1060 .2007 .2855
10790.00 3.00 24.60 -0.0000 U0120 .5702 .83S3 .(152 .1qq3 .2835
10797.00 4.00 2%.6o -o0.00O .02317 .5661 .8•31 .1n41 .1;73 .2808
1134S.00 1.00 33.33 -0.0000 .0110 .3437 .5693 .0539 .1014 .3532
1134%.00 2.00 33.33 -0.G800 .0110 .3430 .5683 .0538 .104b .152,
11365.00 3.00 33.33 -0.0000 .O0Oq .3417 .566? .0535 .1042 .5S21
1136S.00 4.00 33.33 -0.0000 .0100 .3400 .5b44 .0532 .1036 .IS13
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P41IICTILC DESIGN IS SAPI

TI660( VIOTI Is .1466600O1.03

T1166(T UIAII, IS .lOSOOoSt.03

SO Iof t iw. W Kil. P P34 P76 PS PlO PI5

1309.40 3.00 -0.00 -0.0000. 1.0000 1.0000 1.000o 1.60060 .0040 1.0000
1309.66 1.00 -0.60 -0.0000 1.0000 1.0000 1.0001 1.0000 1.0e)0 1.0000

1309.46 3.00 -0.00 -0.0000 1.0000 1.0000 1.00O0 1.0000 1tO000 1.0000
1309.40 4.00 -0.00 -0.0000 1.0000 1.0000 1.0090 1.0000 '.0000 1.0000
1300.40 S.00 -4.00 -0.0000 1.0000 1.0000 1.0006 1.0000 3.0000 1.0000
2309.40 .60o o0.00 -0.0000 .9994 1.0000 3.0006 1.0000 1.0000 1.0000
2300.40 1.00 -0.00 -0.0000 .9960 1.0000 1.0001 1.0000 1.0000 1.0000
2360.40 6.00 -0.00 -0.0000 .986S 1.0000 1.0006 1.00ta 1.0000 1.0000
2309.40 4.00 -0.00 -0.0000 .9680 1.0000 1.0006 1.0rO0 1.0000 1.1000
2309.46 10.00 -0.00 -0.0000 .9402 1.0000 1.000. I..000 1.0000 1.0000
2360.40 11.00 -0.00 -0.0000 .9044 1.0000 1.0000 1.0000 1.0000 1.0000
1309.40 l3.00 -0.00 -0.0000 .0626 1.0000 1.0006 1.0000 1.0000 1.0000
6L1.6C 1.00 -0.00 -0.0000 1.0000 1.0000 1.0060 1.0000 1.0000 1.0000
"4319.00 2.00 -0.00 -0.0000 1.0000 1.0000 1.0002 k.0000 1.0000 1.0000
4619.00 3.00 -0.00 -0.0000 .9994 1.0000 1.000 1.4000 1.0000 1.0000
6419.°0 0.06 -0.00 -0.0000 .946S 1.0000 1.0000 1.0000 1.0000 1.0000
"4419.00 5.00 -0.00 -0.0000 .9402 1.0000 1.0000 1.0000 1.0000 k.0000
6619.06 6.00 -0.00 -0.0000 .6027 1.0000 1.0016 1.OOOU 1.0000 1.0000
6139.00 7.00 -0.00 -0.0000 .7710 1.0000 1.0000 .9994 1.0000 1.0000

