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FOREWORD

The Twenty-Sixth Conference on the Design of Experiments (DOE) in Army
Research, Development and Testing was held 22-24 October 1980 and had

as its host the U. S. Army White Sands Missile Range (WSMR). Dr. Richard

H. Duncan, Technical Director and Chief Scientist, WSMR, made many of the
initial plans for this meeting. In particular, he contacted Dr. Harold Law,
Associate Academic Vice-President, New Mexico State University and made
arrangements with him to hold the conference at his university. The

Army Mathematics Steering Committee (AMSC), sponsor of these conferences,
would Yike to thank New Mexico State University for providing such

excellent facilities for this meeting.

Dr. Duncan asked Ms. Peggy Hoffer, of the WSMR Plans Office, to serve
as chairman on Local Arrangements for this conference; and Mr. Robert
Green, of the Instrumentation Directorate, to handle any technical
problems associated with the program. These individuals, together with
many other members of the WSMR, helped make this, the 26th Conference,
a very successful and interesting meeting.

The Subcommittee for Probability and Statistics, chaired by Dr. Douglas

B. Tang, §s responsible to the AMSC for conducting these Army conferences.
Dr. Tang asked Dr. Frank E. Grubbs to be Chairman of the Program Committee
for the 1980 conference. One of the first acts of this committee was to
select "Data Analysis" as the theme of this meeting. This was a wise
choice because of the large amount of analytical and statistical work in
testing and modeling performed within the many agencies located on the
base of the host installation. At the first meeting of the Program
Committee, the following national known scientists were selected as the
invited speakers for this year's conference.

Speaker and Affiliation Title of Address

Professor Francis J. Anscombe How Far to go in Looking at Data

Yale University

Dr. Toby J. Mitchell Design of Erperiments

Union Carbide Nuclear Division

Professor W. J. Conover The Rank Transformation as a Robust

Texas Tech University and Powerful Tool for the Analysis
of Experimental Data

Professors James R. Thompson, The lionparametric Estimatien of

Chih-Chy Fwu, and Richard Probability Densitiec in Callistic

A. Tapia Research

Rice Unijversity

Professor Victor Solo [ngineering Time Series Analysis
Harvard University

Professor Richard A. Johnson “tress-Strength Models for Peliatility-
Univeisity of Wisconsin Overview and Recent Advances




Professor Badrig Kurkjian, Professor of Statistics at the University of
Alabama, is at the present time, chairman of the committee to select the
recipient of the Samuel S. Wilks Memorial Medal. On 19 June 1980 he

advised Dr. Robert Launer, secretary of the Design of Experiments Conference,
that Dr. W. Allen Wallis, Chancellor and Professor of Statistics and
Economics at the University of Rochester, had been selected as the 1980

Wilks Medalist. This distinguished scientist richly deserves this honor

for his contributions to applied statistics.

On 20-21 October 1980, just preceding the start of the DOE conference, a
special tutorial on Applied Regression Analysis was held. This tutorial
was designed for engineers, scientists and statisticians who are involved
in analyzing least squares data, the associated statistical inferences
and model building. The instructor for this informative course was

Professor Norman Draper, Department of Statistics, University of Wisconsin
and the Mathematics Research Center.

The AMSC has asked that these proceedings be distributed Army-wide to
enable those who could not attend this conference, as well as those that
were present, to profit from some of the scientific ideas presented by
the speakers. The members of the AMSC would 1ike to take this occasion
to thank all the speakers for their interesting presentations and also

the members of the Program Committee for their many contributions to
this scientific meeting.

Program Committee

Car) Bates

Robert Launer (Secretary)
George E. P. Box

Douglas Tang (Chairman,
Prob. & Stat. Subcommittee)
Malcolm Taylor

Langhorne Withers
Frank E. Grubbs (Program
Committee Chairman?

Larry Crow
Walter Foster
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Dear tonfercnce Participant:

It is our pleasure to have you attend the Pwenty-Sixth Conference on the
Desiyn of Experiments in Army Pescarch, Development, and Testing.  We hope
this conterence will provide new wnd relevant information winch will he
useful to you in vour future endeavors,

During ynur stay 1n Las Crices we also hope vou will tabe the sfportisaty
. to visit the rest of the New Mexico State University acpus and shite
Sands Missile Range,

New Mexico State Dniversity, founded wn 1888, has grown into a major
institution of higiwr education. In its Jevelopment, the (miversity has
preserved many of the traditions of 1ts land-grant origin while moving

» U
toward increased emphasis of the huewanities, liberal arts, aad natural
sciences. The mission of New Mexice State University 13 2o benefil
society throuph education, resvarch, and public service. o carrmy out
its mission, the tiniversity cperates the Apricultural Lgerimental
Station, the Arts and Scienves Rescarch Center, the Conter for Susiness
Research and Service, the New Meaico Pnerev [nstitute, fne Sew R'vico
Solar Energy Institute, the Imuancering iaxperiment Statoon, the Mbunta:n
Laboratory, the Phvsical Scicne lahoratory, and many cther cducaticnal,
research, and service centers. )

White Sandy Missile Rnge, established as white S.nds Proviag Srcund on
9 July 1945, represents the fatgest iand mos under controf o st tnated
States Army (over two millien aoresy.  [ogether with 1ts remote launcn
areas in Utah, 1t allows tor missile flights of about 550 miles.
tts establushment, the Renee bos ovolved 1nto cne of tine rmst o odern test
factlities 1or use by the Jofonne Advanced Bewoarch Prosects agency, my,
Navy, Air Jorce, National Veronantics and Space Administration, departrent
of Energv, and others. '

We hope vou will have an nteresten, onrovabie, and fratial <tay.

i -
ﬂa-' A’ M ﬂ&é&—ﬁ"»""r};’a‘.
MAN N M T N I B PR
Magor taencral, s, Presadent .
Commandany Geneial New Mexgon State thaeereat s

US Ay White Sands Misstle Rang.e

Best Available Copy
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THE TWENTY-SIXTH CONFERENCE ON THE DESION OF CXPER[MENTS [N
ARMY RESEARCM, DEVELUGPVENT AND YESTING
22-24 October 1980
Most: white Sands Missile Range

lLocation:  Physici ciences Laboratary,
New Yexico State Universtty

esoes yegnesday, 2¢ Octoder etrer

93815-091% RESISTRATION -+ Lobby, Physical Sciences Lahoratory
0915.0930 CALLING OF THE CONFEREMNCE TO ORDER -+ Auditoriym®
Dr. Richard H. Duncan, Technical Director and Cnief
Scientist, wWhite Sands M'sstle Range
WELCOMING REMARKS
MG Alan A. Nard. Commander, White Sands Missile Range
Or. <3rold 4. Daw, Assncigte Academic Vice-President,
New Mexicu State University
0930-1200 GENERAL SESSION ©
Charrman « Frank £, Grudts, Program (ommittee Cnarrmon,
Aberdeen Proving Ground, Maryland
0930-1930 rEYNGTE ADDRESS
francrs J. Anscombe, Department of Statistics,
Tale univers:ty
1030-1100 BRIAK
1100-1200 design of Exceriments (Title o be announced)
*oby J. Mitzhell, Union Carbide Nuclear Division, Nak
Pidge, Tennessee
1200-1330 LUMCH
TEYT hereral Seon o, ~lraieal Lesstins ind Technical tessicn ¢ w1l
e Aeld tnosme ALt Gregn, Sy ccal jcienias Liboratory.
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1330-1500 CLINICAL SESSION A

= CHAIRMAN: Lounell Snudgrass, US Army TRADDC Systuems Analysis
Activity, White 5ands Missile Range, New Mexico

PANELISTS:

W. J. Conover, Department of Business Administration, Texas
Tech University, Lubbock, Texas

W. D, Kaigh, Department of Mathematical Sciences, University
of Texas-E} Paso

Toby J. Mitchell, Union Carbide Nuclear Division, Oak Ridge,
Tennessee

THE USE OF RIOGE REGRESSIUM [N TRAJECTORY ESTIMATION

Willlam S. Agee and Robert H. Turner, White Sands Missile
Range, New Mexico

A SEVEN VARIABLE COMPOSITE DESIGN FOR FITTING A SECOND
ORDER RESPONSE SURFACE

Carl B. Bates, US Army Concepts Ahalysis Agency, Bethesda,
Maryland

1330-1500 TECHNICAL SESSION [ - "STOCHASTIC MODELING" - ROOM €£-1104

CHAIRMAN: Roger Willig, US Army TRADOC Systems Analysis
Activity, White Sands Missile Ranqge, New Mexico

AN APPLICATION OF ORDER STATISTICS TO TIML-SEQUENCE LOGIC

William £, Baver and-Malcolm S. Taylor, Balliistic Research
Laboratory, Aberdeen Proving Ground, Maryland

STOCHASTIC MODELS: FOR PAIRS OF WAITING LINES

Mary Anne Maher, Department of Mathematicai Sciences,
New Mexico State University, Las Cruces

1500-1530  BREAK

Best Available Copy
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CHAIRMAN:  James Graves, White Sands Missile Range, New
Mexico

INFEREMCE PROCEDURCS FOR DETERMINING LIFE TIME ESTIMATES
OF ADVANCED MATERIALS

Donald Neal, Edward Lenoc and Donald Mason, US Army
Materials and Mechanics Research Center, Watertown,
Massachusetts

RISKS TO NiIGHBORING FACILITIES

Paul C. Cox, Physical Sciences Laboratory and Uxperimental
Statistics Department, New Mexicu State University,

Las Cruces :
SOCIAL MOUR - Dona Ana Room, Holiday Inn de Las Cruces

BANOULT
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FITTING AN ELUPSE
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AL THOIS FOR APPROYIMATING MATHLMATICAL FUNCTIONS
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1000-1030 BREAY
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Aberdeen Proving Uround, Marylang
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HOW FAR TO GO IN LOOKING AT DATA®
F. J. Anscombe

Yale University
New Haven, Connecticut

A1l analysis of statistical data involves a balancing feat. On the one
hand, we do not examine the data with an empty mind, there are specific
questions we want to obtain answers to (that's why we assembled the data in
the first place), we have preconcep:i%g§ about the data, in examining the
data we should not forget what we were looking for. But on the other hand,
we should have an open mind, we should let the data speak for themselves, we
should not just assume that some theoretical model is appropriate without
checking. Yow far should we go in responding to unexpected features of the
data, how far should we Jet the data control the kinds of things we do; or
how far should we trust our preconceptiouns?

Now let me digress from that theme for just a moment. 1 have not only
been invited to speak at this conference, 1 have been asked to give the key-
note address. 1 think that a keynote address also involves a balancing feat.
On the one hand, a keynote address should be inspirational, or if not quite
inspirational at least interesting, or if not quite interesting at least
fairly intelligible. On the other hand, it is not one of the regular invited
papers or other real business of the conference. It should not try to steal
their thunder. It should not be too weighty or indfgestible--it should be
hors d'ocuvre rather than a main course. 7o perform this balancing feat, I
shall raise some questions that do not scem to be talked about much, but
which all of us are aware of, and which therefore should be somewhat inter-

esting to consider. In the interest of digestibility, I shall mostly refrain

*Prepared in conmnection with research supported by the Of fice of Nuval
Rescareh (contract NOUQ14-75-C-0563).
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from answering the questions--becauée in most cases I have no idea how to
angwer them. But at the end of the talk I will give a little information
about one of these questions that is possibly not well known, and to that
extent the talk will have a little content.

Forecasting time series. Earlier this year at a meeting I heard a talk on

short~term forecasting of business time series. The talk, which was very
well delivered, threw out a challenge rather vividly, and I have thought
about it quite a bit since. 1'd like to indicate the gist of the talk. (I
have not seen any write-up of the talk, what I'm saying may not adequately
represent the speaker's views, and so I will refrain from mentioning his
name.) The situation considered was this. He had several time series re-
lating to a business company, production, sales, various things, and also
public economic series; I think they were all quarterly series, and they
went back a good many years. The object was to forecast some of the series
for the next 1 or 2 or 3 quarters after the last observed value. A standard
method would be to use Box-Jenkins technology--fit a parametric class of
models to the data by maximum likelihood and use the fitted model to make
the forecast. The parametric class is quite wide, and 1if in fact it is wide
enough to represent reality adequately this procedure will be just about the
best possible. The procedure is fully describable, or programmable, and
therefore can be implemented completely by computer. The speaker didn't want

to do that. He had imbibed the spirit of John Tukey's Exploratory Data

Analysis. (Tukey does not discuss forecasting in his book, and I do not know
whether what the speaker did was similar to what Tukey mipght have done.) lle

plotted hig tlme serfcs and took a veod look ot them, e actilced that vound
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about 1973-74 the series seemed to change character. Something happened to
the economy (there was the oll crisis), and he judged that subsequent behavior
of the series was unlike the preceding behavior. So he felt that only data

after the change should be used in forecasting, although there were not many

[P

readings, and he proceeded to make (I think) some simple extrapolations by
eye. He expressed the opinion that it was better to do a rough-and-ready job

with just a few relevant reading< than a fancy job with a lot of readings

T A T A

that were mostly irrelevant. If indeed there was a big enough change in the
functioning of the economy in 1973-74 to make preceding data uninformative
about later behavior, then he c:rtainly had a case. How can vou tell? 1it's
a question about whether reality is better described in terms of Box-Jenkins
parametric models, or better understood by someone who makes judgments based
on plots and general background information, judgments that cannot (I think)

: be computer-programmed. The speaker seemed to think that obviously the
second was the case. I don't think it's obvious either way. Some things
could be done to investigate the matter, but nothing very easy or very

quick.

How much should we look at the data? Everyone agrees that we must sometimes,
to some extent, look at the data. Suppose we enterraln some probabilistic
model, ot more modestly some way of thinking about & phenomenon und possible
s observations. If this model or way of thinking is not vacuous, there are
some logically possible observations that conflict with it--otherwise it
tells us nothing. Therefore Lt behooves us to see¢ whether the observations

are consistent. Particular i{nstances of (his are vers weli known.

bt B Ll

So we must look at the observations a bit. The trouble is, 1t is ca.y




to be puzzled and misled if we look at them very much. A sample (from a
population or probability distribution or stochastic process) has many
individual features that do not reflect its source and would not persist
if the sample size were much increased. Given adequate computing power,
the question of how much to luok, how far to go, sutstrips avajllable sig-
nificance tests or other critical apparatus that might atid our judgment.
To refrain from examining the data because we do not know how to evaluate
what we see, that surely is foolish. To assume without evaluation that
everything seen is important, is foolish too.

The matter is brought home to me whenever I take a small random sample
from some distribution or process. Suppose I generate 50 observations from
N(0,1) . One of the readings is bigger than 3 and the estimated variance
is large. 1I take another sample and this time there are no outliers, the
largest reading is only about 1.5 and the sample looks as if it came from
a uniform distribution. I wonder if my program is wrong, so I go over the
program again and I take a much larger sample and make a goodness-of-fit test,
and then things seem 0.K.

I'd like to show what happened the last time I tried a simulation. I
was wanting to illustrate the difference between a stationary random sequence
that was jointly normally distributed (jointly Caussion) and a stationary
random sequence with the same autocorrelations (same moments of first and
second orders) and marginal normal distribution for any one member that was
not jointly normal and would have a less temporally homogeneous behavior.
The simplest examples would be Markov scquences, and I began with a Jag-1

¥

serial correlation coefficient cqual to :. Figure | shows the first 60
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members of a jointly normal sequence; and Figure 2 shows the first 60
members of a type of "jump" process which behaves in stretches like a
jointly normal random sequence with a bit higher lag-l1 serial correlation
(actually %), but every now and then there is a break and the next reading
is independent of its predecessors-—--sometimes at the break there is a big
jump. So the two sequences should look similar except for occasional big
jumps in the second process. Figure 2 looks as it is expected to, but not
Figure l---the first 20 readings move around a lot (with one very big jump
between the tenth and eleventh reading), then the later readings are much
less mobile. I can't heip thinking that the speaker I heard on time-series
forecasting would have identified a change in the economy round about
reading no. 20.

I was so disgusted with the untypical behavior of the first plot that
I scrapped them both and tried again, this time with a higher lag-l serial
correlation (%) which I thought would cramp the style of the jointly normal
process and make it behave better. Both plots (Figures 3 and 4) looked
reasonably "typical" of what I expected. (But note the apparent change in
direction of the jointly normal plot around reading no. 33.)

How many explanatory variables in regression? The question arises in dif-

ferent connections---sometimes very troublesome, sometimes casy to answer.
The easy case 18 a planned factorial experiment of the c¢lassic Filsherian

kind designed to permit estimation of the main effects of various factors

and all sorts of interactions. Often what happens {s that a few main effects

and perhaps a few interactions are large and interesting uad need to be duly

reported and understood, while the rest are samll and for most purposes can

w

BTN, ¥ TR



CX DI

T

e

P,

e

1
1

i

be ignored---it wasn't known in advance which effects would be large and
interesting, which small and ignorable. Usually the effects are orthogonal;
their meaning does not depend on what other effects are estimated. Provided
there are a few degrees of freedom for estimation of error, and provided ve
don't challenge the apprnprinleness of the model (structure) being fitted,
there is an easy answer to the question, how many effects to estimate:
estimate them all and then ignore any that aren't interesting.

The proviso that the appropriateness of the model being fitted isn't
challenged is important. I've already saic .hat it behooves us to verify
that models being fitted are consistent with the data. Supoos= we want to
check whether the (hypothetical) unexplained "error" term in the model seems
to be something like i.i.d. normal. The obvious thing to do is calculate
residuals from the estimated effects or regression relation. How closely
the resjduals reflect the hypothetical errors in the model depends on how

many effects or regression coefficients have been estimated. Tf many have

been estimated, there is a central limit effect---cach residual is an average

of many errors, and does not principally reflect one. To have informative

residuals, small effects should not be estimated but left in the residuals.
[The talk concluded by presenting some material from Appendix 2 of the

author's forthcoming book, Computing in Statistical Scjience through APL

(Springer). A rule for deciding how many effects to estimate, due to

J. W. Tukey, for the purpose of obtaining informative residuals, was described.

Then two further ruies were dcescribed, one of them based on C. 1. Mallows's
Cp statistie, designed to permit pood predfction of wnobserved values of the
dependent varjable. 1t was pointed out that these two purposes, informative

residuals and good prediction, though at first glance quite different, are

really closely related, and the three rules often lcad to the same result.

