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CDEC'’s experiments involve highly realistic
mock battles during which casualties from
various types of engagements are taken out of
the battle by a computer operating as a high-
speed, impartial umpire.

Here, weapons “fire” beams of light instead of
live ammunition. Each weapon is equipped with
a low-power, eye-safe laser system and each
soldier-player or vehicle, such as a tank or
aricraft, has several laser detectors which send
signals when “hit” by a laser beam. The players
and weapons are linked by radio to a central
computer.

When a laser is fired, a coded impulse is sent
to the computer. If the beam hits any of several
laser detectors on the target, its particular coded
impulse allows the computer to determine in-
stantly which weapon it came from, its location
and whether it was powerful and close enough to
destroy the target. These instruments tell play-
ers almost instantly if they were “hit” or
“missed” during these simulated firefights.

Computers take tanks and other vehicles out
of action when hit by simulated fire. When
ammo loads are exhausted, these same .om-
puterized systems can simply “turn off’ the
players’ weapons.

U.S. ARMY COMBAT
DEVELOPMENTS
EXPERIMENTATION
COMMAND
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The Army Mathematics Steering Committee (AMSC), the sponsor of the Conferences
on the Design of Experiments, appreciates the fact that the Combat Development
Experimentation Command was willing, for a second time, to serve as host for
these conferences. For both of these meetings, Dr. Marion Bryson, Scientific
Advisor, USA CDEC, has served as chairman on local arrangements. His careful
planning helped make these two of the most profitable meetings in this series
of statistical symposia.

The Program Committee would like to thank Dr. Larry Crow of the U.S. Army
Materiel Systems Analysis Agency for organizing the "Special Software Test and
Evaluation Session'; and also Mr. Langhorne Withers, U.S. Army Operational Test
and Evaluation Agency, for arranging a special session devoted to '"Logistic
Supportability". The agenda gives information about these two interesting
solicited events for this conference. Members of the Program Committee feel
they were fortunate in obtaining the following nationally known scientists to
give invited addresses at this meeting.

SPEAKER AND AFFILIATION TITLE OF ADDRESS

Professor Brad Efrom Bootstrap Methods
Stanford University

Professor Leo Breiman Tools in Data Analysis
University of California-

Berkeley
Professor David W. Scott Nonparametric Bivariate Density
Rice University Estimation as a Tool for Data

Analysis

Professor Nancy R. Mann The Influence of W. Edward Deming
University of California- on the Implementation of

Los Angeles Statistical Quality Control--The

Early Days and Now

Another event associated with this conference was a tutorial seminar on
"Non-Parametric Statistics". It was given, on 18 - 19 October 1982, at the
U.S. Army Combat Developments Experimentation Command by Professor William
J. Conover, Texas Tech University.

The winner of the second Wilks Award for Contributions to Statistical Methodolo-
gies in Army Research, Development and Testing was presented to Professor

Bernard Harris of the Mathematics Research Center, University of Wisconsin-Madison,
at a banquet held at the Naval Postgraduate School on Wednesday night, 20

October 1982. This honor was bestowed on Dr. Harris for his many contributions

to various statistical fields. He has helped Army scientists with many of

their design problems, and his advice in conducting these conferences has

proved invaluable. He recently developed, together with Dr. Andrew P. Soms,

new methodologies and optimality results for the long unsolved problem of
confidence bounds for system reliability.

Members of the AMSC feel that it is appropriate to again express their thanks
to Mr. Philip G. Rust of Thomasville, Georgia for endowing both of the Wilks



Awards. The first one entitled, "The Samuel S. Wilks Memorial Medal and
Award", was initiated in 1964 and is now being administered by the American
Statistical Association. The second one, initiated in 1981, is called "The
Wilks Award for Contributions to Statistical Methodologies in Army Research,
Development and Testing", and is under the auspices of the AMSC. Mr. Rust's
generous gifts in memory of his friend, Sam Wilks, will contribute to the
welfare of the military services as well as foster statistical science in
general.
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ENTROPY INTERPRETATION OF GOODNESS OF FIT TESTS

Emanuel Parzen
Institute of Statistics
Texas A&M University

ABSTRACT. This paper describes a synthesis of statistical reasoning
called FUN.STAT (because it is fun; functional (useful); based on functional
analysis; estimates functions; and all graphs are of functions). FUN.STAT has
three important components: quantile and density-quantile signatures of
go¥u1ations, entropy and information measures, and functional statistical

nference.

A FUN.STAT approach to the problem of identifying the probability
distribution F(x) of a random variable X from a random sample is outlined.
To identify Fo in the location-scale parameter model F(x) = Fo((x-u)/a), we

estimate entropy difference Ao = HO(f) - H(f). H(f) is Shannon entropy and
Ho(f) = log o + H(fo) is entropy of the assumed model (which may maximize
entropy). Estimators Hys Hy, Hg of H(f) are defined which are respectively

-fully parametric, fully non-parametric, and parametric-select. Significance
levels for A are obtained by Monte Carlo methods. The family of
parametric-select estimators of A may provide optimum tests of F_ (such as
normal or exponential) and estimators of F when one rejects Fo. 0

KEY WORDS: Entropy-based statistical inference, goodness of fit tests,
test for normality, Shapiro-Wilk statistic, quantile, density-quantile,
quantile-density, autoregressive density estimator.

1. INTRODUCTION. Let X],...,Xn be a random sample of a continuous
random variable X with distribution function F(x) = Pr[X<x], -w<x<~, and

quantile function Q(u) = F'](u), O<u<l. Tests of normality or exponentiality
are special cases of a location-scale parameter model, which we denote by the

hypothesis
Hy: F(x) = F (%5H), Q(u) = u + o Q(u)

where Fo(x) is a specified distribution with quantile function Qo(u). Table 1
lists,Fo and Qo for various standard distributions.

Research supported by the U. S. Army Research Office Grant DAAG 29-80-C-0070.



Table 1.  STANDARD DISTRIBUTION FUNCTIONS
AND QUANTILE FUNCTIONS

Name Fo(x) Qqy (u)
Normal o(x) = [Xo(y) dy , ¢ T (u)
#(x) = (21) F exp - 1 x2
Exponential 1-¢% log (l-u)']
c -
Weibull, 1-e% , x50 {109 (1-u) }B
Quantile shape c =-%
parameter g
-eX -1
Extreme value 1-e log log (1-u)
of minimum @< X<m
-e7X -1
Extreme value e - log log u
of maximum -®o<X <o
Log normal ¢(1og x), x>0 exp 0'](u)
Logiétic 1-(1+ex)'] log T%U




Many statistics have been introduced by statisticians to test the
composite (location and scale parameters unspecified) hypothesis of normality.
A superior omnibus test of normality (in_terms of power) seems to be provided
by a test statistic W = o2/01 , where o1 and o2 are scale estimators defined
as follows: o1 i§ sample standard deviation, while o2 is a linear combination
of order statistics estimator of 0. We call W a statistic of Shapiro-Wilk
type because it is a variant of a test introduced by Shapiro and Wilk (1965)
and Shapiro and Francia (1972).

The question arises: to discover a motivation for the W statistic which
explains the source of its power, and to use this insight to extend W to
other distributions Fo. In this paper we propose that the power of W can be

explained by representing it as an "entropy difference" test statistic. We
show that the test statistic for normality introduced by Vasicek (1977) is

also an entropy difference statistic, as are test statistics introduced in
Parzen (1979).

2, INFORMATION DIVERGENCE AND ENTROPY. To compare two distribution
functions F(x) and G(x) with probability densities f(x) and g(x), a useful
measure is information divergence, defined by

I(f;g) = [-_{-Tog %{3%& f(x) dx

It can be decomposed into cross-entropy

H(f3g) = [~ _{-10g g(x)} f(x) dx
and entropy

H(f) = H(f;f) = [-_{-1og f(x)} f(x) dx
by the important identity

0 < I(f;g) = H(f;g) - H(f).

To estimate entropy it is useful to express it in terms of the quantile
density function q(u) and density-quantile function fQ(u) defined by

q(u)y”!

F(x) one can show that

qfu) = Q' (u), fQ(u) = f(Q(u))

By making the change of variable u

H(f) = J] - log fQ(u) du

= fl log q(u) du.



Under the hypothesis Ho-that F(x) = Fo((x-u)/o), a location-scale model,
q(u) = oq (u) and
H(f) = 1og o + H(fo).

.3. ENTROPY DIFFERENCE TO TEST GOODNESS OF FIT. To test the hypothesis
H° we propose to investigate (and eventually establish how to use optimally)

test statistics which are entropy-difference statistics

A(f) = HO(f) - H(f)

where H°(f) is a parametric evaluation of the entropy of f, evaluated under
the assumption that it obeys Ho, defined by

HO(f) = log o + H(f,),

while H(f) is a non-parametric evaluation of H(f), usually most conveniently
obtained by

H(f) = fl log q(u) du .

To estimate H(f) we have three types of estimators which we call

X

1 fully parametric estimator,

2 fully non-parametric estimator,

> X

3 smooth or parametric select estimator

Similarly to estimate HO(f) we have several types of estimators depending on
the estimator Gj we adopt for o; thus

Ao- -
H ; log o + H(fo)

Three important possibilities for Sj are:
o, maximum likelihood estimator,

o, optimal linear combination of order statistics estimator

o3 estimator of score deviation o3 = fl f,Q,(u) alu) du.