4619.O0 0.00 -0.00 -0.0000 .6790 1.0000 1.0000 .9966 1.0000 1.0000
4419.00 9.00 -0.00 -0.0000 .5944 1.0000 1.0006 .9190 .9999 1.0000
6619.00 10.00 -0.00 -0.0000 .5199 1.0000 1.0000 .9745 .9993 1.0000
4619.00 11.00 -0.00 -0.0000 .*5S& 1.0000 1.000 .9S22 .9977 .9999
4619.00 32.00 -0.00 -0.0000 .4008 1.0000 1.0000 .9227 .9940 .999S
5774.00 3.00 -0.00 -0.0000 3.0000 1.0000 3.00O0 1.0000 1.0000 1.0000
S774.00 2.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
ST74.00 3.00 -0.00 -0.0000 .9922 1.0000 1.0006 1.0000 1.0000 1.0000
S?7*.OO 4.00 -0.00 -0.0000 .9402 1.0000 1.0006 1.uOOO 1.0000 1.0000
ST74.00 5.00 -0.00 -0.0000 .6404 1.0000 1.0006 .9999 1.0000 1.0000
S??4.00 6.00 -0.00 -0.0000 .?724 1.0000 1.0006 .996b 1.0000 1.0000
St7T.00 7.00 -0.00 -0.0000 .6147 1.0000 1.0006 .9915 .9999 1.0000
S774.00 0.00 -0.00 -0.0000 .5199 1.0000 1.0001 .9745 .9993 1.0000
S174.00 9.00 -0.00 -0.0000 .4410 1.0000 1.0006 .945S .9970 .9996
ST74.00 19.00 -0.00 -0.0000 .3764 1.0000 1.0001 .90%7 .9911 .9992
5774.00 11.00 -0.00 -0.0000 .3237 1.0000 1.0000 .850S .9800 .9972
9"64.00 12.00 -0.00 -0.0000 .2604 1.0000 1.0000 .8071 .9628 .9928
6920.20 1.00 -0.00 -0.0000 1.0000 1.0000 1.0009 1.0000 1.0000 1.0000
6920.20 2.00 -0.00 -0.0000 .9994 1.0000 1.0006 1.0000 1.0000 1.0000
M911.20 3.00 -0.00 -0.0000 .9680 1.0000 1.000 1.0000 1.0000 1.0000

692l.20 4.00 -0.00 -0.00' .0628 1.0000 1.0006 1.0000 1.0000 1.0000
6928.20 5.00 -0.00 -0.0000 .7245 1.0000 1.0049 .9964 1.0000 1.0000
6926.20 6.00 -0.00 -0.0ut .S94S 1.0000 1.000l .9890 .9999 1.0000
6926.20 7.00 -0.00 -0.0000 .4665 1.0000 1.0000 .9643 .9987 1.0000
69"1.20 0.00 -0.00 -0.0000 .4000 3.0000 1.0006 .9227 .9940 .9995
6916.20 9.00 -0.00 -0.0000 .3334 1.0000 1.0040 .8064 .9627 .9977
69210.20 10.00 -0.00 -0.0000 .2805 1.0000 1.0016 .6071 .9628 .9928
6920.20 11.00 -0.00 -0.0000 .2304 1.0000 1.000 .7.36 .9364 .9832
6928.20 12.00 -0.00 -0.0000 .2047 .9998 1.0006 .6819 .9908 .9678
7400.00 1.00 -0.00 -0.0000 1.0000 1.0000 1.0006 1.0000 1.000 1.0000
1,45O.00 2.00 -0.00 -0.0000 .9903 1.0000 1.0060 1.0000 1.0000 1.0000
7180.00 3.00 -0.00 -0.0000 .9690 1.0000 1.0006 1.0000 1.0000 1.0000
7400.00 4.00 -0.00 -0.0000 .6197 1.0000 1.0006 .9998 1.0000 1.0000
7690.00 1.00 -0.00 -0.0000 1.0000 1.0000 1.006O 1.0000 1.0000 1.0000
7690.00 2.00 -0.00 -0.0000 .9977 1.0000 1.0006 1.0000 1.0000 1.0000
7690.00 3.00 -0.00 -0.0000 .9h05 1.00o0 1.0066 1.0000 1.0000 1.0000
7690.00 4.00 -0.00 -0.0000 .8020 1.0000 1.0000 .9997 1.0000 1.0000
7940.00 1.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
7940.00 Z.00 -0.00 -0.0000 .9967 1.0000 1.0006 1.0000 1.0000 1.0000
7940.00 3.00 -0.00 -0.0000 .9297 1.0000 1.0Cr. 1.0000 1.0000 1.0000
7940.00 4.00 -0.00 -0.0000 .7026 1.0000 1.00 in .999s 1.0000. 1.0000
4003.00 1.00 -0.00 -0.0000 1.0000 1.0000 1.00jv 1.0000 3.0000 1.0000
0003.00 2.00 -0.00 -0.0000 .9960 1.0000 1.0000 1.0000 1.0000 1.0000
6003.00 3.00 -0.00 -0.0000 .9232 1.0000 1.0006 1.0000 1.0000 1.0000
6003.00 4.00 -0.00 -0.0000 .7710 1.0000 1.0006 .9994 1.0000 1.0000
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PmorCTUz DSWON IS SAPI (cont'd)

