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FOREWORD

Professor Karl Pearson wrote the following statement, "The field of
acience is unlimited; its material is endleas, every group of natural
T , phenomena, every phase of social life, every stage of past or present

b | ' development is material for science." If any one field of sciencea

exemplifies these remarks, it is the field of statiatic;T;;;;;.papera

in these Pf;ceedings indicate a few areas where statistics and the
deaign of experiments are helping the Army solve some of ite many
problems. Weapon system analysis is just one of those fields where

2 : statistics plays an important role. §Zg_§p;ng this out, we quote a

. paragraph by Dr, Frank E. Grubbs which appears in the Engineering

{ Design Handbook: DARCOM=P 706~101. "Chapter 21 brings us to the

| increasingly important topics of reliabillity, life testing, availability
and maintainability of systems, and reliability growth. There is hardly
any weapon system today which cen or should ¢scape analyses in terms of
these fields of interest, and the analyst must be highly competent in

i L evaluations associatel with life-time or failure distributions such as

the exponential, the Weibull, the lognormal, and the binominal probability
distributions. Statistical testing for high relisbility and safety of
gystems is introduced in Chapter 21, as well as a brief account of
reliability growth. A major topic, and current effort, concerning systems
today is that of being able to place confidence bounds on the true,

unknown reliability of complex systems; accordingly, coverage of the more

:i ' recent and accurate techniques is given for the practicing analyst, Finally,

reliability now is often one of the major or sole, characteristics of some
k| : weapon systems, and hence may represent a prime activity for the systens

;ﬂ é analyst in many applications of his knowledge." P
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Except for the Nineteenth Conference on the Design of Experiments in

Army Research, Development and Testing, which was conducted at Rock

Island Arsenal, Rock Island, Illinois, the first twenty-two meetings

of this series of aymposia were held on the east coast, The concentration
of Army installations in this area played a key role in selecting the

hosts for these meetings. The Army Mathematics Steering Committee (AMSC)
sponsora these confetences on behalf of the Office of the Chief of Research,
Development and Acquigition., Members of the subcommittee on Probability
and Statistics, whose responsibility it is to organize the Design
Conferences for the AMSC, had some misgivings about holding the twenty-third
meeting on the west coast. But these doubts were dispelled by the facts
that the number of attendees as well as the number of contributed papars
matched those of the east coast meetings. One anomaly did occur., Instead
of having one fourth of the contributed papers classified as clinical,

in the California meeting nearly one half were in this category.

The host { r the twenty-third Design of Experiments Conference was the

U. S. Army Combat Development Experimentation Command, Fort Ord, Califorunia.
Excellent facilities for holding this meeting on 19-21 October 1977 were
provided by the Naval Postgraduate School. Dr. Marion R. Bryson, acting

for the host for the conference, served as Chairman on Local Arrangements.
He was asasisted in this task by Mr. John E. Banks and several other members
of his staff. Those in attendance are grateful to them for go ably carrying
out the many tasks that needed to be handled before and during the couras

of a meeting of this size.
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The five nationally known invited speakers together with the titles
of their addresses are listed below. These gentlemeh gave those in

attendance an opportunity to hear about recent developments in the

field of statistics.

Speaker and Instlitution Area of Talk
Prof. H. 0. Hartley Analysis of Unbalanced
Texas A&M University Experiments
Prof. Norman Breslow Censored Data

University of Washington

Prof, Rupert Miller The Jackknife: Survey
‘Stanford University and Applications

Prof. Donald P, Gaver Estimation of Complex System
Naval Postgraduate School Avallability

Prof, G. E. P, Box

Time Series Modelling
University of Wisconsin

Dr. Churchill Eisenhart was recipient this year of the Samuel S. Wilks
Memorial Medal., He richly deserves this honor for his scientific
contributiors. He has played many important roles in the conducting

of these conferences. At this meeting there were forty-two contributed
papers., Twenty-two of these were classified as technical and the rest
were presented in clinical sessions. Ninety-six persons registered for
the conference, but there were one hundred and eighteen individuals

who attended the opening session.

The members of the AMSC are duly aware of all the effort that goes into
making these conferencas such memorable aevents. Their thanks go to

all these in attendance. The speaskers in particular need recognitica

for all the time they spent in preparing and delivering their interesting
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1 papers. Dr. Frank E. Grubbs and Professor Herbert Solomon, who |l
! respectively served as Program Chairman and Chairman of the conference, ]
é {
. are to be congratulated for gutfding to conclusion aziother succeseful I
! !
i scientific meeting. “
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AGENDA

THE TWENTY-THIRD CONFERENCE ON THE DESIGN OF EXPERIMENTS IN

0800-0900
0900-1015

1015-1045

ARMY RESEARCH, DEVELOPMENT AND TESTING

19-21 October 1977

Host: Combat Developments Experimentation Command

Held at: Naval Postgraduate School

whkkk  Wednesday, 19 October wwkkk
Registration - Lobby of Ingersoll Hall
GENERAL SESSION I -- Ingersoll Hall, Room 122
CALLING OF THE CONFERENCE TO ORDER

Dr. Marion R. Bryson, Chairman of Local Arrangements, U.S.
Army Combat Developments Experimentation Command, Fort Ord,
California

WELCUMING REMARKS

BG Donald F. Packard, Commander, U.S. Army Combat
Developments Experimentaticn Command

RAOM Isham W. Linder, Superintendent, U.S. Naval
Postgraduate Academy

CHAIRMAN OF SESSION I

Dr. Frank E. Grubbs, Program Committee Chairman, Aberdeen
Proving Ground, Maryland

ANALYSIS OF UNBALANCED EXPERIMENTS

Professor H.0. Hartley, Director, Institute of Statistics,
Texas A&M University, College Station, Texas

BREAK
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g i ; *xide  Yednesday wrwkw
3 | 1045-1200  CLINICAL SESSION A -- Ingersoll Hall, Room 271*
| CHAIRMAN . i

& ' Ropert L. Launer, U.S. Army Research Office, Research :
k. : . Triangle Park, North Carolina : '

PANELISTS

, .
& Gerald Andersen, U.S. Army Materiel Development and Readiness
! Command, Alexandria, Virginia
1 i
| Frank E, Grubbs, Aberdeen Proving Ground, Maryland !
|

H.0. Hartley, Institute of Statistics, Texas AiM
University, College Station, Texas

MOEs FOR DIVISION LEVEL MODELS ?

= John H. Shuford and CPT Fredrick H. Knack, White Sands } 3
b - . Missile Range ‘ -

ANALYSIS OF RATIO DATA FROM FIELD EXPERIMENTATION
CPT Brian Barr, Fort Ord

} 1045-1200  CLINICAL SESSION B -- Room 322

) CHATRMAN

Edward W. Ross, Jr., U.S. Army Natick Research and Devel-
opment Command, Natick. Massachusetts

PANELISTS

Norman Breslow, Department of Biostatistics, University of
Washington, Seattie, Washington

Walter D. Foster, Armed Forces Institute of Pathology, ! 3
Washington, D.C. ' ' ;

Douglas B. Tang, Department of Biostatistics and Applied
Mathematics Division, Walter Reed Army Institute of Research,
Washington, D.C.

* A1l sessions will be held at Ingersoll Hall. !
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! :

PHYSTOLOGICAL AND PERCEPTUAL ADAPTION TO SUSTAINED AND
MAXIMAL WORK IN YOUNG WOMEM

' ; D. Kowal, D. Horstman, and .. Vaughn, Army Research Institute
. of Environmental Medicine, Vatick

g Z ANALYSIS OF WELL BEING AND OPERATIONAL EFFICIENCY IN A LABO-
RATORY SIMULATION OF A FIELD ARTILLERY FIRE DIRECTION CENTER

L.E. Banderet, LCOL J.W. Stokes, Army Research Institute of .
y | : Environmental Medicine, Natick !

1045-1200 TECHNICAL SESSION 1 -~ Room 288 -- CURVE FITTING
CHAIRMAN

Norman L. Wykoff, U.S. Army Jefferson Proving Ground,
Madison, Indiana

., THEORY OF LEAST CHI-SQUARE FOR POLYNOMIALS: IMPLICATION
FOR DESIGN OF EXPERIMENTS

Richard L. Moore, U.S. Army Armament Research and
Development Conmand

SIMPLTFIED CONSTRUCTION OF HASIS FUNCTIONS FOR POLYNOMIAL SPLINES
J.J. Heimbold, Mark Resourcts Incorporated
VALT PARAMETER IDENTIFICATION FLIGHT TEST

Robert L. Tomaine, Wayne H. Bryant, Ward F. Hodge, Langley
Directorate

1 1200-1300  LUNCH ;
“ 1300-1500  CLINICAL SESSION C -- Room 71 :

CHAIRMAN

Harold Larson, U.S. Naval Pestgraduate Schoul. Monterey,
California

PANELISTS

Donald P, Gaver, Operations Aralysis Department, Naval
Postgraduate School, Monterecy, California
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ke kRk wednesday %Rk kokw

vames R. Moore, Ballistic Research Laboratory‘ Aberdeen
Proving Ground, Maryland

|
y ' |
: Malcolm Taylor, Ballistic Research Laboratory, Aberdeen l
Proving Ground, Maryland |

|

|

EXPERIMENTAL DESIGNS FOR SENSITIVITY E/PERIMENTS OF COMPUTER
SIMULATION MODELS

Car! E. Bates, U.S. Army Concepts Analysis Agency |

ON VALIDATING MISSILE SIMULATIONS: FIELD DATA ANALYSIS
VIA TIME-SERIES TECHNIQUES

Donalg W. Sutherlin, Redstone Arsenal, and Naim A. Kheir,
University of Alabama .

aBAZISTlCAL VALIDATION OF PROJECTILE/MISSILE SIMULATION E
DELS

Harold L. Pastrick, Redstone Arsenal
1300-1500 CLINICAL SESSION D ~-- Room 322

CHAIRMAN

Douglas B. Tang, Department. of Biostatistics and Applied
Mathematics Division, Walter Reed Army Institute of Research,
Washington, D.C.

PANELISTS

Robert E. Bechhofer, School of Operations Research and ;
Industrial Engineering, Coriell University, Ithaca, New York

Badrig Kurkjian, Mathemctical Sciences, University of Alabama
William S. Mallios, BDM Services Company
ANALYSIS OF VARIANCE OF MULTIVARIABLE FLIGHT TEST DATA

James S. Hayden, U.S. Army Aviation Engineering Flight
Activity
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Kkdeded wednesday dedr i

TOPICS IN THE ANALYSIS OF YARIANCE: SELECTION OF A MODEL
AND APPROPRIATE SUMMARY STATISTICS

- Frederick H, Steinheiser, Jr,, and Kenneth 1. Epstein,
i Army Research Institute for the Behavioral and Social Sciences

STATISTICAL DESIGN AND ANALYSIS OF UNDERGROUND STRUCTURES TESTS

Jon D. Collins and Eugene Sevin, Defense Nuclear Agency
1300-1500 TECHNICAL SESSION 2 -- Room 288 -- EXPERIMENTAL DESIGN

CHAIRMAN

Beatrice Orleans, Naval Sea Systems Command, Washington, D.C.

_ EXPERIMENTAL DESIGN FOR TESTING EFFECT OF INGESTING CRUDE-
3 : FIBER ON PLASMA ZINC LEVELS IN HUMAN VOLUNTEERS

Walter D. Foster, Armed Forces Institute of Pathology, and
Barbara F. Harland, Food and Drug Administration

THE ANALYSIS OF PARTIALLY FACTORIAL EXPERIMENTS

il w7 o e SR el B e el M I b L . S rts o B SO T e LB Tartn, 2

John R. Burge, Walter Reed Army Institute of Research
CONSIDERATIONS IN DESIGNING MANPOWER EXPERIMENTS
Gus W. Haggstrom, Rand Corporation |
1500-1530 BREAK
1530-1700 CLINICAL SESSION E -- Room 271
CHATRMAN

S e

: : James R. Moore, Ballistic Research Laboratory, Aberdeen
- ; Proving Ground, Maryland

¥ ; PANEL1STS

s et A e 10 BT i i e o =i o B T o

Robert E. Bechhofer, School of Operations Research and
Industrial Engineering, Cornell University, Ithaca, New York

Norman Breslow, Department of Biostatistics, University of
Washington, Seattle, Washinjton
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1530-1700
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vk e v wednesday el e e

H.0. Hartley, Institute of Statistics, Texas A&M University,
College Station, Texas

FIELD EXPERIMENT DESIGN RISK UNDER PRACTICAL CONSTRAINTS

MAJ ngrence T. Sughrue, Fort Ord

FIELD VERIFICATION OF RADIATION CHARACTERISTICS OF RADARS
J.L. Farris, U.S. Army Missile R&D Command

CONSTRUCTION OF CONFIDENCE LIMITS IN NONLINEAR REGRESSION

Charles Maxson Greeniand, Systems Assessment Office
Edgewood Arsenal, Maryland

CLINICAL SESSION F -- Room 322

CHAIRMAN

James Banks, Army Research Institute, Arlington, Virginia
PANELISTS

George E.P. Box, R.A. Fisher Professor of Statistics,
University of Wisconsin, Mxudison, Wisconsin

Bernard Harris, Mathematics Research Center, Madison,
Wisconsin

Malcolm Taylor, Ballistic Research Laboratory, Aberdeen

Proving Ground, Mary1and -~

COMPUTING THE DFY'INITE INTEARAL ON A PROGRAMMABLE CALCULATOR
D.W. Rankin, White Sands Missile Range

‘
A FRESHMAN ERROR CAN BE FATAL OR I'M NOT SURE ABOUT BEING
95 PERCENT SURE

Norman Wykoff, U.S. Army Jefferson Proving Ground‘

LASER VELOCIMETER DATA INTERPRETATION BY HISTOGRAM AND
SPECTRAL ANALYSIS :

Warren H, Young, Jr., James F. Meyers, and Danny R. Hoad,
Langley Directorate, Hampton, Virginia

xvi
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v 1530-1700 TECHNICAL SESSION 3 -- Room 288 -- STATISTICAL MODELLING I

4 CHAIRMAN
! : :
] b Carl B, Bates, U.S. Army Ccnceots Analysis Agency, Bethesda,
| . Maryland
':J % RANK ANALYSIS OF A CONSTRAINED GROUND-TO-AIR DETECTABILITY
'i ] EXPERIMENT
'ﬁ‘ ; Carl T. Russell, U.S. Army Operational Test and Evaluation '
 § Agency
- METHODS OF RESOLVING UNDER-IDENTIFICATION IN STRUCTURAL DESIGN
Will1am 5. Mallios, BDM Services Company
~i ? 1830~ SOCIAI. HOUR AND BANQUET -- Herrmann Hall, El1 Prado Room
wkhxw  Thursday, 20 October Wik '
0830-1000 CLINICAL SESSION G -- Room 271 %
' CHAIRMAN i
‘ Walter D. Foster, Armed Forces Institute of Pathology, i
Washington, D.C. { 4
| .. PANELISTS 3
fé , George E.P. Box, Mathematics Research Center, Madison, ; !
- ; Wisconsin i
.;:. : Churchill Eisenhart, Senior Research Fellow, National Bureau § :
B : of Standards, Washington, D.C. i
ﬂ} ? Bernard Harris, Mathematics Research Center, Madison, y
11 Wisconsin

THREE DIMENSIONAL CURVE FiTTING TECHNIQUES TO EXPRESS
SUPPRESSION AS A FUNCTION OF RANGE AND ASPECT ANGLE

MAJ Chaunchy F. McKearn and SP5 David Brown, Fort Ord ﬂ

xvii
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SEEEICTION‘EOUNDS IN LINEAR CALIBRATION: HETERQSCEDASTIC
S

C.C. Peck and L.A. Hopkins, Letterman Army Institute of
Research

0830-1000 CLINICAL SESSION H -- Room 322
CHATRMAN

Langhorne P. Withers, U.S. Army Operational Test and Evaluation
Agency, Falls Church, Virginia

PANELISTS

Gerald Andersen, U.S. Army Materiel Development and Readiness
Command, Alexandria, Virginia

Donald P. Gaver, Operations Analysis Department, Naval
Postgraduate School, Monterey, California

-.E William S. Mallios, BDM Services Company

ESTIMATING PRODUCT RELIABILITY IN A DYNAMIC MARKET SITUATION
WHEN ONLY FAILURES ARE REPORTED

| Leonard R. Lamberson, Wayne State University

CRITERION-REFERENCED JOB PROFICIENCY TESTING: A LARGE
SCALE APPLICATION

M{1ton H, Mater and Stephen F, Hirshfeld, U.S. Army Research
& Institute for the Behavioral and Social Sc1ences

0830-1000 TECHNICAL SESSION 4 -- Room 288 -- MAN-MACHINE INTERFACE
CHATRMAN

g | ' J. Bart Wilburn, Jr., I&M Granch, U.S. Army Electronics
: Proving Ground, Ft. Huachuca, Arizona

ANALYSIS OF MAN-MACHINE INTZRFACE INFORMATION IN CURRENT
COMMUNICATIONS SYSTEMS \

R.J. D'Accardi and H.S. Bernett, U.S. Army Electronics
Commend, C.P. Tsokos, University of South Florida

BT e = . L

{ xviit

PRI, e 1 S e e - e e e

[T, 17 SUC TN




RN A PR

i : ) e e e e de Thursday 3 22 2]

i Za Vwam m e

HIGHLIGHTS OF CASE STUDIES IN MILITARY OPERATIONS RESEARCH

William 5. Mallios, R.D. Batesole, D.R. Leal, and T.Q. Tran,
BDM Services Company

1000-1030 BREAK

1030-1200 TECHNICAL SESSION 5 ~- Room 288 -- STATISTICAL MODELLING II ;
CHAIRMAN

_ Diane Brown, Combat Developments Experimentation Command, i
i : Fort Ord, California i

ERRORS IN LINEAR FITS DUE TO FUNCTION MISMATCH AND NOISE WITH
SPLINE APPLICATION

G.W. Lank, H.B. Kendall, and P.A. Gartenberg, Mark Resources
Incorporated

e, S

P2
THE FACTS OF LIFE
N’

S. Goodman, A. McGoldrick, K. Heulitt, U.S. Army Armament
3 Research and Development Command

1030-1200 TECHNICAL SESSION 6 -- Room 277 -- RELIABILITY 1
CHAIRMAN

gl o i, PR

¢ John Robert Burge, Walter Reed Army Institute of Research,
| ; Washington, D.C.

