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FOREWORD

The Twenty-Ninth Conference on the Design of Experiments in Army Research,
Development and Testing was held October 19-21, 1983, at the Uniform
Services University of Health Sciences (USUHS), Bethesda, Maryland. This
was the second Army-wide conference to be held at this university. The
first one, called the Twenty-Eighth Conference of Army Mathematicians, was
held June 28-30, 1982. As a result of this June meeting, Dr. David Cruess,
a faculty member of USUHS, offered the facilities of his university for the
Twenty-Ninth Conference on the Design of Experiments. The members of the
Army Mathematics Steering Committee (AMSC), sponsors of these conferences,
were pleased to receive this invitation. They would 1ike to take this
occasion to thank Professor Cruess for serving as Local Chairperson and for
his excellent harfiling of the many problems associated with a meeting of :
this size. A brief history of USUHS appeared in a booklet issued to the
attendees of this conference. This interesting and informative booklet is
reproduced at the end of this Foreword.

Two days before the start of the Design Conference, a tutorial entitled,
"Sequential Methods in Statistics," was held. Its speaker was Professor
Michael Woodroofe of the University of Michigan at Ann Arbor, Michigan.
The main purpose of this seminar was to develop, in Army scientists, an
appreciation for and the necessary skills needed to handle some of the
statistical methods for analyzing experimental data.

Members of the Program Committee for this conference were pleased to obtain
the services of the following invited speakers to talk on topics of current
interest to Army personnel:

Speaker and Affiliation Title of Address
Dr. Marvin A. Schneiderman EPIDEMIOLOGY AND RISK ASSESSMENT:
National Cancer Institute COURTS, CLOCKS AND CONFUSION
Dr. William Sacco INJURY SEVERITY SCORES AND
Washington Hospital Center APPLICATIONS TO MILITARY TRIAGE
Professor Jerome Friedman INTERACTIVE COMPUTER DATA ANALYSIS
Stanford Linear Accelerator

Center
Dr. Charles Brown HIGH TO LOW DOSE EXTRAPOLATION OF
National Cancer Institute EXPERIMENTAL ANIMAL CARCINOGENESIS

STUDIES
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A broad overview of the many research areas presented in the contributed
papers can be ascertained from the titles of the various sessions:

Special Session: Sequential Testing

Technical Session 1: Statistical Theory

Technical Session 2: Analysis of Longitudinal Data
Technical Session 3: Simulation Techniques and Applications
Technical Session 4: Test and Evaluation Techniques
Technical Session 5: Application in Experimental Design

In addition to the above mentioned sessions, there was a Clinical Session
which offered an opportunity to each of three Army scientists to present
unsolved statistical problems and receive suggestions and constructive
comments from the experts.

Professor Herbert A. David of the Department of Statistics, Iowa State
University, was the recipient of the third Wilks Award for contributions to
Statistical Methodologies. He received this award at the banquet held at
the Officer's Club, Naval Medical Center, on October 19, 1983. This honor
was bestowed on Dr. David for his many significant contributions to various
fields of statistics, in particular to the areas of order statistics and
competing risks, and also for his contributions to the Army. He has
assisted many Army 'scientists with their statistical problems, served as
invited speaker at two Design conferences, and provided theoretical details
for the solution of a fuzing problem for the Ballistic Research Laboratory.

The AMSC has requested that these Proceedings be published and distributed
Army-wide so that the information it contains could assist Army scientists
with some of their statistical problems. Committee members would 1ike to
thank the Program Committee for all it did in putting together this
scientific conference.

Program Committee

Carl Bates Richard Moore
Larry Crow James Schlesselman
David Cruess Douglas Tang
Walter Foster Malcolm Taylor
Bernard Harris .Jerry Thomas
Robert Launer Langhorne Withers
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GENERAL INFORMATION

Created by public law in 1972, the USUHS was
founded for the purpose of training young men and
women for careers as health care professionals in
the Uniformed Services. .

In 1976, the University’s School of Medicine
admitted its first class of 32 freshman medical
students. Sixty-eight medical students entered the
Uniformed Services University of the Health
Sciences (USUHS) in 1977; 108 in 1978; 124 in 1979,
' and the following year 130 students gained ad-
mittance. In 1981 and 1982, 156 medical students
were admitted and by the mid-1980's, the School of
Medicine projects a first-year class of 176 students,
the planned enrollment capacity of the School.

The charter class studied for one year in in-
terim facilities at the Armed Forces Institute of
Pathology on the grounds of the Walter Reed Army
Medical Center. In August 1977, the School of
Medicine commenced its preclinical teaching ac-
tivities at the University’s new, permanent facilities
on the grounds of the Naval Medical Command
National Capital Region in suburban Bethesda,
Maryland. Surrounded by master-planned communi-
ties, parks, and open land, the Center is adjacent to
Interstate 495, a modern freeway system that circles
the greater Washington area. The school’s permanent
campus occupies an area of more than one hundred
acres.

Four connected buildings make up the per-
manent complex and were built at a total cost of ap-
proximately $80 million. The facilities include staff
and faculty offices, classrooms, student multi-
disciplinary laboratories, a lounge and cafeteria, stu-
dent study areas, departmental laboratories, and
academic support units such as a learning resources
center, an electron microscopy suite, and a vivar-
ium. Instructional and study areas are equipped with
closed-cicuit television.

The preponderance of clinical instruction for
students is provided at the three major military
medical centers in the Washington, D.C. area:
Walter Reed Army Medical Center, Malcolm
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Grow USAF Medical Center, and the Naval
Hospital, Bethesda. Long recognized as  bcing
among the country’s finest facilities for
undergraduate and graduate medical education,
these centers have large outpatient populations,
have, collectively, more than 2,000 teaching beds,
and offer residencies in all of the major specialties.
In addition, clinical experiences are scheduled for
students at Wilford Hall USAF Medical Center in San
Antonio, Texas; Naval Regional Medical Center,
Jacksonville, Florida; Eisenhower Army Medical
Center, Fort Gordon, Georgia; Naval Regional
Medical Center, Charleston, South Carolina, and
DeWitt Army Medical Center, Fort Belvoir, Virginia.
The School operates in close association with other
military medical facilities throughout the country

. and many other Federal health resources, such as

the National Institutes of Health and National
Library of Medicine, to provide a broad range of
complementary preclinical and clinical experiénces
for students.

CURRICULUM

The School of Medicine’s four-year program,
which culminates in the award of the doctor of
medicine degree, is aimed at: (1) developing
students into competent, compassionate militagy
physicians; (2) creating and fostering a learning ci-
vironment that inspires investigative curiosity and
the advancement of knowledge; and (3) providing u
setting for the inculcation and furtherance of
military medical professionalism.