R e e SRR TL Lt el

et

gk ) -




e e e

3
g
3
5
3
3
e
:
>

e e e e et ) id sk 54 Simialiloiliag
. i

0

b

"2

“s

L

ePtccsnnsurfpocansecssseduinccananfeancnccnnfancrsnccnfettctansadse

R e T k]

s

Lod da s

mf-creccmacfrmarcacccdomerarcccbacccn.ssadonccanasndoracccrache

1

T




s i § ol R D b R T vl R T T A L R AR s b - CA LA oo A LA I Sb SRR - oLt J

R R S

[] {
” ¢ +
‘ | ;
L) {
. '
[} '
[] [
[} |
1 [s] [l
: o “
~ ¢ ° o T
. ] 1
» ]
. ” . [+ ] [¢] 1
L [ )
; o~ ‘. .
' [} 000N '
t . “ "
| 2"t o oo 0090 + .
| a H 0 ' ;
! - ’ )
; o™ ’ [+] o o o [+] : ~
,ﬁ _“ ..O °° o o o OO o ;
| 4 oo o '
" : L] s [o) '
. o ¢ [+ o *
< ! ° o o ' |
__ & ° o o ° o - |
i @ M o o o o ! _
o Q " (o] o o] ! M
am : |
o 3 4 ° ! |
! 1] )
{ = ! : |
| 3 ! . |
| o b ° : A
| 2 ®0 o° " W
“ 2 ) o ! |
ot > H ) |
, [ 1
M [} [ u
] ) _
Sas . M
> ' M
& w s « TTeT T T T T T T T e T w s T T T e T T T T T T T T T T e |
ma - = o~ o~ ] ™ E ES w w 0 “
|
|
: |
,_ |
‘ |
: ]
h A

i dlen . v erne h aes on adedbediiasebi o o ey auel ek :



- A oadinal Bey i M A D R ARt M A TOTTER ETOTEN T T T INNC e .!;J
-

, A
I .
m A
,W |
_ﬂ. !
! A
_, !
".,—m 1
i
3
[] ¢ ‘4,
” o +
'l +
[ ] 1
'} ]
H [ ]
. 9 []
. " L}
. . '
! ’ ! :
{ [ ' [
! ~ - ,
’ '
- ' '
. > . [
. ) ™~ ’ [
K ’ |
: o o “
e ° o ‘
R\.W +
\
- ' o (o] .
g8 lo %o ) o
. [o] .
m . o [} '
N [o) [e] ' -
m [ o o [o I o) o (o] oo '
Sos © ° o ° o ° .
14 4 [ ] [o] o o -
-3 . o] (o] (o] ' i~
m u °° [+ [¢] OOO OO ! Mlu
W " [+ o o ! .FI
. ;
M : ° oo o | =
b i ° 0 ¢
g () “ (o] '
: oo ° '
0 (o] '
>y * ‘
a3 (] ]
£ o !
s« e
: : S ' o '
9 1]
& ! > . (o] .
. M [} \
3 . [] []
| m " "
y Vo
| | Koo + \
L e e
' L7 w =} " o " o w o w o w o
- -t o~ o~ g ™ > ES wn w S

T T AR N T TR ST VRS R S . . . . - . . e .. . . . .- . - N e . -



TR YT T T W EL WY 5 D

B IR TS A T D WY Y AR - LT TR e v J
R -

2l

~l .
| . '
,ﬁ . .
kot [ [
[ [
e [] [}
- [ ] .
H °o . o
,! 2” h
[ [ [+ ] )
~ o ° :
. o o 0©° “
L e oo :
. ’
- i e ¢O0 (-] ! e
. SO-LM o ° (e o) o c..
-' . o ‘ |
- M o ) o
[ 4] [ ] [o] ' o
- o ) o
" : o ! -
)
<O ¢ oo o + ) i
- “ o Qn -
[ 4 (o) [o) \ - )
[] o] + - |
M H ) ° X = ,
s ! o ° o o 0® P h
L)
¢© et & 00 +
v. “ [ o ° ! :
L>] . (o] )
b ' o o o o '
W ] [+ ]
[] []
- . L}
[} [}
_ Mzh ©o_o0o0 .
[ o o ] o '
3 R o '
i & o H
w v o '
o ' o ! N
D “e. .
N L e e e ————— — —————————————— e
» w o, w o " o w o w Py w o ,




) TSR Y

T

i
i
t

THE USC OF RIDGL REGRESSIGH Iit TRAJECTORY ESTLHMATION

WiVliam 5. Agee and Robert H. Turner
Mathematical Seryices 8Branch
Data Sciences DNivision
US Army lhite Sands Missile Range
Hhite Sands Missile Ranae, New Mexico 82002

ABSTRACT. Conbining observations fron several different trajectory
‘measuring instruments we want to estimate the cartesian position (velocity)
coordinates of a trajectory at possibly a large nuiber of time points. Since
the measuring sysiems are subject to systematic rcasurerent ercors as well as
random Ineasuremant errors, in addition to estiisating the trajectory coordi-
nates ve also want to estimate the measurenent biases. Tne resulting estina-
tion problem is a combined linear and nonlincar estimation problen in which the
trajectory coordinates appear as nonlinear parameters in the measurements and
the biases appear as linear paraaeters in the measurcients. In practice we
have found that it is often necessary to statistically consirain the measure-
ment bias estimates by the use of Bayesion priors. These priors are assumed
to be normal usually with mean zero. Thus, the specification of the priors
is reduccd to the specification of a prior variance for each measurement bias.
There are no rules for choosing these prior variances and use of these guesses
may result in rather poor bies and trajectory estimates in which the estimated
bias vectors are too long and some of the biases may be of the wrong sign. We
have developed the use cof techniques very similar to ridge regression to treat
this problem. The use of ridae regression for this problem results in signifi-
cant innrovements in both the trajectory and bias estimates. We demonstrate
the use of tnis technique on several real trajectory estimation problems which
have arisen at ¥Siix. In thesec problems we are estimating a trajectory and
measuresient biases using ricasurements from several radars. In some of these
problems we also nave measurements from optical tracking systems which, since
they are more accurate and precise than radar, we use to prove the value of
the ridge regression technique for obtaining improved radar trajectory and bias
estimates. In using this ridge regression technigue we have been successful
in choosing a good value of the »ridge narameter by using the ridge trace method
propuscd by hoerl and Kcnnard., The ridge trace, although it is successful in
obtaining a good value of the ridge pareneter, is unsatisfactory in an auto-
mati¢ data processing procecure such as trajectory data reduction since a
ridge trace recuires human visual interorctation. /o have tried sone autc-
matic methods for selection of a good ridgc parameter value. So far, we
have been unsuccessful in these atteapts to develop an automatic method for
choosiny a good ridge parameter and we vould like to have this considered as

a clinical paper for the purpose of obtaining sone new ideas for developing
such a method.

1. TRAJECTORY ESTINATION. Heasurewents of range, azimuth, and eleva-
tion from several aitierent radars are used to estiniate the cartesian posi-
tion coordinates of a vehicle trajectory at a sequence of times, t., 1= 1, N
which cover the entire trajectory. Since the wmeasurcaents are subject to
systenatic errers as well as randoa measurcucnt orvors, we also want to csti-
mate tho systeatic error para.wetors or biases in addition to the trajectory
coordinates, The resulting estimatien problom is a cosbined linear and non-
Tincar ertization problew in vlidch the Grajectory coordinales appear as non-
Yincev pacsaetors in Lhe weasure weals asd the biases copear as linear para-
woters e L veo ureaents,
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Let h, (x ) be a measurement function where x is the cartesian position ',;
vector to the trajectory at time t If we have M different radars observing L
the trajectory, then a = 1, 3M. For a range measurement from the pih radar i

—— 2 2 ' 2.1y k!
ha(xi) = [(xi‘xp) + (yi'y ) ¢+ (zi-z ) ) 4 (1) §
where (x » Ypi Zp ) are the cartesian coordinates of the 4

origin of the local cartesian coord1nate system at the p-— radar. For an azi-

muth measurement from the pEh radar the measurement function is

h (x;) = tan”! +——FP (2)
o™ Yi = Yp :
For an elevation measurement from the th-radar
zZ, -2
h (%) = tan”’ i (3)

[ (xi-xp)2 + (yymyp) ] V2

Let za(ti) denote the observed value of the ash measurement. The observa-
tions are modeled as

2,(t) = b (X)) + b+ e (1) (4) %

where b is a constant measurement bias and e (1) is a zero mean, random
measurement error. Let b be a 3M-dimensional bias vector b = [b; b2-~b3M].
Then the measurement model can be represented as
z (t;) = h (x;) + s b+ e,i) ()
th

where S is a row vector with a one in the o— entry and zeros in all other
entries.

s,=[0 0---0" 0---0] (6)

oth a=— position

Let R (t ) be known variances of the random measurement errors, e (t ). A

norma] prior with mean zero and diagonal covariance matrix P will be assumed
for the bfas vector b, P = diag (P ?, a =1, M. The estimation problem to

be considered is to minimize,




- [ .= -

N 3H _ 2 _
LA (zu(ti)’ha({i)-sub) R7,(ty) + b'P7'b (7)

1

with respect to X., i = 1, N and b. Differentiating (7) with respect to ?}
and b results in the nonlinear normal equations :

31

z W (x R (t )z (t;)-h (xi) -S b) 0 1= 1,N (8)
N oL . -

'z] z] S'R (t )(z (t )-h (x )- Sab) -P'b=0 (9)
1=} a=

where ;i is the estimate of X and b is the estimate of b. 1In (8) HG(E})

]
°"c(ti)

is the derivative, In order to solve the normal equations, thev

x
1
are linearized about a guess trajectory, x (S? Let X (s) y 1 =1, Nand b(s)
satisfy (8), i.e.,
Mo T () (s) (s)
E] H (X.i )Ru (ti).(za(t'i)-ha(x‘l )-Sab )=0 i=1,N (]0)

as=

If (8) is linearized about xi(s) and b(s), we obtain

(s)y .. (s)
(x4-x,**') A1 ; N+](b -b*+*7) ()
where
A, = Jg H, (x (S))R°](t JH_(x (s)) (12)
LA a i et
ar.
3M :
T - To-1 (s)
Ay N1 uzlsa R, (tgH (x*77) (13)
Aj is 3 X 3 and Ay y,q is 3 X 3. Linearizing the second normal equation, (9),
about x; (s) and solving for b gives the result,

13
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b - b( ). (P '+ E L Su Ru (ti)sﬁ-‘z Ai’N+]Ai
§=1 as) =1

-1
A et

N 3M

[{51051 s TRV (8, (2, ()0 (g 515 b0
3

e Y s RS )b(s) (14)

i=1 o=1 * © @

(11) and (14) for X; - x(s) and b - b(s) are the basic equations for traject-
ory estimation. Thd solution to the normal equations are obtained by suc-
cessive relinearization and solution of (8) and (9).

2. APPLICATION OF RIDGE REGRESSION. Although there are no convergence
problems in solving the normal equations iteratively for the N-station radar
case, another problem which is fairly common in the solution of linear least
squares problem occurs quite frequently in trajectory estimation. VYery

often, the estimate of the bias vector, b, converges to a solution which
several of the components are too large. Sometimes the bias solution is
obviously erroneous. One obviously erroneous case which frequently arises
is that the elevation bias components will all be large and of the same sign
This problem of the estimated bias vector being too long is usually attri-
buted to multicollinearity among the predictor variables in the linear least
squares. The problem in the linear estimation case is often successfully
treated by some method of biased estimation. This problem has not been prop-
eriy recognized or successfully treated when it arises in trajectory esti-
mation. Although the existence of these erroneous bias estimates have been
recognized in trajectory estimation, the source of the difficulty was not
properly identified. Some workers in trajectory estimation have stated that
the existence of the problem demonstrated the need to specify a prior distri-
bution in order to “tie down" or statistically constrain the bias estimates
Hence, the reason we have included the prior in (7). It does not take much
experience in using these priors for radar trajectory estimation to reali:e
that the problem of inflated bias estimates is usually as much present with
as without the prior. There are no rules for choosing 2 good prior. Ve at

first attempted to treat this problem by introducing a ridge parameter A.
Instead of minimizing (7), we would minimize

N

3M _ 2 1 i
151 GE] (za(ti)-ha(xi)-sqb) Ru (t1) + (1+A)bP L (15)

Minimizaticn of (15) merely introduces a factor of (1 + 1) in (14) wherever

P" appears. We denote the ridge solution as B(A). The ridge solution re-
duces to

6(x) - b(o) = -r(q+ap~ 1) TP Tb(0) (16)
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R Tp-1 LI
e L K R (7)

3. CHOOSING THE RIDGE PARAMETER-THE RIDGE TRACE. How should the ridge

_parameter A be chosen? The graphical ridge trace method proposed by Hoer)

and Kennard [1] is a standard method for choosing A. Consider the following
example from KSMR data. We have three radars, R122, R123, and R395 tracking
a level flying target flying at about 30000 ft. The graph of Figure 1 shows
the relative geonetry of the target trajectory and radars. The diagonal ele-
ments of the prior covariance matrix used in this example were Py; = Py, =

- 2 -
P27 = 1 (Range bias elements), Poy = P33 = (]/R 122), Pgg = Pgg = (]/R 12%),
and Pgg = Pgg = (]/ﬁ 395), where Rj is the average range from the j-t-h radar

to the trajectory. Figure 2 is a ridge trare for this example. Note A =

-1 corresponds to the least squares solution. Ve quickly learn two things
by examination of this ridge trace. One, the range bias estimates do not
stabilize from which we conclude that a ridge parameter should not be used
on the range bias elements. Two, we would also want to conclude from the
ridge trace that there is no benefit to be derived from the use of a prior
on any of the range bias terms. Note that stability of the estimates occurs
near the least squares solution which corresponds to x = -1. The Bayesian
solution with the prior specified which corresponds to » = 0 is not plotted
on the graph. This solution has the bias estimates,

R122 R123 R395
Range (ft) 27 23 -20
Azimuth (mr) -.02 -.06 g2
Elevation (mr) .09 -.06 -.05

These estimates are not in the stability region of the ridge trace. Figure
3 is a ridge trace for this same example but without a prior on the range
bias terms. The range biases are now only indirectly affected, i.e., through
the angle bias estimate, by the ridge parameter ». The value A = -.99 ap-
pears to be a good choice of the ridge parameter. The following table con-
fimns that large errors are present in the least squares bias estimates and
that the ridge estimates with » = -.99 provides a much better solution. The
optics solution is derived from the azimuth and elevation measurements from
several optical tracking cameras. The camera measurements are inherently
much more precise than the radar measurements;, hence, we often use an opti-
cally derived solution as a standard against which we compare radar perform-
ance.
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R122-R  R123-R  R29S-R  RI22-A RI23-A  R395-A RI22-E  RI23-E  PIS5-E

Optics 157.3  152.9  80.3  .0sx10°3 .02x10°3 Loox10"d 1mxi0”? -.oaxn? ..osxret?
é Ridge (1s-.99) 151.8  148.2  72.0 0 -.06x10°3 .o9x107% .12xi07d - .o9x10°3
' least squares 118.3 114.8  63.7 .1isxi0”3.0tex1073. 14801072, 73701073

-.07x10°3
-.9a7x1073- 53801073

Even though we believe that the ridge solution provides much better
trajectory and bias estimates from an H-station radar solution than does
the least squares solution, we have tried and are still trying to develop
a practical method of using ridge regression in trajectory data reduction.
The graphical ridge trace method of Hoerl and Kennard for choosing A is
unsatisfactory for trajectory data reduction. The quick turnaround time
required by range users for trajectory data products makes the ridae trace
method, which requires human intervention, impractical for routine use.

An automatic method for choosing a good value of A is required in order
that the ridge method be practical for trajectory data reduction.

M ta L

L had L} e

4. CHOOSING THE RIDGE PARAMETER-MINIMIZING THE MEAN SQUARE ERROR.
One automatic method for choosing ridge parameters is an iterative method
proposed by Hoerl and Kennard [2%. This method is developed for choosing
the ridge parameter vector in a generalized ridge regression problem. For
the generalized ridge regression in the radar bias estimation application,
we want to choose a parameter vector A having components Ay i=1, 2M.

Thus, we will have a separate ridge parameter for each of the angle biases
but none for the range bias terms. Suppose we arrange the order of the
biases so that the angle bias~s appear in the first 24 positions of b and
the range biases io the last M positions of b. We partition the bias esti-

mation equation, QB = U as

AT
o, R b;’ [u
R er er Uy (18)

In the above we have repla i i i
difforent st ioir e, Placed the matrix Q defined in (17) by the slightly

- T,-1
Q= I ISRt - T .
f:] a=1 a a ( ‘.) a i=) A],N+]A] SN+1 (]9}

9
N 3M N |
L
Note that we have abandoned the use of priors in the definition of Q

Suppose we transform the bias vector b as b

= T& where T is orthogonal,
We can elimirate b from (18) obtaining, ’

19
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b, = Q. (U -RTE) (20)
and
T (Q -R'Q;'RT8 = T (u,-RTQ; 'y, ) . (21)

we choose T so that

T (G-RTQ.'RIT = | (22)
vhere ' = diag (Y‘). Then we have

ra = T1(U,-R'Q "u,) (23)
We now form the generalized ridge regression as
(r+D(\))(B(2)-5(0)) = -D()A10), | (20)

where D(1) = diag (xi) and B(o) is the least squares solution.