TAM= UIVTHt 1 .10000000E+03
2*aCUC LCHOTH 1S IOOOOOOOX+03

SM BLE- AIIL RZML P P38 P76 PS PlO P15

1670.06 1.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
ORiAODS 2.00 -0.00 -0.0000 .99s0 1.0000 1.0000 1.0000 1.0000 1.0000
4264.00 3.00 -0.00 -0.0000 .9143 1.0000 1.0000 1.0000 1.0000 1.0000
l26l.60 4.00 -0.00 -0.0000 .7560 1.0000 1.0000 .9991 1.0000 1.0000"643Z.00 0.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 I.A1o0 1.0000
4432.• 6 2.00 -0.00 -0.0000 .9940 1.0000 1.0000 1.0000 i.0000 1.0000
04•3.*o 3.00 -0.00 -0.0006 .9062 1.0000 1.0000 1.0000 1.0000 1.3000"32.09 4.00 -0.00 -0.0000 .7468 1.0000 1.0000 .99.09 1.0000 1.0000
9437.40 1.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
9237.00 Z.00 -0.00 -0.0000 .986S 1.0000 1.0000 1.0000 1.0000 1.0000
S237.60 3.00 -0.00 -0.0000 .0629 1.0000 1.0000 1.0000 1.0000 1.0000
9237.60 4.00 -0.00 -0.0000 .67Y0 1.0000 1.0000 .9966 1.0000 1.0000
9T36.40 1.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 110000
9730.40 2.00 -0.00 -0.0000 .9797 1.0000 1.0000 1.0000 1.0000 1.0000
9?36.40 3.00 -0.00 -0.0000 .8338 I.00V3 1.0000 .9999 1.0000 1.0000
ITN6.40 4.00 -0.00 -0.0000 .6414 1.00,10 1.0000 .9941 1.0000 1.0000
013i.00 5.00 -0.00 -0.0000 .6400 1.00'.0 1.0900 .9634 .996? 1.0000
9734.*0 6.0 -0.00 -0.0000 .3697 1.00100 1.0000 .900S .9901 .9990
9730.00 7.00 -0.00 -0.0000 .2883 1.0000 1.0000 .8174 .9666 .9939
9736.00 8.00 -0.00 -0.0000 .2296 1.00)0 1.0000 .7286 .9263 .9800
9736.00 9.00 -0.00 -0.0000 .1865 .99)6 1.0000 .6436 .8730 .9547
9736.00 00.00 -0.00 -0.0000 .iS41 .9903 1.0000 .5668 .8123 .9187
9736.09 11.00 -0.00 -0.0000 .1292 .99"8 1.0000 .4993 .7493 .8745
9736.60 12.00 -0.00 -0.0000 .1098 .98'|0 .9999 .4410 .6875 .82S3"9463.30 0.00 -0.00 -0.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000"• 4330 2.00 -0.00 -0.0000 .9760 1.0000 1.0000 1.0000 1.0000 1.00co
"6943.30 3.00 -0.00 -0.0000 .8203 1.0000 1.0000 .9990 1.0000 1.0000"9963.30 4.00 -0.00 -0.0000 .6248 1.0000 1.0000 .9926 .9999 1.0000