The first two years of the curriculum consist
predominately of preclinical instruction. The last
two are devoted to the clinical disciplines. The in-
tegration between the clinical and basic sciences is
progressive and proceeds with involvement in pa-
tient care activities early in the curriculum, starting
with the first semester of the freshman year. Whilc
the overall program is designed to educate
students to serve as providers of primary health
care, there is sufficient flexibility in the curriculum
to accommodate differences in interest among




tudents and also sufficient substance to enable
raduates to pursue postgraduate activities such as
esearch. Elective courses are offered in the
linical and research facilities of this country and
Iso in areas of the world where diseases rarely
een in the United States are responsible for 80 per-
:ent of the morbidity and mortality. The cur-
ic...um also includes basic military orientation and

:oncentration on unique aspects of military
nedicine.

GENERAL REQUIREMENTS
FOR ADMISSION |

Applicants must be citizens of the United
States and must meet the physical and personal
gualifications for a commission in the Uniformed
Services. An applicant should not be older than 28
years of age as of 30 June of the year that he/she
plans to enter the School of Medicine. A few waivers
have been granted, but such exceptions are rare. A
baccalaurcate degree is required in addition to one
year each of college English, general chemistry, or-
ganic chemistry, physics, general biology and math-
ematics. The New Medical College Admission Test
(New MCAT) is also required of all applicants to the
School of Medicine. Applicants must provide test
scores that have been taken within three years of
desired matriculation. The test is given in the fall and
spring of cach year. The spring lesting may not be
used for consideration if an individual wants to gain
admittance to the first-year class beginning the same
year, e.g., the spring, 1984 MCAT cannot be used by
applicants who wish 1o enter the School of Medicine
in July 1984, bul the spring or fall 1984 test may be
used by applicants who are applying for the 1985
first-ycar class. Information on registration for the
MCAT is available from the American College Testing
Program, Post Olffice Box 414, lowa City, lowa

52243 (telephone 319-337-1270).

Civilians and military personncl are eligible to
apply. However, individuals who are in military

service or a program of study sponsored by the
Armed Forces (including ROTC) must obtain a “fet-
ter of Approval to Apply” from their respective ser-
vice as part of their application. Each military
department has established regulations governing
the procedures for initiating and processing ru-
quests for approval. Inasmuch as the entering
students will be commissioned officers in the
military services they must, in addition to
demonstrating the academic qualifications for the
study of medicine, present evidence of a strong
commitment to serving the United States as medical
officers.

"PROCEDURE FOR

APPLICATION

The School of Medicine participates in the
American Medical College Application Service

' (AMCAS). Application forms should be requested

directly from AMCAS, 1776 Massachusetts Avenue,
Northwest, Suite 301, Washington, D.C. 2003b
(telephone 202-828-0600). The School of Medicine
doces not distribute application packets.

The School’'s Committee on Admissions will
review all AMCAS applications and will decide un
the basis of merit, taking into account both per-
sonal and intellectual characteristics, which in-
dividuals should advance to further stages of
screening. Applicants should not send transcripts,

" letters of recommendation, or other materials until

specifically requested to do so by the Admissions
Committee. The Admissions Office will schedule
personal interviews [or those candidates that the
Committee considers to be finalists in the screening
process. The School of Medicine does not have any
application fees; however, applicants are responsi-
ble for the AMCAS application fee and for inciden-
tal expenses such as postage and cost of travel for
interview. Interviews are currently held at both the
School of Medicine and regionally in San Francisco,
California.
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Applications must be submitted directly to
AMCAS hetween 15 June and 1 November. Ap-
plicants are advised to submit all materials, in-
cluding transcripts, to AMCAS well in advance of
the deadline, as applications that are not complete
and received by the 1 November deadline cannot
be considered. : :

First-Year students are admitted only in July of
each year. There are no provisions for transfer

students and all students must enter at the first-‘

year level.

GENERAL SELECTION
FACTORS

Each year the University receives many more
applications than the School of Medicine has
positions to offer. Hence, placement in the class is
on a competitive basis, decided by action of the
Admissions Committee and the Dean, and granted
only to the best qualified candidates in terms of
demonstrated ability and potential for undertaking

the study and practice of military medicine. The’

School of Medicine subscribes fully to the policy of
equal educational opportunity. There are no
quotas by race, sex, religion, marital status,
national origin, socioeconomic background, or
state of residence. There are no Congressional
quotas or appointments.

Further, USUHS is commilted to removing
barriers that have made it more difficult for
minorilies, women, and economically disad-
vantaged college graduates to realize career goals in

medicine and the military. To that end, the School of

Mecdicine has established a program called “AQUA’’
in its admission office. AQUA stands for Accession of
Qualified Under-represented Applicants. Through
AQUA, the School seeks to identify and encourage
applicants from groups which are under-represented
in military medicine.

These categories include U.S. cilizens who are
women, black Americans, American In-
dians/Alaskan natives, Asian or Pacific Islanders,

Mexican Americans, Hispanics, and Puerto Ricans.
AQUA also addresses college pre-med and science
majors who have demonstrated motivation through
ROTC program participation or prior aclive or
reserve duty in the uniformed services.

For the 1982 freshman class 3,074 individuals
applied. All new entrants had baccalaureate degrees,
had taken the New MCAT and had been interviewed.
The 156 matriculants had the following credentials:
grade-point average, mean of 3.43; age al lime of
application, mean of 23.3; sex, 22 percent female;
undergraduate major, 35 percent biology, with chem-
istry ranking second, and engineering (biomedical and
mechanical), oceanography, nutrition, physics, busi-
ness, psychology and physiology among the other:
disciplines represented; residence, 40.4 percent from
northeastern states, 37.8 percent from western slates,
15.4 percent from southern states, and 6.4 percent
from central states.

MILITARY OBLIGATION

Upon entering the first-year class of the School
of Medicine, students are commissioned and serve
on active duty reserve in the grade of Second
Lieutenant in either the Army or Air Force, or Ensign
in the Navy or Public Health Service, receiving the
appropriate pay and benefits of that grade. There are
no luition or fees for attending the School of Medi-
cine. Required books, equipment, and instruments
are also furnished without charge.

At graduation, upon the receipt of the doctor
of medicine-degree, students are promoted to the
rank of Captain in the Army or Air Force, or Lieuten-
ant in the Navy or Public Health Service.
Graduates are obligated to serve on active duty as
medical officers for not less than seven years.
Periods of time spent in graduate medical educa-
tion are not creditable toward satisfying this seven-
year obligation. A student who is dropped from the
program, for either academic deficiencies or other

~ reasons, may be required to perform active duty in

an appropriate military capacity for a period equal
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o the time spent in the program.