The iterative method of Hoerl and Kennard attempts to choose the A to mini-
mize the mean square error in g8()1). Thus, we want to minimize

ELB(A)-8)T(B(x)-£)] (25)

where B is the true parameter value. Minimizing (25) results in the choice of
the optimal a as

:
s (26)
Moo= 8y

Since the true values, By, are unknown, (26) cannot be implemented exactly.

Hoerl and Kennards approximate implementation of (25) uses the iteration,

kel . (1736 )2 (27)
where 8(K) is obtained from (24) as
8{K= v 8. o)/ {F) (28)
with 8{°) « 5. (o).

Hemmerle [3] has shown that a closed form solution of this iterative scheme
is easily obtained. Hemmerle shows that the iteration converges to e, for

0 < (1/Yiéi2(0)) 2 1/4 where

20
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(1-2e0) - Nde

0
2eo

e, (29)

. =2 > (K} '
and e, = ]/YiB i(o). For e, > 1/4, B; —» 0.

For our three radar example applications, we obtain the following data
for the application of the above method.

S TLHETIVRETT R T

-~ -’ 2
ba(O) B'i (0) Y; ji_Bj (o) Ba

ex1073 - 43181174101 4.1857985x10'0  78.04

.42616219%107°

7371073 -.s5495032ax10™%  5.7866501x10'0 174.73  -.s4638011x107%
E .058x1073  .14776931x1073  5.8775591%10'0 1283.41  .14554624x1073
f -.9470107% -.12048667x107>  8.3670572x10% 121.46  -.11947337x1073
E 48x10°3 -17659027x10°  8.3156874x107  2.59 0 4
E -.538X10°3 -.13022000%10°2  1.2606770X107  21.37  -.1237882X10°2 '
E

where g, is the limit of the iterative scheme. 3

This method is clearly inadequate for dealing with this example, since the
bias vector has been shrunken only a very small amount whercas a considerable
amount of shrinking is nccessary in order that the estimated bias agree reason-
ably well with the biases calculated from the optics solution. The diffi-
culty arises from those least squares bias estimates which are far from their
true values. When the true values are replaced by these estimated values in
the Hoerl and Kennard method, the iteration converges to the wrong values
1 which are quite near to the least squares estimates. We have not been able to
3 find an automatic method for choosing ridge parameters which works well for any
of our examples.

PR SN Y T

5. APPLICATION OF PRINCIPAL COMPONENTS REGRESSION. In absence of a method é
for choosing ridge parameters we have recently begun to work with principal com- 3
ponent regression as an alternative to the use of ridge regression for shrink- 3
ing the erroneous least squares solution. We have had a fair amount of success 1
with this method on several examples. 1In the principal components regression we !
set 8, = 0 for i = 2M-r, 2M where r is the smallest integer for which §
2M :
L Y : _ .
izoM-p 1 072 (30) i

M
I Y, .
i=1 ! 1
y
: *!
- N ;‘
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We are assuming in {30) that the eigenvalues, Y haye been ordered from
as a cutoff for the eignvalues in (30)

largest to smallest.

is arbitrary, but we have found it to work well in several examples. for the
example application described above, the principal component estimator sets
Bg = 8¢ = 0, corresponding to the two smallest -eignvalues. The results of

the principal components estimator for this example is compared below with
optics, least squares, and ridge regression.

The ‘use of 10°

2

LA

.' f
10 17 Ao p - 0 |

R122-R  R123-R  R39S-R  RI22-A Rlz2-A R295-A R1Z2e-€ RYZ3-T RIGE-E
Optics 157.3 52,9 80.3  .osmot3 Loana? Loexiotd awmod -eexiotd -esno”?
Ridge (2+-.36) 131.8  122.9  72.0 0 -.cex073 Losx107 a2niotd -oomed -omno”d
least squires N8.3 a8 637 .uexo’d  Losexio”d 1asngd -7amaes? -lsamaod -ssance™
Principal cura=3 I | -3 -3 -3
components  147.9  144.3  69.4 0 -.085%1073 05007 1231073 -.ogsx10” -.067x10
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The principal component method has been criticized as being too restrict-
ive. Marquardt has suggested that a fractional rank procedure be used instead )
of the principal components integral rank procedure. The fractional rank esti-
mator takes a linear combination of principal components estimators,

T

~

Bf = Cér + (]'C)é

<

mpr 05 € (31)

where ér is the principal components estimator of rank r. The difficulty with

the fractional rank procedure is in the choice of the parameter, ¢. Marquardt
[4) suggests using a graphical method like a ridge trace where each component

of the vector g, is plotted against the fractional rank, f = cr + (1-c)(r+1).

Another procedure, suggested by Hocking, Speed, and Lynn [5], for choosing ¢
is to minimize the mean square estimation error. This method is implemented
in a way similar to the iterative method of Hoerl and Kennard for choosing

the generalized ridge parameters and suffers the same difficulties in appli-
cation.

6. CONCLUSIONS. It has been demonstrated by simulation studies [6) :
that ridge regression of fers potentially a better estimator than the princi- 4
pal component technique, but that a better estimator of the ridge parameter
is necessary before that potential can be realized. 1 definitely believe
that this conclusion is correct for our trajectory estimation applications.
I also feel that a similar conclusion could be demonstrated for the fract-
ional rank procedure. Ve are unable to implement these potentially better
methods in a routine trajectory data reduction because we are presently
unable to develop a good estimator for the parameters in either method.
We are greatly in need of soune fresh ideas for choosing the parameters in
these biased estimation methods.
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AN EIGHT VARIABLE COMPOSITE DESIGN FOR
FITTING A SECOND ORDER RESPONSE SURFACE
Carl B. Bates
US Army Concepts Analysis Agency
Bethesdq, Maryland 20014

ABSTRACT, An electronic warfare study has been initiated at the
Concepts Analysis Agency. The study is to provide justification for
procurement and force structuring decisions concerning new electronic
warfare/signal intelligence (EW/SIGINT) systems. A communications
model, Communications Electronics Warfare Combat Simulation Model
(COMMEL 11.5), will be used to investigate the effectiveness of US EW/
SIGINT systems against enemy command, c¢ontrol, and communications (C3)

systems. COMMEL 1[.5 is estimated to require four hours' running time

to simulate an eight-hour battle. Eight model input variables having 6,
6, 4, 4, 4, 3, 2, and 2 levels, respectively, werz selected for the in-
vestigation. The objective is to fit a second ovrder response surface

using as small & number of computer runs as possible. A 1/4 x 23 frac-
tional factorial desiyn is augmented with the addition of axial points.

The resulting variation of a central composite design contains 80 design

;
g

points. The experimental design is presented and aiscussed.

1. INTRODUCTION. The Concepts Analysis Agency has been tasked to

;
:
:
;
:
,
j
:
T
!
4

analyze the relative contribution of US electronic warfare systems to

the outcome of ground combat. A wide variety of new electronic warfare/

- FHECEDING PAGE BLAMK-NOT FILMD



signal intelligence (EW/SIGINT) and weapon systems has been introduced

for the post-1980 timeframe. Recent assessments of US and Soviet come
mand, control, and communications (C3) show the need for improving the

quantified analysis of EW assets to counter threat c3. An analytical

N Wt B . e "
o . N b f1] SR A F
pRE T T L St ;
.

basis is needed to provide justification for procurement and force

-
£
:
i
ﬁ_
E_
£
!
E

structuring decisions with respect to EW/SIGINT systems. The analysis
should provide detail sufficient to assess the potential of selected

electronic countermeasures (ECM), electronic warfare support measures

1 s a1 N

A (ESM), and tactical SIGINT systems.

3 To accomplish the task, the Concepts Analysis Agency initiated the
Force Electronic Warfare/Tactical SIGINT (FEWTS) Study. The purpose of
the study is to analyze the relative contribution to combat potential‘of
the denial, destruction, and exploitation of threat ¢3 through the

application of US EW/tactical SIGINT means.

2. PROBLEM DESCRIPTION. An enhanced version of the Communications

Electronic Warfare Combat Simulation Model (COMMEL I11.5) was selected
for use in the study. COMMELL 11.5 is a fully computerized, dynamic,
two-sided, division level ground cowbat model. It will be used to in-
vestigate the effectiveness of US EW/SIGINT s stems daygdainst enemy ¢3 1
systems. The model permits detailed observation of commupication events i
in a combat environment, and provides a tool for measuring, in terms of

combat outcome, the merit of selected EW/tactical SIGINT capabilities

against a threat.
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tight model input variables were selected for the investigation.
The variables represent equipments and operating characteristics. The
number of levels selected for the eight variables ranged from two to
six. The eight variables and their levels are given in Table 1. The

ful? 62 x 43 x 3 x 22 design has over 27,000 variable level combinations.

Table 1. Design Variables

variable . Levels
Xy - TACJAM 0,1,2,3,6,9
X, - TLQ 17/A 0,1,2,3,6,9
X3 - QUICK FIX 0,1, 3,6
Xy - TRLBLZR 0, 1, 2,3
Xg = CRIT NODES 1,2, 3,4
Xg - JAM vs L/K 1, 2,3
X7 = E/W EMPL CON 1, 2
xg - ARTLY EMPL CON 1, 2

Nine tentative measures of effectiveness (MOL) were identified.
They consisted of Red and Blue materiel and personnel losses and forward
edge of the battle area (FEBA) loss. All nine MOE u~: continuous vari-
ables. The study members desired o second order res)unse surface for

each of the nine MOL in terms of Lhe eiyht mode' inpu. variables. The

second order model,




R

y =By +Byxy + Byxa + Byxs + Byxy +Bgxg + Bgxg + Byxy +Byxg

2 . - 2 2 2
+By1xs + Bopxd + By + Byaxs +Besxs + Bgoxe

- I S YO

+Biaxixg + Buaxxg + Bigxyxg + -oe +Byyxixy +Brgxixg

prey

*Basxgxy +Boaxpxg + -+ +Bapxpxy *+Bagxoxe

+Be1%6%7 * BegXeXg

*Brgxrgs

. A

has 43 terms (8 linear, 6 quadratic, 28 cross-products, and the inter-

cept termn). The eight independent variables (x‘'s) represent the eight

COMMEL I1.5 model input variables and the dependent variable (y) denotes
a particular COMMEL 11.5 model output variable, MOE. -
3. BACKGROUND. Box and Wilson (1951) introduced the concept of
composite designs; Box and Hunter (1957) introduced the concept of ro-
tatability; and Box and Draper (1959) developed criteria for selecting
response surface designs. Hill and Hunter (1965) and Mead and Pike
(1975) give reviews of the developments of response surface methodology.
More readily available sources on response surface methodology can be
found in Cochran and Cox (1957), Davies (1960), Myers (1971), and Ander-
son and McLean (1974).

Composite designs are full or fractinnal 2 factoricl designs auy-

mented with additional points which permit estimation of Lhe guadratic




coefficients of a second order surface. The augmentation consists of 2k

plus one (or more) center points as illustrated in Table 2. Therefore,

the composite design consists of (2K + 2k + 1) design'points.

Table 2. 2k + 1 Augmentation

Xl X2 X3 s xk

-(¥ 0

0

+x 0 0 ...
-X 0
0

0

0
0 N
0 +a 0
0 0 -« ... O
0 0 +a ... 0
0 0 0 ... =
0 0 0 ... +¥

0 0 0 ... ©

I[f k=3 and the 23 coded x-values are +l and -1, t:e design matrix

For a central composite design is as shown in Table 3 and illustrated in

Figure 1.

E
3
1
7
3
3
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Table 3. Three Variable Central Composite Design Matrix

Xl XZ X3
-1 -1 -l
-1 -1 1
-1 1 -l
11 23 factorial
1 -1 -1
1 -1 1
1 1 -1
1 1 1
-0 0 0
+a 0 0
0 -a 0 2x3 axial points
0 4+0r 0
0 0 -o
0 0 +a
0 0 0 <+—— center point

- Axial

Factorial

|
—®
I
|
!

Figure 1. Central Composite Design
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The literature on central composite designs contains discussions on
the determination of @ to yield orthogonal designs. However, no infor-
mation was found applicable to the above described problem in which the
x-values are prescribed and fixed. The following section discusses the
attempts to develop the eight variable composite design.

4, CANDIDATE DESIGNS

a. Design A. A “"Base Case" situation was defined early in the
study planning phase. The Base Case combination of the levels of the

eight variables is shown by the circled values in Table 4.

Table 4. Base Case

Xl X2 X3 X4 Xs X6 X] X8
0 0 0 0 1 1 @ )
1 1 1 ©) @ ® 2 2
©) 2 3 3
3 4

m@m
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First, a fractional factorial design was developed. The lowest and
the highest values of each of the eight variables were considered as the

"low" and "high" values of a 28 factorial. A resolution V 28-2 frac-

T Y T T TSR Y

tional factorial design was developed using I = ABCEG = ABDFH = CDEFGH
as the defining contrast. This gave 64 design points. The resolution V
design pernits fitting the 8 linear terms and the 28 cross-product
terms. Table 5 repeats the Base Case values given in Table 4 and illus-
trates the high and low values used in the fractional factorial. Aug-
mentation of the fractional factorial then consisted of using "inside"
values as the axial points. This gave the 16 design points shown in the
lower portion of Table 5, Note that for X1{» X3, X3, and xg, Base Case
values were treated as center points, but Xa and Xg were balanced over
the two inside values, as were X7 and xg. This gave a total of 80 de-

sign points. The composite design matrix A, however, was singular.
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b. Design B. For the second attempt to develop a composite de-

sign, the same fractional factorial design was retained, but the 16 auy-

mentation points were changed. The inside values for all variables ex-

cept xo were balanced over the 16 design points. Variable xg was set at

its Base Case value (center point). The augmentation part of the design

is shown in the lower portion of Table 6. This composite design matrix
was also singular.

c. Design C.

torial design, but the high and low values were changed.

The third attempt involved the same fractional fac-

This time two
adjacent inside values were used as the high and low values. One of the
adjacent values was the Base Case value (center point). The high and

low values used are shown in the center portion of Table 7. For vari-
able Xg, which has only one inside value, one outside value (3) was
used.

For the augmentation portion of the composite design, outside val-
ues were used as the axial points for x1 through x4. The next two in-
side values (1 and 6) were used as another pair of axial points for
variables X, and x, (points 13 and 14, and points 15 and 16). All other

variables were held fixed at their center points. Variables x7 and xy

were not varied, all 16 points were held fixed ab their center points.
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R Design matrix C was nonsingular; its rank was 43. Consequently,
the full 43-temm second order response surface model given above in the
second section can be fitted. To date, other nonsingular design mat-
rices have not been developed. Theretore, the design matrix C has not
been compared against other nonsingular design matriced. The determi-
nant of {C'C) was evaluated, however, and |[C'C| = (3.94) x 1048, Also,
the variances of the 43 regression coefficients were obtained and are
tablualted in Table 8. The variance of by is 126.2. The variances of
the regression coefficients of the 8 linear terms range from 1.9 to
16.4; the variances of the regression coefficients of the 6 squared

terms range from 0.002 to 0.456. The variances of the regression coef-

ficients of the cross-product terms range from 0.051 to 0.512.

L
¢
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Table 8. Variances of Regression Coefficients

Regression Regression Regression

Coefficient Variance |Coefficient ‘ariance |Coefficient Variance
b, 125,200 by, 0.194 bas 0.053
by 5.172 by3 0.512 bsg 0.057
b, 5.172 bia 0.212 bs; 0.057
by 1.900 bys 0.212 bg 0.057
by 10. 350 bye 0.215 by 0.218 |
b 9,856 by - 0.220 b 0.230 ;
bg 16.400 by 0.220 |- byy 0.234 |
b, 6.838 bps 0.051 by 0.234--
bg 6.838 bya 0.220 bsg 0.220
byq 0.002 bys, 0.202 b 0.225 :
by, 0,002 bye 0.215 bgg 0.225 :
b33 0.008 b27 0.220 bb7 0.239 3
by 0.382 bog 0.220 beg 0.239 ;
bg s, 0.173 D34 0.023 by 0.239 i
bbb 0.456 %
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5. CONCLUSIONS. The procedure employed above can be applied to
develop second order response surface designs for situations in which
the variable levels are prescribed and fixed. However, a systematic
method for development of the composite design is needed. The designs
attempted suggest that inside variable values should be used in the fac-
torial or fractional factorial portion of the composite design and that
the axial points should lie on or outside the k-dimensional cube of the

factorial.
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AN APPLICATION OF ORDER STATISTICS TO TIME-SEQUENCE LOGIC

William E. Baker and Malcolm S. Taylor
Probability and Statistics Branch

US Army Ballistic Rec<earch Laboratory
Aberdeen Proving Jro.-t T, Maryland

ABSTRACT. If Xl, XZ, oo xn are independent, identically-distributed

random variables, then Yl < Y2 €...< Yo» where the Yi's are the Xi's

rearranged in order of increasing magnitudes, are defined to be the

order statistics corrcsponding to the original random sample. Order
statistics have becn applied to the solution of a problem involving the
determination of time windows for firing impulses in a fuzing system. A
computer program has been written which provides the probability of a
warhead fuzing as a function of the parameters which characterize the
detonators. Conversely, given a required probability of fuzing, the
program will determine the necessary detonator characteristics. Although
motivated by this specific problem, the work is general in nature and

should have additional applications in the armament research and develop-
ment community.

1, INTRODUCTION. Let Xir X5p -ey xn be independent, identically-
distributed random variables. Then Yl < Y2 <... <€ Yn' where the Yi's

are the X,'s rearranged in order of increasing magnitudec, are defined

to be the'order statistics corresponding to the original random sample.
Order statistics find immediate application in the design and evaluation
of logical structures which make decisions based on the relative values
assumed by a set of n random variables. One particularly interesting
application involves the determination of time windows for firing impulses
in a fuzing system. This is the problem which motivated the work on

which we are reporting. However, the work is general in nature and may

prove useful for other applications in the armament research and development
community.