10301.00 1.00 -0.00 -0.0000 0.0000 1.0000 1.0000 1.0000 1.0000 1.0000
11380.06 2.00 -0.00 -0.0000 .9602 1.0000 1.0000 1.0000 1.0000 1.0000
1e301.0e 3.00 -0.00 -0.0000 .7951 1.0000 1.0000 .9996 1.0000 1.0000
10301.00 4.00 -0.00 -0.0000 .5953 1.0000 1.0000 .9891 .9999 1.0000
l033l.00 S.00 -0.00 -0.0000 .4418 1.0000 1.0000 .V45a .9971 .9998
10381.00 6.00 -0.00 -0.0000 .3340 1.0000 1.0000 .8690 .9828 .9978
10381.00 7.00 -0.00 -0.0000 .2387 1.0000 1.0000 .7762 .9499 .988g
0039l.00 6.00 -0.00 -0.0000 .20S1 .9998 1.0000 .6827 .8993 .9681
163R9.90 9.00 -0.00 -0.0000 .1661 .9990 1.0000 .5967 .8373 .9344
10361.00 10.00 -0.00 -0.0000 .1369 .9963 1.0000 .SZ00 .7706 .8901
16391.00 11.00 -0.00 -0.0000 .1146 .9902 .9999 .4560 .7040 .8390
10301.00 12.00 -0.00 -0.0000 .0973 .9795 .9996 .40k$ .6406 .7846
10797.96 1.00 -0.00 -0.0000 1.00o0 1.0000 1.0000 1.0000 1.0000 1.0000
1t797.00 2.00 -0.00 -0.0000 .9593 1.0000 1.0000 1.0000 1.0000 1.0000
10797.OO 3.00 -0.00 -0.0000 .7690 0.0000 1.0000 .9994 1.0000 1.0000
10797.00 4.00 -0.00 -0.0000 .5672 1.0000 1.0000 .9848 .9998 1.0000
113"5.00 1.o 0 -0.OO -0.0000 1.0000 1.0000 1.0000 1.0000 1,0000 1,0000
1136S.60 2.00 -0.00 -0.0000 .9452 1.0000 1.0000 1.0000 1.0000 1.0000
1136S.00 3.00 -0.00 -0.0000 .73S4 1.0000 1.0000 .9987 1.0000 1.0000
11365.00 6.00 -0.00 -0.0000 .S310 1.0000 1.0000 .9773 .9995 1.0000
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"CONDITIO/EFFECTIVERESS MODEL FOR FACILITY COMPONENTSO

.R.J. Colver, J.G. Kirby, P.V. Kauffold, R.E. DeVor and N.J. Kraitsik

U.S. Army Construction Engineering Research Laboratory
Champaign, Illinois

INTRODUCTION
The iuantification of facility deterioration is a problem currently

facing the U.5S. Army Corps of Engineers. Quantification is immediately
necessary for determination of maintenace costs over the life of the
facility and for projection of facility maintenance requirements for use
in programing and budgeting maintenance resources.

The analysis of maintenance cost over the life of the facility Is
inherent in tne process of life cycle costing alternate facility construc-
tion systems, e.g., brick and tile vs. frame and shingle. Life cycle
costing is required, by regulation, on all new construction. The projec-
tion of maintenance requirements is made necessary by the scarcity of
maintenance resources and the need to start programming process some two
to three years prior to the budget year. A major problem with both efforts
Is the quantification of the condition of the facility over time in terms
that are common to all facilities and are easily convertible to dollar
costs or some other unit of measure necessary for policy Formulation.

The Office of the Chief of Engineers (OCE) and the Office of the
Deputy Chief of Staff for Logistics (DCSLOG) are currently developing an
Army facilities information system, the Integrated Facilities System (IFS),
which provides a scheme for breaking facilities into common components (See
Figure 1) and evaluating each component in terms of its condition, i.e.,good, marginal, poor. Condition is also reported in terms of dollars re-
quired to return component to good condition. Condition data is collected
through direct Inspection of all components. The IFS is primarily designed
as a reporting system for actual maintenance requirements. When implemented,
however, it may provide data useful for analyzing and projecting mainte-
nance costs over time. It was this conjecture which led to the develop-
ment of the proposed model.

In the course of developing this model, it became apparent that facil-
itieb could not be easily fit into traditional models of failure such as
the exponential chance failure model or wearout failure model. A deteri-
oration phenomenon, however, seemed to be common to most facility component
wearout. In particular, there is seldom a point where one can identify a
complete component, or facility, failure. Instead, the component charac-
teristics describlrg its performance change gradually over time, making
failure difficult to define in meaningful Lerms. The deterioration pheno-
menon, or parameter drift, is more difficult to deal with when applied to
complex systems; the traditional model is not easily applied to situatiens
where data gathering is automated and large amounts of data are encountered.
In light of the present configuration of the IFS, from which input data will
be taken, a discrete-state Markov model his been formulated, making use of
existing data formats and compatible with the general scheme of IFS report-
ing.
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NOMENCLA'TURE