SERVICE BENEFITS

There are numerous advantages to a career in
military medicine. The Uniformed Services, with
their vast network of health resources including
wumerous hospital centers, research complexes,
ipecialized educational and treatment facilities,
and consultative agencies, provide physicians with
opportunities for flexible career patterns, specialty
training, and continued professional growth.
Military medicine allows the practicing physician
to work with highly trained, dedicated supporting
staff and professionals, and to work with modern
medical equipment and facilities in meeting the
curative and preventive health care needs of the
Services’ members, their dependents, and the
retired population. Moreover, military medicine is
comprehensive, consisting not only of all of the
customary specialties, but also a number
of other sophisticated clinical fields such -as
aerospace, tropical, preventive, and nuclear
medicine.

There are also a number of personal
advantages associated with being a career Medical
Corps officer. Currently, military physicians qualify
for retirement after twenty years of active service.
They do not have to contribute any part of their salary
to retirement and do not have to invest or risk capital
to ensure a relirement income in later years.

The salary schedule for military physicians is
also competitive. By mid-career, most practicing
military physicians earn in excess of $40,000 an-
nually in pay, allowances, and bonuses. While this
may not compare with the gross income of physi-
cians in private practice, the military physician
does not have to pay overhead expenses such as
rent, utilities, liability insurance, and payrolls.
Hence, many civilian practitioners must earn con-
siderably more to net as much as the mid-career
military physician. .

Opportunities for travel also make military life

exciting and attractive. An assignment abroad pro-

vides the military physicians and their fainilies the’
occasion to become intimately acquainted with 3
foreign culture and people. The cost of moving

.expenses, whether stateside or overseas, is paid by

the Services, and each of the military departments

makes every effort to accommodate the assign-
ment preferences of its physicians.

Comprehensive medical and dental care is
provided by the Services for military physicians.
Dependents of active-duty personnel are also en-
titled to medical treatment and care at facilities of
the Uniformed Services on a space-available basis,
or under certain circumstances, from a civilian
medical resource at partial government reimburse-
ment. Charges for other types of health care for
dependents vary depending on circumstances, but
are generally much lower than they would be under
most other medical care programs. .

Both abroad and in the United States, the Ser-
vices offer a wide variety of recreatior 1l and social
activities for military personnel and their families.
Virtually all of the large, established military posts
and bases have golf courses, gymnasiums, swim-
ming pools, bowling lanes, tennis courts, theaters,
craft shops, auto shops, riding clubs, gun clubs,
teen clubs, and other recreational facilities. Of-
ficers’ clubs offer a broad range of optional social
activities for officers and their spouses.

Military physicians are eligible for thirty days
of paid vacation annually. They also, while on
active duty, are eligible for Serviceman’'s Group
Life insurance, a term protection plan providing
unrestricted coverage up to $35,000 at a low annual
premium.

Military doctors and their dependents are en-
titled to use coinmissary and post exchange facilities.
In addition, they are entitled to professional advice
and assistance without charge for a variety of prob-
lems of a personal nature (e.g., advice on income tax
matters, the execution of persanal wills, etc.).

In sum, the Uniformed Services offer physi-
cians the time to concentrate on the challenges of
medicine, and at the same time offer them a com-
petitive salary, a secure financial future, and a

welcome balance between professional duties and
private life. ‘
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AGENDA

for the

TWENTY-NINTH CONFERENCE ON THE DESIGN OF EXPERIMENTS IN

ARMY RESEARCH, DEVELOPMENT AND TESTING
19-21 October 1983

Host: Uniformed Services University of Health Sciences

Location: Bethesda, Maryland

0815-0915
0915-0930

0930-1200

0930-1030

1030-1100

1100-1200

1200-1315

*xkk*x WYednesday, 19 October *¥x*x

REGISTRATION
CALLING OF THE CONFERENCE TO ORDER

David F. Cruess, Department of Preventive Medicine & Biometrics,
Uniformed Services University of Health Sciences

WELCOMING REMARKS

GENERAL SESSION I (Auditorium, Bldg. B)

Chairman: David F. Cruess, Uniformed Services University of
Health Sciences

KEYNOTE ADDRESS

EPIDEMIOLOGY AND RISK ASSESSMENT: COURTS, CLOCKS AND COMFUSION
Marvin A. Schneiderman, National Cancer Institute, Bethesda,
Maryland

BREAK

INJURY SEVERITY SCORES AND APPLICATIONS TO MILITARY TRiAGE
William Sacco, Bellaire, Maryland

LUNCH
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1300-1715

1300-1330

- 1330-1415 -

1415-1445

1445-1515

1515-1545

1545-1630

1630-1715

1830-1930

1930-

SPECIAL SESSION ON SEQUENTIAL TESTING (B1dg. A, Room C)

Chairman: Michael VWoodroofe, University of Michigan and Rutgers
University

RELIABILITY MONITORING WITH BERNOULLI SAMPLING
Daniel Willard, Office of the Deputy Under Seqretary of the Army

A COMBINED BAYES SAMPLING THEORY APPROACH TO TRUNCATED
SEQUENTTAL BERNOULLI TESTING

Robert L. Launer, U. S. Army Research Office and Nozer D.
Singpurwalla, George Washington University

SENSITIVITY TESTING IN BALLISTICS

J. Richard Moore, Ballistic Research Laboratory

BREAK

A TRUNCATED SEQUENTIAL PROBABILITY RATIO TEST
J. Richard Moore, Ballistic Research Laboratory

EFFICIENT SEQUENTIAL DESIGNS FOR SENSITIVITY
EXPERIMENTS

C. F. Wu, University of Wisconsin-Madison
A SEQUENTIAL BERNOULLI SELECTION PROCEDURE
Robert E. Bechhofer, Cornell University

**kkk CASH BAR AT OFFICER'S CLUB, ****x
NAVAL MEDICAL CENTER

*kkkk BANQUET AND PRESENTATION OF WILKS AWARD, *¥¥«
OFFICER'S CLUB, NAVAL MEDICAL CENTER
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0830-1030

0830-1030

1030-1100

1100-1200

1200-1330

*kx**x Thyrsday, 20 October ***xx

TECHNICAL SESSION I - "Statistical Theory"
(Bldg. A, Room C)

Chairman: Malcolm Taylor, Ballistic Research Laboratory

MODEL IDENTIFICATION OF PROBABILITY DISTRIBUTIONS USING
INFORMATIVE QUANTILE FUNCTIONS

Emanuel Parzen, Texas A&M University

ON THE LEHMANN POWER ANALYSIS FOR THE WILCOXON RANK SUM TEST
James R. Knaub, Jr., .US Army ngistiés Center

A NEW METHOD OF CALCULATING NORMAL AND t TAIL PROBABILITIES
Andrew P. Soms, University.of Wisconsin-Madison

TECHNICAL SESSION II - “Analysis of Longitudinal Data"
(B1dg. A, Room B)

Chairman: Charles R. Leake, US Army Concepts Analysis Agency

COMPLEX DEMODULATION - A TECHNIQUE FOR ASSESSING PERIODIC
COMPONENTS IN SEQUENTIALLY SAMPLED DATA

Helen C. Sing, Sander G. Genser, Harvey Babkoff, David R. Thorne
and Frederick W. Hegge, Walter Reed Army Institute of Research

HOW GOOD ARE TRAJECTORY ERROR ESTIMATES?