CONFIDENCE INTERVALS FOR RELIABILITY GROWTH ANALYSIS

Larry H. Crow, U.S. Army Materiel Systems Analysis Activity

A SENSITIVITY EVALUATION OF LARGE SCALE TACTICAL SYSTEM
AVATLABILITY UNDER VARYING SUPPORT RESOURCE LEVELS

R St R 1, LA e

! ; R.A. Hall and H.M. Bratt, Ames Research Center

l 1030-1200 TECHNICAL SESSION 7 -- Room 322 ~- RELIALBILITY II
| : :

i . CHAIRMAN

[ Donald Leal, BDM Services Company
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1200-1300
1300-1515

1515-1545
1545-1700

rdedde Thursday 0 ek ok o

USE OF LOGNORMAL CONFIDENCE OF THE RELIABILITY FUNCTION IN THE
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ANALYSIS OF UNBALANCED EXPERIMENTS

H. 0. Hartley
Texas AGM University
College Statinn, Texas 77843

1. Introductiun

The title of this talk is rather general; and I should explain,
therefore, that it is really confined to a limited number of aspects
of the area covered by the title., I am restricting myself to so-called
"multiple factor" experiments, that is experiments in which "responses"
are measured under experimental "conditions' described by specifying
the "levels' for each of several "factors." The well~known "factorial
experiments" represent a special case of a balanced and multiple factor
experiment in which precisely one (or precisely an equal number of)
experimental unit(s) is (are) used at all possible combinations of factor
levels. An unbalanced experiment will have unequal numbers of units
(including zero units) exposed at the possible factor-level combinations.

There are two main causes of unbalance:

(1) Experiments originally designed as balanced experiments have
become unbalanced through "accidents." The best known
examples are the so-called "missing value" or "missing plot"
sltuations in which the response for a number of units entered
into the experiment has been lost or has been rejected as an
“outlier" generated by extraneous error-sources. Other
"accidents" lead to the '"censorship" or "grouping" of some or
all of the responses., This means that these responses are
not known "exactly" but are known to lie within certain ranges
of the response and measurement scale. For other situations

of unbalance describad as "incomplete data' see e.g., Hartley
and Hocking (1971). '

(i1) The unbalarnced data have not arisen from a designed experiment
but are the results of an operational study involving multiple
classifications of sampled units by numerous factors invariably
leading to unequal representations of the "cells" (factor-level
combinations) and usually involving many zero-cells.

Finally, our concept of "analysis" is here confined to the problem
of estimating the parameters in a linearly additive model postulated for
the data. More specifically, we shall be concerned with the so-called
mixed analysis of variance model. Briefly in this model, the observed
response is the sum total of a mean response plus additive effects con~-
tributed by "effect conastants" of the applied levels uf the "fixed factoras"
plus the random “effect variables" of the applied levels of the "random

factors." This model is illustrated by the examples of Sectioun 2 and
mathematically defined in the Appendix.

——

PIRTRPRN

s B




In limiting our present objectives to the estimation of parameters,
we omit the important aspect of the drawing of inferences from the data.
However, we do not omit to stress that in the case of (ii) when unbalanced
operational data are analyzed the drawing of inferences of a causative
nature is particularly hazardous and requires the examination of potential
; "latent variables'" (see e.g., Box (1966), Hartley (1967)) causing spurious
input-response relatlonships.

! 2, Illustrative Examples of Unbalanced Data

Before turning to the mathematical details of the estimation theory,
it may be helpful to illustrate the concepts of Section 1 by examples.
These sxamples illustrate the various sources of unbalance. At the same
time they recapitulate the waell-known concepts of "fixed factors" and
"random factors"in analysis of variance.

Example 2.1. (0. L. Davies (1956) pp. 296-297).
- : We quote from Davies.

i The following 13 an example nf an experimental design of
b genaral utility in many fields. It relates to the testing of
nine aluminum alloys for their resistance to corrosion in a
. chemical plant atmosphere. Four sites in the factory were

! chosen, and on each of them a plate made from each alloy was
» exposed for a year. The plutes were then submitted to four

i observers, who assessed their condition vimually and awarded
i marks to each from 0 to 10 according to the degree of resist-
f: ance to attack. The observers worked independently and the |
! plates were submitted to them in random order; in other words

& the observers did not assess all plates from one site at the

- same time, '..., The aim of the experiment was to decide which,

; 1f any, of the alloys were suitable for use in the factory,

g and especially to select any found to be suitable on all the

| sites. It was also required to know whether the four observers
¥ agreaed in their relative assessmeats.

Basically the experiment is a balanced 9 x 4 x 4 factorial in which
plates from 9 aluminum alloys are exposed at ecach of four different
plant sites and these are inspected by each of four observers. The
mixed ANOVA model (not spelled out by Davies) that appears to underlie
his analysis is as follows:
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Yi0s = BeoOTE of ith alloy on sth site tested by oth obmerver,

=R ——

L u = mean score
N,

PRI e . P - e e e bmdat v o o e

L e T R g el




o, = differential effect constant of ith alloy (fixed factor)

b° = affect variable of oth observer (random factor)

¢, = effect variable of sth site (random factor)

W - interaction variable of ith alloy by sth site (random factor)

= arror.
i0s r

Note that the sites are considered random variables since inferences
are desired for the plant as a whole and not just for the experimental
sites., It seems reasonable that a random interaction variable between
sites and alloys is provided (which is rightly used as the valid error
for comparing alleys) but that intersctions between observers and alloys
or observers and sites are regarded negligible. The above experiment is,
of coursge, balanced and the standard analysis consequential to the above
model 1s given by Davies., In realistic situations unbalance may easily
arise through "accidents" such as certain scores getting lost or becoming
invalid. We should, however, point out that the so-called '"missing value
analysis" is strictly speaking correct only if all factors are fixed.
However, the data may be analyzed by the method given in Appendix 1.

Example 2,2. (0. H, Pfeiffer (1964)).

This i8 an experiment to evaluate the performance of swivel hook-
type cross chain fasteners of tire chainas. Again the experimental design
was balanced as described by Pfeiffer. Briefly, the test comprised 8
"wheel-blocks" in the form of the 8 tires of the 4 rear dual wheels and
these "blocks'" were regarded as a factorial arrangement of three 2-level
factors, viz. "front duals" versus 'rear duals," '"right duals' versus
"left duals", and outside wheels versus inside wheels. Within each
"block" the 3 "treatments’ consisted of 3 "clusters" of three different
types of hook fasteners, each cluster comprising 4 individual fastenere.

The main response measured for each fastener was the log of its miles to
failure.

Turning then to the factors, the type of fastener is clearly a fixed
treatment factor and the individual fasteners a random repetition factor
from the population of fasteners of each type but tested within a "cluster"
on the wheel. The tires are also a rzndom factor since inferences must
not be restricted to the particular set of 8 tires used in the test but
they have positional "main treatments' superimposed in the form of the
above 23 factorial. Pfeiffer uses (we think conservatively) the tire x
type interaction as an error which, of course, also includes any poaition X
type interaction. This decision is proved correct since the tire X type
mean square is virtually identical with the within type mean square.

In this experiment unbalance aroae through accidental censorship:
Certain fasteners had not failed when the experiment was terminated at
425 miles. Since the missing values are all known to exceed log 425, the
customary missing value analysis (which assumes that the missing values




are a random selection from the experimental responses) is not appropriate.
Likewise the analysis of the observed miles to failure as an unbalanced

, experiment is not appropriate as it would disregard the censored information.
1 An appropriate analysis would be an iterative EM algorithm consisting of

' the following steps.

STEP (E): For each missing.value compute its conditional expectation, E,
given that it exceeds the value § = log 425, This is given by

Ewyu+ g §-=—r—x— . [2] -
= L j

where

QO

~~
of

g

p = iterative estimate of the cell mean for the misaing value
computed from the current estimates of the linear ANOVA
model, '

| [y

02 = {terative estimate of the within cell variange,

b and Z( ), Q( ) are respectively the standard normal ordinateg and tail area.
! : The assumption of an approximate normal within cell distlibutéon of log
miles to fallure requires checking. \

. STEP (M): Using all values of E computad by [2] along with thé observed
s log miles to failure records, compute the customary balanced ANOVA estimates
: of all terms in the additive ANOVA model and return to STEP (E).

The aymbol (M) of the sccond step stands for Maximum Likelihood estima-
tion and the term EM algorithm was introduced by Dempster, Rubin and Laird
(1977). Earlier accounts of the algorithm are given by Hartley (1958) and
Hartley and Hocking (1971).

&

Example 2.3. (R. Bell (1963) p. 623).

"This paper presents a typical analysis of service practice

. | firing results and indicates the significance of these results

(- in the Surveillance Program. An exauple of the evaluatfion of the
annual service practice firings for the Honest John Rocket is
pregented.

l

. : "934 Firings of Rocket 762MM: M3l Series, conducted for troop
= . training and other purposes by both United States and NATO Eiring
= 3 units have been considered. The purpose of this atudy was to

- . investigate the overall accuracy performance of the M3l rocket

. : system when fired by troop units and to establish 1f there is any
indication of a deterioration of this accuracy performance with
increasing age of the M6 series roclet motors of these M1l series ,
rockets,"
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More specifically the operational data bank used in the study
consisted of all firings during 6 years (1958-63) by 3 launchers
(289, 386, 33) using rocket motors of varying ages (1-, 1 to 27, ...,
7 to 87). The 6 x 3 x 8 factorial table was by necessity unbalanced
with many "zero cells."” Among other sources of unbalance there was a
tendency of the older rocket motors to be more heavily represented in
the later years. The data were acquired operationally over the years
and the analysis here carrled out was not originally planned.

Of the three factors both the 3 launchers and the 8 ages are fixed
but there may be some question as to how the 6 years should be treated.
Inferences are obviously required for the period subsequent to that
covered by the data bank and there may be doubt as to whether conditions
in 1958 to 1963 should be regarded as a random sample of those prevailing
in future years. However, if such a proposition 18 accepted, the analysis
of Appendix L could he applied to obtain estimates of the age and launcher
contrasts and their interaction as well as estimates of components of

variance attributable to year to year variation, the year X age, and the
year X launcher interactions.

If therc 18 some doubt about the representativeness of years 1958
to 1963 of future conditions; no useful inferences can be made unless
a time series model can.be formulated.

3, Relation Between Varivus Methods in Balanced and Unbalanced Data
Analysis

As 1s well known the analysis of variance of balanced factorial data
makes a distinction between the so-called '"fixed factors' and '"random
factors." These concepts were introduced in Section 1 and illustrated in
Section 2 by three examples, The same distinction must be made when
analyzing unbalanced data. In the two-way table below we distinguish two
ma'n types of ANOVA's, namely (1) an analysis in which all factors (except
tlie error) are fixed which is contrasted with (ii) the so-called mixed
ANOVA, a situation where some factors are fixed but others are randon.

The so-called all random model i1s included in this case as one in which
the only fixed parameter is the mean response. Of course (1) is also a

special case of (11), namely the case in which th. ouly random factor is
the error,

The row headings in the table are (a) balanced data and (c¢) unbalanced
data, but an intermediate situation (b) is provided in which the data are
"almost balanced" (notably missing value situations). In the body of the
table we give very brief descriptions of the appropriate analysis but would
amplify these as follows:
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TABLE 1

Relation Between Various Methode in Balanced

e T T e

and Unbalenced Data Analysis %

(1) | (1)

A1l Facters Fixed Some Factors Fixed
Some Random

(a) Balanced ANOVA or regression ANOVA and estimation !
' Data analysis on dummy of components of !
variables variance !
(b) Almost Missing value formulas Missing value formuias,
Balanced ANOVA = ML EST's, heuristic ANOVA
Data tests approximate approximate
(c) Unbalanced Regression analysis on Mixed model ANOVA
. Data dumny variables, components of variance :
: Exect Max., Likelihood estimation, :
A estimation and hypothesis Estimation of constants,
tests Max. Likelihood ‘
Minque ‘

Present Method
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(1) (a) If the random (equal variance) error is the only random factor,
the data are of the form of a linear model y = X8 + e with the
design matrix X consisting of 0, 1 "dummy variables." After
reparameterization of B8 (to make X non-singular) the regression
analysis is identical with the balanced data ANOVA provided we
adopt the accepted hierarchy of factors main effects followed
by two factor interactions, etc.

, (1) (¢) The same applies to the case of all factors fixed unbalanced
| data banks except that the reparameterization is more dependent
; on the adopted hierarchy in which the factors are ordered.

(1) (b) This caae is separated from (i)(c) in that it is often a
computational advantage to reduce the case of almost balanced
data to that of balanced data by a missing value EM type
algorithm,

(11) (a) The simultaneous estimation of effect-constants and components

of variance in a balanced ANOVA is well documented in the 3
" ; statistical literature. The (unbilased) eatimation procedure ;
L ) may, however, lead to negative estimates of variance componenta
- : for which various remedies are advocated.

(11) (b) It should be stressed that the customary missing value estimates
are M.L, estimates only for the all fixed factor models, Therefore
an accurate treatment must reduce this case to (ii)(c).

. ' (11) (c) This is the most general situation and a computationally convenient
o : method is described in Appendix 1 which follows. Note that all six
3 : situations (1) (a), (b), (c); (11)(a), (b), (c) could be regarded as

= : special cases of (ii)(c). ,

3 ; Before turning to a more detailed discussion of (1i){c) in Appendix 1,
& ' we should stress that it does not cover unbalance through censorship and an ,
2 : E-algerithm should be adjoined to the M.L., estimation treatment briefly 1
‘ ' referred to in Appendix 1. k
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APPENDIX l+

A SIMPLE ‘SYNTHESIS®--BASED METHOD OF VARIANCE COMPONENT ESTIMATION
by -

*
H, 0. Hartley , J. N. K. nao+ and Lynn Lngtto‘

1. Introduction

Two of us (HOH and JNKR) have recently had occasion (see Hartley and
Rao (1977)) to consider components of variance estimation techniques in .
data banks arising from sample aurQeye. Such data banks differ from those
encountered in experimental designs in that the “numbeg ;t observations'",
n {in our case the numbe; of elementary sampling unitl).is excaedingly large.
We have therefore been prompted to ssarch for computationally efficient
mathods for the estimation of components of variance when n is large and

the algorithm here described involves a computational effort (as mecsured

by the numbar of products) which is a linsar function of n and this is

generally regarded as computationally highly efficient. While our
algorithm is new the statistical method of cstimation we employ ia not,
In fact it rxepresents a specisl case of C. R, Rao's (1971) MINQUE (with

Ve lI), It is also identical (Communication by S. R. Searle) with a special

*n. 0. Hartley, Institute of Statistics, Texas ASM Univeraity

+

+ N, K. Rao, Carleton University, Ottawa

b

Lynn yauqcto. Quantitative Management Scienc¢n, University of Houston

-+

A shortened version of Appendices 1 and 2 will be published in Biomatrics.
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case of the first iterate solution of the REML equations of Corbeil and

Searle (1976) whose algorithms appear to involve much larger computational
efforts (proportional to n2). The computational efforﬁlis aleo consider-
ably less than that involved in the M,L. estimation by Hartley and Rao
(1967) which 1is still fairly laborious inspite of the improvewments
through the W~transformation by liemmerle and Har;ley (1973).
Inspite of its computational simplicity the estimation procedure has
nuiarous "optimality properties”. Apart from being a lpecial case of
MINQUE other properties are established in Section 6 and the asymptotic
| consistency is proved in the Appendix under fairly general conditions.
The consilstency of our estimator makes it conveﬁient as a starting point
for a single M.L. cycle to obtain asymptotically fully efficient estimatas.
Finally we ¢atablish simple conditions for the cltiﬁlbility of all
variance components by our mathod (sce Soction 6). In this contaxt we
observe that with other methods (such as the Henderson 3 method (Henderson
(1953)) or the Abbreviated Doolittle and squars root mcéhod (sce e.3.
Gaylor, Lucas and Anderson (1970)) estimability depends on tha subjective
ordering of the compouents (Buch as with the Porward Doolittle procadure)
and if the ordering is unfortunate the method may fail to yileld estimates
for eartain.componon:s while with a diffefent ordering (not attempted) all

components may well be eatimable.




2.  The Mixed ANOVA Model
Employing the currently used notation wa write the mixed ANOVA model
in the form |
. e+l
y = Xo + 151 Uibi (1)
vhere

y 48 an n x 1 vector of observations,

X is an n x k matrix of known coefficients,

¢ 1s a k x 1 vector of unknown coﬁstantl,

U1 is an n x B, natrix oflo. 1 coefficients,

b, is an m, x 1 vector of normal variables from N(0, 021).
Specifically Uc+1 " In ane bc+l is ;n n-vector of "crrorhvuriablcs".
Moreover the design matrices Ui have precisely one valu, of 1 in each of
their rows and all other coefficients 0, We denote by m = S m, the
total nunbaer of random levals. =

We may assume without loss of generality that

X'X=1

‘for 1f (2) is not satisfied we may orthogonalize X by a Gram Schmidt

orthogonalization process with a consequential reparameterization of a
omitting any linearly depandent columns in the Gram Schmidt process.
Usually the first column of X is tha column vector with all elements =
1/"x. lIé is the objactive of the method to compute estimatas of the

variance components ozi and the vector a.

3. The Present Method

The essence of the present method is to

(%) Select c+l quadratic forme Qj(y) 15 the plunahtu of y.
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(b) Use the method of synthesis (Hartley (1967), Rao (1968)) to

oo i -

obtain the coefficients kji in the formulas for E(Qj) in the

P v Nl eoaiined]

oL

form

o+l

(c) Estimate o2 by equating the computed Q, to their expectations
1 A

L

i Q. ARG |~ LD Lamd e o o

i.e. by inverting the system (3) to compute the vector 02 with

- B

elements ;21
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a? = €q(y) ' “)

i from the vector S(y) with elements Qj(y) where K = (kji) with

[ rank to be discussed in Section 6 and 7.

| (d) Replacing any negative elements of 52 by 0, with consequences to

! : be discussed in Section 7.

¥ ' . We now give more details for (a), (b) and (c)
% (a) The Qj(y) will be based on contrasts which do not dupena on

- any elements of a. Accordingly we_orthogonalize all Ui matrices

on X and construct matrices Vi orthogonal on X as follows: De~
| note by u(t, 1) the tth column vector of U1 and by x(r) the rth

column vector of X then the columns v(t, i) of Vi are given by

k
v(t,1) = u(t,i) - ¥ =x(r) {x'(r)u(t,1)}
rm]

i or o (5)
1 . - - ' .
Vi Ui XX Ui'

We nov choose the c+l quadratic forgn Qj(y) as

Q,(y) - y'Vjvjy ~ (V5y)'V'y =1, couy cHl | (6)

(b) It follows from the mathod of synthesis (see Hartlaey (1967),




; with

(c)

.1inearly dependent.