p1j(k) one-step transition proaability, the conditional probability

that component k will go from state I to state j

P(k) one-step transition matrix for component k

if(k) steady-state probability that component k will be in

state j in the long run

([IF(k)] steady-state probability vector for component k

P (k) average recurrence time for component k to return to

state j

hij (k) the occurrence of a transition of component k from state i

to state J, for the hth facility observed

(o(k))i matrix of observations of transitions at data point i for

componognt k

Ti transition data matrix at data point i

P j(k) theoretical transition probabilities calculated from a

polynomial model

F(k) theoretical transition matrix

8 . l:parameter of polynomial equation

bi least squares estimate of parameter of polynomial equation

V i ith variable describing a component

d i(k) the extent that the kth component in the ith state degradesij
the jth mission of a facility, expressed as a decimal fraction

D(k) mission effects matrix for component k

D1(k) ;olumn vector of mission effects for mission j, component kc

F(k) ineffectiveness vector for component k
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f (k) ineffectiveness of component k on facility mission J

expressed as a decimal fraction

e (k) effectiveness of cc lent k on facility mission J,

explessed as a decim., fraction

Q matrix portion for absorbing Harkov chain which does

not contain asorption probabilities

I identity matrix

N (I- Q)-I or fundamental matrix of absorbing chain

R absorption state vector portien of absorbing state transition

matrix

I_ column vector of all log

MR vector of mean absorption probabilities from any state

4 mean number of steps for absorption from any state
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APPLICATION OF THE MRKOV OOEL

The typical facility as a system exhibits a continuous process of do-

terioration over time, a complex process in which a large number of inter-

related performance characteristics change to produce overall reduced system

effectiveness. The relatively complex nature of the facility system does not

lend itself to the discrete failure model in which there are only two possible

states, "failed" and "not failed," it being difficult even -to define the term

"failure." O

Chance failure and wearout failure are treated primarily as discrete,

attribute events; the process is one of counting rather than measuring.

Failure rates, the parameter of the chance failure models, are defined as

failures per unit time, or percent failures per unit time; wearout failure

parameters are the mean wearout time and variance of the wearout time.

Deterioration, or degradation, is a different phenomenon in that the

performance parameter of a component is measured over time, with the change

in the parameter representing the deterioration of the component. Pre-

sumably, the parameter being measured contributes to the ability of the com-

ponent to perform its function. If the parameter value falls outside some

design limit, a deterioration failure occurs. In a deterioration failure

model, the rate at which the parameter changes over time is a measure of the

component reliability.

A stochastic deteriox.ation model would define the performance character-

istics of the system as random variables, where the parameters of the distri-

butions of the performance characteristics are functions of time; for example,

let q equal the component performance measure and let q have a normal distri-

bution at any given time with mean and variance Let theseparame- parameters

-100o



be a fuantion of tins,

Uq(t) f.(t). )

qO~(t) - s(t)(.0

Let qo= the design limit of the compnent.

The hazard Amotion for the omponent would take the form

-IQ - f(t)]2

g(q) 2 2V;@'(t11)

By integzration, the failure time distribution function would be:

-Ea - +3

F troi 2 Vs '#) (12)

The deteriorat ion model is more descriptive of the deterioration in

a facility system, but it does not make easier the definition of the failed

conditicn of the component. The deterioration model still permits only two

distinct states and makes it difficult to adequately.Lnolude the interwmdiL.

ate steps in the deterioration process, which are also of interest in arriv-

Lng at poliqy decisions.

The 1arkov model falls somewhere between the chance failure model and

the continuous deterioration model by providinl for any number of discrete

states into which the system may fall during the process of deterioration.

The Narkov model, unlike either of the others, looks at the ahawge in state

of the system and is in this sonce a more dynamic model. This approach is

particularly suited to the facility situation in providing very relevant

management information in a form that is directly useful.
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Use of the discrete state Podel for the deterioration phenomenon re-

quires that the component performance continuum be divided into a number

of mutually exclusive, but all-inclusive, states, and for practical puw-

poses it is detired that these states be minimum in number while adequately

representing the range of deterioration and in sufficient detail to avoid.

ambiguity in the definition of the states. It is asumad that this apP1oxi-

mation to the continuous natu=o of the deterioration model wiln not seriously

effect the results obtained with the model.