William S. Agee and Robert H. Turner, White Sands Missile Range

BREAK

GENERAL SESSION II (Auditorium, Bldg. B)

Chairman: James J. Schlesselman, Uniformed Services University
of Health Sciences

TITLE TO BE ANNOUNCED: INTERACTIVE DATA ANALYSIS

Jerome Friedman, Stanford Linear Accelerator Center

LUNCH
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1330-1600

1330-1500

1500-1530

CLINICAL SESSION (Bldg. A, Room C)

Chairman: Carl Bates, US Army Concepts Analysis Agency
Panelists: Robert E. Bechhofer, Cornell University
Charles Brown, National Cancer Institute
Churchill Eisenhart, National Bureau of Standards
Dennis E. Smith, Desmatics, Inc.
Andrew P. Soms, University of Wisconsin - Madison

Chien Fu Wu, University of Wisconsin - Madison

CYCLES OF SUICIDE

Joseph M. Rothberg, Walter Reed Army Institute of Research

EXPERIMENT TO DETERMINE EVALUATION OF CURRENT DATA COLLECTION
OPTICAL INSTRUMENTATION IN THE DESERT ENVIRONMENT

Robert A. Dragon, White Sands Missile Range
A TYPE OF CORRELATED DATA IN OPERATIONAL TESTING
Ellen Hertz, US Army Operational Test and Evaluation Agency

TECHNICAL SESSION III - "Simulation Techniques and Applications"

(B1dg. A, Room B)

Chairman: William Baker, Ballistic Research Laboratory

A SIMULATION PROCESS FOR DETERMINING RELIABILITY OF FATIGUE
LOADED STRUCTURES

Donald M. Neal, US Army Materials and Mechanics Research Center

RANDOM NUMBERS FROM SMALL CALCULATORS
Donald W. Rankin, White Sands Missile Range
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INJURY SEVERITY SCORING AND APPLICATIONS TO COMBAT CASUALTY CARE

William J. Sacco
Howard R. Champion
Washington Hospital Center

PREFACE

Injury Scales have wide applications to management of trauma victims in
civilian and military settings. They are used for epidemological studies,
prediction of outcome, triage and monitoring, assessment of clinical
modalities, and for evaluation of patient management.

~ This paper is a product of over ten years of research by the authors
toward developing and validating indices that measure injury severity.]']3

The research began in 1972 at the Maryland Institute for Emergency
Medical Systems (MIEMS) and the Aberdeen Proving Ground with support from
the Department of Army, and since 1976 has continued at the Washington
Hospital Center (WHC), Washington, D. C., with support largely from the
Department of Health and Human Services and the Department of the Navy. A
number of severity indices were developed and tested on a computerized data
base of over 5,000 patients seen at WHC. Methods for developing and
validating indices were refined, and methods of triage, monitoring, and
evaluation of care were developed that used severity indices to describe
the patient population in terms of degree of injury and probability of
survival. The indices are based on easily attained data and have proved to

be reliable predictors of outcome in a number of trauma centers.

In this paper we describe three indices and military applications.



The indices are the Injury Severity Score, 14 the Trauma
Score,d and the Global Index.!5,16 The Injury
Severity Score is based on injury descriptions in terms of
anatomical lesions. The Trauma Score is based on assessments of
physiological responses soon after injury. The Global Index
characterizes patient condition in the intensive care unit using

measures of organ function.

Injury Severity Score

The Injury Severity Score is based on the Abbreviated Injury
Scalel? (AIS), another well known anatomical scale. The
AIS relies on a list of lesions. FEach lesion is assigned a
severity code from 1 (for minor injuries) to 6 (for injuries that
are untreatable and always fatal). Thus, the characterization of
a multiply injured patient in terms of AIS would consist of a

string of numerical codes.

e 159 1 based on ALG severity codes for six body regions,
head and neck, flace, chest, abdominal and pelvic contents,

extrcmities and pelvic girdle, and external.

The ISS ranges from 1 to 75. The higher the score, the
peorer ‘the patient's condition. 1 2 victim has any injury with

an AIS value of 6 the IS8S is assignaed u value of 75. Otherwise,



to compute ISS one first identifies the highest AIS code in each
of the six body regions, and the squares of the highest three of

the six codes are added to obtain the ISS.

Trauma Score

The Trauma Score is a physiological measure of injury
severity. It is based on seven circulatory, respiratory and
neurological assessments easily obtained by doctors, nurses, or
paramedics.

The Trauma Score is developed from these assessments as
shown in Table 1. Eye opening, best verbal response, and best
motor response make up the Glasgow Coma Scale, 8 which is

used worldwide to assess central nervous system function.



TABLE 1

TRAUMA SCORE

CATEGORY DEFINITIONS, METHODS OF ASSESSMENT, AND CODES

Rate Codes  Score
A. Respiratory Rate 10-24 4
Number of respirations in 15 seconds; 25-35 3
multiply by four 36 or greater 2
-9 1
0 0 A.
B. Respiratory Expansion
Normal Normal 1
Retractive- Use of accessory muscles Retractive 0 B.
C. Systolic Blood Pressure 90 or greater 4
Systolic cuff pressure- either arm, 70-89 3
by ausculation or palpation 50-69 2
1-49 1
No pulse 0 0 C.___
D. Capillary Refill
Normal- Nail bed color refill
- in 2 seconds Normal 2
Delayed—- More than 2 seconds capillary refill Delayed 1
None—- No capillary refill None 0 D._
E. Glasgow Coma Scale Total
GCS Points Score
1. Lye Opening
Spontaneous 4 14-15 5
o Voice T3 11-13 4
T'o Pain 2 8-10 3
o A 5- 7 2
- 3- 4 1 .
Je o Best Verbal Response -
Oricnted _5
Confused 4
Inappropriate Words 3
Incomprehensible Sounds 2
None 1
3. Best Motor Response
Obeys Coimands 6
Iocalizes Pain I
Withdraw (pain) T4
Flexion (pain) 73
Extension (pain) 2
Hione :
Total s Point (14243) TRAIIMA SCNRF,

(‘total Points A+B+C+D+E)



To illustrate computation of the Trauma Score, an example is

given below for a hypothetical patient:

Assessment Result Score

Respiratory rate 3 in 15 4
seconds

Respiratory expansion Normal 1

Systolic blood pressure 127 4

Capillary refill Normal 2

Glasgow Coma Scale

Eye opening Spontaneous (4)
Best verbal response Oriented (5)
Best motor response Obeys commands (6)
Total GCS = 15 5