Under H0 these estimators are all asymptotically efficient estimators of .




While one can conceive of about 9 possible estimators of the entropy
difference A, we discuss only three estimators which we denote A,,, A;,,

4. ENTROPY-DIFFERENCE INTERPRETATION OF SHAPIRO-WILK STATISTIC
To test the hypothesis H,: X is N(u,02), a test statistic W of

Shapiro-Wilk type is of the form

-~

W= o, + 0,

where ;1 is the sample standard deviation and

- n n . )
e by o IR Xy {jZJ v ‘—3'3'5”2}

is an asymptotically efficient estimator of ¢ based on linear combinations
of the order statistics X(])< ...<X(n) of the random sample. The first step

in the entropy interpretation of W is to consider instead the statistic
811 = - log W = log ;1 - log ;2 = ﬁ? - H]
where [with f (x) = ¢(x) ='(Zn)'* exp -(%) x2, and H(fo) = %-(1 + log 21)]
ﬁ? = log o) + H(f,)
is an estimator of H°(f) based on 01, and H] is a purely parametric estimator
of H(f) based on the parametric estimator o,; note Hl = H2
Significance levels for the entropy-difference statistic Ay = - log W
are obtainable from tables of the W statistic [for example, Filliben (1975)].
An example of 5% significance levels (for accepting normality) are
20
50

311‘: 0.05, for sample size n

A); < 0.023, for sample size n

5. ENTROPY-DIFFERENCE INTERPRETATION OF VASICEK STATISTIC
To test the hypothesis H_: X is N(u,02) Vasicek (1977) proposes a

statistic which is equivalent® to
O ~
A12 = H] - Hz

where ﬁ? is an estimator of the parametric evaluation HO(f) of entropy, and ’



H, is a fully non-parametric estimator of H(f) based on the gap or leap (of
order 2v) estimator

(. Jy - ntl -
WD =T Xgry) = X(gow)? > 3Ty

of q(j/(n+1)), and

~ " n-v ~

J
q, (n+])

n'2\) j=\)+]

Some significance levels of A, are given in Table 2; they are transformations

of the significance levels given by Vasicek (1977) and obtained by Monte-Carlo
simulation.

6. ENTROPY-DIFFERENCE INTERPRETATION OF PARZEN GOODNESS OF FIT PROCEDURE

To test the general nypothesis Ho: X is Fo(élﬂ), Parzen (1979) proposes
forming raw estimators d(u) of o

d(u) = 1 g (u) q(u) ,
(0]

where 9y = f; foQo(t) q(t) dt. To form a(u) and ;0 we replace q(u) by the
least smooth gap estimator 62 (u). Smooth estimators dm(u) of d(u) are
formed by the autoregressive method. From estimators of the pseudo-correlations

o(v) = fl gZmiuv d(u) du, v=0,+1,...,+m

one estimates the coefficients of the autoregressive order m approximator
. . -2
- 2miu 2nium
dm(u) Ko, 1+ am(l) e +...+am(m) e

to d(u). The coefficient - plays an important role in entropy calculations
since

fl - log dm(u) du = -Tog K_

can be regarded as an estimator 333 = fl - log d(u) du of A.

This formula, which we prove below, provides an entropy-difference
interpretation of the goodness of fit procedures in Parzen (1979).

To prove this interpretation of A3, write

- log d(u) = Tog oy - log foQo(u)-log q(u)



Therefore
Ji - Tog d(u) du = K(f) - H(f)

is an entropy-difference.

The autoregressive estimator d (u) of d(u) provides a parametric
select estimator of q(u) by

a(u) = oy dy(u) gy (u)
A parametric select estimator of H(f) is

fiy = /] Tog a(u) du

fl log am(u) du + H}

where

HY = Tog o, + H(f,)

is an estimator of H°(f) based on ;o‘
The parametric select entropy-difference test statistic 233should be

denoted A3, m because it depends on the order m of the autoregressive

estimator d (u) of d(u). Significance levels of 433 m derived by a very

approximate Monte Carlo simulation (in the case of test1ng for normality)
are given in Table 2. They show that the parametric select estimators of A

provide a smooth progression of significance levels from the fully parametric
estimators of A to the fully non-parametric estimators. In practice, we
recommend adaptive determination of the order m by the data, rather than
choosing a fixed order m.

It may be useful to use a rough approximation to the 5% significance

levels of A33 which is provided by 2m/n. A criterion for accepting HO: X
is F (——E) is:

- v 2m -
Aaa’m = - log I(m <7 m=1,2,...
One rejects,H if there exists a value of m for which the Akaike-type criterion

AIC(m) = <0 + log Km <0 H



the value of m which minimizes AIC(m) is chosen as an "optimal" value m.

A? ?ptimal parametric-select estimator of the true quantile-density function
q(u) is

G (u) = o di(u) qp(u) .

7. CONCLUSION

We believe that the interpretation given in this paper of powerful
goodness of fit procedures as entropy-difference statistics provides a
striking demonstration of the FUN.STAT synthesis of statistical reasoning.

In addition to elegance of the theory, very practical and implementable
procedures are obtained.

The parametric select estimators 233 m of entropy-difference test
3, .

statistics for goodness of fit have for m=1 approximately the properties of
fully parametric estimators (such as Shapiro-Wilk A;;) and have for large
values of m approximately the properties of fully non-parametric estimators
(such as Vasicek A;,). Thus it appears the series Aj3 , provide all the test-
statistics requireé. Further the autoregressive approach provides

non-parametric estimators of the true distribution when one rejects the null
hypothesis Ho'

One may find that a sample passes the goodness of fit procedure for two
null hypotheses. An appealing procedure, whose properties remain to be
investigated,is to choose that null hypothesis for which Aj; m is always less
than the corresponding statistic for the other nypothesis. °*

The entropy-difference statistics 533 m are implemented in our one-sample

univariate data analysis computer program ONESAM. Table 3 lists auto-
regressive estimates of entropy-difference when testing for normality data

sets in Stigler (1977). An asterisk indicates a data set which is not
normal in our judgement.

In Table 2 we report significance levels for 212 obtained (by Monte Carlo

calculations) by Dudewicz and van der Muelen (1981) in the case of testing for
uniformity rather than normality.

The closeness of the Dudewicz-van der Muelen levels to the Vasicek
levels suggests a conjecture, which remains to be proved, that the entropy-
difference statistics have distributions which are approximately the same

CoxY i X-y
for all null hypotheses Ho' X is Fo( S ).

A final noteworthy feature is that the autoregressive method of
estimating quantile-density functions and density-quantile functions,
introduced in Parzen (1979), can be shown to have a maximum entropy
property [compare Parzen (1982)].



Table 2. 5% SIGNIFICANCE LEVELS FOR ENTROPY DIFFERENCE STATISTICS

Accept HO: X is N(u,02) for some u and o if entropy difference is less than
threshold given.

~

L33! b33 8y2
Autoregressive order m Vasicek gap estimator q (u)

Sample Shapiro- Monte Carlo 5% level (Dudewicz-van der Mue]egr
Size n | Wilk (rough approximation 2m/n) _

T T me2 Tme3 [med [mes | V=2 v=4 v=3  v=Z vl
20 .05 141 .235| .299| .378| .393 .40 .40 .43 .61

(.10) |(.20)](.30)|(.40){(.50) (.43 .43 .47 .66)
50 .023 .045 | .081| .126}| .153| .176 | .21 21 .23

(.04) | (.08){(.12){(.16)](.20) |(.22 .22 .24)

Shapiro-Wilk and Vasicek levels are based on Monte Carlo simulation of normal;
Dudewicz-van der Muelen levels are based on Monte Carlo simulation of uniform.

One can conjecture a relation between gap order 2v and autoregressive order
m for the corresponding estimators to have similar distributions and therefore
similar significance levels:

(2v) m = n = sample size

To understand what this conjecture is alleging note that for n=20, m=4 is
similar to 2v = 6; for n=50, m=6 is similar to 2v = 8.

When one uses gap estimators of q(u), and thus of entropy, one has the
problem of determining the order 2v. One can more easily develop criteria
for determining the order m of autoregressive estimators of q(u).