J. N. K. Rao (1968) that

ctl
E Qj(y) - 121 k“czi

M

kyg = E (V] u(e, )" (V) u(t, 1))

Now since v(t,j) is orthogonal on any x(p) (&;g. since

\ 4
v'(r,3)x(p) = 0) we can write the kji in the alternative form

k;u - E (v5 v(t.i))'(v:"v(t.i))

: (®
- I ' (1,3) v(e,1))2
showing that kij - kji'
An slternative form of kji is .
_ kji - er{cvjvg)(vjvi)}. o E (9

We shall show in Section 6 that the symmetrical matrix K = <kji)

will lee full rank c+l if the n x n matrices vivi are not

Wa sghall aleo show in Sectlon 6 that the system of equations

Q= xﬁz . (10)

is conaistent even if the rank of K is degenerate. Solving (10)

in the form

- R '
g xg (11)

ve shall, of course, be particularly interested in the full rank

case when k= = K1,




It may be helpful to give an idea of the computational efficlency of |
the present method by tabulating the number of products involved in the
main operations of the algorithm. To this end we first note simplified

versions for the kc+1,i= Observing that Uc+1 = I we have from (5) that

- - ] ] 1] - - ]
Vc+1 I - XX' and since X'X = I we £ind that vc+1vc+1 I - XX' and

'| v
1 | finally from (9) that
{

¥ wtr (- XX)(L - XX') = tr (1 = XX') = n - ke (12)

c+l,ct+l

gé f Similarly we find that

keay, g = tr {2 - XXV VD) = er {V,v] = XK'V Vi) = tr V,VEL (13)

, .
Further we note the form of Vc+1y i.e.

’

Vé+1y =y - XX'y. - (14)

Defining now the adjoined matrices

U= |duy Ve ] v (15)

the bulk of the work consists of the formation of the elements of the

symmetrical matrix V'V = V'U = U'V, The elements of this matrix are : 1
agsembled in submatrices in accordance with the partition (15) as shown

in the Schedule 1 below where it must be remembered that the range of the

column index t depends on 1 and 48 t = 1, ..., L and the ranga of !

t=l, .y "j 80 that the submatrix Vjui-han‘dimanuiona “ﬁ X my. The : ;
‘ | kji for 1 > § =1, ..., ¢ are then obtained by forming the sums of squares
' ' of the elements in each submatrix in accordance with (n.

Finally, we rucite the formulas for the remaining coefficiants in

the squations (10). The kc+1.c+i and kc+1,i are computed from (12) and !
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Scuedule 1: Submatrices of V'U

v, v, Coe L,

v(t,1) 'u(t,1) v(r,1) 'u(t,2) eoo v (D u(e,e)

v(r,2)'u(t,2) e v{t,2)'u(t,c)

v(t,e)'u(t,c)

(13) respectively and the xight hand sides of Qj(y) from the second form

in (6) for 3 = 1, ..., ¢ while Q°+1(y) ies given in accordance with (14) by

Qi ) = ¥'y = (X'y)'(X'y) (16)

We can now summarize the approximate number of products involved in

the various operations of the algorithms.

Wa list the algorithms and show the wssoclated numbers of products in

(.
10

2.
3.
4.

5.
6.
7.
8.

Orthogonalization of X (k+(k+ - 1)n, where K denotes the
number of columns in the original matrix X)

Computation of x'U1 for 1 =1, ..., & (0, subtotals of X)
Computation of x(x'ui) for 1 =1, ..., ¢ from equation (5), (nmk)
Computation of U'V = V'V in accordance with Schedula 1, (0 products

since the elements are subtotals of tha elements v(;.i))

. Computation of kii for 1, = 1, ..., e from equation (7).(%m(m+1))

Computation of kc+1 g for 4 =1, ..., ¢ from equation (13)s (mn)
»

Computation of kc+1.c+l from equation (12), (0 products)

Computation of the Qj(y) for J =1, ..., ctl from 2™ foru of

squation (6) and aquatfon (16), ((mHctl)(n+l))
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The importnﬁt point is that the number of products is only a linear ’
?; ' function of the number of data iines n. An approximate'formula for the l

total number of products is n{k+(E+ - 1) + (mHl) (k+l1} . ’

5. A Numerical Example

A small numerical example with n = 4, Kt - 3 k= 2, cw]l, m =2,

me2, mp=n=éis shown in schedule 2 below.

_ Schedule 2: A Numerical Example of a Mixed Modal
X Original U, Uy X new Vi

‘55 : 110 10 1000 (1/2) (/2 +1/2) =(1/2)
? i 2 110 01 0100 (/2 (@/2) =@/2) +1/2)
: E 1 101 01 00 10 (1/2) -(1/2) 0 0 g
ffi 2 101 01 000 1 (1/2) =-(1/2) o 0 .

The orthogonolization of X (original) to X (new) followa the standard Uram f
Schmidt procedure and reduces the k+ = 3 dependent columms to k = 2 colums

which are orthogonal and standardized. Note that

x(2) 0 = X(2) 14 = (1/2)x(1) ;4 and

x(3)°1d - x(l)new - x(2)n.w must be eliminated. ' ;
Using now z(r) = x(r)n.w we orthogonalize U; on X and compute (see (5))

x"(1) u(l,1) » +(1/2), x'(2) u(l,1) = +(1/2)

and hence f

v(1,1) = u(1,1) = (1/2)x(1) = (1/2)x(2)

1ik.ui;o
x'(1) u(2,0) = (3/2) x'(2) 0(2,1) = =(1/2)

' ] 16




and hence

v(1/2) = u(2,1) - (3/2)x(1) + (1/2)x(2).

This yields the matrix V; in schedule 2 which has only one independent

colum. The elements of ViU1 require the computation of

V(L1 u(l1) = (1/2); v(L,1)' u(2,1) = v(2,1)" u(l,1) = ~(1/2)

and

" v(2,1)' u(2,1) = 1/2 with sum of squares of k,, = 4(1/2)2 = 1,
Purther (equation (12)) ky, = 4 - 2 = 2 and (equation (13)) k,, = k,,
= 4§(1/2)2 + 4(0)2 = 1 so that the K matrix is given by K = (} %).

Finally, (equation (16))

Qa(y) = 42 +22 + 12 + 22 - (%9)2-(-}3)2- 25 - 32 = 25 - 22,5 = 2.5

and (equation (6)) Q) = ¢ 222 + & (-20)2 = 2,

The solution of 8 - ng therefore ylelds 032 = 1/2, 012 = 1,5,

6, Optimality Properties and the Conaistency of thé Equations

The estimators described in Section 3 may be seen to be "best af 021 -0,
i=1, ...y ¢ °§+1 = 1" ag defined by L. R. LaMotte (1973). Tharefore,
the consistency of equation (10), regardless of the rank of K, is estublished
as Lemma 4 by LaMotte (1973). That the estimators defined by (11) are
"bast" amoné invariant quadratic unbiased estimators guarantees that they
are ndmiysible in that clas;; Ehnc 15. no other invariant quadratic unbiased
estimators have uniformly lass variance for all g. Further, as noted by
LaMotte (1973), the estimators (11) huve.the property that in any model for
which a uniformly best estimator exists, (11) will be uniformly best. Finally, it
may be seen that the “synthesis" estimators (11) are also MINQUE as in

Rao (1971, Section 6) with V= I. No claim is made that this choice of

17




the norm has any particular merits among the rather general family of the
; norms covered by Minque formulas. However, it appears to be reasonable to
| us that in the absence of any theoretical criteria for selection of Minque
: | i norms a norm leading to simple estimators may be regarded as meritorious.

Following Section A5 in LaMotte (1973), it may be seen that the rank

of K ig equal to the number of linearly independent matrices among Vivl.

; i=1, ..., ctl. Thus a singular K may occur if the Uiui matrices are not

all linearly independent or if there exiatl‘(see (5)) a linear combination

‘ _

of the Uiui matrices whose columns are contained in the linear subspace
gpanned by the columns of X, In the first case the singularity is caused

| by the design leading to the U1 matrices, while in the second the aingular-

ity is caused by confounding fixed and random effects. In either caué, {10)
is consistent but some linear combinations of the varianbé components can
» | not then be unbilasedly estimated. We should stress however that other

! special casas of Minque (not necessarily invarisnt to a) may also desarve

| particular attention.

18
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APPENDIX 2
The Asyaptotic Consistency of 02

In discussing the asymptotic behavior of 62 {t ig of coursc neeenssary to

8pecily the limiting process under which such properties are supposed to hold.

Clearly it is necessary for the consistent estimation of the vuriances ai -

Var bi that the number of elements m in the vectors bi all tend to ., Jor the

identity matrix Uc+l we have M4y ™ 0 the overal sample size. For the ro-

maining m, we assume that their limiting behavior is related to n by
l-ui l-ai

Ln <m < Un (17)

where 0 < @, <1 and L,U are universal constants., More specifically we assume

that Qg ™ 0 but 4y > 0 for 1 = 1, +e+y €. Generalizations to situations in
which a; = 0 for several components are under consideration,

Denote now by

v(t, 1) » numbuer of elements in u(t, 1) which are 1 (18)
i1

and

v(t, 1; 1, J) = number of rows in which both u(t, 1) and

u(t, 3) have elements 1. (19)

Using these concepts we introduce the following conditions of 'pseudo orthogon-

ality' of the u(t, i) vectors. We assume that

a a
g o <v(t, 1) <un 1

(20)

(where &, u are universal constants) and that

19
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v(t, 1; 1, 3) = o(v(t, 3)) !

(21)
i ¥ Jwithi=1, ..., c+1
i . and {1 =1, ..., ¢
; a
| .
| ' The relationship between (17) and (20) is obvious since z v(t, 1) = n so that

| ;: (20) implies (17) with U --% and L = % and the stronger condition (20) implies

f . tml [

a uniform order of magnitude for all vw(t, 1) in & given Uy Since the columns !
1
!

of the U, matrices are orthogonal we have v(t, 1; ., 1) = 0 for all pairs t # .

i
For columns u(t, i), ulr, j) with i ¥ j condition (21) is satisfied if there is j

an asymptotically uniform distribution of the wu(t, 1) rows for which u(t, 1) has |

g elements 1 over a fraction qm, of the mj columns of Uj where 0 < q < 1 since the

fraction of u(t, %) which gives rise to wu(t, 1: t. 1) will Le O(O—IHH-I) = : 3
u~1 ' |

O(n J ) and will tend to zero.
Next we must introduce conditions on the orthogoual standardized matrix X

with elements x _. Denote by ) x2_ the sum of x2_ over those rows for which : '

u(t, 1) has a 1 element then we assume that

2w ot ) |
x2_=0(n " ) (23 '-
s(t,i) 5T J

: a
Since | xgr = 1 and the number of terms in ) is v(t, 1) = O(n i) condition
8 s(t,i)

(23) implies that asymptotically the xﬁr have a uniform density x:r - O(nnl).

L, ' Finally we place on record a consequence of conditions (18) to (23): it

follows from (5) using (18), (19), (23) ar ! S wartz' inequality that

R < o i - 1o




S e e 5 -

. 2a1-1
v(t, 1) + 0(n )fort-r,i-j

J 2&1-1
? u'(t, 1) v(r, j) = 0+ 0(n Yfortdr, i = i (24)

a, g ~1
L Yt D40t 3y for 4 gy

We now turn to the asymptotic behavior of the ki

4 and ky
: and (25) we have that

T From (8), (17), (20),

:‘ B mi m
¥ ' | k - Z X (U'(t 1) V(Tl 1))2
e ; 11 t-l T"l ’
‘ mi 2 m 2
- Z u'(t:. i) V(tn 1)} +z {u’(ti i) V<T’ 1) (25)
tal toft
: : l=g +2¢g 2-2a,+4a, -2
3 f 2 Const n L on 11 )
i I+a
] t
\ >C n 1

for all i =1, ,,,, e4

From (8), (17), (19), (21) und (24) we have for 41 o j; 4 = 1

y seey C+1; 1
. | BRI TS PO

ll { ' m

| 17 2 -- ;
kg =l D {u'te, 0 v, J)} ;
; =l =l i
. : i !
. K . m )
¥ ' mi nm . a,40 -1 mi j
' - X ZJ v(t, 1; Ty J)z + O(n 13 ) z i (e, 1; T, 1) !
l . t T tt ;
h i . i
3 ‘ MM g 420 -2 3
t T
y i n n
% ] b a 4o, -1
| "I oot ) I we, 451, gy w0 Ed )y (26)
: t T
; I 2-0,~a 20 42a, -2
+omn o + 4 3

21

AR DA, M Ak SRR L et sy e vt e




I
)
i
!
i

Llta a, ko, b E
= o(n i) + 0(n i J) = o(n .1) (26)

: L+
since oy < 1. Similarly we prove by symmetry that kij wo(n ) for & ¢ jsec.

From (25) and (26) it is clear that for all large n the ¢ x c matrix kij for
l4a
i, j =1, ..., o ls8s aaymptoéically diagonal with diagonal coefficients > cn A

vhile the coefficients k are asymptotically equal to o(n). Moreover it im

e+l,]

o+l ctl > Cn. Using therefore the first c equations

of Kéa = Q(y) we obtain that

obvious from (12) that k

N "“1'1 A '“1'1 TR
o2 = O(n ) {Q,(¥) ~o(m)o? )} = O(n )Q(y) + ofn T)g2 .,
for i=1, .. ¢ (27)
Subatituting (27) in the last equation we obtain
. %nin s Ty
o2,, {en + o(n ) =)+ Zl 0 (¥) otn * ) (28)
1-
or
a? _1 (] "di-l
Oopl ™ 0(n )Qc+](y) + 1ZlQi(Y) o(n ) (29)
Subgtituting (29) back in (27) we obtain
. -a,-1 -1-a,
03 = O(n ) Q) + ofn ) QM) (30)

Bquations (29) and (30) show that 62 is estimable from the Qi(y). They also

ahow that 02 i1s consistent provided we can show that

22
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2a_+2

Var Qt(y) = o(n r )

2 forr =1, ..., € (31)
Var Qc+1(y) = oh”)

atnee CovQ, ()0, (y) = 0(Vard, (»)* varq (™.

In order to prove the first result in (31) we use formulas [22], [32] ,
[33] and [34) of J.N.K. Rao (1968) with slighrly nltefed.notation. Formula [22]
gives E Q%(y) in the form

§+§ ) cEl " c+l
E(Q.(y)?) = 2 c, 0f02 + c, ol + h,u (32)
r (448 13°1% &y 1% 121 1He4

- l th
where May E biu are the 4 moments of the elecments biz of bi' Noting that
- 2 . g2
Var Qr(y) E Qt(y) E (Qr(y)) the leading terms of 4y and cij given by
J.N.K. Rao's equations [33] and [32] cancel and we are left to consider the orders

of magnitude of

\ .
&, =2h, = ml{qr(u(t, 1)+ u(r, 1)) = Q Cule, 1)) = Q (ulr, 1))2
m m (33)
r
wJ 1 O] 2, 1) v(s, 1)) (ulr, 1)' v(s, 1)))2 .
t<y=l Bwl

Consider first the case r = i. We diatingn;uh two terms when 8 = t and 8 = v,

For those two terms (u(t, 1)' v(s, 1)) (u(r, 1)' v(a, 1)) 1s from (24) of the

oy 201-1 3«1-1 By
order of magnitude O(n ~) O(n ) » O(n ). For the remaining terms in Z
s=l
4u1-2

the product Is of the order O(n ) but the number of terms is of the order




l-a, 6o, -2 . 2-2a, 6u1-2 ,
0(n ) 8o that {J}2 is O(n ) and hence c,, = O(n ) O(n ) = 1
8 h
i 4o, 2,+2 "
. O(n ™) = o(n ) since ay¢ 1.
: Consider next the case r ¥ 1 and ¥ ¥ ¢ + 1, We have from (33) and (24)
l n ]
M . i 20,420 -2 s
. ;!‘ C44 - z Z {Z (v(t, 1; 8, ¥) V(t, i; s, r) + 0(n 1 r )
. .] t<T =
‘fl o +a -1
+0m " T ) (v(t, 158, £) +¥(T, 15 8, 1)))?

. n . ¥
g i 2qi+ar-1 '
g ) } (o(v(s, ) J v(r, 1; 8, ) + O(n )

o ' t<r 8
1[ : (34)
| agta -1 p
1 + O(n ) (v(t, 1) + v(r, 1)))2
m . !
1 ot 20, % =1 .
=3L fota’ H+om 1Ty X
t<r \

. ]

2420 o, 420 +1 20 424 !

= o(n Ty + o(n i )+ 0(n i ) f
i

2420
= o(n r). [

The case r ¥ 1, r = ¢ + 1 follows on the same lines as (34) except that o, = 0

and that v(t, i; s, c+l) Vv(7, i; 8, c+l) = 0 since u(s, ¥r) has a 1 only in the :
! oth row and either u(t, 1) or u{r, 1) have a zero in that row. The order of |
' 2a. -1 20

magnitude of {} will therefore be O(n 1 ) and 511 will be O(n 1) - o(nz).

The treatment of the ¢4y in J.NK. Rao's formula [33] follows on simjilar D

lines to the above proof for the ¢ if of the two alternatives 1 < §, J < 1

i1
in (21) the smaller % uj ie selected for wmajorisations.
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It remains to consider the terms

4 ™y "
b=l QQute, D) =Ll (] (e, 1) v(s, £)?D)?
' t=] tel =1

For the case r = 1 we have using (24)

mi lﬂi .
hy =l e ) v, 12 4] (u'(e, 1) vis, 1)2)2
t=1 BY¥t '
m
i 20 W |
=] totn H+otn T H2
t=1
1+3a ha 5a, -1
=0(n YH+otn YH+om )
2ui+2 20 42
= o(n V) woln T ) forimrdec+1l,
= o(n?) for i = r = ¢ + 1.
For the case 1 ¥ r and r ¥ ¢ + ]
m m
S | r a0 -]
hy = I 4D v, 458, 1) 40t T )22
t=]l gm=]
my u ui+u -1
=] U] olus, ot 458, 1) + 0 " T )] ult, 458, 1)
tel =] . 8
1-0 28 420 .2
+0n T)om I T )2
m
i a,+a 20 4+a ~1
«] fotn® Ty+om F Y2
twl
o,+20_+1 20,420 Ja,+2a -}
- ofn * y+on 1 Ty+om T

(35)

(36)

(37)

o cmtaaccrdt

s, A T i et 2.

g o .
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Yow since v(t, i; 8, ¢ + 1) is either O or 1 we have that

Finally for r* c + 1, 1 ¢ r we have

"y n . ni-l 2
ho=] {1 (v, 458, 1)+ 0(m )2}

t=1 =)

ny ui-l 201-1 2 (38)
w7 (T w(t, 458, )24+ ] v, 458, ) O(n" ) +0(n ))

tel & s

} v(t, 45 8, ¢ + 1) = v(t, 1) so that
5

oy a 20 -1

t=1

l-a 2a

«O0n ) o(n )

= o(n?).