Trauma Score = 16



Table 2 contains probabilities of survival for values of the

Trauma Score based on penetrating injury data.!9

TABLE 2. Probabilities of Survival, Pg, for each value of the

Trauma Score

TS Probability of Survival
16 0.99
15 0.98
14 0.97
13 0.94
12 0.89
11 0.82
10 0.70
9 0.55
8 0.40
/ 0.26
i 0.15
b 0.088
4 0.048
3 0.026
2 | 0.014
| 0.007



Global Index

The Global Index is used in the intensive care unit to

characterize patient condition:

Global Index = R, + Cp + B + Gp,

where
Rh = 1.5 x Respiratory Index
Ch = 0 if serum creatinine is onc or less
2.0 x (serum creatinine - 1.0) otherwise
Bnh = 0.5 x serum bilirubin
Gnh = 1.0 - Glasgow Coma Scale

The Respiratory Index (RI), a measure of respiratory

insufficiency, is defined as follows:

P03

where:

F102 = fractional concentration of 03 in
inspired qgus

P,0, = arterial partial precsare of oxygen in torr

P5C0o = arterial partial pressuare of carbon dioxide in torr



The numerator of the RI is an approximation of the
alveolar-arterial oxygen difference, which is an indicator of
oxygen sufficiency and an important consideration in controlling

arterial oxygenation.

The RI, serum creatinine, serum bilirubin, and the Glasgow
Coma Scale have proven to be excellent indicators of renal,
hepatic, and central nervous system function, respectively, in
trauma patients.1'6'10'1]

Application to management of Combat Casualties

Here we discuss applications of the indices to the triage,

tracking, and evaluation of management of casualties.

Triage Principles Incorporating a Physiological Response Score

Triage is a method of managing mass casualties including
avcei ae !t and classiflication of casualties for priorities of
Croat veent el cvacuaal ion., In a wartime mass casualty situation,
the priorities of trcatment and evacuation are dependent
obviously on military objectives. The priorities can be

radically different for different objectives.



The triage principles discussed here€, which implement
physiological response scores, are intended to maximize
survivors. As such, these principles would be appropriate after

other higher priority objectives (if any) had been addresscd.

By definition, in a mass casualty situation, resources are
not available for meeting the needs of all casualties over a
short period of time. Hence triage is used to sequence patient
care. It the objective is to maximize survivors, establishing

urgency is the first sorting criterion.

The battalion aid station is the primary site of casualty
sorting. Under some current military protocols, casualties are
examined by the battalion aid station medical officer or
assistants. The medical officer determines the level of

treatment required and the priority of evacuation.

A1 canualties are classificd Ly level ol treatment required.
There are toar classitication qroap:s:, called winimal, delayed,

immediate, or expectant; defined as follows:

1) Minimal: Those casualties whose injuries are so slight
that they can be managed by self-help or buddy care and

can be returned promptly to their units for full duty.



2) Delayed: Those casualties whose wounds require medical
care but are so slight that they can be managed by the
battalion aid station or in the amphibian objective area
and can be returned to duty after being held for only a
brief period.

3) Immediate: Those casualties whose conditidns indicate
the need for immediate resuscitation, and usually
surgery.

4) Lxpectant: Thosce casualtices that have low chances of

survival cven if accorded full medical resources.

Triage in the field involves priorities for care in the field
and for evacuation to higher echelons of care. Casualties may be
triaged many times in the field. Frequency will depend upon such
factors as the intensity of combat and availability of time and
resources for resuscitation, treatment, or evacuation, or for

more definitive assessment and treatment.

In cach cnccamstances, serial measurements of a physiological
response score can help provide a finer discrimination of
patients in Cateqories 3 and 4 at various stages of triage and

care. For examplo:

1. Fach patient in Categories 3 and 4 can be assigned a
probability of survival, Pg, associated with the response
score.  The Pg is to be interpreted as the probability of

survival prosuming immediate definitive care.

10



2. Serial assessments can be used to measure the clinical

"change of state" of a casualty:

a. From scene of wounding to Battalion Aid Station (BAS).
b. Awaiting resuscitation therapy at the BAS.

c. Before and after resuscitation at the BAS.

d. In the holding area at or near the BAS.

e. During evacuation.

f. Awaiting additional care in the field hospital.

The serial scores would provide evidence of casualty
deterioration, stability, or improvement.
1
Several studies have evaluated the Trauma Score as an adjunct‘
to casualty triage in the early stages of combat care.20,21
The results showed that Navy Corpsmen were capable of obtaining
Trauma Score assessments Qith minimal training and their facility
and accaracy improved with repetitive dArills and prnctic& on

simultod casanalties.,

Patient Tracking

The Trauma Score and Global Index can provide a permanent
record of patient condition transitions from the injury scene
throuvgh the ICU, with implicatigns for triage, evaluation of care
in general, and evaluation of specific therapeutic modalities at

all c¢chelons of careo.

11



One of the simplest methods for tracking the progress of a
casualty is a time series plot of the survival probability Pg,

illustrated for a hypothetical patient in the figure below,

Location S B H F D1 Dy D3 Dy
The symbols on the horizontal axis are defined as follows:

S: Scene of injury

B: Battalion Aid Station

H: Holding Area

F: Field Hospital

s Definitive Care Facility (Admission and three

caeiveading days)

In the construction of such a chart, the probability of
survival estimates for S, B, (l,and F are based on a simple score
(Trauma Score or variant) and those for Dj are based on the

Global Tndex.

12



In addition, we can provide a graphical presentation of the
ICU record by means of "anatoglyphs", like the diagram shown

below.22'23

B
)

In these anatoglyphs, the five body regions of greatest
physiological importance (the brain, heart*, kidney, lungs, and
liver) are outlined with scale markings. Shading these five
areas to a height corresponding to the severity of the individual
organ's derangement gives an anatoglyph of the patient's

condition. An example is shown below.

*Although the heart is included here, this version of the Global

dex does not contai vardiovascular v 1ables.,
[ndex does not contain cardiov 1ar 1ables

13



The number appearing near the mouth of the profile is the Global
Index. A series of daily anatoglyphs transforms the patient's

charts into a picture sequence that can be read at a glance.

Evaluation of Care

Here we present a two-phase approe:qch‘sl24 to evaluation

of patient care.

The first level, called PRE (from PREliminary), identifies
unexpected survivors and deaths. These cases may be therapeutic
triumphs or failures. PRE can be used to assess patient

management at any echelon.

The 'second level, the State Transition Screen or STS,
identifies patients with unusual clinical courses in the

definitive care unit. Among these are patients who improve

subat.mtially before they dic, and patients who deteriorate
sabtantially before they recover . 'fhese cases may be near
triumphs or near lailures.

PRE: Semi-Quantitative Assessment of Trauma Care

Ideally the basic ingredients of the PRE methodology are two
injury severity scales, one anatomical, the other physioloqical.'
The aqoal of PRE is to identify cases where the outcome was

anomaloas == in toerms of the scales cmplovied,

14



In the discussion here, we use the Trauma Score as the
physiological assessment and the Injury Severity Score as the

anatomical assessment.