2. STATEMENT OF THE PROBLEM. 1In the particular problem which we
addressed, a fuze ccntains N detonators, K of which must function within
a specific time span. Furthermore, the second detonator (which functions
at time Y2) partitions the time span into two subintervals. The first

subinterval [Yz' 61, Y2] is examined tn determine if the first detonator
functioned within that time segment, and the second subinterval [YZ’ Y

2
+ 62] is monitored to count the number of additional detonators activated

during that period of time. 1If, within the time interval [Y2 - 61, Y2 + 6
K detonators have functioned, then the command to fire will be initiated;

2].
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otherwise, it will not, The times to function for the detonators are
random variables and, as such, can be characterized by a cumulative
distribution function F. Assuming that the time to function of each
detonator is identically distributed, then the problem consists of
cexpressing the probability of fuzing as a function of K, N, 61, 62, and F,

3. SOLUTION. Let Xi be the time to function of detonator i in
its operating environment. Then X10 X5 oees Xy are independent, identically-
distributed random variables; and we can define Yy Yz, cees Yy to be
the order statistics corresponding to the X;'s. For our problem, if
Y2 - Y1 < 61, we are interested in the probability that YK - Y, < 62; however,
ify,-y> 61, ve nced to determine the probability that Yee1 - Y2 < S,
assuming K + 1 € N, Therefore, we nced to cvaluate

Pr {warhcad fuzing} = Pr {Y, - ¥, € 6,} Pr {Y, - Y, <8, | Y, - ¥, <§,)
#Pro{Yy Y, > 8 PrdY, - ¥, €8, | Y, -, >8], (1)
Applying the definition of conditional probability we obtain

Pr {warhead fuzing} = Pr {Y, - Y, € 61} Pr {YK - ¥, <8,and ¥, - Y, < 61}

—————

Pr {Yz -Y, < 61}
v+ Priy, - Y, > 6} Pr tﬁf‘l =Yy, <6§,and Y, - Y, >4) ) 2)
. Pr{Y, - Y, >§,}
which upon simplifying yields
sino) = {y. - -
Pr {warhead fuzing} = Pr (Yy - Y, S8, and ¥, - Y, €8]
+ Pr {YK+1 - Y, S 6, and Y, - Y, > 6,5 (3)
Defining
a
F(a) = [ f(x)dx, 4

-0

we can proceed to evaluate the first term on the right-hand side of
fquation 3. As shown in Appendix A we can obtain the joint probability
density function of the 1st, 2nd, and Kth order statistics,
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f(ylo )'2' YK) = mT-Nl—l(N_-m f(yl) f(y2) [F(YK) - F(Yz)]x.s
£y 1 - Pyt C®

If we let u = Y = Yo V2 ¥y - Yy and w = Yy then we can rewrite Equation S,

£(u,v,w) = Tifij‘(ﬁ”i?‘ £(w) £(v+w) [Flusvew) - Flv+w)]*~3
e fluevew) [1 - F(u+v+w)]N'x, (6)

and the desired probability is

+ 61 62
f f f f(u,v,w) du dv dw (7N

which is equal to

8
2 [Flusvew) - F(v+w)]K‘3

5
1
T ! £) [ ° £lvew) [

o f(u+rvew) {1 - F(u+v+w)]N‘K du dv dw . (8)

In an analogous manncer we can obtain the joint probability density
function of the 1lst, 2nd, and K+1lst order statistics; and, letting
Us=Yye,q =Y V3Yy- Y and w = Y, We can obtain the necessary

probability for the second term on the right-hand side of Fquation 3,
That probability is equal to

$0D

)
f(w) £ f(v+w) IOZ[F(u4v+w) - F(vm)],("2
1

(& 2)1(N K-1)T I

o fusvew) {1 - F(u+v~*\ur)]N'K'1 du dv dw. (9)

The probability of fuzing is then just the sum of Fquation 8 and Equa-
tion 9,

Appendix B contains a computer program which cvaluates these inte-
grals. In its current form it assumecs that the distribution of the
times to function of the dectonators is normal; however, it can be ecasily
modified to change this distribution. The program requires as input N,
K, 61, 62, and o (standard deviation of the assumed distribution).
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4. RESULTS. For the problem we addressed, the value for o was

specified to be 10'5 seconds. Figure 1 presents the results of changing
8§, and &, for a fuzing system in which K is equal to N-1. In Figure 2 S
v% consiaered a fuze with eight detonators; and, keeping o equal to 10~

we varied K as well as §, and §,. Of course, given any four of the

five input variables (o, K, N, 61, and 62), we can obtain a specific

probability of warhead fuzing by parametrically varying the remaining
variable.
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APPENDIX A. As shown in Reference 1 we can obtain the joint probability
density function for Yys Yz, and YK. Let Xl. Xgp <vny X, be a random

sanple from & population with density f(x) = F'(x); and let Yir You oves Yo

be the corresponding order statistics. Then the probability density
function for the rth order statistic may be derived by considering the
following configuration:

r-l n n-r

X

T 1 PPAWR N SR T A

X+Ax

That is, Xi < x for r-1 of the Xgr X < Xi < x + Ax for one X5 and
Xi > x + Ax for the remaining n-r of the Xi‘ The number of ways this

combination of events can occur is

r-1 1 n-r ’

' and each such way has probability
' F) ™! (Flxetx) - B! (1 - Fxean))™ T,

Therefore, we have

n!

Pr {x < Y < x + Ax)} = = T

e (FOOITY [Fixedx) - FO) (1 - Flxsax) )™ T + 0(ax?) (A1)

where O(sz) means tcrms of order (Ax)2 and includes the probability ';
of realizations of x < Y € x + Ax in which more than one Xy is in E |

(x, x + 6x). Dividing both sides of Equation Al by Ax and then letting
Ax + 0, we obtain

e~

fy 00 = DTSt FeT e n-Fm)" T (A2)

In a similar manner we can derive the joint probability density
function of Y, and Y_:




r-l . §.r-l n-s

X x+AX v ly+ay

and through an analogous argument we obtain

n! r-1
fyr,ys(x.y) = TG DTG [F(x))" ""£(x)

c F) - FOISTT £ 1 - Fo s,

(A3)

Finally, for the joint probability density function of Yr' Ys' and Yt:

T-~1 s-r-1 t-s-1 n-t

X x+4x Y] &+Ay 2l k+Az
and

nl! -1
fyr,vs,yt(x'y'z) T TDTG-r-DI(t-s-1) T (n-t)1 [FO))F £ (x)

e E-P)ISTTY £y (F()-F)1t 7Y £(2) 1-F(2) )™t

(A4)
For the case r=1, s=2, and t=k, we obtain
n!
le‘YZ’Yk(x'y’Z) T K Th-iIOT f(x) £(y)
- [F(EMIS £ n-F@)™ k. (AS)
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APPENDIX B. We are presenting here the computer program which evaluates
the desired probability function. As noted in the program comments, we have
assumed that the times to function of the detonators are normally dis-

1 tributed with mean zero and variance 02. However, with just a few changes
3 to the subroutines, a different distribution may be assumed. To do

this, all cards containing "NORMAL" in columns 74 through 79 must be
replaced by others with the appropriate probability density function

or cumulative distribution function.
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[a s NaXal

PRUGHAM QETUN (INPUT,OUTHUT, TAPESRINSUT TAPEGSOUTPUT)

T I T IS IR R ALY R ALY LR LR R LR R LA L L L L2 T 2

THIS PROGRAM OETERMINES THE PROBABILITY THAT K OUT OF N
OETONATORS wILL FUNCTION WwITWIN A GIVEN TIMESPAN, K MUST

3€ GREATER THAN OR COGUAL TO 3¢ AND K myST 8E LESS THAN QR
€AUAL TO No THE DISTRIBUTION OF THEIR FUNCTIONING IS ASSUNED
TO BE GAUSSIAN w[Tw- A MEAN EGUAL TO 0.0 ANO A STaNDARD
DEVIATION EQUAL TO SIGMA, THE SOLUTION IS DERIVED THROUGM
THE USE OF OWROER STATISTICS AND IS OBTAINED BY EVALUATING

A TRIPLE INTEGRAL.

IF THE NUMBER OF DETONATORS 1S GREATER TnAN THIRTY,

THEN THME TOLERANCE LIMITS OF THE INTEGRALS mMyUST BE REDEFINED,
THAT [Se THE VARJABLE 'ERRQOR! IN THE MAIN RQUTINE AND THE
VARIABLES *TOLXeTOLY® IN SUBRQUTINE 'DIST* SmOULD BE ADJUSTED.
wilT THE TOLERANCE LIMITS CURRENTLY IN THE PROGRAM,

THE RESULTING PROBARILLITIES ARE CORRECT fO TwQ DECIMAL PLACES,

INPUT 1S AS FOLLOWS ...,
N ceeessrastenavesese NUMIER OF DETQONATQRS
K veeevesnsescecsccssce MNUMABER OF OETONATORS TO FUNCTION
SIGMA sesenseveseve STANDARD DEVIATION OF DISTRIBUTION
OELT) esesesesccaase TIMESPAN {FIRST TO SECOND NETGNATORS)
OELT2 ceccevcessess TIMESPAN (SECOND TO LAST OETONATORS)

REAL NFACT +K2FACTKIFACT ¢NKFACTNKLIFACT
DIMENSION 1ERR (&)

COMMOMN /COML1/ NeK+sSIGMALDELTY,DELT2
COMMON /COM2/ PT.w
COMMON /COMSL/ INO

EXTERNAL OIST
NATA JERRA /30 (=0)40e2°(=0)/

CALL SYSTEMC (J&,IERR)
CALL SYSTEMC (115, [ERR)
WRITE (4.200)

READ INPYT
INITIALIZE VAR[ABLES

READ (S+100) NiK,SICMADELT1+0€6LT2

IF (K.LTe3 ,OR., X,6T.N) GO TO 1S

1F (N «9Te 30) «RITE (5+500) N

IF (DELTY +G3Te 10°SIGMA) OELT1=10,°51GMaA
1F (DELT2 0T, 10.°51GMA) DELT2m10,°SIGMA
RES130, '
RES2e0,

PI83,1415926536

NN3N/Se6
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acid
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[z XaXz]

nNnnNnon

o0

C
c
c

tF (N E3. 50) NN®2
FRARONR]0,%® (NN}
A--IO.'SIGNA
RAsel0,°SIGMA

EVALUATE TRIPLE INTEGRAL

In0m) .

RES12aSAQUANK (A+B.+ERRORIRUMDIST)
1f (N EQ. X} GO TO0 7

IND =2

RES22SQUANK (A+13+ERROR«RUMDIST)

OETERMINE FACTORIALS

T CONTINUE
NFACTa)
K2FACTs]
KAFACTs]
NKFACTS)
NK]FACTs)
00 10 I3leN
NFACTaNFACTS]
IF (1 JLE. (K=2}) K2FACT=zX2FACTe]
IF (1 JLE. (K=3}) KIFACT=KIFACTe]
IF (! (LE, (N=K)) NKFACT=aNKFACTe]
1f (] LE¢ (N=K=1!) NKIFACTsNK1FACT®l
10 CONTINVE

COMPUTE AND #RITE PUBA3ILITIES

PROB)INFAGCT/ (NKFACTORIFACT) *wES]
PROB2aNFACT/ (NKIFACT*K2FACT *RES2
OROBaPROA] ~PR0B2
WRITE (6e300) NeKeSIGMALOELT]1«DELT2+PRCB]LPROB24+PROY
60 10 §
1S wRITE (6e000) No¢X
STOP

100 FORMAT (21S+3F20,7)

200 FOWNAT (1lwl//)

300 FORMAT (1M +4MN » o[2¢3Xs6MK 8 ,12¢3X,8NSIGMA 3 +F10,7¢3Xe
ANDELT] 3 oF15.8¢3X,8MDELT2 & +F15.8¢3X/1H0
ITHPROBABILITY (1 TrHAOUGH X FUNCTION] 3 «Flo,0671H o
AGHPRUGABILITY (2 THROUGH KXol FUNCTION) = ,FB8.6/1nm

. 22HPROAARILITY (TOTAL) 3 oF25,6/////1)

400 FORYAT (lm s3SHeeece [NVALID VALUE OF N UR K esese,3x,

. «lMN 8 4 [2e3Xsenx 3 L12)

8§00 FORMAT (21H4 ®e%see 4ARNING = N 3 (12,

i SiMe CRECK TRE TOLERANCE LImITS CF THE [NTEGRALS ¢eeed///)
END
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FUNCTION OIST (w)

c oot a®eoS o RBe o w
C
C THIS ROUTINE PRQVIDES THE INTEGHAND FOR THE THIRDO INTEGRAL
c A4S e€LL &S THE LIMITS OF INTEGRATION FOR THE SECONU INTEGRAL.
C
COMMON /COM1/ NoKeSIGMAWDELTYVOELT2
COMMUN /COMZ/ Pliwn
COMMON /CQMa/ IND
c
ERTERNAL F XX FRY
C
sy
NNaN/S 6
IF (N EQ, 50) NN=]lQ
TOLX=210.%® (~NN)
TOLY310e®® (=NN)
PHIWB] o/ (SGRT(2,%P])oSIOMAICEXP (-], %wee2/ (2,05]CmMA®e2)) NORMAL
C
IF (IND L,EQ, 2) GO TO S
00wN=0,
uPsQELT]
GO 10 10
S DOWN3DELT]
UP=2,%0ELTY
IF (DELT1 oLTe 10.°SIGMA} UP310,0SIGMA
c
10 CALL OPBULINT (DOWNsUPsFXX1FXYoTOLXsTOLYcANSSsRUMIRUMY M)
DISTaPr[w®ANS 4
RETURN 1
END
c E
c
o
SURRQUTINE FXX (VeY1sY2,Y3)
c --.---'.-------C..‘-----‘---
Cc
C THIS ROUTINE OROVIDES THE INTEGRAND FQOR THE SECOND INTEZGRAL
C AS MELL AS THE LIMITS OF INTZGRATION FOR THE FIRST INTEGRAL. i
C i
: COMMON /COML/ NyKoSTGHADELT1+DELT2 )
COMMON /COME/ Pl.w 5
PHIVWEL ,/(SQRT(2,9R1)*SIGMA)SEXP (~]1,%(Vew)*®2/(2,2S[GMA®e2)) NQRMAL ';
< ;
vlsPHIVe -
Y2s0, -
v3a0ELT2 »
<ETURN -
gHo i
C !
¢ N
¢ '
?
a4
:
i
,%
3
'i
4
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thw1S AOUTINE PROVIDES THE INTEGHAND FOR THE FIRST INTEULRAL.

COMNON /COML/ NeK+SIGMAIDELT10ELT2
COMMON /COMZ/7 Pl.¥ -
COMMON /COMa/ IND

‘pnxhvvul./(sonrtz.‘Pll'51GnA)OEAP(-l.0(UoVou)002/(2.-Sxenl'oz))

CAPVWEFND ((Vew)/SIGrA}
CAPUVWSFND ((UeVed) /SIGMA)
IF (IND .EQ, 2) GO 10 15

IF (N (EQG, 3) GO TO 2

IF (N EQ, K) GO TO S

IF (K .EQ, 3 GO ‘010
FXV:(CAPJVU-CAPVb)00(K-3)OPnluv-O(l.-CAPuvw)OO(N-K)
G0 T0 25

FAYSPHIUVY

G0 t0 2S
va-(CAPuvv-CAPv-lOO(KoJ)OPquvu
60 T0 25
llYlDNIUVIOGI--CAPUVH)°°|N-Kl

30 T0 25

CONTINVE

IF (N .€Q, (K*1)) GO TOo 20

FXY!(CAPUVI-CAPVUD"(K'Z)‘9ﬂ[UVl’(l.—CAPUJl)"lN-K-l)

60 T0 2%
FXY-(CAPUV!-CAPVU)"(K-e)'PHIUVI

Qe TURN
END

NORMAL
NORMAL
NORMAL

- e )

‘8
.
3
.
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RADAR ERROR SIGNAL IMPROVEMENT

Robert E. Green
Programs Management Office
Instrumentation Directorate
US Army White Sands Missile Range
White Sands Missile Range, New Mexico

ABSTRACT. Monopulse tracking radars are subject to pointing errors
that are induced by target-caused signal fluctuations. These signal fluctu-
ations introduce non-Gaussian noise into the angle tracking servo error
signals of the radar. This paper raises the question of the efficacy of
making corrections for these ermrors based on other radar measurements that
are significantly corrupted by noise. Actual radar error signals are dis-
played along with the results of spectral analysis of the signals. The
spectral analysis confirms the presence of non-Gaussian components in the
error signals.

I. INTRODUCTION. One of the types of devices used at White Sands
Missile Range to keep track of missiles in flight is an instrumentation
radar. These devices transmit a burst of energy which is reflected off
the target and back to the radar. Automatic control devices in the radar
keep the antenna pointed at the target. The measurement of the time inter-
val from burst transmission to echio reception permits the determination of
target range; and the position of the antenna pedestal in azimuth and ele-
vation permit the designation of target position in polar coordinates. The
radars transmit these bursts of energy at rates of 160, 320, or 640 times
per second. The process of tracking a target automaticaly requires that
the device (radar) sense how far it is of f from the target and make the
necessary corrections. The purpose of this paper is tc define a problem
that has been detected in this error sensing circuitry and solicit sugges-
tions for improving radar system performance.

11. ERROR SIGNALS. Instrumentation radars of the type used at White
Sands Missile Range utilize a monopulse feed system to generate the error
signals that are used to direct the tracking mount in azimuth and elevation.
This monopulse feed system uses a quadrangle of four sensors (Figure 1) to
determine the necessary direction to drive the antenna so that the target
is centered in the quadrangle.