Since 02 is unbiassed and Cov (62) + 0 as n + = it follows that o2 is

conlistent; Moreover if we replace any‘nggativé oi by 0 the resulting statistic

say Ez has a smaller mean square error and hence is also consistent.

The consistent estimator 62 ﬁay Berve as a starting value for the
iterative maximum likelihood estimation procedure described by Hemmerle
and Hartley (1973). Under certain regularity conditions (not discussed
here) one single cycle of the iteration will result in asymptotically
efficient estimators of 02 and a. If the iteration is carried to convergence
solutions of the ML equations are reachad. 1If no ML cyclas are performed
a congigtent ertimator q of a can be computed from the'gcneralized least

squares (ML) equations.

26
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& = x'H I xnly)
(40)
| )
" e 6:

vhere H= ] + [ = p !
n - 2 13

=1 02 .

It hac beem shown by Hewwu:ie and Hartley (1973) that (40) can be comput ed
directly frow the Uivi wird x‘ui matrices without the inversion of the

0 X n watrix H using their so called W transformation. In fact the W
(]

matrix (thci; equation (19)) is assentially given by th--ViVi natrices

(see the above Schedule 1) and by the contrasts viy required in the computation
of Qi (y). I

The variance covariance matrix of & can likewise ba computed through

the W transformation.
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MEASURE OF EFFECTIVENESS FOR DIVISION LEVEL MODELS

John H. Shuford and Fredrick H. Knack
Special Studies Division
US Army TRADOC Systems Analysis Activity
White Sands Missile Range, New Mexico

ABSTRACT

High level excrusions, using the Division Battle Model (DBM) or 2
similar game, are expected to become more important in the performance of
future Cost and Operational Effectiveness Analyses (COEAs). It is there-
fore necessary that a good Measure of Effectiveness (MOE) for use with
these games be developed. Certain MOE, such as the force exchange ratio
or other ratios, have become accepted as providing good estimates of the
results of high resolution, company/battalion level combat simulations.
Efforts have also been made to develop analytical weighting systems for
the different weapons in order to compute weighted MOE. Both of these
methods have been used to analyze the outcome of DBM, a low resolution
division level war game, but neigher has been entirely satisfactory. It
is hoped that this paper will stimulate interest and further investigation
into the analysis and interpretation of combat simulation results.

The TRADOC Systems Analysis Activity (TRASANA) has recently completed
a major weapon system study, using a division level war game as one of the
analysis tools. 1In the course of this work, the problem of f1nd1n? a prop-
er measure of effectiveness to distinguish between the competing alterna-
tives arose. This problem, of course, is common to all studies using models
or simulations, but it does take on some different aspects at division level
than at company/battalion level. A broader way of stating the problem, and
perhaps the better way in the long term 1s: How should a model or experi-
ment be designed in order to distinguish between completing weapon systems?

Since it is not possible-to do complete field testing on every pro-
posed weapon system, the use of simulations has been an important part of
the test and selection process. Now there is a growing interest in using
war games, which have been used principally as training aids in the past,
as analysis tools. A war game may be defined as a combat simulation that
is characterized by manual interplay and takes place in a simulated combat
environment. This paper describes in some detail the war game used in the
TRASANA study and demonstrates the dilemma faced in attempting to apply the
"accepted" measures of effectiveness to the results, It is hoped that this
presentation will both identify and lead to further investigation of a
problem area that is critical to the weapon system evaluation process.

The model used was Division Battle Model. It is « computer-assisted,
manual war game developed by the General Research Corporation (GRC) and is
designed to support studies of the performance of weapons, organizations,
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| and tactics employed by a division sized force. Figure 1 describes DBM

f schematically. The study was ?rimar11y concerned with the ground combat
A ! portion of the game, which is 1inked to two other GRC models: CARMONETTE,
k| } a stochastic, high resolution, company/battalion simulation, and COMANEX,
g | : an extension of classical Lanchester theory. COMANEX 1s both a stand

‘} : alone simulation and the ground combat assessment routine in DBM.

: CARMONETTE's primary activities include the movement of units, the
| detection of targets, and the firing of weapons. Unit resolution is
] ; variable from individual weapon system to platoons. The model is critical
| ; event sequenced with time recorded to one-ten thousandth of a minute. The
| o spatial representation {s variable but a 100 meter grid is normally used.
, : Input to the model are detailed descriptions of the units being played,
l ' performance characteristics of the various weapon types, a set of orders
l for each unit, including movement and target priorities, target detection
‘ probabilities, and a detz2iled description of the terrain., The unit orders
| must be based on a predetermined scenario and on a specified tactical
‘ doctrine, efther current or one to be tested. The terrain description !
; required by grid square, includes average elevation, haight of vegetation, |
; ! cover and concealment. Output from a CARMONETTE run is a computer listing
; of every event assessed during the battle which includes the elements
| i ki1led, varjous operational statistics, and information on engagement
! ranges. Various summary routines may be used to ¢cllect the data in pre-
, ! paration for further analysis. In preparing CARMONETTE output for use
b ! as DBM ground combat history, a sufficient number of replications of
S ; each scenario must be made to develop good estimates of battle outcome.

R : DBM 1s a game rather than a simulation. It is played on a tactical
{ : type map of scale 1:25,000 to 1:50,000 which provides sufficient detail
to support the levels of unit, time, and space resolution employed. For
\ the TRASANA study, 1t was more practical to resolve to the company level
for the Blue reinforced division and to the battalion level for the
8 ) attacking Red combined arms army, but different levels may be used depend-
i ing on the gamers' purpose. Space 1s measured to the nearest hundred
A

meters. Time may be measured to the nearest five minutes, but it was

found that to the nearest quarter hour was generally sufficient. While

the game can be played in open, semi-closed, or closed modes depending
; on the de?ree to which intelligence 1s considered a critical factor, it
{ has principally been used only in the open mode. In this way, two to

four hours of battle time can be gamed per working day by a player/con-
troller team.

The manual operations of UBM consist mainly of decision making. event
determination and time sequencing, while the computerized portion focuses

on the determination of battle losses, tabulation and reporting of battle

results, and updating of stored information. Manual play takes place

over approximately four-hour increments of battle time but may be stopped ) -
sooner {f the control team determines that a critical event has occurred. i
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At that point, computer input is prepared, describing the various com-
bat actions that occurred during the manual phase. The computer routines
then assess the casualties and provide a printout showing 1osses, cause
of loss, and past and present unit strength. The control team makes
necessary adjustments to unit locations and notifies the players of the
battle outcome, after which manual play 1s resumed.

In order to provide the necessary background, the ground combat
assessment routine must be describad in some detail. The routine COMANEX
solves a set of Lanchester type equations for the different weapons
systems involved. These are shown for the simgle case of one Blue and
one Red weapon system. It may be noted that these equations reduce to
the Lanchester square law for the case where all targets are acquired,
that 1s the Pg approach ¢, and to the Lanchester linear law as the Ps
approach unity, or no targets are acquired. COMANEX then treats combat
situations between these two extremes of the Lanchester formulation.
These equatfons are easily generalized to the case of several Blue and
Red weapon types as 1is shown by the following equations:

Homogeneous Forces

R
£ . -b(1-F%) B a)

L w1
b = Rate at which one Blue weapon kills Red weapons given
acquisition of at least one target.

PB = Probability that a specific Blue target 1s unacquired by
an individual Red firer,

B = Number of Blue weapons at time ¢
Similar definitions for n, Pp, and R
Heterogenaous Forces
dR m

Cald ) bygt1-e) 8, (2

im]
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b., = Rate at which one type £ Blue weapon kills Red weapons
W of type J

Bi = Number of type < Blue weapons at time ¢
Py = The same as for Homogeneous Forces

The values of the bij' 5o and Py are calculated by a COMANEX prepro-

cessor from the results of each high resolution scenario. These are then
used by the DBM ground combat assessment routine, the COMANEX simulator,
to solve the equations and develop the results of battle groups using
diffarent but similar force structure from that used in the original
CARMONETTE work. The validity of COMANEX in reproducing the results of
CARMONETTE and in predicting the outcome of different scenarios has been
tested both by the developer and at TRASANA and has been shown to be
quite good. While these models simulate combat more or less realisti-
cally depending on out point of view, perhaps more from the point of
view of a high level staff officer, devastatinglg less from the aspect
of an infantry private, they alone say nothing about effectiveness. In
actual combat, the critical, in fact the only measure of effaectiveness
is mission accomplishment. Models are not as inflexible.

In high resolution simulations, the win or lose criteria may be
difficult to define and quite arbitrary 1f it is done. T{pica11y.
battalion level simulations are not stopped at a logical breakpoint but
are carried to extremes (e.g., 90% Red system losses) that distort both
time and system losses. After making all of the necessary model runs
for each weapon system, the analyst will analyze all of the data to
identify a logical breakpoint. This "analysis point" 1s seldom driven
by tactical consideration (if {1t were, it could be specified before
hand) but rather by the necessity to find 2 Eoint‘in the model output
where all of the competing systems can be "objectively compared."

The typical numerical output from a simulation is in the form of
a killer-victim scoreboard as is shown in Figure 2. These may be de-
veloped as frequently as {s desired or practical during the simulation
and provide a summary of the battle events.
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Figure 3 shows some of the traditional type measures of effective-
ness used with killer-victim scoreboard data. The loss exchange ratio
and force exchange ratio are often used with CARMONETTE type simulation.
The total tank ratio and tank contribution are less common but have still
been seen.

When one computes the value of an MOE at an analysis point, the dif-
ficulties are usually just beginning. If different values for the MOE
are found (as 1s desired, 1f multiple MOE are used, it 1s also desired
that any differences are in the same direction) some determination must
be made about the significance of the differences. If a stochastic
model such as CARMONETTE 1s being used, one can of course conduct a
statistical significance test providing there is some knowledge about
the distribution of the model output. If not, non-parametric statistics
can be used. If, on the other hand., a deterministic battalion level
model is h2ing used, a difference of 10% is the acceﬁted figure for
significance. If no significant difference can be shown in the MOE, it
1s hoped that the model has provided encugh "valuable insights" to come
to a decision on the best (preferred) system. .

When analyzing the results of a division level model, things are
not as clear cut. First, 1t is difficult to use any of the traditional
ratio type MOE because the force ratios are constantly changing with
the intensity of the battle and the tactical decisions being made by
the players. Analysis points can be identified as some arbitrary frac-
tion of survivars (or losses) of the total force available and then the
ratio type MOE may be used, but the problem here is that varying numbers
of forces actually participate. In simulations at company/battalion
Tevel, a certain force is committed initially and fights to the conclu-
sion, with the entire battla taking place in a time frame of approxi-
mately one-half hour or less. In contrast to this, a division gane may
require a period of one to four days of combat time, while the intensity
varies not only with time, out also with space along the division front.
The numbers of engaging forces change as a result of both combat attri-
tion and the tactical decisions made, such as commitment of the reserve
or withdrawal of a unit to another position.

The strong point of the division game, however, is that tactical
stopping points can be easily identified prior to the start of the game,
For the TRASANA study the end of game criteria was simply mission accom-
KIishment by Red or Blue. The game was stopped with Red accomplished

is mission by penetrating the Blue rear boundary or when Blue accom-
plished his missfon by causin? Red to break off the attack and go on the
defensive. It was fortunate 1n the study that there were three distinct
outcomes for our three leading candidates. With one candidate Blue lost:
with the second, he prevented a penetration, but at a cost of an entire
division. However, with the third candidate Blue not only prevented
the breakthrough but had the capabil{ty to mount a strong counter-attack.
Even with results that diverse, a quantitative MOE is required 1f only

to have something to use with cost comparisons.
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TRADITIONAL MOE

Loss Exchange Ratio (LER)

LER = Number of Eed S*stemg.gost
umber of Blue Systems Lost

Force Exghange Ratio (FER)
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‘ E Figure 4 shows an example of the Force Exchange Ratio calculated
: : for each alternative for the previous manual interval at various times

; during the game. Comment 1s unnecessary on the difficulty of using
| - this as an MOE.

Figure 5 shows the Loss Exchange Ratios for the same case. Here

: the curves have been smoothed by taking cumulative values throughout
the course of the battle, but the differences 11e only in the relative

; positions of the curves and are still difficult to interpret. The

: arrows show points of equal Red losses.

Simulations have long been used as test beds for weapon systems;

. in contrast, war games have traditionally been used as training aids.

‘ It is becoming recognized that the games, particularly high level ones,
. have a legitimate use in the analysis process. In fact, TRASANA and
tha Combined Arms Center at Fort Leavenworth are devoting considerable
Joint effort toward improving existing games and developing new ones
for use in both training and analysis. Use of the game does, however,

: gresent some problems in experiment design and data interpretation that
! ave not been fully explored.
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ANALYSIS OF RAT10 DATA FROM FIELD EXPERIMENTATION

Brian Barr
US Army Combat Developments Experimentation Conmand
Fort Ord, California

ABSTRACT, Measures of effectiveness which result from taking
the rat{o of two dependent variables are difficult to analyze, The
problem becomes further complicated when the data come from field
experimentation where the data is rarely "clean".

Examples of the type of data involved are presented along with
the reasons why the data cannot be analyzed using standard techniques.
The analysis approach of looking at the numerator and denominator sep-
arately is discussed along with the reasons why this technique cannot
be universally applied to ratio data.

I. INTRODUCTION. The Combat Developments Experimentation
Command (CDEC) conducts field experiments for the U.S. Amy. These
experiments quite often take the form of instrumented force-on-force
field tests in which one tactical unit engages another in a relatively
free q1ay environment., The instrumentation permits the collection of
detailed data on the engagement sequences as they occur. Normally,
four or five independent variables are controlled, but the number of
uncontrolled or nuisance variables can be almost infinite,

Examples of the types of measures of effectiveness that have
been used in previcus experiments include the ratio of red kills to
blue kil1s, the ratio of detections to engagements, the ratio of targets
ex?osed to detections, and the ratio of ammunition expended to hits or
ki1ls, One ratio in particular that has aipeared reqeated1 is the
casualty exchange ratio, the ratio of red kills to blue kills. (Many
arguments can be presented for and against using this as a measure of
effectiveness., Without getting into that toqic. 1t should suffice to

say that this MOE has appeared before and will probably continue to
be used.)

II. THE PROBLEM. The problems with analyzing the casualty
exchange ratio from field experimentation data start before the cal-
culation of the MOE, The first problem 1s that the sample size 1s
usually severely 1imited by practical constraints (field experiments
are extremely expensive). Time and cost constraints quite often
overshadow statistical considerations and the analyst must do the
best with what he is given, The sam?1e size 1s further complicated
because up to 25 percent of the trials may be invalidated due to

operational problems or instrumentation failures. When these trials
cannot be rerun the result is unequal sample sizes. The sample sizes
may also be unbalanced by the nature of the MOE. The sample size of
the ratio of targets to detections, for example, is dictated by the

number of detection opportunities which randomly appear during the
field trial,
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A typical field experiment design might look like this:
Al A2 A3

B 6 | 6 | 6

B2 6 6 6

The independent variables A and B have three and two levels respectively.
Two more variables may be nested equally in the cells and an undetermined
number of nuisance variables may appear during execution. (In PARFOX VII,
for example, with 54 trials, nine variables could be shown to influence
the dependent variable.) These nuisance variables normally result in
great variability of the data within each cell,

The two elements of the ratio MOE are rarely if ever independent
of one another, The number of red players who have been killad obviously
influences the number of blue players who will be killed. Also the dis«
tribution of the number of kills on either side is usually skewed in one
direction and often truncated by an arbitrary end of trial criteria. Thus,
the distribution is rarely normal.

I11. PAST TRIALS. CDEC has been relatively successful in analyzing
casualty exchange ratio data by using analysis of covariance techniquas;
however this has only been possible because the basic statistical question
of how to test hypotheses on ratio data has been avoided. Instead of
analyzing the ratio, the numerator and the denominator have been analyzed
{ndapendently, then conclusions have been drawn from the results of these
two analyses,

The approach taken so far has followed the following logic:

31

If Rl is greater than RZ and if Bl is smaller than B2, then the ratio
R1/B1 must be greater than the ratio R2/B2. Likewise, if Rl equals

R2, and Bl is smaller than B2, then R1/B1 is greater than R2/B2; or

if Bl equals B2, and R1 1s greater than R2, then R1/Bl is greater than
R2/B2. This logic doesn't appear to bother anyone until the case where
R1 is greater than R2 and Bl is greater than B2 (so far CDEC has not
had this appear, but is would seem to be just a matter of time), Look

at the possibilities: '
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In each case, the statistical testing on the separate variables tells us !
the same thing (R1 is greater than R2 and Bl 1s greater than B2); but the
ratios are equal, greater, and smaller respectively.

An additional consideration that will not be discussed but should
be mentioned is the case where we have:

1 _ 10
‘ 770

: The ratios are equal, but obviously the battles are not identical since
; the casualties on both sides vary by a factor of 10.

IV, SUMMARY, Every indication points to the fact that ratio

. type measures of effectiveness will continue to appear in field experi-

3 \ mentation. Literature searches have failed to reveal acceptable solu- ;

‘ _ tions to the analysis of ratio data, and eventually the case will arise :
' where the separation of numerator and denominator will no Tonger be j

adequate., Further work needs to be conducted in this area, both to

; strengthen Army field experimentation and to benefit the whole statistical
community,
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PHYSIOLOGICAL AND PERCEPTUAL ADAPTATION TO
SUSTAINED AND MAXIMAL WORK IN YOUNG WOMEN

. D. Kowall, D. Horstmanl, and L. Vaughan2 . .
Exercise Physiology Division, US Army Research Institute of Environmental Medicine, .
Natick, MA :

Department of Physical Education, Wellesley College, Wellesley, MA2

] " In order to better understand differences in physical work !
performance between men and women, a study was carried out to determine if a.) women |}
perceive physical effort differently than men; b.) does previous activity experience | 4
influence the porception of effort; and c¢.) how does acute and chronic training affect
- the perception of effort and ability for prolonged work in women. Preliminary analysis
' suggests that perceived exertion in women is influenced by activity history and selt 3

concept prior to participation in aerobic training. ‘he perceptual measures displayed

. a substantial interaction depending upon self concept/prior activity and group affilia-

: tion of these women. Psychological estimates of phyaical self concept inproved for the

| . previous low activity training group but not for the previous high activity training
: | group when compared to controls.|

_B_ackgr_'ound:

Presentiy, about 5% of the workforce of the US Army Is comprised of women, (
the highest percenfag& In peacetime ﬁlstury.' Th_ls figure wlll Increase substantlally .
| within the next few years with a projected contingency of 50,000 women soldlers.
: The role of the Army's women has also undergone drastlc change; whereas B
previously confined to less physically demanding tasks (such as clerical work), all
Mllltary oécupatlor_i Speclaltlés are presently avallable to women, with the
e_xcé.ptliih of combat arms. With the brospect of Increasing numbers of women
serving In a greater varlety of work roles, our interests have focused on the
\ performance of prolonged physical work by women. Sustained performance of 3
& ' physlcal work Is governed by two distinct factors: (a) one's capacity for work and
(b) one's willingness to endure hard physical work. Capaclty Is objective In nature
and dependent to a large extent upon genetlc traits, but can be moditied by other
Influences (primarlly physlological), such as trainlng, dlet, and environment
(1,2,3,4). Willingness to endure }s more complex and subjectlve In nature, and
i probably govei‘ned by psychosoclal factors (5,6,7,8).