Table 3. ANALYSIS OF STIGLER (1977) DATA SETS BY ONESAM PROGRAM
HEE 833 o AIC(n) Opéer
’
Stigler Sample
Data Size )
Set vel ' v=2 v=3 - m=1 m=2 m-3 m=] m=2  m=3 m
1 18 .042 .025 .057 .04 .08 .17 07 .15 .7 0
*2 17 .193  .030 .042 21 .21 . -0 -.03 .02 1
3 18 .08 .027  .047 a8 a7 -.00 .08 .16 0
4 - .057 .159  .041 .06 .20 .21 .04 -.001 .08 2
5 2 146 015 .04 a6 a7 .22 -.06 .00 .07 1
6 21 .047  .102 .002 .05 .13 .15 .05 .06 .4 0
7 21 .041 .046 .040 .04 .M .18 .05 .08 .1 0
8 21 .079 .047 .oN .08 .18 .27 .0 .00 .02 0
*9 20 .285 .235 .124 .34 .42 .42 -.24 -.22 -.12 1
10 20 .027  .059 .045 .03 .09 .15 07 1 as 0
n 26 .046  .006 . .033 .05 .06 .M .03 .09 .12 0
12 20 .07 .001  .023 a1 a3 a3 -0 .07 a7 1
13 20 .084 .027 .063 .09 .16 .20 .01 .04 .10 0
*4 20 .62 .094 130 | .18 .22 .39 -.08 -.02 -.09 3
15 20 .066 . .006 .00l .07 .09 .09 I S 0
*6 20 .080 .056 .093 .08 .17 .44 .01 .03 -.14 3
17 23 .065 .014 .038 07 .1 .4 .02 .07 .2 0
19 29 .002 .019 .008 | .00 .02 .03 0 2 a8 | o
10
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EXACT PROBABILITY LEVELS FOR MULTI-SAMPLE SMIRNOV-TYPE STATISTICS

William E. Baker
Malcolm S. Taylor
Experimental Design and Analysis Branch
Systems. Engineering and Concepts Analysis Division
U.S. Army Ballistic Research Laboratory
Aberdeen Proving Ground, Maryland

ABSTRACT. Let there be given ¢ independent random samples of continuous
random variables of size Ny, Ny eee 5N and denote the observations in the
th

sample by X, 11> Xj20 ¢ o xin . Suppose it is desired to test the null

hypothesis that the samples all cdme from the same population.
Birnbaum and Hall proposed for this null hypothesis the test statistic

D(n;,ny, ... ,n) = Sup | F (x) - Fy (x)l
Xx,i,j
*
for i,j = 1,2, ... ,c, where Fi denotes the empirical cumulative distribution
function for the ith sample. In their 1960 paper they published the proba-

bilities P[D(n,n,n) < r] for n = 1(1)20(2)40 where r = k/n, k = 1,2, ...,n.

The tables referenced here are an extension of the Birnbaum-Hall Tables,
resulting from the examination of a larger number of samples and the considera-
tion of unequal sample sizes. In addition, an application of this work to a
problem in ballistics is discussed. Although length precludes the inclusion
of the tables in this paper, they are available in a technical report published
by the Ballistic Research Laboratory under the same title.

I. INTRODUCTION. Let there be given ¢ independent random samples of con-
1 c N;

and denote the observations in the it sample by X510 Xgp0 co0 P Suppose

it is desired to test the null hypothesis that the samples all come trom the

tinuous random variables of size n, Ny, oee M, where n, + n,+ ...+n

same population.

Birnbaum and Hall* proposed for this null hypothesis the following

two-sided and one-sided test statistics respectively:

*

Birnbaum, Z.W. and Hall, R.A., "Small Sample Distributions for Multi-Sample
Statistics of the Smirnov Type," The Annals of Mathematical Statistics,
Vol. 31, No. 3, pp. 710-720, September 1960.
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* *
D(ny,m,, ... ,n) = Sup |F.(x) - Fj(x)l ,
X,1,)
+ * *
D (nl,nz, .o ,nc) = Sgp. [Fi(x) - Fj(x)] ,
x,1<j

* .
i,j = 1,2, ... ,c, where Fi denotes the empirical cdf for the ith sample.

I1I. COMPUTATIONAL METHODS. Under the null hypothesis, the ¢ samples may

be considered as c¢ successive drawings of ny,Ny, cee N observations from the

same population, with equal probability of each of the N! ways of drawing the
ordered sample of size N. The values taken on by the random vector

* * *
[Fl(x),Fz(x), cee ,Fc(x)], for fixed x, after a component-wise transformation

ki = niF;(x), establish a one-to-one correspondence between the combined ordered
samples and a path in c-space from (0,0, ... ,0) to (nl,nz, oee ,nc). The number
of distinct combined ordered samples (paths) is N!/(nl!nzl oo nc!), each of

which is equally likely to occur under the null hypothesis.

Introducing the notation

Q(kl’kZ’ “oe ’kc) = number of paths from (0,0, ... ,0) to (kl’kZ’ eee sk ),
the following difference equation is established:

Q(kl’kz’ oo ,kc) = Q(kl-l,kz, oo ’kc) + Q(kl,kz-l, cos ’kc) + ...

+ Q(kpky, one sk -1)

with initial condition Q(0,0, ... ,0) = 1.

For a given subset RC R = {(kl,kz, ... ,kc)lo <k; <n, i=1,2, ... scl,

let Q(k oo ,kc;ﬁ) = number of paths from (0,0, ... ,0) to (k;,k,, ... ,k))

l’kz’
not containing points of R.

And, as before
Q(kl,kz, ces ,kc;R) = Q(kl—l,kz, cee ,kc;R) + Q(kl,kz-l, . ,kc;R) + ...

+ Qlky Ky, wnr K -15R)

with conditions

14



Q(o,0, ... ,0) =1,
Q(kl,kz, cee ,kc;ﬁ) = 0, for (kl,kz, cee ,kc) € R.

Under the null hypothesis, the probability that the samples determine a
path from (0,0, ... ,0) to (nl,nz, ces ,nc) which does not encounter any
point of R is

Pg = Qny,ny, ... ,nc;R)/[Nl/(nllnzl cee ncl)].
If our decision rule is to reject the null hypothesis whenever the samples

determine a path containing points in a given set R, then 1 - Pﬁ is the proba-
bility of an error of the first kind.

The regions of rejection for the two-sided and one-sided tests, are
respectively
+
D(nl’"Z’ cee ,nc) >r and D (nl,nz, ces ,nc) >r,
which determine the corresponding sets R, R

R = {(k;,ky, ... ,kc)l Sup | ngk; - nikjl > ninjr},

»

+
R = {(kl,kz, .ee ’kc)l ggg (njki - nikj) > ninjr},

where i,j = 1,2, ... ,c.

The tables were computed by evaluating the difference equation for
Q(kl,kz, cee ,kc;ﬁ).

For sample sizes not included in the tables, the inequality
* *
P[D(n;,ny, ... ,n) <) = P szpjl Fj () - F5(0[< 1]
x’ »

= 1 - P[Sup|F; (x) - P;(x)l > r for some i < j]
X

>1°22...z P[D(n ’n-’ ece o )>l‘],k<¢,
i<,k 1) L
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allows the tabled values for both equal and unequal samples to be used to
test the null hypothesis. The test will be conservative, but should prove
useful for the range of values of ¢ for which it would likely be applied.

Asymptotic expressions are not available for extension of these tables.
As a matter of fact, Hodges* points out that asymptotic expressions
advanced for the case c = 2 are inaccurate to an extent that their usefulness

is questionable.

III. EXACT TABLES. In their paper, Birnbaum and Hall published the proba-
bilities P[D(n,n,n) € r] for n = 1(1)20(2)40 and r = k/n, k = 1,3, ... ,n, such
that the probabilities for each n range from less than .90 to more than .995.

The tables referenced here are an extension of the Birnbaum-Hall tables.
The first table contains the probabilities P[D(n, ... ,n) € r) with the number of
independent samples of size n ranging from three to seven and the correspond-
ing sample sizes taking on values from sixty for the three-sample case to
five for the seven-sample case. Birnbaum and Hall's values are a subset of
the first table as indicated in Figure 1.

Perhaps of more importance, the seéond table contains the quantiles that
allow the test to be applied to samples of unequal size, an option presently
not available. Here for the useful cases ¢ =3, 2 <€ n,,n,,N, <€ 25 and
c=4, 2< n,n,,n.,n, < 15, are tables P[D(nl, ,nc) €r] forr = 0.1,0.2,

,1.0 as represented in Figure 2.

c c
_ 3.4,5, 6,7, 3.4
15 __f—r_J ng 15 4
n = 25
30 £
60
Figure 1 Figure 2

Hodges, J.L., Jr., "The Slgniflcance Probability of the Smirnov Two-Sample
Test," Arkiv fur Mathematik, Vol. 3, 1957. pp. 469-486.
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IV. EXAMPLE. For purpose of illustration, consider four independent

random samples, of sizes five, seven, seven, and thirteen respectively.

Sample I -0.927, -2.243, 0.815, -0.341, -0.250

Sample II -0.451, -1.516, -1.447, 0.504, 1.645, 0.022, '1.098

Sample III 0.032, -1.772, 1.049, -0.073, -2.053, -1.123, 0.799

Sample IV 0.250, -0.185, -0.028, 0.004, -0.462, -0.032, 0.279, -1.053

0.597, 0.235, 0.510, 1.103, 0.241

The null hypothesis to be tested is that all four samples come from the same
distribution. Evaluation of the statistic D(5,7,7,13), ordinarily programmed
for machine calculation, can be carried out in the following manner:

1) Pool and order the samples
-2,.243, -2.053, -1.772, -1.516, -1.447, -1.123, -1.053, -0.927
-0.462, -0.451, -0.341, -0.250, -0.185, -0.073, -0.032, -0.028
0.004, 0.022, 0.032, 0.235, 0.241, 0.250, 0.279, 0.504
0.510, 0.597, 0.799, - 0.815, 1.049, 1.098, 1.103, 1.645

*
2) For every x in the pooled sample, evaluate Fi(x), i=12,3,4, and
* *
calculate Sup IFi(x) - Fj(x)l, i,j =1,2,3,4

17



-2.243
-2.053
-1.772
-1.516
-1.447
-1.123
-1.053
-0.927
-0.462
-0.451
-0.341
-0.250
-0.185
-0.073
-0.032
-0.028
0.004
0.022
0.032
0.235
0.241
0.250
0.279
0.504
0.510
0.597
0.799
0.815
1.049
1.098
1.103
1.645