A° °B

c° °B

Figure 1. Sensor Quadrangle.
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The directional error is measured by observing the difference of the follow-
ing signal levels:

Azimuth error = (A + C) - (B + D) (1)
Elevation error = (A + B) - (C + D) (2)

These sums and differences are formed at the operating radio frequencies

(5.5 GHz) of the radar. This means that the individual signals from A, B,

C and D are not available for processing. In the radar equipment, these
quantities (1) and (2) are sensed as voltages instead of digital numbers.
These quantities are sensed each time the radar receives an echo. The sig-
nals differenced to form the quantities, (1) and (2) are of almost equal
magnitude. This results in a very weak, low frequency signal, embedded in

a large amount of noise. The radar equipment uses a very narrow band filt-
ering process to extract the signal from the noise. This filtering process
is accomplished in two stages. The data is first processed through a low pass
filter of approximately 10 Hz bandwidth. The filtered signal is then applied
to the servo which typically has a bandwidth of approximately 3 Hz. It is
not possible to significantly reduce the bandwidth of the 10 Hz filter and
maintain the stability of the servomechanism,

The noise in the error signals has two major contributing sources. One
of these is "thermal noise” and is naturally occuring in the environment.
It is assumed to have a Gaussian distribution with zero mean. The other
major noise source is contributed by the response of the radar system to
changes in the reflectivity pattern of the target. The reflectivity pattern
of the target is a very complex function that changes rapidly with changes
in target aspect. This means that signal amplitude can change drastically
between two successive echos from the same target. These rapid signal fluctu-
ations are the origir of the seccnd major noise source.

I1T. AUTOMATIC GAIN CONTROL. The gain of the radar receiver performs
the same function as the volume control on a radio. As the signal gets weak-
er the volume or gain is increased to keep the output at a constant level.

In a radar system, an automatic control system is used to sense the average
received signal level and adjust the receiver gain accordingly. If the sig-
nal level does not change too rapidly, the automatic gain control system main-
tains the receiver gain at the correct level so that the radar system func-
tions normally. If the received signal level changes faster than the auto-
matic gain control can adjust, then the noise 1s introduced into the error
signals. This noise is deterministic in the sense that if the receiver gain
setting and the received signal level are known, then the incorrect value for
the error signal can be predicted, using a known deterministic function. The
previous paragraph indicated that the radar system is designed to respond
only to low frequencies. This would make it appear that high frequencies
would have no effect on the system. It should be noted that the radar is a
sampled data system and that frequencies near the sampling frequency will
appear to be low frequencies due to aliasing.

56




| s e it SR s A - 3
by oo i S R s R A T e 7 b ey o S AR §

B TR S SO i Y - e e it e - 1+ e

P

TR L.

o o gmn gTAPT R

IV, ERROR GRADIENT CURVES. The error gradient curve is used to relate
the magnitude of the error to the voltage sensed (Figure 2). This function is
established as a part of the radar system set-up procedure. It is also used
i in the tracking function to sense how far the target is off center. A common
: set-up would be to assign a deviation of one milliradian a value of one volt.
Notice that the curve is linear in the region where the deviation does not ex-
ceed +1 milliradian. This is the region where the radar system would normalily
be expected to operate. In the radar set-up procedure, the deviations shown
in Figure 2 are assigned for the voltages sensed in the azimuth and elevation
error sigral detection circuitry. These values are correct, as long as the
receiver gain is set at the appropriate level for the received signal.
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Figqure 2. Error gradient curve
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The automatic gain control system sets the receiver gain based on the
average value of the last few signals received. When a received signal has
a significantly different amplitude from this average, it has a profound
effect on the error sensing circuitry of the radar system. Figure 3 j1lus-
trates how the error gradient curve appears to the error-sensing circuitry
when the received signal is either significantly stronger or significantly
weaker than the average value over the last few samples. Curve A illustrates
how the error sensor reacts if the received signal is much stronger than ex-
pected. In this case, the voltage sensed for a given angular deviation is
much laraer than that shown in Figure 2. Curve B illustrates how the sensor
reacts if the received signal is much weaker than expected. For this condi-
tion, the voltage sensed for a given angular deviation is much smaller than
shown in Figure 2. Since Figure 2 was used to calibrate the system, these
conditions introduce errors in the sensed angular deviations. 1In actual ex-
perience this type of signal fluctuation occurs frequently in tracking targets
such as missiles and aircraft.
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Figure 3. Mismatched error gradient curves.
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V. SPECTRAL ANALYSIS. The introduction of a large signal fluctuation
into the error sensing circuitry of the radar affects the system for a period
of time. This is due to the action of the filtering process. The introduc-
tion of an impulse into the system lasting only one sample period would at
first appear to be at too high of a frequency to affect the system. 1If the
amplitude of the impulse is very large its affect will be spread over several
samples by system filtering action resuliting in antenna pointing errors.
Figure 4 shows the power spectral density of a radar error signal when the
radar was tracking a spinning missile. Note there is power at low frequencies
near the servo bandwidth of the instrument. Such non-Gaussian noise will
create incorrect responses in the radar angle tracking system. Figure $ shows
similar spectral analysis for a roll stable missile. Notice that the non- -
Gaussian error signals occur much less frequently in this case. This indi-
cates that rapid changes in reflectivity pattern are much less common for non-
spinning missiles. Figure 6 is a recording of radar error signals where large
signal fluctuations were known to occur. The large angle errors resulting
from these signal variations are evident throughout the period shown. The
data presented indicate that the presence of large short-term signal fluctua-
tions do affect the radar angle error signals.

VI. THE PROBLEM OF CORRECTION. The composite of the Gaussian and determ-
inistic noise sources results in a function such as the one shown in Figure 6.
Observe that this data is so noisy that no trend can be discerned by inspec-
tion. The available measurements of received signal level are also very noisy.
In spite of this, it is possible to generate the required set of error gradient
curves. The necessary values can be generated by fixing the radar parameters
and then observing the data over a few hundred samples. The averages of these
samples have the expected characteristics. The individual samples of received
signal Tevel are so corrupted by nofse that the correction of individual error
signal samples may not result in an improved value.

The information presented raises the following questions:

° Wili applying corrections, based on functions derived from
average values, produce a better behaved sequence of error signals?

® Is spectral analysis an adequate method of measuring the
improvement resulting from the correction process?

® How noisy must the measurement of signal level become in
order to make the correction process ineffective?
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Figure 4. Spinning missile error signal power spectral density.
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USE OF THE BILINEAR Z~-TRANSFORM
IN IMPLEMENTING DIGITAL FILTERS

Donald W. Rankin
Army Materiel Test and Evaluation Directorate
US Army White Sands Misaile Range
White Sands Missile Range, NM 88002

ABSTRACT

The Laplace transform is an extremely versatile tool for solving differential
equations. The s-plane transfer function converts the problem in integration
to an algebraic one. But when a control system employs digital filters in an ]
embedded computer, the variables are necessarily discrete, and the problem is i
better stated by means of a difference equation. The operator equivalence
relationships are

Z =1+ aAm=gD

PRRCYROTSY |

and show that the s-plane transfer functions will be quite complicated.

To circumvent this difficulty, we employ the Bilinear Z-tranaform which
has the form

A P 132!
A ° b 1 +C2-1

and maps into what we shall call the r-plane, where the transfer functions are
well behaved. It is a moat useful tool, admirably performing its mission of
simplifying calculations, but seems to be seldom used --- rarely correctly.

This paper re-examines the theory of the Bilinear Z-transform utilizing
two new parameters (essentially the reciprocals of those traditionally used).
It is felt that the method results in considerable simplification and clarifi-
cation.

I. BACKGROUND., During the test of a ballistic missile control system, an

analysis was performed of the digital filtera used in the attitude compensa- :
tion channels. The filters were implemented by cascading two, three or four q

stages of the type
_L.é.___ﬁ_’).xa* 1
) 1+ v27)x ()

This filter is implemented in a digital computer by the following two succes-
8ive steps:

X; = ¢, - Yxq (2)
P, o= ag, * Bx, (3)
63
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Subscripta refer to ircrementa of time; hence the sampling interval is given
by

VTR NS KT e L

tl - t0 = A

X is merely a convenient computational parameter.

In the actual case, only real coefficients were encountered. However, the
treatment which follows can be extended without much difficulty to include the
case of complex coefficienta.

Several shortcomings were found. The proximate cause is easy to state ---
incorrectly computed coefficients and too many stages are examples. The ulti-
pate cause, however, cannot be determined with any certainty. Perhaps it is a
lack of understanding of the principles of digital filters on the part of both
design and test engineers.

The theory of digital filters is the theory of electrical networks. It is g
not surprising, then, that the bulk of the literature on the subject has been b
written by electrical engineers, and is couched in engineering terms. The
frequency domain is the vehicle of thought.

But when a limear control system is operated by an embedded digital
computer, the signal to be sampled often is virtually aperiodic in nature,
exhibiting a frequency spectrum that is quite primitive when compared with
that of even a8 common electrical phenomenon. Under these conditiona, restat-
ing matters in the time domain resulta in worthwhile simplification and
clarification.

Accordingly, the theory is re-investigated, utilizing the terminology of
the time domain., Two variables are identified there, and expressed in unite
of time (e.g., seconds or sampling intervals).

II. THE PROBLEM OF PREQUENCY POLDING.* Nearly everyone has seen in the
movies the spoked wheel which, starting from rest, turna faster and faster
until a speed is reached (the Nyquist frequency) where the apokes appeer to
slow down, eventually (at twice the Nyquist frequency) coming to an apparent
halt. As the actual wheel aspeed continues to increase, the spokes seem to
turn backward, and the phenomenon is repeated in mirror image. In fact, it is
repeated indefinitely, like the images in a barber shop mirror. The frequen-
cies are said to be "folded," the folds occurring at odd multiples of the
Nyquist frequency.

The Nyquist frequency is equal to half the sampling frequency. Thus, if
the movie projector operates at 24 frames per second, the Nyquist frequency is
12 spokes per second. It is convenient for theoretical purposes to express
frequencies in radians per second, rather than in hertz. Por a finite sam-
pling interval of At seconds, then, the radian sampling frequency is 2n/at
and the Nyquist frequency n/4t.

#J. W. Tukey employed the term "alissing."




If the spectrum of a signal to be sampled containa frequencies (of suffi-
cient amplitude to be detected) greater than n/At, frequency folding will
surely occur. Having occurred, it can neither bve detected in nor removed from

E the sample. Necessarily, steps to be taken are limited to preventive ones.
3 Three cases are diacuassed:

L. .
r T g e s
COIEL Ty R

TE

Case 1. It may be possible to decrease At, thereby increasing the
Nyquist frequency until it spans the troublesome frequencies.

Case 2. Unwanted frequencies can be removed by procesaing the signal with
a suitable band pasa filter befors sampling. This will result in a lose of
"power," which perhaps can be partially compensated for in the subsequent
digital filter.

-

el

Case 3. Analysis of the output of the plant (signal) may reveal that it
is aperiodic. The principal frequency thus is zero.

In all three cases, the function (signal) is said to be band limited,
since its frequency spectrum contains no frequencies outside the band defined
by the Nyquist frequency; i.e., -n/4t < w < n/At.

e

Thias paper will treat only band limited functiona. However, this does
not mean that the specter of frequency folding can be ignored, since either a
poor filter design or a faulty feed-bark mechanism can induce periodicity.

I1I. THE BILINEAR TRANSFORMATION. In its most general form, the bilinear 8
tranaformation is given by

Awz + Bw + Cz + D=0 (4)
where A, B, C and T are constants while w and 2z are variables, any of

which might be complex. Avoiding the trivial case A = O, division by A
obviously does not disturd the equality. Simplifying thus, let

. _.C.z..2, .B
¢ A’ AP Y7

Then

ITRIT I T

Wz + YW = az + B (5)

w + ywz™! = g+ gz”!

a + gz~
"Tr%r (6)

It is equally easy to solve for either z or 2~! in terms of w. This
denmonstrates that the inverse of a bilinear tranaformation also is a bilinear )
tranasformation. :
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The operatora 3% , Z=1+4, and 27! =1 -7 submit to algebraic manipula-
tion, so that

a + 827!}
v 1+ Y2©4)x (1)

becomes a useful digitasl filter. The variable , is ANY parameter that can be
sampled in the computer.

As will be seen, the filter provides an approximate solution to the dif-
ferential equation

since

d
2=1+4=exp (dt)
from which

d -1
— = fn 7 = - n 2 = « n - 9
dt e e 9(1 )

Expanding in ascending powers of ¥, then substituting 1 - 2=l 2 ¥, the
infinite series in 2Z~! can be approximated by a rational function in 2=,
The set of Pade approximants is a convenient source. If the degree of numera-
tor and denominator are chosen to be the same, the rational function can be
decomposed into factors, each of which has the form of filter w.

If the variable w is used to define an output/input ratio, then the filter
is of exactly the form encountered during the test.

IV. FILTER CONSTRAINTS. To be realizable, the filter (rational function)
must be bounded. That is, there must be no poles at infinity. Obviously, the
degree of the numerator must not exceed that of the denominator.

For a stable filter, under a conformal mapping into the r-plane (described
later), all poles must be found in the left half-plane. A sufficient condi-

tion seems to be that the real parts of all denominator coefficients be of
like sign.
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V. DEFINITIO T .

t1 present time
to previous time
at = t, - t;, the sampling interval.

Sometimes referred to as one Real Time Interrupt
(RTI). In the case at hand, At = 0.008192 sec.

¢ or ¢, the input atv ¢, (f - ®igure 1.)
P or Fl the output of the filter at t
Fi/¢i momentary gain of the filter

G steady state gain of the filter

F

G = Lim i
v 1

Por this discusaion, G = i, with no loss of generality.

It is profitable to investigate the reaponse of the filter to unit step
function at t,; i.e.,

o, = © (n < 0)

o = 1 (n > 0)

where n admits only of integral values.
"Mun

'gim Fi a
ism
We shall now defire ]+ the toial impulse of the filter, as
o
[ = f At (Fi - G°i)

which, upon substitution, redutes to

| at % (, - 1) (7

67

AR ——iae — — o o e ..

N U Y

il

Nl ek .__._...“L.ﬁu‘ '

[RPOT TGP

el b e




(344]
ae

_..M
41

i

]

ae

R o L -,

H{ 44

»

T3

3

H

HH

ehed

1
ﬂt 1 344

4

HH

ot (8

R AEARES. 20 o g AP I POt SR

+

3

"
.

-4

> —y o -
B jioad

- “f"J 4

— -4 T i
~— fab oy + 1 3
1 T

t

O v——

ORI )

FNPPT S T




The partial impulse of the filter is defined as

In = 3t ? (v, - 1) | (8)

When n is small, the ratio ln/l is useful.

When | = 31, that time can be called the half-life of the filter.
It is a measure of the filter’s responsiveness (or sluggishnmess).

When | = 0, there is no net feedback. The filter is a smoothing filter
only (possibly a very good one). It is uselesa for control.

When | > O, there is an excess of ocutput over input, which is availabdble

to the system for control. The amount of this excess defines "total impulse”

in a useful filter.

When | < O, there is excessive "power" loss. The filter allows the

syatem to drift toward inatability.

VI. OSCILLATING FILTERS. Repeating for convenience

X, % =YX (2)

(3)

F‘ - oex, + on

i PP

and continuing to investigate the response to unit step function, it is seen
that

b

“11-Y¢Y2-Y3

Xg = O .
+

- 1 i

X, g
X = V=Y 3
:

X3.1'Y¢Y2 g'
{

:

3

few

In the limit, there will be genersted an infinite aseries which converges to

'£<-1>1=1‘ (9)
i=0 + v

LR B VS YN
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provided |Y| < 1. When O < Y < 1, the series will have terms of alternating
sign. The successive values of xy; will oscillate about some value, as

will the output of the filter. As a general rule, an oscillating filter is
not deairable for control. So much so that an oscillating filter can be
viewed as evidence of poor design.

When - 1 < Y < O, the series for (1 + Y)~! will have terms of like
sign, and the filter will be relatively smooth.

Notice the behavior of X for various real values of Y.
Y € - 1, The successive values of X diverge. The filter is unstable.

1
- 1 <Y <C0. X converges to the value 77y. The filter is atable and
relatively smooth.

Y =0, X =1 (constant). The output of the filter therefore is constant
(o ¢« B). An exception occurs at t), where F; = &,

0 <Y <1, X converges, but oscillates about the value T—%'V. The
filter oscillates with period 24t. This is equivalent to exactly the Nyquist
frequency. (See Figure 2.)

Y= 1., X alternates between the two values O and 1. The filter
output oscillates between & and B.

Y > 1. x and the filter output are both oscillatory and divergent.

For a filter to be both stable and non-oscillatory, the coefficent Y
must fall within the range

-1 <Yy <O

VII. THE F'NDAMENTAL IMPULSE FORMULA. Repeating for conveniance

F_az+ 8
LA e (1.1)
Let x = 8/a, Then
-F- - QO -——-—‘-‘—1'1 : ‘z-l (1 2)
¢ 1 + YZ2© ‘

Clearing of fractions,

(1 +v2"HF = a(1 + x271)¢

This difference equation can be written

P+ YP

= A
n n-1 al@n * ‘Jn-1]
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i But

v
=

$
i
E
E

—~

':;‘

&

¢n =1 (n> Q) ;

and . £

2im ;.