Glven this situatlon, the question is obvious: Are there physiologleal or
perceptual differences between men and women that may obviate the latter from
performing sustained heavy work. Currently available research provides little

i Informatlon. However, observations In our laboratory suggest that, when asked to
perform tests which require a maximum voluntary contractlon, women tend to
| 2 score less than could be pre'dlcted on the basls of physlological indices, e.g., lean

' ; body mass. 1t has also been reported that women possess approximately half the




ST e AR ey

R TN T

ST T R T T e T -

LT

arm and shoulder strength of men, 3/4 the leg strengths, and 3/4 the aerobic
capacity of the average man (9). Further we recognize that perception of work Is -
related to experlenée. -However, because society has often considered women
Incapable or It unieminine, many women have not experienced strenuous physical
work.

This study was designed to evaluate the following questions:

I. Do women percelve work differently than men and are the physiological
lnd psychological factors related to work capacity the same for both groups?

2.  How does prior experience influence the perception of effort and the
capacity for sustained work performance?

" 3. Do women who have had high activity experience differ from those with

low activity history In their response to tralning?

Progress:

Seventy-five women volunteers ages 13-22 served as subjects. They were
_assigned to one of 5 groups: Low previous actlvity, experimental (N = 14) and
control (N = 13), high previous activity, experimental (N = 15) and control (13) and
an Intercolleglate athlete (high fitness) group (N r 15). The following measure-
n;lents were made dui'lng the first and last week of the program. Anthropometric
‘measurements were made of height and welght. ‘Body composition was determined
by measuring skin fold thickness wlth a Harpenden caliper at four anatomical sites:
triceps, biceps, subscapular, and supralliac.  An interrupted treadmill test for
maximal aercblic power (\C)2 max) was performed following the procedure of Taylor
(13). During the last minute of each run, the expired gas was collected Into vinyl
Douglas bags and analyzed for oxygen anfl CO, content. Subjects were monitored
electrocardiographically during all runs. YO, max was determined when the oxygen
uptake did not Increase with an increase In work load. At the end of each run the
subject rated her perceptual response during the workload using Borg's report of
perceived exertion (RPE). The RPE Is a ratio scale from 6-20 with verbal labels: 6
» very, very light to 20 = very, very hard. The treadmill test for aerobic fitness
was performed during the first week of study (Pre-training), a week later (Acute)
and following the 12-week training program (Post-training). These replications
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were performed to assess changes that may have occurred In both physiological and
perceptual responses to maximal work, and the aercbic tralning program. The
training program consisted of 12 weeks during which the women ran for
progressively longer perlods of time at a faster pace. Each week a 30 minute test
run was performed to assess improvement In stamina and endurance. During the
pre- and post-testing sessions the subjects were asked to complete 8 battery of
cognitive and behavioral self-evaluation questionnaires designed to assess their
attitude toward exercise, expectations of their physical capacity and performance,
Anthropometric measures are summarized in Table 1. The findings suggest
that wemen engaged In an aercbic training program can expect to lose body fat but
galn some weight even though they are maintaining high energy expenditures. This
Is attributed to the Increase in caloric intake reported by the members aof the
training groups. Table 2 summarlzes the physiological and perceptual responses to
initlal, acute and post training maximal exerclse. Tne anticipated improvement in
aercbic fitness Is evident with improvement In {02 max Increasing 8% for the high
actlvity group and approximately 15% for the low activity group. It ls difficult to
equate the perceptions of effort (RPE) reported because of the different workloads
involved at the end of the training program. The other measures of aercbic fitness,
ventllation (V max), maximum heart rate (HRm“) and maximum workload
(lptedlgnde) also showed the anticipated improvement as a result of training.

" Table 3 describes the physiological and perceptual responses to a 20 minute

‘endurance fun at 70% of voz max. While the first two endurance runs were based

on Initlal \02 max values, the post-tralning 70% workload was calculated based on
the subjects post-training VO ), max; Le. absolute workload was Increased from 8-
15% for the groups. . It can be seen that the perceptual responses to the same
workload (pre-acute) were quite different. This finding suggests that exposure and
activity experience alone may play an Important role In understanding work
performance In women even 1f no tralning Is Involved,

" Data analysis of these phyalological and perceptual measures across replica-
tions of the maximal performance and endurance tests are In progress. It can be
seen In Table 4 that psychological measures of attitude toward actlivity, physical
self-estimatlon, hidden shapes, motor satisfaction, percelved control of the
environment (lack of control) and physical self concept did not demonstrate




substantial differences between the high and low activity groups. However, it Is
notewbrthy that many ‘of these measures were apparently different from the
college norm bop'ulatloﬁ scores. This could be expected In light of the actlvity
experlené:e of _th'é latter group.

In general the preliminary data analysis indicates that perceptual responses
are Intricately Involved In the development of physical work capacity In women,
Comparison of differences in peripheral responses between women and men will be
reported subsequently. The population studied appears to be rather unique and
superior to the college norms maklng psychological comparlsons difficult; iowever,
additionalanalysis s in progress.
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THEORY OF LEAST CHI-SQUARE FOR POLYNOMIALS:
IMPLICATION FOR DESIGN OF EXPERIMENTS

Richard L. Moore*
US Army Armament Research and Development Command
System Evaluation Office
Dover, NJ 07801

ABSTRACT. This paper extends the least Chi-Square theory
(which was previously developed[1] for fitting data to non-linear func-
tions of the parametars) to fitting polynomial functions of an independent
variable. The underlying concept Is that a Chi-Square is minimized.
This Chi-Square is the ratio of the sum of the square of the residuals to
the variance of the Instrumental error plus the sum of the ratio of squares
of an appropriate number of autocorrelation coefficients (with delay times

which are Integral increments of the interval between observations) to their
varilances.

The normal equations are extensions of, and reduce to, the ordinary
least squares when the autocorrelation coefficlents are zero. Iterative solu-
tion Is required since the sum of squares of residuals and the autocorrelation
coefficients depend on the values of the parameters. Two different approach-
es for the iterative solution have been programmed for a commercial program-
mable calculator. Typical results will be presented.

Effective use of this theory requires measurement of instrumental
errors, and if appropriate, randomization of the arder in which the in-
dependent variable(s) are varied,

The use of the theory Is expected to give a set of values of the para~
maters which are "more probable" than those determined by ordinary least
squares. [t |s expected to be "robust" to outliers and give an estimate of

the probability that a particular outlier came from the same population as
the other observations.

|.__INTRODUCTION. The aim of the investigations which led to this
paper was to find a better method to estimate the parameters in mathema-
tical models of physical phenomena. Several assumptlions are inherent Iin
such a problem: Two of them ware essential In our considerations:

*Based partially on work done in Logistics Executive Development Course,
USA Logistics Management Center, Ft. Lee, VA,
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First: The mathematical mode! or models under test are completely
specified by a priorl knowledge; only the parameters are unknown ,*

g Second: The errors are assumed to be measurement errors, and

¥ independent means are available (and have been used) to determine the pre~
i , cision of the measurement devices whose variance Is given as oe' . These
measurement errors are assumed to be independent, and thus to form a

random sequence.

}
_ C Because of the first assumpticn, we do not permit ourselves to use the 'l
! established statistical curve-fitting procedure of generailzed least squares
= : In which the variance-covariance matrix is transformed to a diagonal matrix, '
' The procedure is rejected because in effect it changes the mathematical
model to a different model, In which "periodic" terms are added to account :'
for the observed values of the autocorrelation of the errors. |

Because of the second assumption, we must provide a test as to
whether, In fact, the errors remaining after the parameters have been as~
§ timated are consistent with a random generation of errors with a variance of
! ; oe’, and if at the same time the autocorrslations obiserved are consistent with

| a random sequence of arrors. j
]
|

The last criteria Is essential from an experimantal point of view since,
try as he may, the experimenter may not have succeeded in eliminating all ;
k| , sources of bias. To heip him determine whether he has done so, many tests i
& | of the residuals are available[3, 4], However, these tests are essentlally
go/no go, and offer no method to Improve the estimate of the parameters by .
reducing the autocorrelation. ;

Our object is to provide a data reduction method which will give a
single test to answer the question: What is the probability that ths set of
residuals corresponding to a given set of parameters arisc by a random so- : :
quence from a populaticn with variance oe’ . Given thls probablility, can _ .
the probability be increased by a change in the parameters? i

i
' ! : *Most (if not ail) basic theorles of physics can be derived from the least- _ g
‘ i square principle. This principle was stated by Gauss in 1828, and has . i
recently been confirmed by Moore([2]. Because of this fact, it would be . '
3 _ inappropriate to add additional terms to the physical theory merely to
g 3 reduce the autocorrelation.
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Il. CONSIDERATION OF CRITERIA. In considering what statistical
criteria could or should be used for our purpose, several well-known
criteria such as "run" prebability, error normality, etc. as considered by
Anscombe [4], were proposed but were rejected elther because a given
test was not expressible eusily in terms of the residuals and thus in terms

of the parameters, or it was not directly applicable to the question of
interest.

Evidently some form of chi-square tests would be desirabie in view
of the well-known fact that the sum of squares of the residuals follow a chi
square distribution. The variance, covariance matrix (V_~!) was con-
sidered as a candidate by using the following, (where (Ill...) is a column
vector amd (lli...)” is Its transpose) (see Aitken[5]).

.. )'v -l )y =ng o (1)
c ij 1j

The expected value of this expresslbn Is just na®. Because o), where | #.]

i
can be either negative or positive ahd because of the tendencyj for alternating
positive and negative values in some cases, this expression was found to be
unsatisfactory for a chl square tast.

The next criteria which could be used Is (IIl..,.)’ (Vc“)' (a...)

which equals n (| + £ r )? o' whose expected value Is

n(l+2£r|'+2'£r

J

If one should expand this square, on the assumption of r, being not
correlated with r. (consistent with our second assumption) one might expect
the sum of the cross product terms to vanish leaving only the sum of the

squares. If this is the case, then the sum of the squares criterla (an alter-
nate which follows) should be a more sensitive criteria.

3y ot .
lr'J+}".l"j)cv.

A third alternative Is the comblination of (a) the "F" test of the
variance of the residuals where the measurement variance o_? is the stand-
ard against which the sample sum of squares Is compared, and (b) the Box-
Pearce test of the sum of the squares of the autocorrelation coefficients
divided by the individual variance vJ (Box and Pearce(6]).

The chi-square formed by combining these two tests is a single test
of the Joint probability of a givan value of the sum of the squares and the
corresponding values of the autocorrelation coefficients arising by chance
from a particular set of estimates of the parameters.
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The mathematical process to find the parameters which maximize the
probabllity that both the "F" test and the autocorrelation test are satisfied
will be called the "least chi-square method." Its derivation follows.

Hl. LEAST CHI PROCEDURE. In this derivation we wiil follow the

procedure and most of the notation of Aitken[5] for generalized least squares:

Let the representation of the vector of data:
u={ulx), ulgd, ... ulx )} (2)
by the vector:
y={yl). y4a), ..o yix ) (3)
be linear In terms of a set of assumed functions
P1(x), Palx), ooy Py, (%) #)

These functions are restricted only by the condition that they must be
linearly independent over the n values of x.

If we let P be the matrix of these functions, the ith row of P is the
row vector,

Py=Ipy (%), Py (XD vvpp,, (X)]. (5)
Iin this event, p is of the order of n x (k+l).

Let 6* denote a column vector of k+l coefficients independent of x,
such that

9*={91*' 9,*, 9.*, e 9":_”} (6)
(The asterisk symbol * will be used to indicate an estimate of the Indlcated
symbol where convenient. However, it will not be used on complex expres-
sions involving x..}, o', and t because of typographical difficulties) . By
definition then the vector y Is PB* and we let the vestor d be:

d=u-y=u-Por, )
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if xT’ Is defined In the first way considered, i.e., (d)’ (d]/oe‘ plus the
covariance normalized to o?, it Is

de" d'd*de" {ld’ (Vc“)’dl - (d’d)4}
and let

- - § - *13
(Ve =d 1+ 2, V™) d’]

]

In this expression Vl“l is defined as follows:

- - - .
V|‘1= 010...0/}; Vgt={o00lO...0

00i10..0 0001
00010.0 LOOO

In these, the subscript "j* indicates a unit value in each of the Ith rows and
(i + J)th column. Thus equation (8) becomes

j")dld} (1)

The partials of equation (11) with respect to Br are clearly a complex ex-

pression, when compared to the method which follows this discussion, so
that further analyslis is not presented.

If the chi-square is taken as the finel alternative, and Vj is the
variance of rj' then: ‘

'/V

}

Yag -V g'd + 5
A =0, dd+]‘:=|rl




Following the generalized principle of least squares, the partials of x.r’/z
are

axT'lz
el Oe'" {((P°TPO¥) -P'I"u) =0 (13)

where I', o are defined In terms of the unit vector | and the factors d, r
and V,-! as follows. Let

J

]'
r V-

. 1Y)
Foeraet - ety

thus
8
r=1+3I arV-
=) 00

Solving for 8%, we find

e*= [P'I'P]"t P ' I"u, (15)

Since I depends on tﬁe values of rband d’d, which again depends on 0¥,

the values of 8* must be determined iteratively, with each iteration being
used to datermine rl and d’d until the values converge.

IV. LEAST CHI SQUARE FOR FUNCTIONS WHICH ARE NOT LINEAR IN
THE PARAMETERS. In the previous paper [1] the expression for a new
estimate of the parameters has been derived for "the least chi square® pro-
cedure. That derivation will be understood by the present notation as
follows:

Let Yl*.y(xll oY), Y(xlo ") ... ytxn. ov)

and let ul* =u, - y|* .

Define the matrix P* as the matrix whose Ith row Is

20,
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Let {d*} = P* [88*] - u*. (18)

From this It Is clear that d*, P*, 80%*, and u* may be substituted for
d, P, 8%, and u in the formula for 8* so that

[(86*%] = [P*' I P*]=! P*’ ' u¥, (19)

V. EXPLICIT EXPRESSION FOR POLYNOMIAL LEAST-CHI SQUARE.
Equation (11) can be explicitely expressed in terms of x,, u,, and a, If

p, (X) are polynomials. For computing purposes this may be desirable
since the various "moments" can be evaluated from the data (u,) and from
the values of the independent variable X, In several ways.

To calculate the matrix alements explicitely, let the value of I' be

1+2%a VJ‘l as in (15). From this expression the matrix elements of the
equation '

PPI'u = P'I'Pa*

are calculated and the results are given in Figure (1). (Note that in Fig (1)
y, Is used as the vector of the observed data Instead of u, as previously.)
TLe matrix terms Include the ordinary least square terms plus the added
terms as may be seen by inspection of each term. The added terms can be
distinguished from the ordinary terms by the fact that each of the added
terms are proportional to a_. The calculation of the "moments" can be done
in a variety of ways. Assuming that x, are equally spaced integers, two

different approaches have been used to program a Texas instrument pro-
grammable computer (SR-52). These were:

(a) calculation and storage of all the "moments, " calculation of x..?
and a_ from assumed values of 8* followed by calculation of the matrix ele-
ments, and concluding with a new estimate of 6* by a standard ordinary
least square program routine such as the Texas Instrument "Trend Analysis
Program." This program calculates the new values of 8, * by the usual
techniques of solution of simultansous linear equations.

(b) A second way Is to calculate the residuals d from an Initial esti-
mate of 0'*. From them calculate (d) *(d) and (d)° V,"!(d). From these two,

xT' and a_ are calculated; followed by the matrix elements of the trend
analysls program and then the values of 0%,
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VI. EXAMPLES. The first to be discussed uses the data on "national paper-
board production per quarter" given by Butler, Kanesh, and Platt{7]. This
case lllustrates the situation where serial correlation due to seasonal effects
is present, and offers a comparison between ordinary least squares, and
least chi square. The second case uses data on the gross national product
(8}, In a case where the "eyeball test" indicates that a linear least squares
Is not adequate. The purpose of the study of this case is to provide a case
where a prior] one would not expect a good fit.

In all cases, 30 data points were used. The variance of the autocor- |
relation squared was tuken as approximately (n-4)"!; and the expected value
3 i _ for V2y..' was assumed to be [2 (n+s-q) ]t where n is 30, s is 3, and q is 2.

The va;[dity of this fermula as compared with alternates such as one where '
the degrees of freedom are n+s-2q Is not important for these cases. ‘

Table 1 shows the results of the calculation. For each case, as de-
signated under the "DATA SOURCE" column, values were estimated for the
variance of the measurement error. Under "initial" and "final" columns

;- : are given the estimates of 8y, 8,, %,?, % ? and 1.} . Using the final values
i _ of Zx;r' , an estimate of its deviation (A) In multiples of the standard devia-
k- tion from the expected value E(JZxT’) is obtained,

The first case of Gross Natlonal Product (fig. 2) used a straight line
fitted by eye to the data. The second case used ordinary least squares as
the initial estimate. The ordinary least squares gave the same final esti-
mate of the parameters after one iteration as did the initial Yeye ball" fit
did after two Iterations. (There was no change between the second and
the third.) The amount of calculation would be somewhat iess with the

¥ ordinary least squares as the Initial point. The eyeball fit was used to
i check the ability of the program to converge when given an initial con-
‘ dition which was not the "best" estimate.

) The third case of the GNP used a value of the estimate of the

| measurement variance of the GNP as four times that initially estimated.

E The same initlal "eyeball" estimate was used as before and a rapid itera-
, tion to nearly the same final values of the parameter resuited. The

| large value of x,! nearly always dominated the value of y,?.