No attempt is made here to definF, all components and the corresponding

states. General guidelines for component definitions axe suggested as fol-

lows:

a. Component breakdown should be on a functional basis as each corn-

ponent relates to the facility as a whole, rather than according

to shop responsibilities, size, capacity, etc. The general func-

tion for the component defined should be the same for all facili-

ties regardless of type.

b. Al components should be defined as the same level of detail; in

this respect, a hierarchical or tree structure may be helpful.

c. Components should be priuarily divided as building components and

non-building components. The number of components which nmy be

applied to both broad categories will. probably be small.

d. Components should be mutually exclusive.

The definition of the component states is similar to the condition

rating scheme used in the early versions of IFS [2]. This scheme defined

four states into which the condition of'all components would fall. Sench-

marks for evaluation of component condition related the component condition

claisification with the effectiveness of the facility as a whole and did not
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differentiate the component condition prom the relative effect of any par-

ticular component on a particular facility mission.

The defini•ion of component states suggested for the Markov model Is

performed independently of the consideration of the effect that a component

condition may have on a facility as a whole and represents a significant

m ment on the present condition rating schema with the geatest improve-

ment being that each component condition is given in termas of that component

only. General guidelines for definition of the component states are sug-

gested as follows:

a. Component states should be clearly defined in terms of measurable

quantities such as capacity, or in clearly defined attribute terms.

b. Each state should be defined in terms of the particular component

without regard to other components or facility funotions.

a. States should be defined in sufficient detail to avoid ambiguity;

unnecessary detail should be avoided to minimize complexity of the

resulting state model.

It may be reasonably assumed that the state transition probabilities

at any given time will depend upon a set of variables which determine the

way the system wvii behave. Added dynamic dimension is achieved in the

model by formulatint the transition probabilities as functions of this set

of variables, as

f((V-)W , (0)) (13)

where {V) w the jet of variables and

(0) u a set of parameters of a polynomial model.

The polynomial model allows the inclusion of all relevant and significant

factors which, logically, will have an impact on the deterioration of a

facility.
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It shoild be noted that the variable*s e defiaed for the f•aclity

as a vh*eX, and the set of values of the variables vwll be oughly the

sams to, all components; I. practice, the values of the variables my

differ fo' different components within the sam facLlity, or my only

differ from facility to facility, or may vary only from Installation to

Installation. Zn all cases the set of variables arrived at will be the

sam for all Installations, all facilities, and all componeuts. It Ls,

therefore, through the deftniti•s of the components, the component states,

Wi the sislificant variables, that the model achieve@ its genewelity, and

through the' application of the particular values of the variables and ais-

sio analysis (covered later) that the model is applied to specific circus-

$tamces.

btLaties of the parameters of the polynomial model awe obtained by

the nothod of least squares from the observation of samples of facilities

ove a "traeniitL step," noemally a change of state from one year to the

seat.

APPLICATION OF ABSORBING STATE MODEL TO FACILITIES

The absorbing state model has a somewhat different development.

All though the basic states are the same as those listed saove, there

is one more state that mist be added. This state, the absorbing state,

will represent the point in time where the component of the facility

has dezraded to such a point whore it is disposed of.

It should bo noted that a particular component's disposal may or may

ne man that the facility itself is disaposed of For example. t ags•

batLng system may be replaoed by an electrical beating system with no

effect to the facility. However, if a roof is disposed of, the build-

Iag itself vLll also be disposed of mliess the roof Is only being re-

placedt in this case, the component goes back to the best gondition.

lb ppobabLiLties for the abhorbing chain are computed the seme

may the probabilities for the regular chain, with the exe=ption that

for the kth absorbing state, Pkk a 1 and Pk' for al s.O.
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EXPERIHFENTAL DESIGN

Experience with facility data has suggested that the variables

which may determine the change in state of components may be divided

into three broad categories with corresponding important variables

in each category as follows:

1. DesAij Variables--the varLables whose values are determineu

at the time the component is debigned and constructed and

remain unchanged throughout the life of the component, such

as:

(a) Type of construction--permanent or teuporary, masonry

or wood, etc.,

(b) Si-o or capacity--square feet, Btu/hour, persons, etc.,

and

(c) Yeer constructed--the age of the -omponent.