1e Fi. ! 'f'

Hence 3
1t +y=alt+«] (10)

From the difference equation is derived

n-1 n n-1

BrYIF =afle +xlog]

- B

Lidadabpoentitiiva ) [ o0 L EDRE DU LN

Since P, = ¢p = O, this can be written as

n-1 n~1 n-1 n-1
PR +F vy IR omalZo v vl

n-1 n-1
(1 +v) f F, - a(t +x) f ¢, ~o ¢, -F

_ But
1“Y-“(1"‘)r

hence

n-1
(1 +v) f (Fi - °1) =a¢ -F

Remembering that ¢i = 1 and letting n+e,
L]

a

1

-1 1
z (Fy =) =775 - eyl (11)
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o Making the substitution N
: 3
M ¥
. -l :
Ty v« (10) f
:,? -
: - 1 1 - Y K E
. L (Fi -0 1+ 1 +y t+vy 1 +x (12)
E'E .For two cascaded stages ;
bl ' ' A
i p (r + ¢ 2-1)(1 + x,2-1) (1) -
¢ "M% 27D + vz D) 3
§ An exactly similar development yields ¥
: - 1 1 1 .
i L (Fi - 1) 1+ K T e Ky 1 +Y, 1+,
" Y, Y, <, <
T+7, T+7; T+8 T+x, (14)
The subscripts on the right refer to filter stages.
? It is apparent that the process can be extended to any number of stages --- ' p-
. say 3. Thus can be stated in general form (for j stages) the FUNDAMENTAL
: IMPULSE FORMULA
. ; . ®
i [ = at f (Fi 1)
1 1 1 1 %
; = At <1 . Kl + 1 + ‘2 + seee * 1 e K - T+ Yl
§ J 15
i! f'-
- o o "
it Tey, 777 1 ey ;
E‘ - L Y2 A5 a2l -
}' At (1 + Yl T+ Y2 * eese * 1+ Yj - 1+ Kl :"
k K K4
b '1‘»:2'“‘"14-() (15) ]
1 J ]
Or, since 1 + vy = a (1 + «), (10) .f
|
!
L
2
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@ -1 @ -1 a, = 1 :
: 1 2 j
- : l = 4¢ (1 - Yl + 1 ‘Yz * o0 * 1+ ) (16) ;j
o J £
: For a single stage, | = at (& (1) g
) The constraints upon Yy imposed by the requirement for filter stability %
; ensure that the denominator ia positive. Hence a > 1 is the necessary 3
o condition for a useful gontrol filter (]| > 0), It follows immediately that k-
£ 1 +x also is positive and that Yy > «. -
& For a given value of «, af(1 + Y) remains constant, but -1/(1 + Y)
increases with increasing Y. The function is maximized (for the allowable .
range) at y = 1. We choose the notation I
At i
lmax "2 (a - 1) :
y §
. For J atages, -
' At
lmax - "-2'((11 + 02 + seee * Gj - J)
H . 1 -~k
i But if y =1, a-1 = 7_7—?_’ and
£ 1 -« 1 -x 1 - < i
G l 2 H
é I -A—t' * + s e 00 + (17)
H max 2\ +«, 1+, 1 +«x
: J
-
§ It is proper to think of [gay @8 a boundary condition. But [joy
F is clearly unattainable, since the boundary is not included in the (open)
: region. 1t will be found that [nax always is reduced by an amount which

shall be called the attenuation and which is defined by
Ast, -1 (18)

- -

e

The proper dimension is some unit of time; e.g., ssconds or RTI’s.

Ipay can be called the "desired total impulse." It appears in tha
numerator of the r-plane tranafer function, as will be seen later. Since it
is a function of only the xj'a, the latter can be called the "impulse

coefficients."”
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VIII. THE ATTENUATION, A. Attenuation is defined by
A=l -1 (18)

Two forms of the Fundamental Impulse Formula can be combined by simple
addition to yield

{ -k 1 -k, 1 =k 1 -v
I-A—t- l* 2*..0. + Jj— !
2\ +x) 1+ % 1+ Ky 1+ v,
1 - Yy 1 -
-‘1—-:------....--'—-‘1'1 (14)
Y2 *t Yy
Thus
1 -y 1 -y 1 -y
A= AL - . e | (19)
2\1 + vy, 1 +y, 1+ Y4

If we define

A -0 (20
J 21*73
then each Aj > O, due to the limits impoaed upon y. PFurther, since
[ > 0 (for a control filter), A < [gax-

Therefore
lmax > A= Al * A2 Toeeee ® Aj >0

The attenuation can be computed separately for each stage and the parts added.

Notice that each A3 is a function of y4 alone. It is there-
fore proper to call the yj’s “ecoefficients of attenuation."

Por a single stage, let ua observe the effect upon AJ of various

‘values of y.

- 1<y <0 tuplies A, > 4%
- . AL
y = 0 implies Aj >
At
0 <y <1 implien AJ < =

Bkt — e
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The filter charaoteriatida, previously stated in termas of Y, can now be
atated in terms of A. For Jj atages, then

0 <A < Liat filter oscillates

A = Liat filter finite of duration jat
‘ _

338t < A< [m‘x filter smooth

A= Imax gero total impulse

As A approaches [pay: the filter becomes more sluggish.
Particularly note that a requirement that the filter be non-oascillatory

places a finite limit upon the number of filter stages. This limjit is, of
course

IX., COMPUTING THE COEFFICIENTS. Por a single stage

1 - t -2
A-%(;—:—}) or y -%;';—aﬁ (19.1)
. ) st - 2|
lmax A% (: :) or v (17.1)
max

Now A 1is a function of frequency response and may be amenable to some
adjustment. Not 8o [pgy- It is the "power" demanded of the filter, and
we expect to deliver only | of it. Can we recover [,,y completely?
The answer is yes. Instead of

A= lmax -1 (18)

we write

A= (lmaz + A - ([ + A)

or

A= (lmax * A) = lmax (20)

oot i
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We now find that

s * A" % TTE (21)

or
At - 2 - 2A
Iﬂ!.—

i at + ZIIIIGX * 2A

In other words, we enter [,.y * A into the formula for the impulse
coefficient and let the filter attemuate it baok to Jpgag+ It is possible
to do this because, in the time domain, so many of the terms are additive.
Particularly note that A must be determined firat.

Now [pax 1o a des r r imposed upon the filter. Arbitrar-
ily augmenting it by some amcunt (say A) altera nothing in principle. The
formulae can be atated

P R a2+ 8l
w . Z vy (22)
k' =g fa’ (23)

F—'- ’ 1 " "Z-l
o ° (1 + vz ) (24)
1 +y=a’ [1+«k’) (2%)

where the primes denote the new values resulting from the augmentation of
Imax: WNote that ¢ and vy are independent of [poy (as is A) and
hence are not primed.

X. COMPUTING THE COEFFICIENTS FOR A TWO-STAGE FILTER. If |-y 8and 7
are known, a single-stage filter is uniquely determined, since it contains, in
easence, only two coefficients (y amd «’).

Suppose the task is to deaign a two-stage filter. Other means must be
found for determining two of the four coefficients.

The firat atep is easy. For a non-oscillatory filter,

1
Inax > A > 238¢

If we set y = Y, " Yo then Al = Az - %At and it is ensured that neither
stage will be oscillatory.

1 -k’ 1 -«
1m*A=“( s J) (26)
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requires only that the sum within parsatheses be oonstant. Solving for either

’

'Y in terms of the other

at - (1 + ")+ A)

. 2
<1 k', + (v + ('zjilmax + A) (27)

Allowing x“, to increase without bound

tim - ~(J..* A
‘2 LIB1 o Imu A P (28)

If ¢’} =", =«x", then

at - (lmax LY

—Dax =1 +2p 2
B T A =

| 4

24

We thus eatablish limita for the «  sa.
P(x'ls1+2Pst<'2

It ie observed that as the « s approach 1 + 2P, more and more "power" ia
delivered at the firat RTI. In some cases, the half-life can be less than
At/2, causing the filter to over-corregt and generate unwanted noise. This
effect is moat marked when the two «’ 8 are equal. (At 1 + 2P, of coursse.)

Little case can be made for a half-life less than At. Using this as a
restriction, and noting that at the first RTI

4

:—‘ =a’a’, (30)
it develops that
' 1
(Q 10. 2 - 1) At < almax (31)

Now

. o 24t
1V +y a (1 + K ) at + A
allowing us to develop a second equation in the «'8. The solution, provided
it exceeds 1 + 2P, will furnish a practical lower limit for «‘,. To avoid
negative total impulse (for the stage), use an upper limit of « 2 S 1.

Often it is effective to set n<'2 equal to unity. A useful side effect
is that one term drops out of the |gqy =2quation, since

At (L-x' 1 -1
lpax * A =% (1 AR
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and thus the formula for x° is the same aa the single-stage formula. The
filter is now implemented by

Ffl e | Qe e2m(1 v 271)
o " %% [(1 vz (. vz”)] (32)

Extending the method (1 = x’, = k'3 = etc.) to filters of still more stages
way not be warranted. The additional stages will be smoothing atages only,
and the resulting filter can be very sluggish. In fact, the ratio In/I

may actually take on negative values for the first few RTI’s, a most
undesirable characteristic for a control filter. (See Figure 3.)

R.T.Il. %
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In order to illustrate the effect of varying «’,, three compensated i3
two-stage filters were synthesized to the requirements i
T : lmax =25 At
and *
if
2 :
= t
. A= 58 It
x’, was arbitrarily set in turn to the values 1, O, and - 1; :
Results are depicted graphically in Figures 4, 5 and 6.
i.,
t .
b
1
4
s
: ;
;
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XI. TRANSFORMATIONS AND CONFORMAL MAPPINGS.* A useful tool developed to
simplify the solution of certain differential equations ies the lLaplace

Tranaform, defined by
L [F(x)] = I:-sx F(x) dx = f(s)
0

provided the integral exists. Therefore, the Laplace Transform is an integral
operator.

#In this paragraph, J = /CT
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The complex variable s 1is of the form 8 = 0 + jw, 0 and w being real. §
The function f(s) is many-valued, being periodic in 4jnw;, where n 1is any v
integer and w, is the Nyquist frequency (often expressed in radians per 3
second). )
4
For band limited functions, it becomea expedient to define another
complex variable :
r=op+ ju 7?
by - .
rAt sat g
> tanh ) (33) §
The frequency response in both r- and s-planes is given by setting p = ¢ = O, H
from which
v
A8t . gann L98E < L j ten (-82%) :
Thus 2%3 = tan 9%3. It follows that for w, = z%. the s-plane zero-strip
maps into the entire r-plane. As a result, the new variable r 1is single-
valued.
w 1is called the NATURAL frequency.
v is called the WARPED frequency. 1t is found to be related to the
attenuation by
A= % (34)
It is very easy to demonstrate that the transformation Z%E = tanh 2%3 is 4
x -X - a~2X 3
bilinear in Z2-! and r, since 2 = et gnd tamn x-S - .10 4
AT SRR S e =
eX + @°X { + @-2X 3
whence 4
-aAt - ‘
bt | st 1 - e 1 - z7)
5~ = tanh S3% = —Z=wpt = 75T (35)
The inverse transformation is, of course o
. mt
.2 (36)
Z -

In the presen: case, the form of the filter is known, and is expressed in
povers of 2-!, The r-plane transfer function is recoverable immediately
by direct aubstitution.
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For a single-ataxe filter, the desired difference equation is of the form

E.e ({—}%ﬁ;—g (24)

$
Substituting for 2-!, it is found that

’ 1 + K' * Lg&[' - K‘] ‘
= a’ Y (31) 2

F
¢ 1+Y+r—§I[1-Y]

Repeating for convenience 3

at 1 -
A== (1—7-3) (19.1)

lpax * A= 4 55 (21)

1 +y=a'(1 + k") (2%)

L T e Lt ¢ sl ALRENEEY £HY

it is seen that the r-plane transfer function can be written

1 + l + A)
= Coy (38)

E.
¢

It should be clear that solution in either the r-plane or the Z‘l-plane
(which two are connected by the stated bilinear transformation) is easily
implemented in a digital computer, since only atraightforward arithmetic is

involved. Not so in the s-piare, where logarithms (e.g., tanh -1(!?31).
expone:tials, and the like will be required.

’

Por a filter of J atages, if Y=y = y = ., . = Yy and x'z =<, -
ves = K'j = {, the r-plane tranafer funcéion fs

1 + r(Imax ; A) (39)
(1 + rp)

E.
¢
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INVFERENCE PROCEDURLS FOR DETI.KMINING LIFE TIME ESTIMATES
OF ADVANCED MATERIALS

Donsld Necal
Edward M. Lenoe
Donald Mason

Army Materials and Mechanics Research Center
Watertown, Massachusetts 02172

EXTENDED ABRSTRACT

L An improved procedure for treatment of so-called censored data has 3
been developed and life-time estimates made for proof tested ceramic rotor
hubs, in a2ddition to development of quality assurance control of powder
metallurgically produced turbine engine discs. These represent situations
for structures to perform under extreme environmental conditions and
analytical procedures to aid in achieving required component capability.

Two and three parameter Lognormal and Weibull functions represent the
candidate statistic models. These functions are examined for best repre-
sentation of data in order to provide flexibility in the fitting process,
The functional parameters are obtained from the maximuwm likelibood (M.L.)
method. This method provides a superior representation of the cyclic
fatigue data as compared to the more conventional procedures. The M.L.
method can also provide the desired confidence limits for the parameter
and reliability determinations associated with the given data set. 7The
inadequacies associated with the method of moments, graphical procedures,
etc., in obtainming the functional parameters is recognized from the arbi-
trariness of the functional representation of the data. The acceptability
of these methods is acutely data dependent.

The need for considering all data including censored data is
established. Both lower and upper bound censored data are considered
as they relate to proof testing and run-outs respectively. An improved
probability of failure computation can be obtained when the total data
set is represented. Partial probability ranking procedures tend to
introduce substantial errors in the extrapolation process necessary in
obtaining mipimum life-time estimates. By including censored data, one
can provide a more complete understanding of the materials capabilities.

The results of combining the M.L. method with the inclusion of
censored data are compared with conventional procedures in obtaining both
structural reliability and material probability of failure computations.
The comparison indicates a substantial nonronservative estimate of failure
probabilities can occur if threshold stress values are obtasined from proof
testing without consideration of the censored dats. Application of the

M.L. procedure provided an improvement in the functional representotion of
data.
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ANALYS1S OF_CENSOLLD DATA

Jntroduction

Oftentimes in procurement of structural ceramic components, screening
tests are employed to attempt to verify component (part) quality. Typical
of such tests are room temperature (cold) spin tests of rotor hubs. Usual
practice calls for delivery of successful spin tested parts and these are
then treated as if guaranteed strengths were existent. We desired to more
fully exploit the information gained during such screening tests. As an
example, during the conduct of screening experiments, failures were observed.
Ordinarily these failures, or the failure date is not reported., It is
obvious that the fajlure rate data provides useful information in plspning
for component reliability levels and is necessary to establish a rational
quality assurance plan. Thus this study explores the use of censored
statistics to provide reliability estimates incorporating minimum sCreening

- strength levels, and also the failure rates (standard deviastions ind.)

associated with spin tests. The influence, for instance, of 5% versus 10%
failure rate during screening tests are documented. Monte Carlo techniques
are employed to establish desired screening test procedures.

Suppose, for instance, fast fracturc probability of failure estimates
were made using conventional Weibull statistics. In this ipstance, the
screening level is treated as a lower bound. However, censored datas
techniques allow taking into account the likely component failure rates,
based oo the observed screening test data. The purpose of the following
calculation is to compare the degree of conservatism of the two reliability
estimates. (1t was observed that the censored data technique provides the

more conservative results.)

These comparisons provide confidence in using the screening test data
itself for the estimates of production reliability. The implication of
these results is that continued local mechanical strength determination
testing can be minimized and lot component sampling, coupled with spin
tests can be adopted to insure hardware reliability. Treated random sample
selection from lots can predict rorresponding failure of total lot. It is,
therefore, important to consider failure below minimum load level.

In representing fatigue data were run-outs (non-failed specimens
tested at predetermined number of cycles) exists, it i: usually necessary
te apply graphical methods in determiniog prescribed probabilities and
their corresponding cycles to failure. The graphical approach requires
representation of only the failed results. The remaining data is included
only in representing the ranking of the data. This method is often sus-
ceptible to error because of the arbitrariness that exists in interpreting
an acceptable regression line for ranked data. Optimum coefficient methods,
for example, will introduce sizable variation in slopes such that a unique
threshold value for function becomes very difficult to determine. Since
the extrapolation of the regression line provides the necessary probability
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namber it is therefore critical that the slupe of this line be properly
determined. If all data is considered including run-outs then & censored
dats analysis procedure must be applied. The present analysis outlined

in this text applies this analysis including the appropriste M.L. pro-
cedures. The Weibull and Lognormal distribution were candidate functions
since they are usually the most acceptable representation of fatigue data.
A comparison between graphical results and that of the M.L. censored data
method indicate substantial differences. The graphical results showed
highly non-conservative estimates. Ibo this ipstance the component material
o would have been rejected instead of accepted as indicated by the censored
B data method.

ety R

Following is a general description of the analytical technique developed
in treating the problems.

Weibull Function

The Weibull function has been commonly used in failure prediction of
ceramic and high strength fatigued materials., It was determined from the
analysis of the rotor disc and helicopter component data that the best
representative function was also Weibull, therefore, the M.L. analysis of
: censored data for this function will be developed in this psper. The Weibull
probability density function of the random varisble X is

e e
S ————— ¢} T 0 Y o ——

(1)

f(xlou. o, m) = [m(x-op)m'l/oom] exp {~[(X-ou)/°°]m)

where o , m>0 aud X>o >0
o - u—

9., 9, and m are the location, scale and shape parameters respectively.
The log of[ETe Weibull likelihood function for dual censoring can be
written as

LrL = LaN! - Lar! + (No-r)(an-anoo) - Ln(N—No)

N N
o o m
+(m-1) § ln(X;-0) - Y o{(X.-0.)/0]
. u : i w7
i=1+l i=T+l (2)
m, m . B m
+an(1-exp[-(xr+1-cu) /o, - (N-NO)[(XNO Ou)/oo]
where
N = total number of data points including the censored values,
No = number of values prior to run-outs (fatigue data)
and

r = number of data values less than the proof tested value
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The M.L. eguations are determined from the par&ial derivative of Lnl
with respect to the three paramcters set equal zero. That is,

ilnL i
do =0 ;
o [+ -
; (3)
LnlL
am 0 £
slnl 4
36 -0 1
u ¥
where ;
t
N t
olnL f
—— = -n{N-r)/0 +m (X.-0 m/o m+1
aoo o i=§01 i u) ° g_
-mr R m - m m m+l
mr(X_,y-9,) expl (Xr.y-0) /o, ]/[co ¢ {l-exp[~(Xr,]-ou)m/com]}]
Al 1 N N .
“ame = (D - no)+ T oLn(X -0 ) [ n :
o . -0 - (X.-0 o
m ° i=Te1 i j:rzl i u)/ u]
‘Ln{ (X. -0 - m Y |
[(xj-070.) + r(x_, -0.) tnl(x ,y-0,)/0, Jexpt-[(x_, -0.)/0 1"}/ B

4]
log (1-expl-(x_,;-0,)"/0 "13]

and
aLnL N 1
=== (1-m) I (X.-0 )~ -m m-1 m-1
30 ( [} + mo X.- - -
u jege] 1 U i=§41( i%) mr(X_,;-9,)

.EXP[‘ (xr+1-0u)m/com]/[0°m{l-exl_)[- (xr¢1-°u)m/0°m] )]

*Note: When N = N_ and r # 0 then lower censoring is applied as required
for ceramic disc analysis. If r = 0 and N # N_ then upper censoring is
used in evaluating fatigue results for the helicopter component. The result-

ant equations above are for the case where N = No'
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An iterative procedure has heen developed for determining the M.L. param tos
60, 6u and m. Initial estimates are obtained from the moment method without
censoring. From these estimates each parameter is determined one at s time

in cyclic order in equation 3 until reasonable convergence is obtained. At
each step, the rule of false position is used to determine values which
satisfied the likelihood equation with prior estimates of the other parameters
remaining constant. Note, if a large percent (greater than 50) of censored
values exist, then it is necessary to gradually increase the amount of
censoring in order to obtain desired convergence. If a two parameter Weibull
function is desired then omit o, in the computation process.