The initial estimate on the "Paperboard Production® was taken from
_. i the resuit given by the authors using many more data points. This es~
! f timate was: Oy Is 3671.8 and O, is 74,12, A change of variables was

’ ‘ mads for convenience as follows:

| : y’ = .2y - 760 (20)




Using this value as "normalized" production the initial and final values
are given In table 1, In terms of the original parameters the estimates
of 8y, and 0, are 3712.5 and 72.25 respectively for case A. For case B
they are 3715.0 and 72,15,

In case A, the initial estimate of the parameters was changed by
the iteration so that the least squares error became smailer and the sum
of the squares of the autocorrelation coefficients became larger. The
final parameters of case A were used as the Initial estimate for case B,
but the estimated variance of measurement was increased by a factor of
ten. The iteration procedure produced a change in the final value such
that the sum of the squares (x,?) was slightly increased, but the auto-
correlation decreased. This Is the only case studied where "A" Is less
than one standard error.

The reasons for the large values of A, follow for each case: For
the GNP cases, the linear model Is obviously insufficient to fit the data,
Making allowance for a larger estimate of the measurement error does.
not compensate for the correlation of the residuals. We conclude: the
GNP case does not satisfactorily fit a linear model as assumed.

For the Paperboard Production cases the "measurement" variance
is larger than 100 but probably less than 1,000. Because there has
been no attempt in the present study to adjust for "seasonal" fluctuations
which may be real, the "seasonal" fluctuation then represents an addi-

tional (and correlated) error in each quarterly estimate. Further analysis
will be done for this case when a computer of larger storage capacity
than the one used In this study Is avallable.

To investigate the possibility that outlier rejection would be as-
sisted by this technique the 25th data point was chosen by Monte-Carlo
techniques and a -30, deviation from the original fitted line was intro-
duced. Two cases were calculated using this et of data: in the first
case ordinary least squares was used to initiate the calculations; in the
second case an initial estimate of the values of the parameters near to
the fitted line of the unmodified set of data was used.

The final parameter estimates agreed in both cases and the values
of both %,* and %' greatly increased. The result is that "A" became
greater than 2.3 as compared to the previous result of 0.68. (The
variaice of JZxT' Is unity.)
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Thus we find this test sensitive to a single outlier and Indicates
that further study should be done of this technique.

Questions such as the relation to the ARMA technique (9) have
not yet been investigated.

VIl. SUMMARY. It was observed that the fit criteria, x..!, was

improved in each case from the ordinary least square value by the itera-
tlon procedure. In this process the chi square of the autocorrelation co-
efficients was always reduced from that which occurred at minimum
varlance of the errors at the expense of permitting a slight increase In
the variance of the errors.

Based on this result and on the.theory of the tests, least chi
square gives an improved estimate of the parameters as compared to
ordinary least squares.

The convergence was rapid. The number of Iterations required
to converge was approximately three. It is yet to be demonstrated that
an "eyebail" Initlal fit might reduce the number of iterations required
but it Is believed likely.

When performing experiments involving measurements, the measure-
ment error should be Independently observed so that data will be avail-
able to apply the least-chl square test if appropriate.
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SIMPLIFIED CONSTRUCTION OF BASIS FUNCTIONS FOR POLYNOMIAL SPLINES
J. J. Heimbold
MARK Resources, Inc., Marina del Rey, Caiifornia

A simple, straightforward procedure is presentsd for generating poly-
nomials over a set of contiguous intervals. The polynomials can be constructed
to be continuous or to have an arbitrary number of derivatives continuous
across the interval boundaries (knots). The constructed functions are
ordinary polynomisl splines of given degree with any specified number of
derivarives continuous across the boundaries.

/. minimum mean-square srror criterion in fitting the spline polynomials
to a set of data points requires solving a set of linear equations. In
actual applications it is efficient to express the polynomial splines as
s set of basis functions which simplifies the solution of the linear squatiuns.
A set of spline basis functions is presented which does simplify the smolution
to the minisum mean-square fit. The functions are created in such a way that
many pairs of basis functions are mutually orthogonal. In addition they are
ordered in a way that results in a banded matrix in the set of linear
equations. Both of these properties lead to a numerically simple solution

and a reasonably small amount of computer storage.

MOTIVATION

The need to construct splines grew out of a requirement to obtain tra-
jectory estimatas from noisy radar data. It was known that some of the
trajectorias could ba modelad by fourth to sixth degree polynomials over
stiort time intervels, and it was desired that the range, velocity and

sometimes the acceleration or higher-order range derivatives be continuous

across interval boundaries.
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As a result of the need for the trajectory estimates, a technique vas
f developed for comstructing spline basis functions for polynomials of
arbitrary degree with an arbitrary number of constrained derivatives at I
the knots.

_? The motivation for deriving the splina basis functions came from the

need to quickly implement a spline progran. A survey of the spline literaturs
found it to be either limited to sacond or third degree pulynomials, or to

be unreadable without a specialized background.

CONSTRUCTION OF POLYNOMIAL SPLINES

It can be shown that a polynomial spline of degreae D in CP-I(xl.-) over

the set of strictly increasing knots (xl.:z,....xu} can be written as

D D D .

Q@) = Y Gl + D rp o] ¢+ D e e |

i=0 J=P J=P !

vhere :
x-x, xx, ;

(x-x,) é . !

(0 x<x, f

._1 f _ Expressing the splines in this form ylelds a concise mathematical
formulation of the aplines. The first summation tera is a polynomial of

degree D on (x1,~) and 1is in CP-I(xl.-). The rest of the sumation ternms

4 3 are in CP-l(-.-). and hence Q(x) is in c?-l(x ")

¥ E The functions (x-xi)i ere basis functions for Q(x), and are not necessarily

mutual'y orthogonal for any two basis functions. Consequantly, a direct
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SPLINE BASIS FUNCTIONS

computation of a minimum mean-square fit of Q(x) to noisy data will require
matrix storage and inversion for a square matrix with dimension (N-1) (D+1-P)+P,
A change of basis functions can reduce the matrix storage vequiremenis if the

basis functions are chosen such that many pairs of the functions are mutually

The basie functions which lead to a banded matrix are

Xy ZX < Xyipel

othervise

1<m<P+l Xi4p41 *14m-1)

'P+1
N P+i-1
o~ \
Z LTI WO
k=1
-131 (&) = \
J,
\
where
i 31, _nfi
30 Oy p ™ g k-1) I
1<m<P+1
gk
for
j=1,2,...,D+1~-P,
k=1,2,...,P+1, and
1-1.2. (Y 'N-.‘. .
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These basis functions span all terms of the form (x-si)+ { 3=P,...,D;
i=1,...,8-1. The other terms in the polymomial Q(x), viz., (x-xl)j.
j=0,1,...,P=1, arc spanned by creating P knots ’-(P-l)""'“-l"o vhich
are strictly increasing with Xg € X,. Then the set of basis functions
{lni(x)}. iw-P+1,-P+2,...,0,1, io a set of P+l linearly indepandent p&ly-

nomials of degree P on the interval [xl.-]. and hence

P
Z’u xxp)]
3=0

can be formed as a linear combination of theses basis functions.

These btasis functions have the property that

kni(x)‘nj(x) = 0 for |i-3| > P41 .
They can be ordered as:
13p410 1B-pe2r 000 1B
1810 281 o0 paphy

188-10 2%N-1° **** pe1-pBy-1 ¢

With this ordering, the matrix of dot products of the basis functions is

b‘nd.d '1th b.M“idth (Nl) (D"Hl) » P'O.l pees .Do
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VALT PARAMETER IDENTIFICATION FLIGHT TEST

Robert L. Tomaine*, Wayne H., Bryant,** and Ward F. Hodge**

; NASA-Langley Research Center
Hampton, Virginia 23665

ABSTRACT

‘ The Langley Research Center is engaged in a research program to develop
-1 ) the technology to maximize the capability of helicopter operation in con-
i ! ' - fined areas. The program, VALT (VIOL Approach and Landing Technology), uses
E : | an integrated approach iunvolving the helicopter, avionics system, control
k- system, displays, and the pilot. An important task in the study is to
develop an accurate model of the helicopter system for flight control
design and simulation studies. A flight test designed utilizing the VALT
approach profile was performed at the NASA Wallops Island test facility to
obtain data for verifying existing mathematical models through use of para-
meter identification techniques. Briefly, parameter identification as
applied to flight vehicles consists of identifying the aerodynamic co-~
efficients of the vehicle equations of motion utilizing the weasured vehicle
18 astates and accelerations resulting from measured control inputs. Theorati-
. cally, these coefficients can be determined very accurstely; however, in
actual applications many problems and limitations are encountered, In
addition, the research vehicle used (CH-47) and the VALT flight regime intro-
duced problems specific to this application. The unique facilities utilized
to minimize these problems for the CH-47 parameter identification flight test
included the CH-47 fly-by-wire control system and on-board computer, the
Wallops Test Center radar tracking system, the Langley Research Center mobile
research Afircraft Ground Station (RAGS) and Piloted Aircraft Dats System
(PADS), and the CH-47 Sperry flight director display.

e

————

—— ity L

Data runs were performed to include test points along the entire VALT
approach trajectory, including straight and level flight, straight descending
and ascending flight, and spiral descents. Complete data sets ware measurad
at 40 sps on PCM recorders and stored on board to include attitudes,

_ velocities, angular rates, linear accelerations, pilot stick positions,
- actuator positions, SAS positions, rotor RPM, and other pertinent information.

x mmm v s

In addition to describing the details of this flight program, preliminary

f} { results of parameter identification processing utilizing advanced statistical
g ' methods are presented.

**Ngtional Aeronautics and Space Administration, Langley Research Center
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INTRODUCTION

VALTis an acronym for VIOL Approach and Landing Technology (Ref. 1).
1t is a comprehensive program including flight management, guidance and
control, and display technology with the ultimate goal of the development
of avionics technology for optimum VIOL short haul transportation in the
1980's time regime. One important task of the VALT program is to develop
an accurate model of the VALT research vehicle, which is required for
guidance and control system design. This paper is concerned with the
approach taken to determine this model.

The wethod of obtaining an accurate model of the VALT research vehicle
is verification of prior developed analytical models by processing selected
flight maneuver data with advanced parawmeter identification algorithms,

The VALT flight regiwe consists of cruise, transition and hover flight
conditions., Anticipated VALT trajectories include straight and level flight,
straight ascending and descending flight, and spiral descending flight. A
comprehensive f£light test program was conducted at the NASA Wallops Flight
Test Center to obtain data for all of the flight conditions anticipated for
the VALT trajectories,

Parameter identification of flight vehicles connists of disturbing the
test aircraft with & known control input to produce a response in tha vehicle
states which are measured as a function of time (see Fig. 1). Given a form,
the vehicle model (plant) and the measured states, the algorithms compute
the coefficients (stability and control derivatives) of the model. The
equation set governing the identification process is as follows:

X = AP + B(p)D

vhere X refers to the vehicle state vector, U is the control input vector,
and A and B are the stability and control matrices which compose the
assumed plant., The plant is the equations of motinn of the vehicle.

The general identification problem is complicated by the presence of
two primary error sources. First of all, the measurements of the states
contain noise due to the vehicle vibration,_ instrument limitations, and datas
processing. This results in the equation Z = X + V , where the meusurement
vector 2 is a combination of the actual state vector X and a measurement
noise vector V., 1In addition, some of the response of the vehicle may be due
to external disturbances such as wind gusts, and the assumed model may not
be representative of the actual vehicle., These error sources in combination
are referred to as process noisa. Therefore, the problem is to determine
the components of the A and B mnatrices of the assumed plant in the
presence of both messurement and process noise,

In practice, several specific problems occur in parameter identification;

and in this study additional problems associated with the VALT flight regime
and the VALT research vehicle are encountered. The general problems include

14
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the presence of winds, which as discussed earlier introduces process noise.
Additional problems result from the form of the vehicle equations of motion
(plant) chosen to represent the vehicle, These equations are linear 6
degree-of-freedom small perturbation equations chosen for compatibility
with control system design procedures and limications on existing parameter
identification algorithme, The equations require obtaining an accurate
and steady vehicle trim and linear response in the vehicle state variables.

The VALT flight regime introduces the problem of determining accurate
vehicle velocity wmeasurements at low airspeeds where conventional pitot-
static instruments are useless. The vehicle itself introduces furtner
difficulty in that it has unstable modes and its rotors introduce high
frequency noise in the measurement system and the possibility of rotor/
fuselage coupling, Lastly, flight testing introduces the need to evaluate
on board and at the test location the accuracy and quality of the data bsing
acquired. The next section will discuss how the test was designed to minimize
the aforementioned problems, and to obtain an accurate and appropriate data
set. To provide a background for discussing how these problems were handled and

the testing approach taken in these flight tests, the facilities utilized are
discribed first,

DESCRIPTION OF FLIGHT TEST FACILITIES

The parameter identification flight tests were carried out at NASA's
Wallops Flight Center, Wallops Island, Virginia in March of 1977. The
Wallops facilities crucial to these flights were the Aeronautical Radar
Research Complex (ARRC radar); the Transponder Data System (TDS); wind data
measurement equipment, including a8 wind measurement tower and weather
balloons; and the Research Aircraft Ground System (RAGS). The current VALT
research vehicle is a Boeing-Vertol CH-47 transport helicopter from NASA's
Langley Research Center, Each of these systems are briefly described below.

The ARRC radar facility consists of an FP$-16 radar used in conjunction
with & laser tracking radar to provide vehicle position data accurate to
one foot. This information is processed by a minicomputer within the facility
to provide highly accurate data in a Cartesian coordinate system aligned with
the runway chosen for each day's flights. The data is then telemetered to
the vehicle using the Transponder Data System (TDS). The TDS is a data link
that uses the time between radar pulses to send pulse position modulated
(ppm) digital data to and from the vehicle on the same frequencies as the
ground radar (uplink) and the airborne transponder (downlink). The data
transumission rate is one ten~bit digital word on both uplink and downlink per
pulse of the radar, and for these tests was configured to give approxiuately
34 complete position updates per second to the on-board digital computer.

The ARRC rader facility was also used to track weather balloons released
&t regular time intervals to obtain wind velocity and direction information
at 100-foot intervals from 200 feet to 2,500 feet. A 100-foot weather data
tover was used to obtuin low altitude and surface wind data.
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The RAGS 1s a mobile station with a telemetry link to the aircraft
measurement system as well as magnetic tape playback equipment, It provides
the capability for both real~time data display of selected parameters
as wall as a post-flight quick look capability at all of the measured

parameters.

As previously mentioned, the research vehicle is a Boeing-Vertol CH-47
tandem rotor transport helicopter equipped with a fly-by-wire control system.
The cockpit has both a standard mechanical control stick arrangement (the
safety pilot) as well as an elecctrical stick (the research pilot). The
mechanical control arrangement controls the position of the vehicle's
actuators., The electrical stick servas as input to the computing system,
which can manipulate the signals in a variety of ways through programming of
the Sperry 1819A digital flight computer. Outputs from the Sperry 1819A are
converted to analog signals used as inputs to electrohydraulic actuators.

The outputs from these actuators are then used to drive the standard
mechanical control stick arrangement through a clutch arrangament, which
allows rapid disconnection of the computing system in the event a potentially
dangerous control input to the vehicle is generated.

The Sperry 1819A flight computer is a general purpose, fixed-point
18-bit stored program integer machine with 16,384 words of ferrite core
memory for program and data storage. Thie computer communicates through
a variety of interfaces to the research pilot's control sticks, motion
sensore, the control system actuators, the transponder data system, and its
own control panels, which allow data examination and modificarion.

Measurement, recording, and telemetering of spatial, control, and
discrete variables is handled by the Piloted Alrcraft Data System (PADS),
a pulse code modulated (pcm) recording system, Sensor outputs are first
routed through buffer amplifiers and then sent to the computing system,
the on-board recording system, and to the telemetry system,

TESTING APPROACH

The first category of flight testing problems; accurate knowledge of
the winds, precise aircraft trim, and low-speed air data measurements were
handled through the combined use of the ARRC radar facility, the TDS, the
on-board digital computer, and an electromachanical flight director. As
described previously, wind daia were obtained at periodic time intervals
by releasing and radar trackiung a weather balloon. The subseyuent reduction
of the radar track provided wind velocity and direction at regular altitude

intervals.

Accurate low-speed air data measurements were obtained through pro-
cessing of radar derived poaition data (telemetered to the vehicle using
the TDS) with on-board acceleration measurements in a complementary filter
izplemented in the Sperry 1819A digital computer to obtain an estimate of
ground speed. To this ground speed estimate, the current wind velocity was
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added so that when flying directly into the wind an accurate estimate of
| airspeed was obtained. This airspeed determination system was used for all
| flights and covered the range from hover to 80 knots.

Previse trim conditions were established by using an electromechanical
flight director, driven by the flight computer, indicating deviation from ;
desired trim. Figure 2 is a photograph of the research pilot's cockpit and :
shows, in addition to the flight director, other standard aircraft instru-
ments., Starting at the top on the left-hand side, is an airspeed indicator,
a torque meter, and a flight-altitude indicator. At the right, starting at
the top isf an altimeter, a vertical-speed indicator, and a magnetic compass.
The CRT shoun just below center is used for display evaluation, but was
not used in these flights, The flight director horizontal pointer was
used to indicate error from desired airspeed; the vertical bar, error from
3 desired sideslip; the doughnut (at the left side), error from desired
i descent rate; and the localizer (at the bottom), error from desired rate
' of turn. The pilot's task to obtain precise triw was to simultaneously
center the four flight director pointers. To accomplish this task, the
pilot first would obtain an approximate trim using the standard aircraft
instruments, and then focus his attention to centering the four flight :
director pointers. Gains and damping for each flight director pointer were !
individually selectable through the entry of appropriate constants in the H
Sperry 1819A computer, This feature allowed the flight director to be
“tuned" to the pilot to obtain the most satisfactory overall performance.

The second category of problems were all handled through the combination
of control input design, its implementation in the on-board digital computer, :
and the electrically-driven control surface actuators. The basic control ;
input design was carried out under contract to NASA's Langley Research Center
by Systems Contrcl, Inc, of Palo Alto, California. These designs were based :
on exciting the Stability Augmentation System-on closed-loop modes of an i
analytic model of the CH-47, and consisted of a high and low frequency sinusoid. :
Figure 3 represents a typical control input generated by the flight computer !
for the pitch axis and shows the two components of the designed control input.