The scores are plotted on an x-y graph as in Figure 1. For
example, a patient with an ISS of 25 and a TS of 13 is-
represented by an x or a dot at coordinates 25,13. The dots are
survivors and the x's, deaths. Multiple occurrences at the same

coordinates are indicated by a number near the symbol.

" On such a plot, whatever the scales employed, survivors
usually predominate toward one corner of the plot, deaths at the
opposite corner; and mixed results are seen along a sloping line
that cuts across the connecting diagonal. Such is the case in
Figure 1, where survivors predominate at the lower left and
deaths at the upper right. The sloping line in Fiqure 1 is
called the S50 isobar. At cach point on this line, the patient
has o 50 percent chance of survival. A patient whose point i
below the Tinee in this figure has better than a 50 percent chance

of survival, and in a statistical sense, is expected to survive.

The survivors whose points are above the line, and the
nonsurvivors below the line, are the patients sought to be

identified by PRE: those with anomalous or "unexpected"

o.atcomes. These are cases worthy ol aadit.
The data in Figure 1 are frow oa et o of 402 blunt traum
paticnts scen at tlu:.was;hinqt:nn Hospital Conter (Washington,

15
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D.C.) from January 1, 1980 to December 31, 1981.24 rThe S50
isobar in the figure was computed from earlier data. This
combination -- of current data and historic isobar -- illustrates
the usual implementation of PRE. 1In practice, a patient's (ISS,
TS) pair is plotted & soon as his data are availablé,'and the
decision whether the patient outcome was unexpected (in a
statistical sense) is based on an isobar from previous data. PRE
can also be implemented with two-component physiological scores.
These pairs are ncarly as powerful as the physiological -
anatomical pairs. The patient can be represented as soon as the
measures are obtained. One need not wait for an anatomical
assessment. Figure ? is an example for a two-component pair

applied to serious head injured patients.
State Transition Screen (STS)

The cases cited by PRE are not the only ones that are
intereting and deserving ol audit.  Other interesting cases are
those whose aduwinsion scores to deflinitive care facility indicate
a better than 50 percent chance of survival, but who deteriorate
substantially before they recover; and those whoée admission
scores indicate a low probabhility of survival, but who improve
substantially before they die. To sift out these cases, we need
noaSufés of patient condition, and criteria for distinguishing

major from minor fluctuations,

17
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The survival probabilities needed are the admission value
(Pp) and daily values in the ICU. The admission value can be
based on a Trauma Score - ISS combination or a two-component
physiological score, and the ICU values can be based on the

Global Index.

The audit selection criteria in STS are different for
survivors and non-survivors. The survivors selected are those
for whom Pp is greater than 0.50, but whose survival
probability falls below Pp by 0.25 or more during the ICU stay.
The non—su;vivors selected are those for whom Pp is 0.50 or
less, but whose Global Index reaches 10 or less during the ICU

stay.

19
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A Combined Bayes—-Sampling Theory Method
For Monitoring a Bernoulli Process

Robert L. Launer, U.8. Army Research Office
Nozer D. Singpurwalla, George Washington University

We assume a population of one-shot missiles which are stored
in a ready or near ready state at the physical point of their
deployment. We hope that the missiles will asit in idle waiting for
many years, but this allows environmental effects to degrade the
missileas’ capability of successful deployment. 8ince even a brand
new missile may fail to operate properly, and there are no
important physical differences between the individual missiles in
the given population, we shall assume that a randomly selected

missile will have a probability p. of successful deployment, or
reliability, at time t.

It is obviously important to monitor p., so a sample of the
missiles is tested periodically. 8ince the testing is destructive,
the population is eventually depleted by the testing. Furthermore,
defects in missile design may be uncovered, so modifications may
be , introduced which will have a tendency to increase the
reliability. For technical reasons, however, we choose to describe
a test which is designed to detect & deterioration in the
reliability.

No target value for the reliability is given by management, so
that the testing at time t is used to determine if there has been
a change in the reliability since time t-1. The following
requirements are given and will be used to formalize a test of
hypothesis to accomplish the goals of the testing procedure.

It is required to:

1. detect whether p. has changed by an amount d* since the
immediately preceeding ,testing period, with a probability of at
least 7 at time t=2,3,4,...

2. compensate for the sampling uncertainty in Pe, the
estimate of p., in constructing the test of hypothesis.

3. use the minimum possible sample sizes in accomplishing
requirements | and 2, above.

S8ince the test data are pass-fail in nature, the binomial
probability model 1is appropriate for describing the stochastic
sample behaviour. Suppose we choose the test size to be o for the
hypotheses:

Ho: Pe=pe—a

Hi! Pem(pe—y)=~d*
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Requirement 1, above, leads to a type II error, g=i-v. We are
then lead to solve the following inequalities simultaneously for

Ne and x¥ as follows. Let B(x,njp) represent the cumulative
binomial probability of x or fewer successes in n trials. That is,

Bi(x,nip) = E(7)ps (1-p) ¢n—s>
3= :

Then the inequalities of interest are:!

Bxg,nespe) ¢ o (1)
B(XE,nejpe=d*) > t-p (2)

For pe-1 known, the null hypothesis is rejected 1if the
current sample yields x¥ or fewer reliable missiles. Since pe-: is
not known, however, (1) and (2) are solved after substituting Pe.-.:
for pe—-1 since we have no target value for it. We will account for
this wuncertainty by averaging the pair xg, n. with respect to the
prior distribution for pe. First, however, we shall introduce a
sequential scheme to reduce the sample sizes required.

For practical reasons, the missiles are tested sequemtially
in time. Therefore, when a critical sample value is obtained, the
sampling may be curtailed. That is, if x£+1 successful tests or if
Ne=xE+1 failures are experienced before the sample is completed
then the test may be curtailed (terminated prematurely) withou&
effecting the error distribution of the test., The curtailed
sampling distribution is expressed as follows. OGiven p. and xg,
the probability’ that ne=x when a curtailed sampling procedure is

used is:
[/ x-1 Ne=XE  X=(Ne=x$)
(1-pe) Pe b De—XBIXENE
Ne=X¥-—-1
x—1 Ne—XE K= (Ne=xE)
PlNne=x|pel = (1-pe) Pe + (3)
Ne=XE-—-1
x-1 X=XE-1 XE+L
(1-p¢) Pe ’ Xt(xﬁ_nt
| \ X—-xg-1

In order to obtain PIne=x1, we compute the average with
respect to the prior probability for pe, given by g(pei#). In the
absence of information to the contrary, the conjugate prior in
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the binomial case, 1is not only convenient, but also natural. This
prior is the Beta distribution given by:

9(Pla,b,#) = B-2(a,blp=—1(1-p)==1, a>1, b1,

where,
B(a,b) = r(a)r(b)/r(a+b) ,

rix) is the gamma function [1, p. 2551, and # refers to the
experimental hypothesis relevant to our situation. The averaging
process yields: ‘

X=1 '
( ) B=(a,b) B(X-Ne+x¥+a,ne=x2+b)
Ne=xE-1

for ne-xei{xgxe

{
x=-1
Plnemx]l = ( )B"1 (a,b) B(x=ne+xt+a,ne-xt+b) + (4)
Ne—-XE-—-1 4

x-1
( ) B-*(a,b) B(xg+1l+a,x—xe-1+b)

for xe<x{n.