2. Environmental Variables--describe the actual conditions under

which the component is operated, such as:

(a) Component loading--actual load being placed on the com-

ponent as compared with designed capa•i•ty, and

(b) Climactic conditions--heating degree-days, annual rain-

fall, etc.

3. Policy Variables--variables describing the operational and

maintenance policies of the'organization responsible for the

operation and/or maintenance of the component, such as:

(a) Dollars spent on preventive maintenance of the component and

(b) Dollars spent on corrective maintenance of the component.

This list of variables, although reasonably complete without the

benefit of extensive data analysis, should not be considered as
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exhaustive by any means. All reasonably possible variables of cause

should be included in the data gathering process so that all possible

sour0es of variation may be accounted for. The larger the list, how-

ever, the more data points will be required in order to get independent

estimates of the least squares parameters, and for this reason the

variables included in the analysis should be chosen with care.

The data for the analysis should be collected according to a two-

level factorial design schew ; in the case of the seven variables listed,

a'°2?' fractional factorial design could be used, and by confound-

ing the main effects of three of the variables with third-order and

fourth-order interactions, it is possible to gain independent estimates

of min effects and all second-orde*r interactions. An assump-

tion required for the model Is that all third- and highe*r-order inter-

actions will be statistically insignificant, a reasonable assumption

under the circumstances. The design matrix is shown on the following

pape. High and low levels of the variables should be chosen so that

they lie at or near the extreme values to be reasonably encountered in

practice.

The fractional factorial design will permit independent estimates

of the least squares parameters of first- and second-order termis; use

of the factorial also permits the inclusion of attribute-valued variables

which have two levels in the model [33.

The response of the component to be observed is whether or not the

component changed state from one condition evaluation to the next. Ob-

viously, this requires that the same set of facilities and components

be observed under the sawe or nearly same conditions for two years con-

secutively. The observed data would be recorded as a matrix as:
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SsI 2 .. Sm.

n n n

h z1 hal h 1

hil h11 hal
n n

a h Xh ( (k)th . Xh. 2 (k) h l XhM (k)
m

where n is the size of the total sample taken at data point ±
1 if component goes from state L to state

XhLJ " otherwise

It should be noted that in effect there will be three samples

taken at each data point, inasmuch as the transition matrix which

will result from the observation matrix is a series of conditional.

probabilities, and thus, each row of the transition matrix must add to

1.0.

From the observation matrix, taken at each data point of the factorial

desLgnt a transition matrix is calculated:

n

hulXhij (k)

Spij(k) . (2.14)

1.1 h=l (c

The resulting transition matrix is referred to as the transition data
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matrix, and there will be a transition data matrix for each data point;

in the case of the 2 design, there will bi 16 such data matrices:

Ti a transition data matrix at data point i

[pij(k)]i a Ti ((15)

Because the data being collected till be of an attribute nature,

a rather large sample will be requilred in order to maintain the desired

precision of the estimated transition-probabilities. The estimate

Pih(k) will have a variance

Puj(k) - P("n- P) (16)

where n = the total number of components which were initially in state i.

The variance of the estimate p will be a maximum when pij(k) • 0.50;

therefore, in order to have a precision of ±1 percent,

n .502
n -0.1 n> 25 (17)

This is not to suggest that a sample of at least 25 components in

state 1, 25 in state 2, etc., be taken for purposes of precision- the

total sample of components taken at a data point should be as random as

possible in order to have some idea of the distribution of the initial

states. The-samples should be sufficiently large that there are about

25 components in each of the initial states; barring this, the resulting

precision of the estimate should be kept in mind.
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LEAST SQUARES MODEL

The data derived from the observations is used to estimate the

parameters of a second-order least squares model as follows:

pij(k) b + b V +b 2 2  + n Vn b 2 VV 2

i...,bn V1 Vn + bn-l,n %-I V+ ÷ di. (1)

Estimateu of parameters are obtained by the method Of least squares

in matrix notation:
bk a (vIv)"1 Yi (k) (19)

where b(k) h vector of parameter estimates

V u the design matrix

Y i(k) = the vector of the p11 (k) estimates from all data points,

where Yh(k) a pij(k) at data point h

Analysis of the data by least squares will result in a set 'of

polynomial models, one for each possile state tansition:
N2 a the numbir of state transitions, and leiast-equares poly-

nomial models required, where N x the number of states.