* * * *
Fl(x) Fz(x) Fs(x) F4(x) Sup
1/5 0 0 0.20
1/5 1/7 0 0.20
1/5 2/7 0 0.29
1/5 1/7 2/7 0 0.29
1/5 2/7 2/7 0 0.29
1/5 2/7 3/7 0 0.43
1/5 2/7 3/7 1/13 0.35
2/5 2/7 3/7 1/13 0.32
2/5 2/7 3/7 2/13 0.28
2/5 3/7 3/7 2/13 0.28
3/5 3/7 3/7 2/13 0.45
4/5 3/7 3/7 2/13 0.65
4/5 3/7 3/7 3/13 0.57
4/5 3/7 4/7 3/13 0.57
4/5 3/7 4/7 4/13 0.49
4/5 3/7 4/7 5/13 0.42
4/5 3/7 4/7 6/13 0.37
4/5 4/7 4/7 6/13 0.34
4/5 4/7 5/7 6/13 0.34
4/5 4/7 5/7 7/13 0.26
4/5 4/7 5/7 8/13 0.23
4/5 4/7 5/7 9/13 0.23
4/5 4/7 5/7 10/13 0.23
4/5 S/7 5/7 10/13 0.09
4/5 S/7 5/7 11/13 0.13
4/5 5/7 5/7 12/13 0.21
4/5 5/7 6/7 12/13 0.21
5/5 5/7 6/7 12/13 0.29
5/5 5/7 7/7 12/13 0.29
5/5 6/7 7/7 12/13 0.14
5/5 6/7 7/7 13/13 0.14
5/5 7/7 7/7 13/13 0.00

18



3) Choose the largest number appearing in the final column; that is
D(5,7,7,13) = 0.65.

A

The critical level a is defined as the smallest significance level at which
the null hypothesis would be rejected for the given observations. The second
table shows that if the four samples were from the same population,
P[D(5,7,7,13) < .6] = 0.701271 and P[D(5,7,7,13) < .7] = 0.827140.

Therefore, P[D(5,7,7,13) > .6] = 0.298729 and P[D(5,7,7,13) > .7] = 0.172860.
Since, in this example, D(5,7,7,13) = 0.65, & would be between 0.18 and 0.30.

V. APPLICATION. The test found application in a bomblet study conducted

at the Ballistic Research Laboratory. In this study, bomblets were supplied by
three different vendors. Fifteen bomblets from one vendor were filled with a
high exﬁlosive; thirty bomblets supplied by each of the other two vendors con-
tained an inert substance. All bomblets were subjected to the same field test,
meant to simulate the dispensing of a bomblet by a type of munition; this
resulted in an out-of-round characteristic. A measurement was then taken in
order to determine the degree of ovalness. The experimenter wanted to estab-

lish whether bomblets from all three vendors, filled with two different materials,

achieved approximately the same degree of ovalness.

This is tantamount to determining whether three independent samples come
from the same population. Thus, we were able to state a hypothesis, evaluate
the two-sided test statistic, compare it with the tabled values, and determine

whether or not to reject the hypothesis. The data and analysis follow.

HO: All three samples of bomblets achieve the same degree of ovalness.

H .

¢ At least one sample of bomblets achieves a significantly different

degree of ovalness.
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The data (measurement of ovalness) are as follows:

Vendor 1 0.002 0.010 0.036 0.004 0.006
0.038 0.023 0.003 0.013 0.002
0.013 0.010 0.013 0.008 0.007
Vendor 11 0.007 0.004 0.003 0.010 0.009
0.005 0.011 0.002 0.011 0.007
0.010 0.011 0.023 0.009 0.029
0.024 0.004 0.020 0.011 0.019
0.004 0.014 0.011 0.008 0.009
0.014 0.011 0.016 0.007 0.013
Vendor III 0.007 0.001 0.072 0.013 0.001
0.025 0.007 0.010 0.028 0.004
0.002 0.014 0.020 0.041 0.018
0.011 0.010 0.007 0.035 0.001
0.015 0.008 0.008 0.007 0.007
0.047  0.015 0.054 0.010 0.020

The test statistic takes on the value D(15,30,30) = 0.2333. Quantiles of
D(15,30,30) are not tabulated, and so the computer program which generated
the table was rerun to obtain exact values. The results showed that
P[D(15, 30, 30) < .2] = 0.148915 and P[D(15, 30, 30) < .3] = 0.650568.
Therefore, the critical level ; would be between 0.35 and 0.86.

The data do not suggest rejecting the null hypothesis at a moderate
significance level. Therefore, the experimenter concluded that the

three bomblet samples achieved approximately the same degree of ovalness.
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I. Introduction.

When data are scarce, it is common to combine small samples from a
number of sources considered to be reasonably similar. When sample sizes are
extremely small, testing the assumption of similarity of sources is often only
attempted by subjective means. This paper provides a method to add quantita-
tive risk assessments to the study of this assumption, using two observations
per sample.

In addition to general compatibility testing of the sources using
modified versions of Westenberg's Interquartile Range Test, and the Westenberg-Mood
Median Test, a new hypothesis test has been developed to afd in identi-
fying whether one (or more) of the sources of data provides a substantially
larger or smaller set of values due to its underlying population.

Because the probabilistic risk assessments provided here address a
situation so commonly found in analyzing military operations as well as in test
and evaluation, details are provided to simplify the implementation of this
methodology. A major goal here has been that power analyses be described in
terms meaningful to the user and the decision maker. The new hypothesis test
makes use of simulation-aided power analyses.

The tests for general comparability, using modified Westenberg tests,
were first introduced in reference 2. The FORTRAN code for these tests is
given here in Appendix I. This program involves straight forward binomial
probabilities. The first format statement explains the variables and the null
and alternative hypotheses. It is written in terms of the interquartile range
of the combined sample, but could easily be written in terms of being above or
below the median of the combined sample. The null hypothesis (Ho) and the
alternative (Hl) are repeated here. “HO: Each sample has at least 100 x RA
percent chance of having one observation inside and one observation outside the
interquartile range. HI: Each sample has at least 100 x RB percent chance of

having both observations fall together either inside or outside." The null
hypotheses for the Westenberg tests thus indicate a general compatibility among
the data sources. If a set of data made up of pairs of observations from a
number of sources appear to be reasonably homogeneous as judged by these tests,
however, it may still be that one, or perhaps a few pairs of observations may
have been drawn from a source very different from the underlying population for
the majority of the pairs of observations. Therefore, a new test is needed due
to the inadequacy of the modified Westenberg tests to discern such a situation.

In order to determine whether a pair of observations may have values
appreciably larger, or smaller than the other observations, the probability of
having both members of that pair of observations be among the largest, or
smallest in the combined sample should be investigated. This is accomplished
here in the Length of Initial Run (LIR) Test. In this test, the larger value
in each pair of observations fs labeled "A," while the smaller of the observa-"
tions from that source is labeled "B." If no pair of observations is drawn
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from an underlying population considerably different from the others (in
particular if no pair of observations is drawn from an underlying population
whose location is considerably larger, or smaller than the others) then the
length of the run of A's in the combined sample before the first B and the
length of the run of B's before the first A should not be too short. (Note
that run lengths can vary from one to n.)

II. Mathematical Theory of LIR Test.

Under the null hypothesis, that all pairs of observations were drawn
from the same or identical populations, the length of the initial run of A's is
identically distributed as the length of the initial run of B's. This discus-
sion will only be couched in terms of the initial run of A's.

The probability of having an "A" as the largest value in the combined
sample is unity. The probability of having an "A" in the second largest
position, under Ho’ is the number of observations not included in the sample

pair that the first A came from (2n-2), divided by the total remaining number
of observations available (2n-1). The probability of having a third A in a row
is the previous probability multiplied by the number of observations not
included in either sample pair that the first two A's came from (2n-4), divided
by the total remaining number of observations available (2n-2). Therefore, the
probability (under Ho) of having at least r of the A's before the first B is:

( 2""2 ) ( 2"‘4 ) ( 2"‘6 ) o« s b e ( 2ﬂ"2?‘+2 )
2n-1 2n-2 2n-3 2n-r+l

If exactly r of the A's preceed the first B, the probability of this occurrence
(under Ho) is the above expression multiplied by the probability that the r+lth

largest value is a B. This would be the number of B values whose corresponding
A value is among the members of the initial run (r), divided by the total
remaining number of observations (2n-r). Simplifying, therefore, the probabil-
ity (under Ho) of having an initial run of length r is:

(2n=2)11(2n=r=1)Ir = \hepe k!t = k(k-2)(k=4) -« « o
(2n-2r)!!(2n-1)! (stopping at 2 if k is even, or 1 if k is odd).

This further simplifies to
(n=1)12"" 1 (2n-r-1)tr _ (n-1)12""} (2n-r-1)!r

(n-r)12"" (2n-1)! (n-r)! (2n-1)!

In general, if N is the number of observations per sample and n is the number
of samples, then the probability of an initial run of length r is:

(n=-1)IN""1 (Nn-r-1)1(N-1)r
(n-r)!  (Nn-1)!
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Simulations could be used for alternative hypotheses and for irregular numbers
of observations. This paper, however, is concerned with N=2 observations per
sample.