The expected sample size, E[n.], can be obtained by computing:

ElnNel = E XPLne=x1

KO

A full Bayesian treatment of the problem is developed as
follows. Equations (1) and. (2) are averaged with respect to the
prior as shown below.

1
fo B(XE,ne3pe)g(peidpe < o S

1
./0' B(x¥,nejpe-d)glpe 1M dpe > 1-n (&)

Integrals (5) and (&) may be re-expressed in closed form which
allows them to be solved iteratively for %. and N.. These values
are then used in equations (3) for computing the expected sample
sizes., We point out that (5) 1is related to the predictive
distribution which is wused for model checking or informal
hypothesis testing in the Bayesian context [2, p.3851].
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Generally, prior distributions on unknown parameters involve
parameters of thelir own which, in turn, depend on the experimental
conditions or hypotheses. In our example the parameters are ’a’ and
'b’. The experimental hypotheses and specific parametric values for
our situation are abtained and applied by using the following line
of reasoning. Before the initial test, little or no a-priori
information is available about p. so a flat prior distribution is
assumed. The uniform prior corresponds to the parameter values
a=b=l, and essentially assigns equal weights to all values of pe
in the interval (0,1). After the +first test sample has been
obtained, say x. and n,, the posterior distribution is a Beta
distribution with parameters a+x, and b+n.-x,. The mode of the
posterior may be used as an estimate for p,. This is given by
Pi=(a+x,-1)/(a+b+n,~-2), and as noted previously, is the value
against which the second sample is tested. The complete testing
strategy is outlined below.

1. Before testing begins, the prior distribution is defined. This
should be based on engineering knowledge and experience and
developmental history. Since it is not usually possible to obtain
that information from engineers, 1t is imperative to provide a
reasonable alternative. For this we suggest using an initial
sample, corresponding to time +t=0. The implied prior for the
initial sample is the uniform distribution of the Beta family.

2. The monitoring procedure begins with the first test sample and
proceeds as follows. At time t(=1,2,3,...) the prior distribution,
9« (.), 1is the posterior distribution from the test at time t-1, or
he-1(.). The mode of the prior is the value for pe-: in the null
hypothesis against which the sample at time t is tested.

3. The sample asize and critical value for the test is obtainaed
from equations (1) and (2). If the sample results on an acceptance
of the null hypothesis, then the sample values are used to update
the prior, resulting in the posterior distribution. A new modal
value for p is obtained which will be used in the test at time
t+1, and a new sample size and critical value are obtained.

4. If the sample results in a rejection of the null hypothesis at
time t, then the current prior 1is discarded, and the current
sample is used to determine the prior for the following test of
hypothesis.

The authors wish to acknowledgs helpful discussions with
Prof. George Box, Prof. Michael Woodroofe, and Dr. Daniel Willard.
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Abstract

This paper describes a new closed adaptive sequential procedure
proposed by Bechhofer and Kulkarni [1982a] for selecting the Bernoulli
population which has the largest success probability. The perfbrmance of
this procedure is compared to that of the Sobel-Huyett [1957] single-stage
procedure, and to a curtailed version of the single-stage procedure, all of
which guarantee the same probability of a correct selection. Optimal
properties of the Bechhofer-Kulkarni procedure are stated; quantitative
assessments of important performance characteristics of the procedure are
given. These demonstrate conclusively the superiority of the new procedure
over that of the competing procedures. Relevant areas of application are

described. Appropriate literature references are provided.

Key Words

Bernoulli selection problem, selection procedures, single-stage
procedure, closed sampling procedures, one-at-a-time sampling procedures,
adaptive sampling procedures, curtailed sampling procedures, vendor

selection, clinical trials.
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1. Introduction

The problem of devising statistical procedures for selecting the
Bernoul1i population which has the largest "success" probability has been
the subject of intensive research by many investigators for more than
twenty-five years. Interest in this problem stems from the fact that it
arises in many areas of application of great practical 1mpoftance: It
arises, for example, in vendor selection when the purchaser seeks to
identify the vendor with the largest fraction of conforming items.
Similarly, in research and development, it arises when the scientist wishes
to identify the process or system which has the largest probability of
pérforming best. In clinical trials the medical researcher studies various
treatment regimes with the intent of determining the one which has the
largest probability of achieving a cure (or some other desirable effect)
for the malady under investigation. Recently it has been shown that the
problem of selecting the Bernoulli population with the largest success

probability is closely related for quantal response curves to the problem

of selecting the curve with the smallest q-quantile; this latter problem
arises in certain military and medical settings. (See Tamhane [1983].)

The published 1iterature on the Bernoulli selection problem and
associated procedures is vast. The interested reader is referred to an
article by Bechhofer and Kulkarni [1982a] for a recent survey of these
papers. In that article the authors proposed closed adaptive sequential
procedures for various Bernoulli selection goals. Unlike earlier
procedures which had been proposed on ad hoc or heuristic grounds, these
new procedures have certain important optimality properties and in addition
have very desirable performance characteristics. It is the purpose of this

present article to introduce the reader to the Bechhofer-Kulkarni procedure
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for the particular goal of selecting the Bernoulli population which has the
largest success probability, and to describe some of its properties.
Appropriate 1iterature references are given for those who wish to study the
procedure in greater depth. It is perhaps of some interest to note that

all of the articles concerning this new procedure have appeared within the

past two years.

2. Statistical assumptions and notation

Let m, (1 <1< k) denote k > 2 Bernoulli populations with
corresponding single-trial “success" probabilities Py Denote the ordered
values of the P by p[]] £ eee S-D(k]; the values of the Py and of
the PLiT and the pairing of the I, “with the Pri] (1 <1,j < k) are
assumed to be completely unknown. The goal of the experimenter is to
select the population associated with p[k]; when this population is

selected, the experimenter is said to have made a correct selection (CS).

For each of the examples cited in Section 1, it is meaningful to refer to

the population associated with p[k] as the "best" population.