To strike & balance between adequate modsl excitation and the linearity 1
constraints on the vehicle response imposed by the small perturbation model
used in the parameter fdentification sequence, scalinpg was provided in the
computer implementation of the automatic control inputs. Repeatability and

\ accurate knowledge of the control input was inherent in the digital computer
implementation, To account for a known speed instability at higher airspeeds,
a8 longitudinal stabilization input (also implemented in the digital computer)
was added to the programmed input to maintain the resultant vehicle response
within the small perturbation equations' linearity constraints.

b Two major systems were primarily used to address the third category

of problems, real-time dats evaluation. The Piloted Aircraft Data Systewm
(PADS) on board the vehicle was used te both record a wide selection of
measurements on magnetic tape and also relemeter a supset of these measure-
b ments to the Research Aircraft Ground Station (KaU3s) ior subsequent real-
time display on multi-channel chart recorders. In the RAGS, transparent

3 overlays of the expected measurements, prepared earlier using the CH-47
analytic model (Ref, 2), were then compared with the real-time data for use
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in evaluating the success of 2 particular run. This information was then
relayed to the research project engineer on board the helicopter for his

use in determining the next flighv test point. After each flight, the
on-board tape was used in ' 2 RAGS to create additional stripchart recording
of measurements that proved useful in planning subsequent flights,

TEST POINT SEQUENCE

Figure 4 is a pictorial of NASA's Wallops Flight Center which illustrates
the systems used by this series of flight tests, Each of these systems has
been described earlier. This figure is useful in underatanding the sequence
of events in obtaining flight test points.

Since the airspeed estimator required the vehicle to be flown into the
wind for all test points, the test sequence naturally divided into a downwind
leg and an upwind leg, On the downwind leg, a weather balloon is released
and tracked by the radar to obtain the requisite wind data. This data is
then relayed via radio to the research project engineer on board the helicopter,
who then decides what test points will be flown, and establishes the conatant
wind velocity to be entered into the digital computer for airspeed estimator
calculation.

On the upwind leg, the research project engineer first selects the test
point (based on wind magnitude), then provides the computer operator with
his reference number and the desired magnitude (in per cent) of the computer-
generated control input., When the computer operator enters these values,
the appropriste trim values are obtained from a look-up table stored in the
computer, and trim error signals are sent to the electromechanical flight
director. The research pilot then obtains the desired trim using conventiunal
aircraft instruments to obtain an approximate trim and the flight director
to obtain a more precise trim, When an accurate trim is obtained, the
evaluation pilot's electric stick inputs sre disconnected by the computer
and programmed control inputs are substituted, At the end of an individual
data run (approximately 20 seconds), the computer system is disengaged from
the basic vehicle and the safety pilot regains control of the helicopter
setting up for the next data run., While these activities are underway, a
comparison of the real-time data collected with the appropriate aunalytic
model overlay provides valuable insight into the success of the test point.
The results of this evaluation are then relayed to the research project
engineer on board to aid in his selection of the next data point. Typically,
several data points were obtained during each upwind leg, and wind iufor-
mation was updated during each downwind leg.

PRELIMINARY RESULTS

The posﬁ-flisht processing consists of converting the PADS data tapes
to engineering units and selecting the best data sets for each flight

18




condition, Selection is based upon attained trims and state variable
responses. For data from helicopters, better identification results have
been obtained from filtered flight data measurements. For this study,

the data has been filtered by a zero~phase-shift Graham digital fllter
(Ref. 3) with cutoff and termination frequencies chosen above any expected
rigid body modes and below frequencies associated with the rotor system,
This step reduces the noise content of the measured state variables
appreciably and provides only rigid body vehicle responses, The data 1s
further processed using a Kalman filter/estimator based upon the aircraft
kinematic equations. The Kalman filter eatimates and removes the measure=-
ment blases, and provides estimates of the vehicle states based on
measured attitudes, rates, and accelerations,

After data reduction and prefiltering, the data sets are ready for
parameter identification processing. This data will ultimately be pro-
cessed using two differing advanced algorithms capable of handling both
measurement and process noise, and the results will be compared, an
Extended Kalman Filter algorithm (Refs. 4 and 5) will be used by USARTL
personnel to identify six degree-of-freedom stability and control derivatives,
and a maximum likelihood algorithm (Ref. 6) will be used by NASA personnel;
and selected data sets will be processed under contract to SCI (Vt.), who
will also use a maximum likelihood approach. '

Scme preliminary resulta are presently available from the Extended
Kalman Filter algorithm and the major derivative values identified are
compared with existing analytical values in figure 5. The majority of the
identified derivatives agree very well with the analytically-predicted
values. These results are encouraging since the responses generated by the
analytical values produced responses very close to those measured in flight,
Figure 6 shows the eigenvalues (characteristic roots) for both the identified
and analytical derivatives. Good agreement between analytical and identified
results are shown with all the basic vehicle modes represented, including
the expected unstable Dutch roll mode and speed instability. The results
presented are preliminary, and many data sets remain to be processed, Final
acceptance of the derivatives will be based upon a combination of tests;
including comparison with analytical values and expected values based on
engineering judgment, responses generated by identified derivatives
(regeneration), responses generated by identified derivatives for data not
used in the identification process (simulation), derivative uncertainties
and convergence characteristics, and comparison of eigenvalues (roots)
computed using identified derivatives with analytical results and engineering
Judgment,

CONCLUDING REMARKS

A specialized flight test was designed and implemented to provide data
acceptable for parameter identification for an unstable rotorcraft operating
in the presence of winds at flight conditions from hover through transition




to cruise. General problems in parameter identification, flight testing,
and problems specific to this flight test were considered; and a unique
teat procedure utilizing existing facilities was performed. Preliminary
data processing has resulted in identified parameters which agree well
with existing analytical results.

1.

2,

3.
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3.

6.

REFERENCES

Kelly, J. R,; Niessen, F, R.,; Thibodeaux, J. J,; Yenni, XK. R.; and
Garren, J. F,, Jr., "Flight Investigation of Manual and Automatic
VTOL Decelerating Instrument Approaches and Landings," TND=7524,
1974, NASA.

Ostroff, Aaron J.; Downing, David R.; and Rood, William J., "A
Technique Using a Nonlinear Helicopter Model for Determining Trims
and Der!vatives," TND-8159, 1976, NASA,

Graham, R, J., "Determination and Analysis of Numerical Smoothing
Weights," TR R-179, 1963, NASA.

Molusis, J., A., "Analytical Study to Define a Helicopter Stability
Derivative Extraction Method,' CR-132371, 1973, NASA.

Tomaine, Robert L., "Flight Data Identification of Six Degree-of-
Freedom Stability and Control Derivatives of a Large "Crane" Type
Helicopter," TMX-73958, 1976, NASA,

Hodge, W. F, and Bryant, W, H.,, "Monte Carlo Analyeis of Inaccuracias
in Estimated Aircraft Parameters Caused by Unmodeled Flight
Instrumentation Errors," TND-7712, 1975, NASA.

L e ataa et CAE . e

F T T I S T O P R )

- oden




(1)

e e e e et e e e ¢t t e g

JTIewaYdS UOTIPITITIUGP] 12Ismeied - 2ind1g

(HE (HY 40 SO :aNI4

M 3SION SSII0Yd

Z YOLDIA INIWRUNSYR

A 3SION INTFUNSYA  :HLIN N YOLI3A ININI :NIAID
A+X=1 AHE « XCW =
|
WILSAS @ |
INHNSYH e5)d wid Mn
Eha OF ] ﬁ

-t
[- -]




sjusmnx3suy ITd90) s,3071J uoTIERTEAY *Z 9an813




Ay Ny Rt

Lalisg

o .
wn
et A | em ettt

M e st

W © PITCH (CM)

4 TIME (SEC) 0 5 10 15 20

ndea s ——

———— . ——

Figure 3. Typical Computer Generated Input

TRIM ERROR :
. DISPLAYED TO PILOT ~1g, &,

P "\
2 , RADAR TRACKED — \_°.

’, »
WEATHER BALLOON ~ v
3 < MRCRAF STare .
3 ‘ FLIGHT COMPUTER
<y
; .
!\‘ ..
; .
§
:
R
P(

N —

et e e ot o s v o =

GENERATED  INPUTS
- e o - el VOCE
L " S - / ~ " s _u--z.'g.«:' -~

- | —
- i -
- WEATHER TOWER / RREEE o ;
DATA / 3
/ 4
k ! /

E / A, !
t e

?—:; / - RAGS STATION

o . (REAL-TIME DATA

i ! (ANDING GUIDANCE S IMULATION FACILITY MONITORING)

¥ : ,I (FP5-16 AND (ASER TRACKING RADARS)

.i; .‘ T A} ~ ] N L i
A i { N AN ~ 1
i;' P S R e s AY ~ — .
,é Figure 4. Stability and Control Derivative Flight ' : )
?1 Test Facilit{ies

‘..

83

|
|
t,




5 aow. $20 20 e a

R 8

PREL:MINARY RESULTS

DERIVAT IVE ANALYTICAL VALUE IDENTIFIED VALUE
X, 0200 -.0208
M, - 0042 - 0046
Y, -.07 -, 054
L - 0055 -, 0050
Ny - 00009 -, 00009
2, - - 551 -213
M 0176 016
Lp -.818 - B34
M -1,68 -1,76
Ny - 0398 -,0398

Figure 5, Derivative Comparison

PRELIMINARY RESULTS

60 KNOT LEVEL FLIGHT

o ANALYTICAL
A |DENTIFIED
PITCH D,
REAL
-2 2

Figure 6. Eigenvalue Comparison




EXPERIMENTAL DESIGNS FOR SENSITIVITY EXPERIMENTS OF
COMPUTER SIMULATION MODELS

Carl B. Bates
US Army Concepts Analysis Agency
Bethesda, Maryland
ABSTRACT. Large stochastic computer simulation models usually
have a large number of fnput variables. After model development
and/or before the model is used for production runs or used in a
particular study, sensitivity testing of input variables 1s usu-
ally required. Because of the size of the model and the intended
future use of the model, the 1ist of input variables desired to be
tested is invariably long. Also, because of the absence of a pri-
ori information on the interaction of input variables, the experi-
mental design for the sensitivity experiment must provide for the
testing of main effects and first-order interactions. The appli-
cation of fractional factorial designs 1n sensitivity testing is

{1lustrated and their shortcomings for sensitivity testing of

jarge computer simulation models 1s discussed.




L

1. INTRODUCTION

The US Army Concepts Analysis Agency (USACAA) is a staff sup-
port agency under the Deputy Chief of Staff for Operations and
Plans (DCSOPS). The agency's mission is to conduct mid- and long-
range force concept studies to establish the framework and guid-
ance for development of doctrine, organizations, and materiel re-
quirements for Army forces. Agency studies and analyses support
Department of the Army planning and programing and provide the
basis for materiel acquisition. The Agency develops, within re-
source constraints, the most effective force structure and weapon
and/or system mix. The primary tool for the performance of the
studies is computer simulation models. After computer simulation
model development and/or before a model is used in & particular
study, sensitivity testing of input variables is usually required.
That is, 1f no a priori knowledge exists concerning model sensi-
tivity, an investigation must be made of the sensitivity of se-
lected output variables to changes in input variables. This is
necessary in order to evaluate model performance or to assess the
ability of models satisfying specific study requirements.

The models range from high resolution, low (division) level,
to low resolution, high {theater) 1evel models. A commonality,
however, of all the models 1s their size and complexity. All of
the simulation models are large and very complex. The number of

input variables is in the hundreds and the number of input data is
in the thousands.
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2. PROBLEM DESCRIPTION

Statisticians at CAA are within a service support Director-
ate. They provide experimental design and statistical analysis
support to all study Directorates within the agency. Analysts who
are study team members and who have responsibility for model sen-
sitivity testing of a particular model come to the statisticians
with experimental design problems.

Invariably, the 1ist of i1put variables which are desired to
be investigated is in the order of 50 to 100 variables. One case
involved 350 variables. Naturally, time constraints never permit
a thorough investigation of all variables on the original "laundry
1ist" of variables. Because nu a priori information exists, the
minimum objective of the sensitivity testing is to test and esti-
mate main effects and first-order interactions.

The 1ist of candidate variables for testing are those suspect
of being significant. The small subset of input variables ulti-
mately tested are those most strongly suspected of being highly
significant. That is, the variables eventually tested are antici-
pated and expected to significantly influence model output. Past
experience in model sensitivity testing has shown that, in gen-

eral, most input variables ultimately tested are, in fact, sig-

nificant. Moreover, most of the first-order interactions are also




significant. With study and hindsight, it is generally agreed
that this is consistent with reality. That is, the simulation
model does adequately portray the real world which does, in fact,

consist of many interacting parts or components.

3. EXAMPLE PROBLEM

A recent experimental design problem involved a sensor model.
It had been decided that three levels would be investigated for
each input factor considered. The pessimistic estimate of the
number of model runs was 100, and the optimistic estimate was 250
runs. A1l input factors under consideration were completely
crossed. Therefore, a factorial experiment in a completely rando-
mized design was appropriate for the computer simulation model
sensitivity experiment. Two designs were ultimately developed,
one requiring approximately 100 runs and the other requiring ap-
proximately 250 runs.

A (1/9) x 37 fractional factorial experiment requiring 243
model runs was designed using I = ABCDE = CD2EF262 as the defining
contrast. The design, plan 9.7.9 in Connor and Zelen (1959), per-
mits estimation of the 7 main effects and the (%) = 21 first-

order interaction effects. The ANOVA table is given below.




Table 1. ANOVA for the (1/9) x 37 Design

Source DF

7 main effects 14

21 first-order interactions 84

residual 144
total 242

A smaller fractional factorial experiment was then designed
such that its design points were a subset of the design points of
the above seven factor experiment. This was accomplished by using
the aliases from the (1/9) x 37 fractional factorial to determine
the five factors having a full design within the 243 design
points. The factors were B,C,D,E, and G. Then, using I = BCDEG
as the defining contrast gave a (1/3) x 35 fractional factorial
experiment requiring 81 model runs. The ANOVA table for the five

factor experiment is given below,
Table 2. ANOVA for the (1/3) x 35 Design

Source DF

5 main effects 10
10 first-order interactions 40
residual 30

total 80
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The design points of both designs were provided to the ana-
1ysts responsible for exercising the sensor model. The 81 factor
level combinations of the {1/3) x 3% design were run first. Ex-
periment execution proceeded smoothly and the remaining 162 runs
for the seven factor fractional factorial were also run. (he
analysis of Table 1 was performed on each of a number of output
variables selected during the design phase of the simulation mode)

sensitivity experiment.

4. CONCLUSIONS

Sensitivity experiments of large complex computer simulation
models involve a large number of input factors. The number of
input factors normally involved far exceeds the number of factors
involved in past field and laboratory experiments. A priori in-
formation concerning interactions among the input factors almost
never exists. Minimum experimental objectives are, therefore,
that the design permits the estimation of main and first-order
interaction effects. Input factors selected for testing are those
suspected of being highly significant. Past experience has shown
that most main effects and first-order interaction effects are, in
fact, statistically significant.

Fractional factorials for 2" and 3" designs, developed by
Finney (1945) and (1946) and available in Cochran and Cox (1957),
Connor and Zelen (1957) and (1959), and Davies (1960) do provide
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designs which may he applied to sensitivity testing of computer
simulation models. However, the largest 2" design in Connor and
Zelen (1957) which yields estimable first-order interactions is
for 15 factors. The design has 256 design points. The largest 3"
design in Connor and Zelen (1959) which gives estimable first-
order interactions is for 10 factors and {t has 243 design points.
The large number of computer simulation model runs required by
fractional factorial designs do not normally permit assessment of
the number of input factors desired when performing sensitivity
experiments of large computer simulation models. Dasigns contain-
ing 1ess design points than fractional factorial designs but per-
mit the testing of main and first-order interaction effects are
needed. Tabulations and catalogs of designs and/or computer soft-
ware for generation of the designs are also needed. Analysis
methodology as well as fast and efficient software for performing

the statistical analysis dictated by the designs are naturally

required.
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ON VALIDATING MISSILE SIMULATIONS:
i ; FIELD DATA ANALYSIS AND TIME-SERIES TECHNIQUES*t
| '.

: Naim A. Kheir Donald Sutherlin .
: School of Science & Engineering Aeroballistics Directorate
The Univeraity of Alabana

? U. 8. Army Migsile Research
, in Huntsville

& Development Command
i Huntsville, Alabama 35807 Redstons Arsenal, Alabama 33809

Abstract i

The research reported here focused on an ARM/CM field data

analysis, and models' fitting using time-series techniques. The
immediate objective is to build, for the field data, an adequate

model that fits a noise signal corrupting a deterministic one. The

data happened to be seasonal and nonstationary. The ultimate goal, g
hovever, is to use the generated model in updating an all-digital :

computer simulation model, and be able to use simulation-data and

field-data in validating the model. Fow computer programs have bsan

developed to help in the data analysis, the fitting and checking the
3 ' adequacy of se¢lected models. The fitted model is of the integrated l
'  autorsgressive moving-everage type.

*Thil resecrch was supported by the U. 5, Army Research Office under 1
Contract DAAG 29-76~D-0100/D.0 534.

*Copiel of a detailed report with the same title can ba obtained
from the authors.
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STATISTICAL VALIDATION OF
GUIDED PROJECTILE/MISSILE SIMULATION MODELS

Harold L. Pastrick
Guidance and Control Directorate
Taechnology Laboratory
US Army Miesile Research and Developmunt Command
Redstone Arsenal, Alabama 35809

ABSTRACT, This paper discusses the statistical analysis which is
proposad for aiding in the validation of several Laser Designator/Wesapon
System Simulation wodels. The primary objective is to provide a means
for insuring that simulation responses to input signals match hardware
responses under similar driving conditions to some ''goudness-~of-fit"
criteria. The method involves generating several statistics on tha
point by point diffarences between the 'true" data and the simulation
data. These statistics include subinterval mean errors, confidence
bounds for these errors, Thell's Inequality Coefficient, and the cumula-
tive mean error,

I, BACKGROUND. Simulations of guided projectile and missile sys=-
tems are used for a variety of purposes including f£light stabilicy analy-
ses8, trajectory studies, and lethality predictions. The computer simula-
tion of these systems in many ways predicts the results that may be
obtained only by actual flight tests or enhances analyses already gener-
ated by flight data. The potential for significant cost savings by using
sinulations vis=a=-vis flight tests crectes a firm case for making many
program judgements based on siwulation data with the understanding that
they ara truly representative of the real world, The general skepticisn
that program managers and decision makers previously placed on simulation
data is slowly being replaced by their belief in simulation results given
that a quantitative match, to some lavel of confidence, can be established
between hardware and simulation models.