Lognormal Function

Although the Weibull extreme value function is commonly applied in
representing ceramic strength data, the lognormal function can provide
an option if the Weibull function is not acceptable. The lognormal
function has been inclufg? in the evaluation procedure. The likelihood
function is defined as:

f(xr+l' ey xN H,0,1)
N N, [Ln(x 2
! o 1 PR (tn(X;-7)-u] .
[(SRER S RS S
0 jepey OYV2T(X,-T) (e 20 (4)
N-No by
-{1 - F[ZNO]) (Fz,,, )

where T is the location or threshold parameter and m, O are mean and
standard deviations respectively. N, r and No are defined in the Weibull
analysis.

The function F is defined as:

Z.
F=f 'f(t)dt
where
Z; = [Ln(Xi—r)-u]/c

and
£(2,) = (2n)‘ls exp (‘212/2)
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The complete development of the M.L. function for the log normal is

omitted since it is similar to that developed for the Weibull function.

A much more severe convergence problem exists in determination of Lognormal
parameters, particularly for 50% or more censoring. Therefore, it is
important to obtain reasonable initial estimates in addition to introducing
small increments of censoring until the desired amount is obtained.

Quality Assurance of Rotor Discs

The failure prediction procedures described previously where applied
. to data obtained from both spin and flexure tests of rotor disca. Tests

' were made in order to establish quality assurance of the disc material prior

: to manufacture into ceramic engine rotors. The spin test is applied initially
in order to guarantee a minioum strength level for the disk. This lower bound
(threshold strength) was obtained from spinning the disk at an angular veloc}ty
of 60,000 rpm. The equivalent forth point flexure test results are 350 N/mm
at rim section (R1 Figure 3) of disc, this stress value is obtained as shown

in Figure 4.
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Subsequent flexure tests were conducted on the surviving disks. The test
specimens are selected from locations outlined in Figure 3.

The Results of the Censored Data Analysis Procedures

Data is analyzed for flexure specimens obtained from ring 1 of disk

(see Figure 4) in order to be consistent with the threshold strength level
obtained from spin test at this same location. Since there was a limited
amount of data from available disks, it was necessary to generate additional
data in order to demonstrate the effects of the censoring process as related
to failure predictions of the material. The censored data relates to the
number of failed discs resulting from spin tests. The remaining data was
obtained from selecting randomly, values generated from the Weibull func-
tional representation of flexure results in ring 1.

Initially is was assumed that
without consideration or knowledge
A plot of the ranked data (flexure

flexure data was obtained from 100 rings
of the number of failed discs in spin test.
strength) and the corresponding Weibull

functional representation is shown in Figure 5. The RMS error tabulation
determines thc best functional representation and is defined as:

N
2 (5)
Rus = [T (Ry () - F(20) /M)
i=1
where s 3
i-. . i-.3 < i
R v R v ™Ml
1 = 1' 21 3: . » N
and N = sample size
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F_ is the cumulative density function selected from the four candidate
functiSns (normal, lognormal, Weibull and the radical function). See
Reference 4 for details regarding radical function. In Figure 5, the radical
i function was the best fit with Weibull the next best representation. The
s3 sean and standard deviation is also tabulated with their corresponding 90%

' confidence intervals. In box the labelled Weibull parameters, the dispersion
scale (char. value) and threshold value 0u (origin) are displayed with 90%
confidence intervals. O intervals are not as precise estimates as those for
the other parameters.
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The 99% origin number is the 99% probability of survival value with
adjacent number being the lower 95% confidence limit. The latter number

represents Ehe so~called design A - allowable. 1In this instance it is
368.35 N/me™. The radical parameters are also tabulated but will not be
describefsin this text (see Reference &4). The box for non-parametric
solution provides for design A and B allowables when parametric repre-
sentation of the data is not acceptable. The optimal tabulation iundicates
300 and 30 data points are necessary for the A and B allowables. Instances
where 99 date points are available, a 99% survivability point (smallest
stress value) has a 63% chance of being correct. The B allowable (90%
survivability) has at least a 95% guarantee of being correct. The design
A allowable determined from Weibull function will be of primary consideration
i in evaluating the effects of censoring data as it relates to hypothetical

. failure rates of the discs.
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The results from Figure 5 essentially describe the failure prediction
of the disc when with additional data (spin test) omitted. There can be a
serious problem existing if this spin test result is omitted since the
test only prescribes material strength guarantee for small regions of
the disc. Therefore, it is essential to recognize that both spin test and
flexure tests are material strength characterization tests. Figure 6
presents the results from a 10% failure rate, that is, assuming spin test
resulted in 10% of total nymber of discs failed. In this case, the
A-allowable is 297.59 N/mm~, a sizeable reduction from the case were not

_spin~test failure existed. Lognormal was the other candidate fuaction but

did not provide the best representation of data. Figure 7 Qhows the results
for 20% failure with a resultant A-allowable of 230.42 N/ . If a failure
rate of 30% existed then A-allowable would be 194.57 N/mm™ as noted in
Figure 8. The data is not well represented in this case, but if no alternative
is available then these results will provide the necessary conservatiss in
contrast to omission of the censored results. The effects of ignoring spin
test failures as they relate to censored disc data is obvious, therefore, it
is important to consider all test results; both flexure and spipn tests. In
Figure 9, a plot of probability of survival versus RPM is shown. Note the
reduction in allowable RPM when spin test failures have been considered. For
example, if 30% failure rate existed, ther 95% survivability of additional
discs would limit the maximum speed to 40,000 RPM.
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Fatigue Data Evaluation (Helicopter Engine Compoument)

The low cycle fatigue data with upper censoring (run-outs) shown in
Table 1 was obtained by strain control mode of testing where total axial 3
strain range is the controlled parameter being held constant, The material ' ;
is a HIP Rene 95 powder metal used in helicopter engine components.
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‘is a one percent chance for the log-cycles to failure to be less than

Initially the ranked data tabulated in Table I was plotted on Weibull
probability paper (see Figure 10). A regression line was obtained from
an optimum condition coefficient results. The 95% confidence limits for
the line are shown in the figure. The 3.54 cycles designation describes
the 99% probability for a larger log cycle to failure. That is, there

3.54. The 95% confidence limit was determined in conjunction with the ig\
99% greater cycles to failure in order to describe an A-allowable for "5;
fatigue strength. 1
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Figure 10

In Figure 11, a plot of the ranked data with the corresponding
functional relation are shown. Functional parameters were obtained from
the censored dats analysis described previously. The failure to represent
lognormal results was due to excessively large percent of censoring. This
could have been corrected if partial censoring was implemented. The two
parameter Weibull functions excellent representation discouraged the need
for this modification. The relatively small RMS values for the Weibull
function are consistent with results for the smsll residuals noted in the
graph (see Figure 11). The broken line representing the graphicsl method
results shows relatively poor representation of the data. This was not
noticeable from the graphical plot of data. Although this poor represen-
tation occurs in this instance, other sets of censored data were well
represented by the graphical procedure. The problem exists, in that the
graphical method is not consistent in providing a good representation.

The M.L. method applied to the censored case invariably results in a
desirable data representation. A tabulation of the A and B allowables are

96




w  pwene -

o A o o Y r'y

[T,

e

SEW e

o g v g

i

shown in the figure. Note the relatively large differences in the results
from the two methods. The consequeance of this overly conservative estimate
from the graphical procedure can result in unnecessary rejection of a very
expensive engine componenrt. Figure 12 shows the results from another set
of data where a considerable large amount of censoring exists. Note, the
excellent representations of this datu by the M.L. method.
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CONCLUSIONS

The apnalytical treatment of truncated data obtained from the ceramic
rotor has been discussed in some detail since the results have important
implications regarding use of proof testing and qualification data.
Furthermore, calculations of the type presented herein are of importance
for establishing meaningful productior lot sampling procedures which rely
on limited quality assurance and spin test data. It was evident that
neglect of statistical information contained in the spin test failure
rate data, leads to non-conservative mathematical representations for
material behavior.

The previous discussion obviously represents one narrow facet of
analyzing failure of components.Thus far nothing has been said concerning
time dependent failure response of structural ceramics. It is worthwhile
commenting on studies directed towards the objective of understanding such
phenomena. While fairly extensive data is available to the designer which
permits materials choices for particular applications, it is worth noting
that many of the inherent mechanisms which produce microstructural and
physical and chemical changes are not fully understood. It is not possible
at this time to present a comprehensive mathematical model for all ceramics
which accurately accounts for all controlling materials phenomena, such as
the physical changes induced under severe environmental limits, as well as
creep, slow crack growth and other aspects of time dependent behavior.

Apn accurate determipation of a prescribed probability for specific
minimum of cycles to failure of the Rene 95 material can be realized if

all data is censored, represented by the Weibull function where corresponding

parameters are described by M.L. methods. The uncertsinty involved in the
graphical approach should be avoided. The argument that it is easier to use
is not valid at the present time. The simplest programmable cslculator can

provide the necessary computation for the M.L. method. Although probabilistic
life estimates have been made for the previously mentioned material, the M.L.

method can also be applied to most other fatigue data.
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RISKS TO NEIGHBORING FACILITIES*

Paul C, Cox
2930 Huntington Drive
Las Cruces, New Mexico
(505) 522-1756

985¥RACT3 Many military installations. as well ag industrial

ac es, conduct operations which can present a safety hazard
to personnel, property, vehicles, industrial facilities, and
communities thst lie in the neighborhood of the installation.

This report considers a military installastion which tests missiles
and rockets, as an example, and discusses orocedures for estimating
risks from these operations to neighboring facilities. The
Procedures of this report should also be apvrlicable to many other
types of operations that are found on a variety of military
installations and with a number of industries. Estimates of

risk will be provided for certain critical points and also in

the form of contour maps, which will show the risks for the

entire region, Methods for obtaining confidence limits for

these risks will also be discussed. Finally, some suggeseéions

are offered regarding comparisons of risks from operations to
every day life; and from these comparisons, it may be possible
to decide whether the risks from an operation are sufficiently
small to be accepted.

1. INTRODUCTIONS

a. Operations conducted by many military installations may
cause safety hazards to personnel, property, vehicles, ind-
ustrial facilities, and communities in the neighborhood of
the installation, These operations include the testing of
rockets, missiles, alrborne targets, aircraft, explosive
devioces, materiel emitting radiation, ete. It is the purpose
of this report to discuss a few methods for estimeting the
risks created by military operations to neighboring
facllities.

b. Specifically, consider a military installation with the
primary mission of testing rockets and missiles, snd the
risks that may occur as a result of a malfunctioning round
flying off-course, impracting in an undesired location, and
causing serious damsge to an industrial facility located at
the unplanned impact point. The methods of this report are
easily extendable to other types of military installations,
various types of industrial operations, and a variety of
possible targets.

#This 18 a condensation of the original report. A copy of
the complete report may be obtained by writing to the author
at the above address. 99
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¢. The purpose of this study may be to consider the risks upon one
(or poszlbly two or three) spesific target. This target may be
an industrial plant, a town, a highway, etc. On the other hand,
it may be desired to learn the risks at every point lying within
the region surrounding the military installation. If it 1is t:;
latter, the end product of the study may be & contour map or1 e
area, with contour lines indicating the probadbility that durling
any 12 month period, a malfunctioning object may strike at alri 4
point along the 1line and do damage greater than at some spec e
level. The reasons for studying the risks for an entire
neighborhood includes (1) The entlre reglon around this
installation may be covered with industrial plants, farms and
ranches, communities, highways, and other points of concerng

or (2) a company may want to locate a plant somewhere in the
reglon around the installation and will want to know which areas

are safe enough.,
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d. A primary working tool for this study 1is a set of maps. These
maps will cover the entire region of concern. They will be in
bPlack and white, will show very li‘tle detall, but will show the
boundaries of the test facility, major highways, larger communities
and points of interest. These maps will also contain reference
points, which may be thought of as the points of intersection of
equally spaced vertical and horizontal lines. The closeness oOf
these reference points will depend upon the accuracies desired and
the amount of work that one wishes to do when evaluating the data.
Figure one i3 an examble of such a map, with reference points
located 10 mi, x 10 mi. apart. Actual working maps should be two
to three times as long and wide as figure one,

e. The target that will be used as the example for this report
will be an industrial complex covering 100 acres = .1563 sq. mi.
It will be assumed that if an object tested under the project
under consideration impacts within this 100 acre complex, damage
at an unacceptable level has a 100% probability of occuring.
(Note references 2 and 3, or Appendix E of the original report,
for some techniques for the extent of damage to expect if an
impact occurs.) Finally, risks will be computed over a 12 month
period of time, It is then believed that the risks obtained from
a study svch as this can easily be extended to other types of
targets and for different periods of time.

bl Al )

-

2., Project Classificationt

a. Record all test programs that are presently assigned to the

installation as well as those expected to be assigned within the .
next few years. Also, review some of the programs that were 4
previously assigned to the installation, because some of these |
might provide information that can be useful in the evaluation

of present or future systems.

b. Determine which projects present no risk to targets of concern
and remove them from further study. These projects may involve
testing objects with insufficient range to reach the boundaries of
the test installation; the test objects may be of such material
c?:t tg;ytgill dg no aer;ous dam;ge if they do impact in a critical
areaj e system ma e 80 relil

S vl rtually 1mpossib1z. able that an unplanned impaoct
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ce. Collect the following information for all of the remaining
pProjectst

(1) System design and performance characteristicas.

(2) Bxpected reliability and accuracy of the system.

(E) Bxpected number of future tests,

(4) Expert opinion on the reliabllity amd performance
characterisitcs of the system.

(5) Mass, shape, penetration capadlilities, and other des=
tructive characteristics of the test object,

(6) If test data exists, collect the following:
(a) Total number of tests that have been conducted.
(b) Number of rounds that have malfunctioned, reulting in

unplanned impacts.

(¢) The location of unplanned impacts.
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de. Order the projects on the basis of the amount of test data

that is avallable. Analyze those pro jects with a good deal of
data first, because the results from these projects may be

useful when evaluating those projects with little or no test data,

3. constructing a Footprints

a. A Tootprint must be constructed for each project which can
provide a threat to any target under consideration. This foote
print, when constructed, will be superimposed upon figure one,
as 1llustrated by figure 2. (See page 7 ), It should be pointed
cut that some projects will require more than one footprint, one

4 for each test configuration,
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b, The footprint that is being used to 1llutrate these procedures
consists of a set of concentric ellipses. The procedures used

to construct this footprint are discussed in detall in appendices
A, C, and D of the original report. Examples of other types of
footprints are discussed in Apprendix B of the original report,
The footprint used in this study may be desireabdble if it can bs

determined thatt

(1) The unplanned impacts appear to be distributed approximately
as the bivarlate normal.

(2) The center of impact, the angle of rotation, and the
variances can all be estimated by one procedure or another.

ce It 15 assumed that in this illustrated example, there exists

a considerable amount of test data which can be used to estinmate
the required parameters. The coordinates of the unplanned impacts
are listed in table 1 (Page 6). There will be many instances in
which 1t will be necessary to estimate these parameters by methods
that do not depend upon test data.

d. The projest used to illustrate these procedures will be
referred to as Project A. The following information will be
used to construct tnis footprint, in addition to the information

listed in paragraph le:




f.

e e e

(1) 240 relevent tests have been conducted under project a. Of
this number, 18 rounds were unreliable and unplanned impacts
resulted. JImpact data for the 18 unplanned impacts may be
found in columne 2 and 3 of table 1.

(2) It has been estimated that there will be about 32 tests each
year ror several years to come, Thus, we can expect abdbout
2.40 unplanned impacts per. year.

(3) Assume that for this type of test, a flight surveillanoce
system has a 90% capability of destroying or diverting
malfunctioning rounds so that no damage will oocur to a
targete.

The x and y coordinates of the 18 data voints (see col. 2 & 3
of table 1) must be transformed as follows dbefore constructing
the footprintgs

(1) The (x,y) coordinate- must be translated to_provide an
(x',y') coordinate s_stem such that X' and y' equal gzero.
The (x',y') coordinates are listed in columns 4 & § of
table 1, and the values of x'ey*! gare listed in column 6.

(2) A rotation of axes, providing (x",y") coordinates, i=
necessary 80 that rynye will equal zero. The rotation

formulas ares X" = X' ¢c08 @ + Y'e8iné and
Y® = =x'sin @ + ytecos @
Where @ may be obtained as followss

tan2@ = _2 ° X'y’

The derivation of the above formulas may be fournd in
aprendix C of the original report.