Simulations (see Appendix III) were used to determine the relative
frequency distribution of initial run lengths under various alternative hypo-
theses. Each alternative studied assumed one pair of observations to be taken
from one underlying population and all others taken from a second underlying
population, with a few exceptions for sensitivity study purposes. The accuracy
of the simulations was examined in several manners. First, both underlying
populations were set identical and the results compared to the frequency
distribution for the null hypothesis. Agreement here demonstrated that the
closed form solution for the null distribution is correct and also that the
simulation was accurate to approximately three significant digits using 20,000
replications for the cases of interest shown in Appendix II, also under Ho'

However, under any alternative hypothesis, accuracy of the simulation is
degraded due to the fact that the distributional forms which the pairs of
observations are being drawn from are not exactly what they have been repre-
sented to be. Table I, however, provides a set of chi-square "poorness" of fit
tests which show that, in the case investigated there, the distribution is
almost exactly as was represented. (Similar results were obtained using other
distributions.) Table TI is used to demonstrate the small differences in
resulting output when inputs are varied to degrees that were found unlikely to
actually occur. (Note that the differences found in Table II were of only
approximately the same magnitude as in Table I.) From this, it is generally
concluded that only two significant digits should be used from the relative and
cumulative relative frequency autputs.

In add1t1on to the type of validation shown above, the simulation
resu1ts were compared to a closed form solution for the probab111ty of a run of
Tength one when one pair of observations is drawn from one distribution and all
others from a second distribution. In order for there to be a run of length
one, both observations from the same pair must be the two largest (or smallest)
observations in the combined sample. Therefore, if p is the probability of a
run of length one, and we are investigating the initial run of A's, and only
one pair of observations is drawn from one distribution with all others drawn
from a second distribution,

p = r 9. m,mX) Jm 9y 7 (t)dtdx

) = =00 t:x

‘I 00
T r 9,2,2%) ng,m,mq(t)dtdx :
X==co t=x
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TABLE Ia

Random Nos.
True Generated From A
N(12,1) VS N(12,1)

CELL # #0BS CELL# #0BS CELL# #0BS CELL# #0BS
1 370 26 410 51 417 76 405
2 375 27 428 52 402 77 403
3 402 28 382 53 398 78 405
4 369 29 413 54 381 79 360
5 412 30 386 55 447 80 361
6 376 31 400 56 385 81 393
7 407 32 396 57 393 82 388
8 424 33 426 58 375 83 408
9 413 34 386 59 404 84 381

10 381 35 433 60 401 85 388
11 377 36 380 61 419 86 404
12 380 37 407 62 371 87 388
13 394 38 418 63 414 88 408
14 381 39 393 64 400 89 421
15 382 40 407 65 415 90 411
16 364 41 370 66 396 91 422
17 388 42 428 67 415 92 397
18 398 43 411 68 429 93 395
19 423 44 395 69 389 94 398
20 427 45 405 70 424 95 394
21 381 46 347 71 417 96 414
22 398 47 413 72 406 97 429
23 393 48 445 73 439 98 392
24 394 49 415 74 404 99 420
25 370 50 392 75 392 100 417

THE CHI-SQUARE VALUE FOR A N(12,1)
USING 40000 GENERATED RANDOM NUMBERS
TESTED AGAINST A N(12,1)

IS 94.56
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TABLE Ib

Random Nos.
True Generated From A
N(12,1) M) N(12,0.95)

CELL # #0BS CELL# #0BS CELL# #0BS CELL# #08BS
1 282 26 385 51 449 76 437
2 295 <27 426 52 415 77 390
3 317 28 430 53 418 78 349
4 344 29 403 54 402 79 387
5 343 30 424 55 468 80 410
6 372 31 409 56 395 81 394
7 361 32 424 57 426 82 399
8 380 33 424 58 385 83 393
9 390 34 409 59 435 84 392

10 402 35 433 60 417 85 389
11 378 36 417 61 444 86 401
12 362 37 412 62 387 87 409
13 370 38 445 63 413 88 406
14 396 39 424 64 454 89 394
15 382 40 403 65 399 90 414
16 383 41 426 66 439 91 375
17 362 42 401 67 435 92 368
18 369 43 458 68 416 93 382
19 412 44 399 69 432 94 366
20 436 45 432 70 44] 95 383
21 438 46 387 71 424 96 366
22 385 47 418 72 451 97 367
23 388 48 460 73 418 98 335
24 416 49 442 74 398 99 354
25 396 50 415 75 . 414 100 300

THE CHI-SQUARE VALUE FOR A N(12,0.95)
USING 40000 GENERATED RANDOM NUMBERS
TESTED AGAINST A N(12,1)

IS 302.45
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TABLE Ic

Random Nos.

True Generated From A
N(12,1) VS N(12,1.05)

CELL # #0BS CELL# #08BS CELL# #0BS CELL# #0BS
1 495 26 418 51 402 76 393
2 443 27 366 52 371 77 384
3 448 28 407 53 388 78 398
4 445 29 378 54 372 79 398
5 412 30 386 55 398 80 359
6 442 31 367 56 396 81 342
7 444 32 427 57 366 82 385
8 428 33 356 58 372 83 401
9 399 34 423 59 370 84 392

10 395 35 352 60 383 85 380
11 396 36 386 61 387 86 398
12 399 37 423 62 400 87 396
13 378 38 385 63 358 88 402
14 384 39 362 64 368 89 422
15 354 40 385 65 422 90 417
16 404 41 365 66 385 91 433
17 411 42 403 67 376 92 433
18 411 43 394 68 421 93 418
19 413 44 387 69 381 94 416
20 383 45 360 70 382 95 427
21 373 46 345 71 404 96 424
22 392 47 392 72 411 97 473
23 392 48 427 73 392 98 479
24 368 49 391 74 431 99 472
25 391 50 380 75 391 100 566

THE CHI-SQUARE VALUE FOR A N(12,1.05)
USING 40000 GENERATED RANDOM NUMBERS
TESTED AGAINST A N(12,1)

IS 277.28
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TABLE IIa

Input distributions are N(12.00, 1.00) and N(10.00, 1.00). Number of samples
from each distribution is 1 and 9 respectively. The random number seed for
this run is 65557.

Test for the Length of the Initial Run of A's before the first B.

Number of replications: 20000

Length Observed Relative Cumulative
of Run: Frequency: Frequency: Frequency:
1 7275 0.363750 0.363750

2 4391 0.219550 0.583300

3 2980 0.149000 0.732300

4 2123 0.106150 0.838450

5 1534 0.076700 0.915150

6 857 0.042850 0.958000
7 517 0.025850 0.983850

8 246 0.012300 0.996150

9 67 0.003350 0.999500
10 10 0.000500 1.000000
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TABLE IIb

Input distributions are N(12.00, 0.95) and N(10.00, 1.00). Number of samples
from each distribution is 1 and 9 respectively. The random number seed for
this run is 65557.

Test for the Length of the Initial Run of A's before the first B.

Number of replications:20000

Length Observed Relative Cumulative

of Run: Frequency: Frequency: Frequency:
1 7406 0.370300 0.370300
2 4480 0.224000 0.594300
3 3018 0.150900 0.745200
4 2134 0.106700 0.851900
5 1419 0.070950 0.922850
6 806 0.040300 0.963150
7 469 0.023450 0.986600
8 203 0.010150 0.996750
9 55 0.002750 0.999500
10 10 0.000500 1.000000
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TABLE Ilc

Input distributions are N(12.00, 1.05) and N(10.00, 1.00). Number of samples
from each distribution is 1 and 9 respectively. The random number seed for
this run is 65557.

Test for the Length of the Initial Run of A's before the first B.

Number ofreplications: 20000

Length Observed Relative Cumulative
of Run: Frequency: Frequency: Frequency:
1 7141 0.357050 0.357050
2 4273 0.213650 0.570700
3 2969 0.148450 0.719150
4 2119 0.105950 0.825100
5 1611 0.080550 0.905650
6 958 0.047900 0.953550
7 556 0.027800 0.981350
8 284 0.014200 0.995550
9 78 0.003900 0.999450
10 11 0.000550 1.000000

32



where 9 o k(x) is the distribution of the k th order statistic out of 2

observations in distribution 1 (distribution 1 is, in general, the distribution
of larger location if the initial run of A's is being investigated); and 9 mk

is the distribution of the k th order statistic out of m for distribution 2.

Since there are n-1 pairs of observations taken from distribution 2, m = 2(n-1)
= 2n-2, and therefore: '

1 - 1 1
m-1 2n-2-1 2n-3

The expressiob for p is based on the fact that if both observations of
a given pair have larger values than any other observation in the combined

sample, then the B value associated with the largest A has to be larger than
all other 2n-2 values.

Once again, use of this validation technique supported the conclusion
that two significant digits should be used in the results.

If fl(x) is the density function for distribution 1, and'f2 (x) for

distribution 2, an approximation can be made for p when the number of observa-
tions drawn from each distribution are equal, or nearly equal, and very small.
This approximation will be very poor unless the assumptions are enforced. In

general, however, the calculations are much easier than those in the previous

expression. In this case the approximation is as follows:

. = r £(x) r fi(t)dtde; o = ¢/(1-¢)
X = -w t=x

. vé ¢ 2n-v .
P (vo+2n-v’((v-1)¢+2n-v) * (v¢+2n-v)(v¢+2n-v-1)

where v is the number of observations taken from the first distribution.

¢ is the probability that if one observation were drawn from each of the

two distributions, the observation from distribution 1 would have a larger
value. The approximation is therefore a weighted counting procedure which doe~
not fully account for the shapes of the true distributions of interest.