This provides an additional reason for keeping the number of states at

the minimum necessary.

With the parameter estimates, it is possible to calculate a transition

matrix from a set of values for the independent variables. Because of the

lack of fit and residual epror inherent in the least-squares process, it

may be necessary to adjust the derived transition probabilities so that

X. piJ(k) a 1.0 (20)

To do this, a dummy term is introduced so that
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m

Z Pjj(k)- C .0 (21)

m

Spij(l-) =1.0 + C (2 2 *

-ID

. PIJ (k)

1 +± 1.0 (23)

Thus, dividing each element in a row of the derived transition matrix

by the sun of the probabilities in that row will result in a corrected

row of transition probabilities whose sum will be equal to 1.0.
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MISSION ANALYSIS

Each component of a facility can be expected to effect the mis-

sion of the fazility depending on the state that the com1ponent is in;

the states of the component can be expected to have different impacts

on the different missions for which a facility may be used. As an in-

dependent part of the analysis, and as a part of the generalized aspect

of the model, it is necessary to assess in quantitative terms the im-

pacts that the component states will have on the different missions.

Thiq multiple mission concept will apply most to the components which

will apply to the buildings rather than to the non-building facilities.

Non-building facilities will more likely have a sinige mission or fixic-

tion.

The process for estimating these effects is, for the most part,

subjective; the accuracy and reliability of the iffectiveness measure

obtained will largely be a function of the skill and experience of the

person or persons making the estimates. The procedure and resulting

mission effects matrix is easily understood and lends itself to easy

correction and arrival at a consensus where there may be differences of

opinion. In many cases, the degradation of the facility mission will be

very closely correlated with the effectiveness of the facility as a

whole, e.g., the electrical power distribution component in a missile

launen facility, while in other cases there may not be a clear-cut re-

lationship (e.g., with the roof component of a warehouse facility). It

is hoped, however, that by making the mission analysis an independent

undertaking from the condition of the component, that a maximum of ob-

Jective and reliable mission effectiveness estimates will result.
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At the onset# all facility Missions should be listed to include all

types of facilities which may contain the component in question. Next,

theme facility missions should be grouped according to any commonality

of the specific function that the component is to perform (see numerical

9xample). This will bettor relate the component to t'je mission of the

facility and cut down the complexity of the estimating process.

When all missions of the facility have been listed$ a fraction is

assigned to each state of the component for each facility mission that

may be encountered, the fraction -ndicating the degree to which the fa-

cilitj mission is de.graded when the component is in a particular state,

the resulting mission effects matrix D(k) will oppear:

mission j t

2i1 2 .. , a

s d (k) d1 2 (12) ... dle (k)

s 2 dd2 1 (k) d2 2 (k) ... d2a (k)

i ..

sm dm (k) dm2 Wk ... dma (k)
mi Lml m

Hission Effects Matrix

The estimates duck) are required to be in the range:

0 < dij(k) < 1.0 (24)
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TOTAL COMPONENT EFFECTIVENESS

The effectivneness of a component may be computed from two determin-

ing inputs: the set of design, environmental, and policy variables which

describe the component, and the mission of the facility or facilities

which contain the component by way of the mission effects matrix.

The variable values arq applied to the polynomial equations to ar-

rive at a theoretical one-step transition matrix. After any necessary

adjustments, the matrix P(k) is taken to a power, usually 5 or 6, suf-

ficient to arrive at steady-state probabilities [w(k)]. These represent

the long-rtm probabilities that the component, under the conditions as

set by the values of the input variables, will be in a given state.

Multiplying the steady-state probability vector by the mission ef-

fects matrix results in an ineffectiveness vector, showing the long-run

degradation of the component on the missions of facilities containing

the component, as:

(w(k)) • D(k) a F(k) (25)

The component ineffectiveness is expressed as a decimal fraction.

Multiplying the steady-state probability vector by a single column

vector from D(k) will result in tho element from the ibeffectiveness

vbctor for a particular mission in question:

i()(k)3 - Dj(k fk) lWfor the ith mission (26)

The effectiveness of the component, as applied to a facility with mission

j, is:

e j(k) r- 1.0 - f j(k) (27)

0 < ej (k) < 1.-0 (28)
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Vanr bles D(k)

Equations

Component Effectiveness Ilodul
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