Recently a computer program entitled, 'Laser Designator/Weapon Sys=
tem Simulation" (LDWSS) was generated to enable program managers for
COPPERHEAD, HELLFIRE, and Ground Laser Designators as well as Army policy
makers to judge alternatives among those systems, A significant objec-
tive in the LDWES chronology is to validate the projectile/missile char-
acteristics modeled in the software, The approach is being directed
toward generating simulation responses under specified input conditions
that match some level of goodnesa-of=fit to the actual hardware. LDWSS
is the product of an evolution of simulations of semiactive laser guided
missiles which had been developed by US Army Missile Research and Develop=
ment Command (MIRADCOM) Technology Laboratory, Modeling formats and com-
putar executive structures which had been proven in prior wissile simula-
tiong were used as the base from which LDWSS was built [1-4].




The one-on~one engagement scenario employed a fixed foreground false
target and a randomly selected background or overspill target. The ran=
domly selected distance between the tank targat and the background false
target was based upon a statistical representation of this parameter
obtained for certain observation posts in a digitized terrain model.

All energy returns were subjected to appropriate geometric and atmospheric
attenuation to determine the reflected energy received at the seeker,
Utilizing seeker false target rejection logic to select the return to

be tracked (tank or false target), the salected track point for each

pulse was used as input to the appropriate dynamic modal of seeker and
delivery system. An overview of the organization of LDWSS and associated
data relative to simulation elements has several features, The executive
structure is designed to preserve a great deal of the internal system

operation information which i3 generated during the calculation of hit
probabilitiaes [5].

II. DATA BASE., A simulation was developed to generate a sat of
meaningful statistics which aided in the validation of several of the
models used in LDWSS [6]. The models aexamined included HELLFIRE and
COPPERHEAD components, In general, model validation was accomplished by
comparing ''real" data with that generated by the appropriate LDWSS sub-
routines (under identical input conditions). The real data camo from
either field experiments or the hardware-in-the-loop simulation. In any
case, two sets of data were generated, They are referred to as actual
(real world data) and simulation data (LDWSS). Figure 1 ia a sample plot
of these data. In actuality, both curves are generated from digital
simulations of an actuator. The outputs shown are time response curves
to a step function input. Figure 2 is a plot of point by point differ-
ence (actual - simulation) between the two curves. The more closaly the
two curves are alike, the smaller the residuals, These residuals form
the basis for the statistical analysis programs.

The derivation of the statistics used for verification has already
been covered in detail [7, 8] and will only be reviewad briefly here.

The time series shown in Figures 3 and 4 are analysed on a subinterval
and a cumulative basis, respectively.

Subinterval Statistics

a) Mean regiduals betwesen the real and simulated data are
defined as: -

n
6" z [An'(J-1)+k B sn'(J-1)+k] ) }E' 8

rm]




DIFFERENCE — VALUE OUTPUT

0
.,.z =
_4 =
ACTUAL
\/ SIMULATION
-8 ] 1 1 1 l ] | 1 i
0.0 0.1 0.2
TIME (se0)
FPigure 1. Test data,
1
I
0
1
-2 |
_1 i l 1 J 1 | 1 1 d 1
00 002 0.04 008 008 0.1 0.2
TIME (se0)
Figure 2. Difference plot (actual - simulation).
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b) Confidence bounds on ¢, are given by:

b
B¢, -0 ./aejln' (2)
- i-r
UB =< +0./azj/n 3)

2
where O is the variance of Ej on the jth interval corrected for corre-
lation effects and 100 - (1 « 1/62) 1s the parcent confidance desired,

c) Theil's Inequality Coefficients (TIC)

n'
/ ,
Y Z ("n'(j-1)+k - Sn'(j-1)+k)

k=l

v= %)
L 2 1 2
n' Aarggenywe TV 2 Par(g-1)+k
kwl k=]
d) Theils Coafficlent of Unequal Centrel Tendancy
— -2
UH_[SN{;MA] 5)
where S is the meun of the Si on intervsl jJ, A is the mean of the Ai

on interval j, and NUM is the numerstor given in Equation (4).

e) Theil's Coefficiaent of Unequal Variation

2
9 = 9%
“s"[ NUM ] (6)

where o, is the sample standard deviation of the A1 on interval j and

g is the sample standard deviation of the si on interval jJ.
f) Theil's Coefficient of Imperfect Covariation

2
~ -[f2(1 - r) osri&]

NUM

€))
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where r is the correlation coefficient between the Ai and S, on interval j§.

i

In addition to the subinterval statistics, two cumulative statistics
are also computed, These are cumulative mean residual and cumulative TIC.

11T, DESCRIPTION OF EXPERIMENT. The statistics package was run on
three sets of data:

a) Raal versus hardware simulation,
b) Real versus LDWSS,
¢) Hardware simulation versus LDWSS,

Each time series consisted of 2020 data points with a delta time of
0.0078125 sec, The series was divided into 20 intervuls each containing
100 data points. The parcent confidence requested for the mean residual
was 95%. Each run produced a tabular output of the statistics as well
as several plots,

The hardware chosen for the experiment is the actuator which is :
shown in its wmost complete form. That is, the model in Figure 5 repre=
sents the best information available for the actuator, It was subse=
quently reduced to the model shown in Figure 6 for use in the LDWSS simu=
lation program. The objectives were to determine whether the complete
model, referred to as the "hardware simulation" was well reprcsented
by the reduced model, referred to us the "LDWSS model" and whether either
or both were high fidelity mor’>ls of the hardware test data, referred to
as "real data." The real data were obtained from flight recordings of
the output of the actuator as a response to input commands. Consequently,
the inputeoutput command and responsa time series history is an accurate
portrayal of the transfer function characteristics of the actuator in
Figure 7.

An example of real data compared to simulated hardware data is
shown in Figure 8, It is a plot of the mean residuals and confidence
bounds (shown as vertical lines). From this plot, it can be seen that
the means of the rcal and simulated data agree rather well with small
mismatches on Intervals 8 and 9, where the mean residuals are ~0.23 and
«0,32, respectively, Considering the range of values for the original
data, these residuals are quite small, Remember the ideal case is zero 3
mcan residual with a small coufidence bound, Subintervals 8 and 9 corre- g
spond to the time period immediately following guidance initiate. This )
iz the point in the flight of the missile where the reflected laser energy
starts to contribute to the guidance loop., The small degradation in the
last couple of subintervals .s due to the fact that the missile is in
terminal guidance where an acceleration in rate changes is common, N

Figure 3 is a graph of the subinterval, the TIC for the same two

sats of data, 1.e., real and hardware model time series, A TIC of zero
indicetes equality between the two series, which in turn indicates that
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Figure 6. Actuator model block diagram.
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Figure 7. Real flight data digitized.

a perfect model had been hypothesized for the actuator. DBy the eighth
subinterval, the value is reduced to approximataly 0.05 and it remains
small thereafter. The data in Figure 4 are a more detailed view of the
same data and include the cumulative mean residual for comparison with

the cumulative TIC.

IV. CONCLUSIONS. The preceading statistics represent a small sub-
set of those availsble to the analyst for validating dynamic systuaa. Many
(Bibliography) agrec that these can supply useful and meaningful infor-
mstion for validation purposes. However, there are some who feel that
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Figure 8. Real versus hardware simulation residuals
and confldence bounds,

special techniques must be used to analyze nonstationary systems and the
! straightforward statistical quantities (as those discussed in this sum-
¥ | : mary) are questionable in the cases where the models being analyzed pro=-
| " duce highly nonstationary data. Work is underway using variations of

: thase techniquas  as well as spectral techniques to circumvent the prob-
T ' lem. Early results appear promising.
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ANALYSIS OF VARIANCE OF MULTIVARIABLE
FLIGHT TEST DATA

A CALL FOR ASSISTANCE

James S, Hayden
US Army Aviation Engineering Flight Activity
Edwards Alr Force Base, California 93523

INTRODUCTION: The flight test community is frequentiy called upon
to define changes in performance resulting from a change In configura-
tion of an aircraft. Even with extreme attention to control of test
condition state variables, the problem of duplication of conditions Is
an order of magnltude more difficult than In a laboratory environment.
Further complicating the problem |s the fact that depending on the
flight regime, up to three non=linear or eleven |inearized independent
varfables are Involved. Measurement errors may be present in each of
the independent variables. Published methods for analysis of varlance
are Inadequate to treat this problem, A brief case history of deter-
mination of the change In hovering performance due to a rotor system
“change s presented to [llustrate ths problem. Measurement accuracles,
test techniques and analysis methods are discussed to highllight the
problem and suggest arasas where discussion of statistical analysis
techniques would be most useful.

HEL {COPTER PERFORMANCE TEST TECHNIQUES: Pre-test preparation
Includes callbration of most performance Instrumentation data sensors
and Indicators to N.B.S. secondary reference standards, Wherever
possible "end to end" calibrations are performed on complete measursment
subsystems after Installation In the test vehicle. Certain systems such
as engine torquemeters and instrumented rotor shafts are of necessity
callbrated by contractors. Prior to testing, the fully instrumented
hellcopter Is subjected to multiple precision welighings to accurately
determine weight, center of gravity location, and to callbrate fuel
cells. Strict Inventory control of useful load Items such as ballast,
armament load, parachutas, oxygen equipment, Individual crew composition
and pre/post flight fuel mass are kept on a flight by flight basis., Re-
calibrations and re-welghings are performed perlodically during the test
program,

The vast majority of precision performance data |s gathered under
stabllized conditions. Using the great outdoors as your laboratory has
esthetic advantages but your ablllity to carefully control tha environ-
ment |3 quite limited. Smooth alr is essential for all tests and steady
winds not exceeding threa knots are required for hover performance
tests. Wind Is not as critical for tests performed at altltude but
caution must be exerclsad to avold mountaln waves which may seem smooth
as glass while the air mass Is rising and falling sinusoidally in a
pattarn relatively statlonary with respect to the ground. Errors
equivalent to rates of climb of + 500 ft/min are not uncommon In these
atmospheric formations.




It should be clear that the ability of the test pllot to stabllize
the aircraft with a minimum of control motions and to hold this condi-
tion for the required data recording time periocd Is of primary import-
ance. On many tests the state variables are aiso controlled to hold
certaln non=dimensional variables (to be discussed) constant for a
series of data points. This process is Itself quite involved and
requires the flight test engineer to calculate a target altitude and
rotor RPM for the next data point based on cockplt observed values of
alrspeed, altitude, air temperature and fusl used. The calculations are
qulte Involved and require use of charts, a programmable calculator or a
telemetry down link with voice up link, Errors which may accumulate In
the varlous steps (engineer reading of cockpit indicators, calculations,
and pllot setting of conditions using cockpit Indicators) are reduced
significantly by the use of telemetry. The key point is that the
accuracy of establishing desired flight conditions Is limited.

PERFORMANCE DATA PARAMETER MEASUREMENT ACCURACY: As has been
polntea out, Fi|gﬁt tastlng I's not conducted in a laboratory environ=
ment. Test instrumentation 1s exposed to a host of alien environmental
factors; vibration, temperature extremes, shock, dirt, etc. The flight
test engineer quickly recognizes that brochure accuraclies are unreal-
Istic In practical application. Experience has shown that the following
accuracies can ba achleved with reasonable attention to detall,

FLIGHT TEST PERFORMANCE DATA MEASUREMENT ACCURACY

PARAMETER SYSTEMATIC/ERROR POINT ERROR
— .
Gross Welght 30 Lb 15 Lb
Engine Torque 1.5% 1%
Calibrated Alrspeed 0.5 KT
Rotor Speed 0.1%
Alr Temperature 0.5%
Pressure Altltude 20 Ft

The Impact of these uncertainties on the analysis of hovering data
will be discussed In more detall later.

_ HELICOPTER PERFORMANCE MODELS: The versatility of the helicopter
expressed In 1ts ability to Fly Ilterally In any direction presents an
extremely complex performance analysis statement. For the purpose of
describing the subject statistical analysis challenge, we will restrict
the discussion to two Important flight regimes; hover ard cruise.

Non dimensional methods are commonly used in hellicopter performance
analysis, The pursmaters of interest, for our restricted discussion,
are power coefflclent (CP), thrust (or welght), coefficlent (CT),
advance rativ (u), and advancing tip mach number (M).
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NON DIMENSIONAL PERFORMANCE PARAMETERS
CPe Q

5 2
po (6/8) TR Q

CT= W

4 2
po (8/8) %R Q

u = KTAS X 1,68781
aR

M = (1 +u) aR
1116.45 V' 6

WHERE :

CONSTANTS .
po = S,L. Std Atmospheric density, slug/ft .
R = Rotor radlus , ft.

n, 1.68781, 1116.45 = CONSTANTS

MEASURED PARAMETERS.

Q = Total delivered torque at rotor speed, Lb-ft.
= Rotor rotational speed, rad/sec.

1|
6§ = Amblent atmospheric pressure/S.L. std amblent pressure, Dim.
0

= Ambient atmoshperic absolute temperature/S.L. std. Amblent
absolute temperature, Dim.

W = Alrcraft gross waight , 1b.
KTAS = True alrspeed, Kt.

Hover power required, in simple terms, may be considered to be
composed of Induced power (energy required to produce 11ft) and profile
powsr (energy required to overcome rotational drag of the blades).
Rotational drag Is composed of a base drag, a component of drag due to
11ft, an additional drag due to compressibility and in some cases an addi-

tional drag due to stall, In cosfficient form, a model which has proven
effective is:

HOVER POWER REQUIRED MODEL
372 3
P «A+B CT/° & ¢ et + £ (cT, M)

This is the equation form which will be used with the specific example
to be discussed.
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Forward flight power requlred includes addltional components;
parasite power (energy required to overcome alrframe drag), additional
profile power due to forward speed (u), and stall and compressibility
power which Is a function of u, CT, and M. A typlcal forward flight
power required model is:

FORWARD FLIGHT POWER REQUIRED MODEL
2 2 3
P = A (1434)+ 0(9{— FEu+Fu o+t (CT,uN)

The functional relationship Indicated for stall and compressibllity
power understates the complexity of the phcnomena. The onset of stall
Is usually defined for & specific alrcraft as a unique relationship
between CT and u. This unique relationship, or boundary, Is however a
functlon of both the drag configuration (l.e., rocket pods, doors open,
etc.) and the rotor tip mach number. The onset of compressibility
effects Is usually defined as unique relationship between CT and M,
however, thls boundry is also a function of wu.

The gross trends of these additlonal power components are |)lus-
trated In Figures | and 2.

Now that you have been Introduced to the complexity of our forward
flight problem, lets turn our attention to the simple example problem to
be used to lllugtrate our challenge - determination of the change In
hovering performance due to a rotor system change.

COMPARAT|VE HOVERING PERFORMANCE TESTS: The Unlited States Army
Englneering FTight Activity conducted comparative tests of two types of
rotor blade installed on an AH-IR hellicupter. The tests were conducted
at fleld elevations from approximateiy 2,300 ft to 10,000 ft over a span
of approximately three months. The comparison of out of ground effect
hovering performance was only one of the many objectives of the test and
ts the only subject which will be discussad here,

All tests wers flown on the same aircraft with the same engine and
with the same basic instrumentation. Data were obtalned wilth each blade
type, ''Back to Back'', at each of the three test sites,

Data were obtained by stabilfzing the hellcopter In hover at a skid
height of 100 + 2 ft for a period of not less than 20 ssc. Data were
recorded continucusly for a period of approximately 10 sec at a sample
rate of 100 sempies/sec. The data records were then edited from time
history strip charts, Acceptable data points were then edlted to the
most stabllized 6 sec of record. The edited record was then used to
calculate the non-dimensional parameters based on actual data every
tenth of a second. Tho calculated non-dimensional parameters were then

averaged over the period., This leads to the first question to be posed
in thls clinical discussion:

$




R : l. !Should data ha averaged as measure or after calculation?"

The data gathered during these tests Is presented graphically in
Figures 3 and &4,

DATA ANALYSIS: The edlited averaged data points were analyzed by

performing a multiple linear regression of the hover power required in §
tha form:

PR . 8 e 20 T

3 372
CP = A+BCT +CCT + DM
Results of the regressions are summarized as follows:

MULTIPLE LINEAR REGRESSION DATA

R et L

3 3/2
CP+A+8BCT +CCT + DM

WITH MACH NUMBER NO MACH NUMBER
¢ BLADE A B A B
¥ ; n 82 58 82 58
¥ E A -3.755-8  -3.189-8 -1.380-7  -7.457-8
! ' B 3.67342 2,430+ “1.879+2  -2,040+2
C} c 9.458-1  1.120+0 1.376+0  1.319+0
5 ? 0, 1.250-4  6.431-5 0 0
1 | R 9.859~1  9.843- 9.832-1  9.839-
i § s 8.965-6  1.085-5 9.760-6  1.099-5

. The nominal performance design point for the AH=1R iIs 9,000 1b

, : grogs welght at 4,000 ft, 35°C or a thrust coefficlent (CT) of 55.34 X

| 10 " and a tip mach number (M) of 0.6465. Evaluation of the polynomials
ylelds the following power coefficlents for the two blade sets.

. CP(A) = 53,24 x 1075
. , cP(8) = 50,67 X 10°°

A e At S Rt el T R o et Bl A -

i ; If the problem being addressed was linear with a single independent -
| : or even multivariate, the analysis of varlance would be strafght for- ;

ward. Recall the description of the functional retationships given in

¢ AMCP 706-110 where X valuas can be measured exactly (FI) and where

¢ errors may be present in the X measurement (Fil).

© r.——

Now recall the possible point errors of the present example, as
Implied by Instrumentation accuracles. The vectors representing the

i Individual effect of 1o data crrors on the non-dimensional coefficients
are lllustrated In Figure 5 as are the maximum possibie 1o meusurement
errors and clearly Illustrate that wo are confronted with an Fll sltuation.

P
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This leads to the concluding question of this clinical presenta-

tion: i

3 2. 'What procedures are recommended for calculating a speci~
, - TTed difference In average ger?ormancel with & chosen

' gﬁeree of confidence with a multivariable FI| relation-
ship?"

SUMMARY OF QUESTIONS:

1. !'Should data be averaged as measured, or after calculation?"

2. 'What procedures are racommended for calculating a specifled
difference In average ?er?ormance, with a chosen 3egree of

confldence with a multivariable FIIl relationship?"

REFERENCES :

@ 1. "Alrworthiness and Flight Characteristics, Improved Main Rotor
Blade on the YAH-IR', Yamakawa Et, Al, USAAEFA Project No 76-08.

2, AMCP 706-110, DEC 1969.
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FIGURE 3., COMPRESSIBILITY EFFECTS ON GENERALIZED ;
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