The tables of Appendix II provide power information for a variety of
cases when the number of samples (of size two each) is 5, 10, 20, and 50. The
alternative hypotheses could have more than two underlying distributions (up to
n) but two are sufficient to illustrate what is being investigated here. The
importance of this test is to determine the likelihood of having one (or
possibly more than one) pair of observations drawn from an underlying popula-

tion which is substantially different from the underlying population from which
the rest of the observations were drawn.
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If sample sizes are large, it is possible to reject Ho when the truth
is close enough to H0 for practical purposes, unless a specific H1 is used for

a power analysis. When sample sizes are small, as in the case here, one may
fail to reject Ho when the truth is not close to Ho' Power analyses would help

by completing the quantification of the problem. Without a power analysis, a
hypothesis test is only half completed. Null and alternative hypotheses work
in pairs analogously to confidence limits. In the present situation, a power
analysis 1s very important due to the unconventional nature of the problem.
(It is interesting to note that when the number of samples [of size two each]
increases, the power level at a given significance level remains apparently
approximately constant [see Appendiix II].)

This paper makes use of a much neglected application for simulation.
Simulation can be used as a check for a closed form solution when the develop-
ment of such a solution was subtle, in addition to handling situations where a
closed form solution is difficult if not impossible.

III. Example.

Suppose that ten processes (or items of equipment, etc.) are to be
examined for a certain trait and that it is expected that they will all behave
similarly for that trait. Also, suppose that the expense involved in studying
those processes is great, or that for some other practical reason, the number
of observations per process (item, scenario, etc.) must be kept extremely
small. If two observations each are used, a combined sample size of 20 is
obtained. Whether or not these samples should be combined would then be open
to examination. In addition to any subjective arguments, the modified Westen-
berg tests and the LIR test should be applied to assist in this examination.
Suppose (for use in the LIR test) that the larger value in each pair of obser-
vations is labelled "A," and the smaller values labelled "B." Subscripts
"1"-"10" could be used to denote which process is being represented. (This
will be used in the modified Westenberg tests.) Suppose that when the values
for each of these observations are ranked from largest to smallest, the follow-
ing result is obtained:

' |

]

Ag By A7 Ag Ayy Ay A5 Ag Aig A3 | By Ag By By By, Bg Bg B3 By Bg
]

The number of times that a pair of observations are both found on the same side
of the median, NZ, is 2. Also, the number of times that a pair of observations
are both found either inside or outside the interquartile range is NZ=2. Table
III shows results taken from the program of Appendix I. PA is the probability
level of the test associated with Ho’ and PB is the probability level associ-

ated with Hl' An examination of this table shows that there is no good reason,

based on this ranked data and aside from subjective arguments, to conclude that
these samples should not be combined, but actually there is good reason to
conclude that such a combination is advisable. However, the LIR test can be
used to show that even though general compatibility appears evident, the
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TABLE III

RUM WC
HO: EACH SAMPLEZ HAS AT LEAST 100xRAYL CHAMCE OF HAUING
OME OSSERVWATION INSIDE AnMD OME CSSEIWATIOM CUTSIDE

THE INTERGUARTILE RANGE.

Hi: EACH SAMPLE HAS AT I.LEAST 100xRB¥% CHANCE OF HAVIMG
BOTH O2SERVATIONS FALL TOGETHER
EITHER INSIDE OR QUTSIDE

INPUTS ARE:

NS, THE NUMBER OF SAMPLZC
Ne. “HE NUMBER OF ZEROES
RA AN2 RS '

THE NUMBER OF ZERDES IS THE NUMBER COr SAMPLES WHOSE ThO
ARE FOUND TCOGETHER

ENTER NS,NZ,RA,RB.
10,2,0.95,0.50
PA=0.2262 . PB=0.1875
Do vou wish to run the test asainv
Enter "“Y" or. “N",
Y

_ENTER NS,NZ:RA,RB-
10,2,0.50,0.50
PA=0.9688 . PB=0.187%
Do vou wish to run the tast asain?
Enter "Y" or “N".
Y

_ENTER NS,NZ.RA:RB.
10,2,0.75,0.2%
PA=0.7627 P8=0.6328
Do you wish to run the test asain?
Enter "Y* or "N",
N
FORTRAN STOP
]
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initial run of A's is extremely short (one) and this indicates that sample 8

may provide values too large in comparison to the other values. The LIR test
-shows that if the null hypothesis (that all pairs of observations were drawn

from the same underlying distribution) is true, the probability of an initfal
run of length one is 0.053 when the number of samples (n) is 10. This is the
probability of a Type I error. However, if the null hypothesis is "accepted"
here, the probability of a Type II error (for any alternative) is unity since
no amount of evidence against Ho would then suffice. If the values of the

observations here suggest that graph A is the result of a reasonable alterna-
tive hypothesis, then the power against that alternative is of interest and is
approximately 0.56. Against the alternative used to arrive at graph B, the
power is 0.36, and the power from graph C would be 0.12. Note, however, that
the alternative shown here against which the power is lowest is for a situation
better investigated by the tests of Appendix I, program WC, originally found in
reference 2. Note also that even if all 20 observations here came from the
same distribution, that is a small sample to use to determine the form of that
distribution. Therefore, other alternatives involving distributional forms
other than normality may be needed to complete the analysis.

Suppose 88 and A7 were not as shown, but exchanged in position. The values

of NZ would remain the same, but the length of the initial run of A's would now
be two. If H° is rejected when the observed run length is 2, the probability

of a Type I error is 0.158. Against the first, second, and third alternatives
mentioned above, the probability of a Type II error would be 0.44, 0.64, and
0.88, respectively, and the power would be 0.76, 0.58, and 0.34, also
respectively.

If a run of length 3 is considered, these figures are, respective to the
order given above, 0.307, 0.24, 0.42, 0.66, 0.87, 0.73, and 0.62.

Considering the above, when n=10 it could be deemed reasonable to
reject Ho when the run length is 2 or less, and "accept" it when it is 3 or

more.

In conclusion, if some of the observations in the example given earlier
are shifted in rank it may affect one or more or perhaps none of these tests.
Also, if the modified Westenberg tests greatly discourage the combining of the
samples, then the LIR test will probably not be very useful. In using the’
modified Westenberg tests, if it is not possible to divide the observations
into groups of equal size (above and below the median and inside and outside of
the interquartile range), then apply the tests shifting the observation(s)
which are in question from one possible group1ng to the other and average the
results obtained. Finally, because the Bernoulli trials in the modified
Westenberg tests used here are not truly independent, these tests are
approximate. Also, some RA and RB values may be inappropriate. For example,
in Table III, RA could never be 0.95; however, it is used to illustrate the
strong conclusiveness of these particular results. A study of the null
hypothesis indicates that for RA = 0.5, the binomial distribution used for this
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test has thicker "tails" than warranted. (The exact null distribution is
described by

- (Ns1/2 NZ/2y2 \s1/(NS-NZ)!
(2ns) 172V [(NZ/2)172

1)

Also, the true null distribution is skewed to the right, but not appreciably
when NS exceeds 50. For smaller numbers of samples, WB 1 from refererce 2 is
of use. The advantages in using program WC are that understandable

alternative hypotheses can be shown for decision making, and a large number of
sample pairs can be handled with very little computer time. All that is really
needed is a table of the cumulative binomial distribution. This test should be
considered "quick and dirty" as a preliminary to the implementation of the LIR
test. The LIR test is an exact test and is easily and meaningfully applied.
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APPENDIX I

FORTRAN CODE FOR Modified Westenberg Test
(Designed for n pairs of observations)

This program was referred to as "WC" in reference 2. Note that unlike the

other modified Westenberg tests of reference 2, which are exact, this one is an
approximate test.
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CHARACTER*4 A%NSwEK

LARITE(6,3100) , i
1100  FURMAL(SX,’i10: EACH SAMPLE HAS AT LEAST 100xKkA%X CHAMCE’,
® OF HAVI1:HG®,/,9%X,%%% ¢ OBSERVATION INSIDE AND ONE®
?® ObSERVATION OUTSIVLE?,/,9X,° THE IWTERGVUARTILE RANGE,®
//,5%X,°HY’s ©EACH SA“PLE HAS' AT LEAST 100xRBY CHANCE?’,
® OF HAVING®,/,9X,°BOTH OBSERVATIONS FALL TOGETHER’,
/,9%X, EITHeR TNSICE UR OUTSIOE®,//////,5X,°INPUTS ARE: °,
/,5%X,°N5, THE MUM3ER OF SAMPLES’,/,
5X,”NZ, THE NuMBER OF ZEROES®,
/,5X,°RA AND RB’,//,5X,°THE NUMER OF ZEROES IS THE NUMBER OF°,
* SAMPLES WHOSE TWO OBSERVAIIONS’,/ SX,’ARE FOUND TOGETHER®)
1000 WRITF(5,999)
999 FORMAL1(//,5%X, ENTER NS,NZ,RA,RB*)

READ(S,*).S5,h&, xA,RB

I=NS/2

J=N2/2

NNNNNNNNN

s
>
o

O'UXAORHOH n
o

e S¥*1
Y GE.,w)GUTU 100

/(X=Y)

Hwauuwu=uuinuo

3 w) T V4 T o€ X XD

u-I w
I
-
-+ !
-

P=P*(X-T)
P=P/(X=Y=T)
L=X=Y=T
1F(L.GT,1)GOTO S
IF(K,GTJ)GUTU 6 _
PB= PB+P*((RB:*K)¥((1 RB)*‘(I K)))
K=K+1 .
IF(K,LE,J)GOTO 2
. KsKel
6 PA= PA+P‘(((1-RA)**K)*(RA4*(I-K)))
CK=Kel
IF(K=1)2,2, 2000
100 Y=X=Y
GOTO 3
2000 wRITE(6,2001)PA,PB
2001 FORMAT(1X,°PA=",r6,4,5X,°PB=’,F6,4)
ceii.. WwWRITE(6,2002)
2002 FOR! AT(Tz,'Do you wish to run the test again?’,/,
¢ T2,°Enter "Y" or "N",’)
READ(5,2003)ANSHER
2003 FORMAT(A)
IF(ANSWER,EQ,°Y*)GOTO 1000
2010 STCP
END
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APPENDIX II
POWER TABLES FOR LIR TEST

The distributions from which the input is to be drawn for each of the
alternative hypotheses are shown here followed by histograms of the relative
frequency distributions for these alternatives. In all cases here, both of the
distributions from which the samples are drawn are of the same type but with
parameters which differ in some respect. The samples could have been drawn
from totally different distributional forms, and more than two such distribu-
tions could have been used (up to n); however, what is used here is sufficient
to demonstrate this test under conditions which illustrate its usefulness.