The (x",y") coordinates for the 18 unplanned impact points
may be found in columns 7 and 8 of table 1, page 6. The
values of x".y" are listed in column 8., It may be seen
from table 1 that x* = y" = ryeyn = 0, which 18 exactly
what the translation amd rotagign was expected to
accomplish., Using (x',y') data from table 1, & = 37,79,

The footprint will now be constructed and superimposed upon
figure one, usinz the following procedures. This will be
illustrated dby figure two,

(1) The footprint will consist of 9 arbitrarily chosen,
concentric ellipses. These ellipses will be constructed
to contain 20%, 40%, 60%, B0%, 90%, 95%, Y9%, Y9.5%, and
99.9% of the expected unplanned impacts. If the number of
ellipses is increased, it should result in improving the
precision of the estimates of risk. It will, however,
increase the labor required to obtain the estimates.
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(2) The 9 ellipses will be Of the forms Eo. « _l%_ -1,

I LT

.2 |
since ryaye = 0, & = krszaf D = kvsy"} k = A/~ In(1 = Py .
The forauls for kK is developed from the x° distribution

with 2 degress of freedoa, in apdendix D of the original
report.

{3} Teble 1, showing the (x,y)} (x'y'); and (x",y") coordinates
for the 18 unplanned imbact points for Project A, 1s shown

delow,
{1 (2) {3) (4) (5) &) (2) (8) (9)
x! l' :-1"‘7' an L" 1-'1-
‘? C}Z 43 -19 -13 } 499 «d3.6 0.9 ~11.8
2 =30 - ~13 .14 162 | -18.8 -3 58.3
. 23 -1 -6 -11 6o | =11.3 ~5.0 5745
3 =30 4 .13 -6 78 el4.0 3.2 il 8
S «28 ? -11 -3 33 | ~10.5 bolo Y] ,’
6 -22 S -5 -5 25 | 7.0 =59 63 |
? 22 11 -5 1 -5 3.3 3.8 ~12.5 ]
8 -2 16 L) b -36 141 e‘“ "902 i
9 e} 9 -3 -1 b -l.; Ig.g 12'3 3
- .9 "‘5 «ls - . » 5
{g -123 é 3 -2 "8 e -‘0.0 ‘7-5 B
12 15 18 ? 8 1% 6.5 5.1 3.2 .
13 =11 16 6 ) 16 8.4 1.1 9.2
14 =10 21 7 11 77 12.3 3.4 54-3
15 b 13 11 3 33 10.5 4.3 %5
16 b 19 11 9 39 14,2 0.4 5.7
17 -1 18 16 8 128 17.6 -3 4 -59.8
18 ) 23 17 1) 221 21,0 | 241 :-2.1
Sumg | =308 180 0 0 1167 0.1 i 0.1 0.7
0
Mesns -17 10 o 0 0
Su;‘ct Q. 1860 1250 276145 367.2
St.Dev 1044 8.6 12.745 4,519
T, 0.77 { 0.0
3 i
TABLE 1

"2 %)t and (x*,y*) Coordinates of 18 Unplanned

oints,

(&) Pilgure 2,

shows the footprint for Project Ay
superimposed upon the area map of fizure one.
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4, Assignment of Probabilities to Reference Pointe.

a. Reference point E-il4 will be used as an exsmple to 1llustrate
how riske are assigned. Note that point E-14 is located within
the bard which 8 boumd by the .95 and .99 ellipses. (see the
footprint, fig. 2.)

Lo b. Begin by computing the probability that over a period of 12
months, a test object from Project A will impact within a target
as degcribed in para. la, and do damage at an unacoceptadble level.
The computation will be for a tarzget lying within the band boumd
by the .95 and .%9 ellipses, the band which contains the reference

o point E-14. Therefore, the probabilities will apply to such a

E target lying at or near point EB=-14.

(1) The risk from a single test assigned to Project A 18 as
followss

R= 1563 X 1.00 X 18/240 X .10 x .04/582.674 =
8.0474 x 10°8, wheres

{(a) <1563 8q. ml, = 100 acres, which is the size of the
industrial complex under consideration,

(b) 1.00 is the probability that damage at an unacceptable
- level will occur if there is an impact within the
¢ ' industrial complex. (note appendix E of the original
report for further discussion).

(¢) 18/240 = .0750 comes from 18 unplanned impacts
(unreliable rounds) from a total of 240 tests.

(d) .10 18 the estimate of the probability that the flight

P surveillance system will fail to destroy or divert the
t unreliable round in such a way as to avert an unacceptable
S level of damage. Assume this was based upon 380 attempts
p in which 38 were not successful,
(e) .04 is the probability of falling in the band that is
bound by the .95 and .99 ellipses.

(rf) 582,674 sq. mi. is the area of this band,.

(2) Since it is estimated that there will be 32 tests per. year
unier Project A, the risk to the target from Project A, over
a 12 month period is as followst

P(Risks for 32 tests) = 1 = (1 = 8)32- However, for small R,
P= 32.R = 32(8.0474 x1078) = 2,5752 x 10~

Also, for small R, this can be extended to any rumber of
years by multiplicagjon. For example, for 25 years,

P = 25(2.5752 x 10~%)= 6,438 x 1075,

Note that 2.,5752 x 100 18 the risk assigned to the band
bourd by the ,95 and .99 ellipses, Risks from Project A

to the other bands are computed by a similar method, (Note
the footprint on figure 2.)
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¢+ Finally, the risks will be computed fOor a target as doscrlﬁod
in para, 1e, located at point E-14, from all projects located at
the installation, and for a period of 12 months.

(1) The rfirst step is to review all footprints from all projects
and observe which contain point E-1k,

(2) Then, using the methods of para. 4b,determine
risks for point E-i4, from all relevant footprints. These
risks will be added together to give the overall risk froom
the entire military installation., It was observed that
there weré 10 footprints that covered the point E-i4, and
the risks associsted with each is 1listed bdelow.

PROJECT RISK PROJECT RISK
— A 2.58 x 10-6 —F 0.5 % 10~
B 1,32 x G 2,11z *

c 0.32 x " H 1.05 ¢ ¢
D .00 1 0.0Bx *

E 1.18 x * 3 1.12x "

um

] 10. 52 X 12’5
= 1, 032 x 107

{(3) Prom these results, it can be seen that the probability
1s about one in 100,000 that during any 12 month pericd
an object from the installetion may impact at the target
site, located near point (E,14), and do damage at an
unacceptable level,

S. Constructing the Heference Point and Contour NMaps

a. By using the procedures of section 5, it is possible to assign a
probability to every reference point on the map, and it is quite
possible that a map with the level of risk recorded at each reference
point is all that a user will want. Such a map is illustrated by

figure 3.
Y. If a contour map is desired, proceed as followss

(1) Determine the probabilities desired to assign to each
contour line.

(2) Locate the adjacent reference points, with probabilities
Just greater than and just less than that of the contour
lines being considered.

(3) By appropriate interpolation (probadbly logarithmic), determine
where the contour lines should lie between these ref, points.

(4) Connect these points by ruler and french curve and thus
construct the contour lines,

c. Figure 3 1llustrates how the reference points can be labeled,
showing the risks of imoact and serious damage at each of these
points. Than, using the reference points as a guide, a contour
nap has been superimposed upon the map of the region. If the
labeled reference points appear to be most useful, it will be
unnecessary to construct the contour lines.
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6, confidence Limits.

A sreat deal of additional study is needed to develop
improved procedures for determining confildence limits for risks
at desired points throughout the region surrounding the military
installation. Pages 9, 11, and 12 of the original report discuss
how a modification of the procedures of "propagation of errors"”
may be used to obtain sstimates of the upper confidence limits
for the risks. References 4, 5, and 6 discuss the methods of
proparation of errors. It is hoped, however, that better methods
than propazation of errors will someday be found,

7. How Safe 1s Safe gpough?"

a., When 1t is indicated from a study that the risk at some point
is some figure (one in 100,000 for example), the user is likely
to ask several questions about this figure, includings

(1) What does this level of risk mean?
(2) Is this level safe enough?
(3) Why should we accept any risk?

b. The following suggestions may help in answering some of the
questions of the users.,

(1) Risks from a military installation may be compared to
risks that occur in every day life, To make these
comparisons, such publications as "Acoldent Pacts®
(see reference 12) may provide some useiul information.
For example, about one out of every 400U Americans will
die as a result of a motor vehicle accident within the
next 12 months, and one of every 100 Americans can expect
to receive a disabling injury from the same source,
Thus, if 1t can be shown that the operations from the
installation are very much less than the risks from the
dally use of the American automobile, this may be
convincing.

(2) Perhaps risks can be reduced to economic terms. For
exanple, 1f a plant is worth 10 million dollars, and
the annual risk is one in 100,000. This would indicate
a risk of only $100 per. year. Thus, insurance may be
available to cover such a risk.

(3) Pinally, when users are reluctant to accept any risk, it
should be pointed out that some risk is associated with
every actlivity carried on by the human race. Thus, it
1s necessary to find ways to reduce the risk of all
activities to an acceptable level,
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9.

Raferencess

1. Owen, D.B. Handbook of Stntistical Tables 1962, addison
Wesley Publishing Co., Ince. Reading, Mnss. Noteg

P. 184, a function for comnuting bivariate normal
probabilities. (this table is especlally useful
ir rxy f 0)0

P. 170, Criticnl values of the Circular Normal Distridbution.
(Thiz table can he useful for computing circular or
elliptical footprints)e.

The next two reports can be useful in dotermining the capabllity of
targets to withstani impact from an objeact. NKote Aprendix B.

2, Kennedy, R.P. A Review of Procedures for the Analysis and Design
of Concrete Structures to Resiat Missile ITmnact Kffects.,
Nuclear Bnzlineerins and Design, Vole 7, 1970, P. 183+-203
North Holland Publishing Co.

3., Sturctural Analysis and Design of Nuclear Plant Facllities.
Prepared by the %d&tlng Board and Task Groups of the Commlttee
of Structures and Materials of the Structural Division of the
American Soclety of Civil Bngineers, J.D. Stevenson, Chalrman
of Tiitins Board and Task GCroup, Note especially the chapter
written by R.P. Kennedy.

The next three references can be useful in getting a backzgroumd in
the theory of propagaticn of errors,

4, Scarbrough, James B., Numerical Mathematical Analysis, 6th Edition,
1966, Johns Hopkins Press, Baltimore, Md.

5« Ku, Harry H., Notes on the Use of Propagation of RBrror Formulas,
1965, National Bureau of Standards Heport no. 901i1.

6. Hahn, Gerald J. and Shapiro, Samuel 8,, Statistical Models in
Engineering, 1967, John Wiley and Sons, New York (note P, 252-255)

The next report can de useful in obtaining daily risks to 1life ard
health in many occupations and in just ordinary living. This
information may be useful in comparing with risks obtained from
special studies. Note section 8, p. 12, of this report

7. Accident Facts, published yearly by the National Safety Council,
G23 N. Nichigan Ave., Chicago, 111, 60611
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THE 1980 SAMUEL S. WIlKS MEMORIAL MEDAL
Frank E. Crubbds

The Samuel S. Wilks Memorial Medal Award was initiated in

1964 by the US Army and the American Statistical Association,

and has been administered for the Army by the American Statistical

‘Association, a non-profit, educational and scientific society

founded 140 years ago in 11839. The Wilks Medal and Award is
given each year to a statistician ~ and a top-nc’ one! - and
is bgsed primarily on his contributions to the vancement of
scientific or technical knowledge in Army stat tics, ingenious
application of such knowledge, or successful ¢ tivity in the
fostering of cooperative scientific matters which coincidentally
penefit the Army, the Department of Defense, the US Government,
and our country generally. The Award consists of a inedal, with
e profile of Professor Wilks and the nam; of the Award on one
side, the seal of tlre American Statistical Association and the
name of the recipient on the reverse side, and a citation and
honorarium related to the magnitude of the Award funds, which
were generously donated by Phillip G. Rust of the Winnstead
Plantation, Thomasville, Georgia. Mr. Rust originally stimulated
the interest of Sam Wilks in distributional properties of the
"extreme spread” (bivariate range), a measure of the “accuracy"
of rifle shot on a target.

These annual Army Design of Experiments Conference, at which
the Wilks Medal is awarded each year, are sponsored by the Army
Mathematics Steering Committee on behalf of the Office of the

Chief of Research, Development and Acqguisition, Department of the

Army. 111




BIOGRAPHY OF THE RECIPIENT OF THE 1980 SAMUEL S. WILKS MEMORIAL MEDAL

by
Churchill Eisenhart

The 1980 Samuel S. Wilks Memorial Medalist {s an internationally recognized
authority on statistics whose leadership has contributed greatly to the adoption,
acceptance, and effective use of statistical thinking and statistical methods in
many areas of research and human affairs, in both the governmental and private
sectors, : ,

He was born in Philadelphia, Pennsylvania, on November 5, 1912. When three
years old, his family moved to the West Coast and lived successively in Berkeley,
Fresno, and Los Angeles, California, and Portland, Oregon, while his father,
primarily a physical anthropologist trained at Oxford under a Rhodes Scholarship,
with Ph.D. in Philosophy from the University of Pennsylvania, taught at the
University of California at Fresno State College, served with the California
Commission on Emmigration and Housing, and taught at Reed College.

At the age of 9, he had a newspaper route in Portland and wen a Thanksgiving
turkey for an unusually large increase in circulation. Recalling this at the
time (1962) of his appointment as Presfdent of the University of Rochester, he
safd: "I remember this partly because 1t was my first lession in pitfalls
of statistical measurement. The base set for measuring the growth of my route
was the month of August, and 1t was no feat at all to triple circulation when
the Reed College faculty returned from their vacations and especially when
hundreds of students arrived at the college. Most of all, I remember that turkey
because my father and I recefved it--alive--in downtown Portland and took 1t
home by streetcar.”

The family moved to Minneapolis, Minnesota 1n 1923 when his father joined
the faculty of the Department of Anthropology at the University of Minnesota.
As a boy 1n Minneapol{s, our Wi'ks Medalist became an ardent stamp collector,
tennis player and photographer. He organized a small stamp company, selling
stamps partly by mail but mostly to boys in the neighborhood. One of his best
customers was Richard M. Scammon, who was later to become Director (1961-1965)
of the U. S. Bureau of the Census and to serve with our Medalist on the
President's Commission on Federal Statistics.

Our 1980 Wilks Medalist enterad the University of Minnesota in the fall
of 1928; majored 1n psychology with a minor in sociology, took nearly as much
work in mathematics and in philosophy, and gained valuable writing experience
as an editorial writer for the college paper, the Minnesota Daily, then known
as "the world's largest college daily”. His high scholarship 1e5 to his
election to Ph{ Beta Kappa, and to recefpt of his A.B. degree magna cum laude
in 1932 at the age of 19. A paper on "The Influence of Color on Apparent
Size" which he wrote during his junior year was published {n the Journal of
General Psychology, Vol. 13 (1935) and has been reprinted in books of readings
in psychology.
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Shortly before graduation he decided on a career 1n economics, with
emphasis on mathematical economics and statistics. He remained at the
University of Minnesota for the academic year 1932-1933 to continue his study
of mathematics and to study economics and then moved on to the University
of Chicago, where he held a University Fellowship in the Department of Economics
from 1933 to 1935. It was at Chicago that he began 1ife-long friendships
with Milton Friedman and George J. Stigler (father of the present Theory and
Methods Editor of the Journal of the American Statistical Association). They

(and two other fellow students) selected, arranged, and saw through to
publication, the first book of Professor Frank H. Knight's essays, The Ethics
of Competition (Harper & Brothers, 1935)--an early instance of our Medalist's
drive to see worthwhile materfal formally published in the open 1iterature.

He spent the academic year 1935-1936 as Granville W. Garth Fellow in
Political Economy at Columbfa University, where he studied with, among others,
Wesley C. Mitchell, one of the most eminent of American economists, doyen of
American business cycle analysts, the 1918 President of the American Statistical
Assocfation, co-founder (1920) and director of research of the National Bureau
of Economic Research (an independent non-profit organization), etc., and
especfally with Harold Hotelling, a pioneer in mathematical economics,
econometrics, and multivariate statistical analysis, and the person in the
United States then most versed in R. A. Fisher's theory of small samples and
statistical inference. Furthermore, this was the year in which Hotelling
revealed the potential of systematic treatment of functions of the relative
ranks of sample observations as a basis for what are now termed "distribution-
free" or "non-parametric" methods of statistical inference, through his joint
paper with Margaret Richards Pabst, "Rank correlation and tests of significance
involving no assumption of normaifty”. Presented at the New York meeting of
the American Mathematical Society on October 26, 1935, and published in the
March 1936 {ssue of the Annals of Mathematical Statistics (Vol. 7, 29-43),
this paper marked "the true beginning" of research on such methods as "an
important special field of statistics” (I. Richard Savage, JASA, Vol. 58,

p. 844, December 1953). Hotelling himself, his teaching, and his research

exerted a far reaching influence on our 1980 Wilks Medalist's career in

statistics as will become evident as we proceed. For the moment we may

note simply that our Medalist's first statistical paper, "The Poisson Distributfon
and th2 Supreme Court", published in the June 1936 issue of JASA (Vol. 31, 376-380)
was wiritten as a course paper for Hotelling.

During the summer of 1935 and the academic year 1936-37, our 1980 Wilks
Medalist was an economist for the National Resources Committee, a New Deal
agency in Washington, D.C. Milton Friedman was there also, and while there,
wrote his paper, "The use of ranks to avoid the assumption of normalit
implicit in the analysis of variance" (JASA 32, 675-701, December 1937) in
which he thanks our Medalist for bringing to his attention a more informative
method of handling tied ranks. While serving with this Committee, our Medalist
co-authored a book on estimates of consumer expenditures in the Unfted States
for 1935-1936, and worked on an article on the temporal stability of consumption
that saw publication in 1942,

Vv e mr———.
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