‘In the case of the normal distribution, when standard deviations are the
same, the symmetric nature makes the relative frequency distribution for the
initial run of A's the same as that for the initial run of B's, if the number
of pairs of observations from each of the two input distributions is inter-
changed. This is true in all cases where symmetric input distributions of
equal variance are used. Also, when two symmetric input distributions with the
same location, but unequal variances are used, this principle applies. When-
ever this occurs, the output relative frequency distributions here are written
in terms of the initial run of A's.

The Church-Harris-Downton (C-H-D) method of testing the probability of
motor case rupture in missile testing, see reference 1, makes use of a statis-
tic related to ¢ (shown in Section II here). This statistic is

(p1 - pz)/(O’l2 + oéz)l/z, where the subscripts "1" and "2" refer to the two

input distributions. For any of the tables involving two normal distributions,
1f/u1,‘p2, 01’ and ok are changed such that the above statistic remains con-

stant, then the output relative frequency distributions given here are appli-
cable.

In the case of the gamma input distributions, whenever the g's (scale
parameters) are both multiplied by the same factor, the output distributions
are still applicable. For triangular input distributions, if all parameters
are added to, subtracted from, divided or multiplied by the same number, the
output distributions will not be changed.

The tables given here are for two normal distributions, two gamma distri-
butions, two triangular distributions and finally, two beta distributions. The
parameters were picked, in many cases, such that the power against the alter-
natives was approximately 0.5 when the significance level was approximately 0.1
to 0.15. This occurs for Ho’ as shown in the following table:

43



# of samples run length (probability level

of size 2 each under Ho under Ho)
5 1 ~11%
10 2 ~15%
20 3 ~15%
50 { 4 ~10%
5 ~15%

The following tables provide a variety of examples of alternative hypothe-
ses and results obtained using them. It is hoped that this appendix is
sufficient to provide a working knowledge of the power of this test to its
users. When any specific alternative which the user is interested in investi-
gating does not appear here, and the user does not wish to spend the time to
get the programs of Appendix III to run at a convenient facility, it is hoped
that the results can be interpolated from results provided here. Note that
following each graph of the distributions from which the observations are
hypothesized (Hl) to have been drawn, only relative frequency distributions are

provided. The hollow bar graphs show the relative frequency distribution under

Hy-
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Ho: 20 pairs of observations drawn from the same distribution

"Hy: 19 pairs from N(x,1) and 1 pair from N(x+2,1)

&

50 pairs of observations drawn from the same distribution

Hy: 49 pairs froa N(x,1) and 1 pair from N(x+2,1'
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Ho: 20 pairs of observations drawn from the same distribution
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Hy: 20 pain of observations drawn from the same distribution
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As stated in the introduction to this paper, if "A" is the larger value and
"B" is the smaller value of one pair of observations, then the probability for
the Length of Initial Run (LIR) of "A"'s or the probability for the LIR of
"B"'s can be used to indicate whether data has been drawn from the same
distribution or from two different distributions.

In most cases, determining the probability of a LIR equal to N (where
N=1,2,3,...) is impractical using analytical methods.

The purpose of this prepgram is to use simulation to estimate the probabil-
ity of observing a LIR equal to N for an alternative hypothesis that assumes
data has been drawn from two different distributions rather than the same
distribution (as the null hypothesis assumes).
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L1ST OF VAR1AoLES

Vvariables useo in subproaoram (AIT1ALlZE
D1IST: value ,determined by input, which specifies the probability
aistrioution,

IKEP: [nput value tor the total numrber of replications to pbe per=
tormed.

NEILE: Logical unit assiynment based on input value,
NAME: wame of output file (when wFlLbE=8),

plsSP: Disposition of output file at termination ot program (when
NELILE=S),

ITeMm: value (A or B) designating tnhe type of run test to pe performedq

LET1ER: Specifies tne type of probapility aistrioution; d-normal,
G=gemma, B-beta, or T=-triangular,

variables usea in subprogram SUxT

SuMmse Ihe total number o0t samples arawn (MNSAMP(1)+NSAMP(2)).
AkUKk: Length of tne initial run of “A’s before the tirst ’B’,
BRUNS Length of the initial run of ’8°s before the first °A°’,

ARESULT(SuM): Array wnich stores the numper of times each “ARUnN’
lengtn occurs durina the entire simulation,

BRESULT(SumM): Array whicnh stores the nunoer Of times eacn ’‘brUN’
lengtn occurs during the entire simulation,

variables used in subprogran REPUKT

PERCENT(SUM): Relative frequency destripbpution of the LIR
(ARESULI(SUM)/IKEP; LBKESULT(SuM)/IReP),

CUm(SuM): Cumulative trequency distribution ot tne LIR,

ANSWEKRS Input value which determines tne status of par graph
output of freguency aistrioution (print:Y¥eS or nl),

Variaoles usea in suborogram nORMAL

MUCI): Mrean tor distrioution 1.,
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SIGMA(I): Standard deviation for distrioution I,

) & An independent identically distributed uniform
random number generated by the VAX 11/780 subproqgram ‘RAN’,

T= (2X=1): A test value to determine acceptapnility ot the
generated randor numbers,

Y: NT(0,1),

X1,X28 N=(MU,SIGMA)’s.

Variapbles useo in subprogram GAmMA

ALPHA(L) 1I=1,2: Shape parameter,
BETA(I) I=1,2: Scale parameter,

RS An independent identically distributed unitora
random number generatea oy the vAX 11/780 subprogram °‘RAun‘’,

TEST & w? Test values used to determine acceptaoility
0of the generated random numpers,

Y: GAMT (ALPHA(L),1) 1=}1,2,
X(1) 1=1,23 GAM® (ALPHA(I),BETA(L)),

Variables used in subprogram bE1A

ALPHA(L,J) 1,J=1,2: Shape parameters.,

R: An independent i{identically distributed unitorm
random number generated oy the vVaX 11/760 suoproaram °rRAn’,

TEST & w? Test values used to determine acceptability
of the generated random numbers,

Y3 GAMT(ALPHA(I),1) 1=1,2,
X1(1) I1=1,2: GAMT(ALPHA(1),1) I=1,2,.

X2(1) 1=1,2: BET" (ALPHA(I) ,ALPHA(J)) 1,u=1,2,

Variables used in subprogram TKIANG
G Minimum value, Location parameter,
H: Maximum value, Max~-Min=Scale parameter,
C: Mode, Shape parameter, |
R: An independent identically distributea unitorm

random number generated by the VaX 11/780 subprogram °‘RA~’,
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X2,x3;: TKIAGWG®™(V,),(mode=min)/(max=min)),

X(1) 1=1,2: TRIANG"(min,max,mode).,
Variables common to Subprograns
NSAMP(I) I=1,2: Tne number of two=observation samples

required for distrioution I,

A(SUM) SUM=]1,1SAMEP(L)+NSAMF(2): Array of greater values ot
each two=observation sample from the combinea NSAMP’S,

B(Sum) SUM=1,MSAMP(L)+nNSARP(2) Array of lesser values ot
each two=observation sample from tne compined NSAMP’S,

CUOUNT? Counter for current number of replications; simula-
tion terminates wnen COUNT=IREP,

113 Initial value reguired for ranaom numper generation,

PRUGRAM LIMITATLONS

Subprogram TRIANGS The Moade °C’ used to generate the
TRIANG(O0,1,C), where C=s=(mode~min)/(max=min), is restricted

to U<(C«li,
Supbprecgram GAMMASL ALPHA>1,
Subprogram gETA: ALPRACI,J)>1 1=1,2,

Input distrivutions must both be of the same type,

Input districution tyre i{s limited to normal, gamma, beta,
or triangular.

Tne numpber of replications must be less tnan or equal to 100,000,
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EREERSEEXRXREERDRREXRREEMAIN PROGRAMBXEEESRARERXEAS SR XSRS EESNERBRRRES

COMMON/ALG/A(50) ,B(50),SUN
COMMON/ALL/NFILE, IREP.I.IEA ———
COMMON/OUT/ARESULT(50) ,BRESULT(50) , PERCENT(50)
. COMMON/FILE/NAME,DISP _ . .. .
CALL INITIALIZE(DIST)
19 ... GOTO(1,2,3,4),DIST.
1 CALL NORMAL

: GOTQO 10 e e e o
2 CALL GAMMA
: GOTO 10 S B, —
3 CALL BETA
GOTO 10 . .. . o e

4 CALL TRIANG

10 .CALL REPORT = . . .. . ...
STOP

L END oL et e e e

B T L L

R e L

¥ Tnis subroutine inputs the type of probability =

¥ distribution and._the number of replications, *
¥

LA AAd AL gL R AL LS LA EEL R 2L R1222222222222222111122123121121321211113

SUBROUTINE INITIALIZE(DIST)
~ COMMON/ALL/NFJILE,IREP,ITEM _
CUMMON/FILE/NAME,DISP
e -. CHARACTER*4 LETIER,CHQICE __ _
CHARACTER®*13 NAME,DISP
. 35 . WRITE(e, 31)-.._MM_,.__.---,.-__._
31 FORMAT(T2,°0Output may be written to a file and thcn printed ’,
/°or printed at this terminal.’,/,T2,°Enter "F" for file or "T"%,
/ ° for terminal,’)
e i... READCS,79)CHOICE ___
IF(CHOICEEQ,*F’)THEN
__.NFILE=8 :
ELSE IF(CHOICE.EQ,”T”)THEN
NFILE=S6 o .
GOTO 3
CELSE o .
GOTO 35
END IE = . . ‘_“WMMM,UMﬂ“m_a
WRITE(6,12)
.12  FORMAT(T2,’Enter the ngme _of the output file,’
READ(S,17)NAME
17. . FORMAT(A) . e -
WRITE(6,21)
21 _FORMAT(T2,’Select the disposition of the output f£ile,’,
/ /,T2,°Typet KEEP,PRINT,or PRINT/DELETE,’)
. RMD(Q,Z?)DISP o e e
27 FURMAT(A)
. ... OPEn(8,FILE=NAME,STATUSZ’NEW’,DISP=DISP)
3 YRITE(6,72) )
12 FORMATI(T2,”which type of test is to be performed?’,/,T2,
/ “Enter "ARUN" {f you wish to know the length of the A °,
./ ‘run petore the first B,’,/,” Enter "BRUN" if you wish the’, _
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/ ° lenutnh of the B run betore the first A.,’,/,T2,°Enter "BOTH"’
/ * i1t you woulu like the results of ooth tests.’)
READ(S,79)TEST
79 FURMATCA)
IF(IEST£047ARUN®)THEN
ITEMS]
ELSE IF(TEST.EQ. BRUN®)TIHEN
iTem=2
ELSE 1F(TEST.EQ.°BUTH’)ThEMN
1TE»=3
ELSE
GO0 3
keit) IF
13 #rRITE(6,10)
10 FUR4A1(12,’5elect the type of distribution you would °,
‘like,.”’,/,” fype the first letter of the name to maxe °*,
‘your input.’)
READ(S,23)LETTER
23 FURMAT(A)
JF(LETTER<EUL P N®)THE
DISTI=1
ELSE IF(LETTEKeFbe G?)THEN
DIST=2
ELSE 1F(LETIER LGy r®)IHEN
DIST=3
ELSE LF(LETITEREG, T’ )1rk i
D18T=4
FLS:
GOio 13
D IF
92 sRILTE(H,33)
93 FORAAL(T2,’Enter the number of replications °*,
/ ‘to be gertormed.’)
91 KEAD(S,*) IREP .
IF(IPEP.GT,100000)GOTU 92
KETuRM
END

NN\

AEERREB AN RERRRR R RPN R RN RN KRR R RN RN R RN BEN R KRR RGN R RN R XY

* ¥
* This supbroutine generates random numbers *
¥ trom the normal distribution. *
¥ X

EEEERER BN FRARRREERRRKR R R RIS RN R RSN RE R R RN E R RN FERRR GRS RS SN

SUBROUTINE NORMAL
DLMENSITON V(2),4U0(2),SIGYA(2),NSAMP(2)
CuMa0V/ALG/A(S0) ,8(50),5UMm
COMMOw/ALL/NFILE, IREP,ITE#
COAuGuw/FILE/NAME,DLSP
CHARACTER¥*13 WNAME,D1SP
REAL w~U
INTEGER CUUWT,I1,S8Uw
CLGUNT=0
IF(NFILE,EQ.6)GUTO b
GPEN(8,FILE=NAME ,STATUS="0LD?,DLl5P=D1ISP)
() PRINT S
5 FUR“AT(1X,’Fnter mu, sigma ann number of samples’,
/ *° tor tne’,/,T2,
/ ‘first normal distribution separated by commas,’)
97



- READ(S,*)MU(L1),SIGMA(C1),NSAMP (1)
WRITE(6,17)
.17 FORMAI(T2,°Enter mu, sigma and number of samples’,
/ * for the’,/,T2,
...... -4._’second normal distribution separated by commas,’)
READ(5,*)MU(2),SIGMA(2) ,NSAMP(2)
—— HRIIELG.IQJ
19 FORMAT(Tz,'Entcr a tive-diqit number for random’,
el ..l _number generation,’) . o .
READ(5,%*)11
e e WRITE(NFILE,98)MU(C1),SIGMA(L),MUC2),SIGMA(2),NSAMP(1),
/ NSAMP(Z),I1t
__-98__ _FORMAT(T2,’Input distributions are N*(’,F5,2,°,°,F5%5.2,°) and’,
/ ¢ N'(’,FS.Z,"'FS.Z,').',/,TZ,'Number of samples from each “
—_——d _‘distribution is ’,12,° and °,
/ 12,° respectively.’,/,T2,°The random number seed for this °*,
4 _%run 18 _°,16,°.")
97 COUNT=COUNT+1
—————enmO
SUM=0
100 __J=Jer ...
N30
90 _ T=0 _ . .
b0 80 181 2
e RAN(I}l_ o
V(I)=2.*x-1.
—— WEVCTI¥YCXY
TaT+W
80 __ CONTINUE _
IF(T.GT.1,)GO TO 90
., Xl.LQG(Il-“
Y28=2,.%Y1/T
—— - X=SQRT(Y2) . ... .. ...
N=N+1
—— . SUM=SUM+1__ _ . e
XISMU(J)+SIGHA(J)¢V(1)*Y
e X28MU(J) +STGMA(J)*V(2)*Y
! . . IF(XI.GT.XZ)THEN
—— ACSUMIEXY .
BR(SUM)=X2
e BLSE
A(SUM)sXZ
- 11131
ENDIF ‘
IE(NJLT NSAMP(J))GD.TQ 90
IF(J.LT.2)GO TO 100

e CALL SORT .
IF(COUNT, DT IREP)GOTO 97
S RETURN .. T
END
:t**t*ti??*t#*i??*i?i;ittttt;4**t##ttttttt#*ttt:tt#ttttt#tttttt**tt;*t
e - ¥ x
x This subroutine qenerates random numbers %
¥ . from the gamma distribution, i ¥
. M *

CERRERRRERRE R KRR RN RN R RN R R R KRN RN KRB RR RN AR R R RN KRR AR AR SR A RR N

SUBROUTINE GAMMA -
DIMENSION U(2)aX(?).ALPHA(2)oBETA(Z):NSRMP(Z)
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9%

97

60

80
20
S50

30

~N

NN NN

COUMAOu/ALG/A(S0) ,B(50),5UM

COMON/ZALL/MFILE, IREP,IfEM

CouNCN/r LLE/ANE,D1ISP

CAARACTER*13 WAME ,CLISP

JaTeEGER CUUNT,I1,SUn

KEAL LTHETA,Ln2

CQUNT=0

CPE~(B,FILE=NAME, STATUS=0LD?,DISP=D1SP)

FRINY 10

FURHAT(L1X,’kKnter alpna, beta anu number of samples tor’,
* tne’,/,12,

‘first varma distribution separated by commasS,’)
READ(S,*)ALPHACL) ,kRTACL),SAMP(L)

IF(ALPHA(L)LEL,1)GLTO ®

FRI~T 11

FORSAT(1X,°Enter alpha, peta and nhumber of samples tor”’,
‘* the’,/,12,

‘second yAamma aistribution segarated bty commas,’)
FERUCS,*)ALPHA(R) ,hETAa(Z),NSAMP(2)

I (ALPHA(Z2) sLE.1)GUILU B

Pl 12

FCR~AL(12,°Enter a tive=diqit number for random?’,

’ numper generation,’)

REAJ(S,*)I11
WRITR(WEILK,9Y5)ALPHA(CL) ,BETA(CL) ,ALPHAC(C2),BETA(2),NSAMP (1),
LSANEC(2), 11 :

FUR4AY(12,°1nput distrirutions are G~(’,F%,2,’,°,FKF5,2,°) and’
$ G¥(*,F5%.2,%,°F5.2,%)e’,/,T2, Nunber of samples from °*,
‘each distribution is °,12,° and *, ,
12,° respectively,’,/,T2,°The random number seed for this °*,
‘run 1s ‘°,1In,%.%)

T}‘EIA=4.5

LIReTASLUG(4.b)

L=l.+LTInclIA

FulrsSLOG(4,)

CLeluwT=CulnT+l

Suv=0

k=0

K=K+l

Gls2.,%ALPHA(K)=1,

G2=0GKRT(GL)

G=1,/G