3. Bernoulli selection procedures

3.1 A single-stage procedure

Sobel and Huyett [1957] proposed a single-stage procedure for

selecting the best Bernoulli population. Their procedure which was
developed while the authors were employed at the Bell Telephone
Laboratories was motivated by industrial applications. This single-stage

procedure Poc = (RecsTgg) has a sampling rule (Rgg) and a terminal
decision rule (TSS) which are given below.
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SINGLE-STAGE PROCEDURE (Pss) FOR SELECTING THE POPULATION

ASSOCIATED WITH Prkye

Sampling rule (RSS): Take exactly n 1independent observations

from every population,

Terminal decision rule (TSS): Let X denote the number of
“successes" in the n observétions from Iy, and let
Xr13 S-X[ZJ £ oo S.X[k] denote the ordered values of the
x; (V<1 < k). Select the population that yielded X[k]
as the one associated with p[k]’ randomizing among all

populations that have x-values equal to x[k].

(3.1)

(3.2)

We now give two examples of PSS‘ In these examples we denote a success

(failure) from I by Si (Fi) (1 <1 <Kk).

Example 1: (k = 3, n = 3)
al

1
1

F
s
5

D

)
S
s

=
w

”w M n
w w

Here x =2 <{x = 3, which was yielded by 1n,. Hence, select I
(2] (3] . 2 2

as the population associated with p[3].
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Example 2: (k = 3, n = 3)
m T T

1
1
1

53
53
33

N N

S F
S S
S S

Here Xy = 2 < X[2] = X[31 ° 3 which was yielded by n, and m;. Hence,
select (n],n3) with probability (% ,.%) as the population associated

3.2 Sequential procedures involving one-at-a-time sampling

Throughout we 1imit consideration to the class of sampling rules (R)

which take no more than n observations from any one of the k

populations; the single-stage procedure is clearly in this class. The
choice of n > 1 1is arbitrary and can be arrived at using economic
considerations. ‘

We shall describe sequential procedures in which observations are taken

one-at-a-time (instead of in a single-stage) and show the gains that can

" be achieved by employing them. We denote a success (failure) from m  at
stage m by ST (FT) (1 <1<k, 1 <m<kn). Let n§m denote the
total number of observations taken from ni through stage m, and let
zi,m denote the total number of successes yielded by I, through
stage m (1 <i <k; 1 <m<kn).

In Section 3.2.1 we describe a sequential procedure P. = (RC’SC’TC)
which uses arbitrary one-at-a-time sampling rules in conjunction with an

obvious stopping rule employing what we term weak curtailment (along with
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an associated terminal decision rule). We show by examples how Pc can

achieve a decrease in the total number of observations to termination
relative to the kn observations required by the corresponding
single-stage procedure. In Section 3.2.2 we describe our new sequential
procedure P* = (R*,S*,T*) which uses an optimal one-at-a-time sampling

rule in conjunction with a stopping rule employing what we term strong

curtailment (along with an associated terminal decision rule). Examples

are given to show how P* operates, and the savings that can be achieved
by using it. By weak curtailment we mean that a strict inequality (>)
holds in (3.4) below, while by strong curtailment we mean that a weak
inequality (>) holds in (3.6) below.

In Section 4 we give some of the optimality properties of P*, and
point out the ways in which P* s superior to Pb‘ Section 5 contains
some typical results concerning the performance of p*. We make some

concluding remarks in Section 6.

3.2.1 Procedures P, = (RC’SC’TC)

We now describe the procedures (Pt) in this class.

PROCEDURES (Pb) FOR SELECTING THE POPULATION ASSOCIATED WITH Prky:

Sampling rule (RC): At stage m (0 <m < kn), take the next

(3.3)
observation from an arbitrary one of the k populations.
Stopping rule (SC): Stop sampling at the ffrst stage m
at which there exists at least one population I,
satisfying
(3.4)

2 o> Zim N -y forall j=+1 (1 <i,j <Kk).
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Terminal decision rule (Tb): If r>1 populations, say

My seeesdly simultaneously satisfy (3.4), then select
1 r ‘

one of them at random as associated with p[k]‘

The stopping sequences given in the following examples i1lustrate how

Pb = (RC’SC’TC) operates.

Example 3: (k = 3, n = 3)

h 2 B

S5
3
5

In this example\we have assumed that the first six outcomes of Example 1
were obtained in the order indicated by the superscripts. Clearly one can
stop sampling after having obtained Sg, and select m, as the population
associated with p[3]. Here n2 has "beaten" n] and n3, and this
result will not change no matter what the outcomes of the remaining three

observations.

Example 4: (k = 3, n = 3)

T S
S
d 3
s 5
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In this example we have assumed that the first seven outcomes of Example 2
were obtained in,the order indicated by the superscripts. Thus one can
stop sampling after having obtained S;, and select (n],n3) with

probability (%.,'%) as the population associated with pr.

Remark 3.1: We see that F% arrives at the same terminal decision as

does PSS‘ Therefore, it achieves the same probability of a correct
selection as does Pgs. Moreover, it usually accomplishes this with a

smaller total number of observations to termination than the kn observa-

tions of the corresponding PSS'

3.2.2 The procedure P* = (R*,S*,T*)

Our procedure P* which uses an optimal sampling rule (R*) in
conjunction with the stopping rule (S*) and the terminal decision rule

(T*) s described below.

PROCEDURE (P*) FOR SELECTING THE POPULATION ASSOCIATED WITH Prky°

Sampling rule (R*): At stage m (0 < m < kn-1), take the next

observation from the population which has the smallest

number of failures among all 1. for which n <n

i i,m
(W <1 < k). If there is a tie among such equal-number-
of-failure populations, take the next observation from (3.5)
that one of them that has the largest number of successes.
If there is a further tie among such equal-number-of-success

populations, select one of them at random and take the next

" observation from it.
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Stopping rule (S*): Stop sampling at the first stage m at

which there exists at least one population ny

satisfying (3.6)

zi,m 2_zj’m + ("'"j,m) for all j+# i (1 <1,j <k).

Terminal decision rule (r*): If r > 1 populations, say

My seeenlly simultaneously satisfy (3.6), then (3.7)

i
1 r
select one of them at random as associated with p[k].

We now give two stopping sequences to illustrate how

P* = (R*,S*,T*) operates.

Example 5: (k = 3, n = 3)

h M I
34
Fi 32 33
5 .2

5 F3

In this example we have applied P* to the first five outcomes of
Example 3. We see that at stage 5, n, satisfies (3.6). Hence,
select M, as associated with Pr3y Here neither m, nor Mm, can

do better than tie n, no matter what the outcomes of the remaining

four observations,

Note: We point out that (3.5) is a well-defined sampling rule which
dictates the population or populations from which the next observation must
be taken. Thus, for example, if in Example 5 the outcome of the second
observation from ; were a success (Sg) instead of a failure (Fg),

then the third observation must be taken from ns;.
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Example 6: (k = 3, n = 3)
o T TR

S

(7]

2
1
3
1
4
)

In this example we have applied pP* to the first four outcomes of

Example 4. We see that at stage 4, m, satisfies (3.6). Hence,

select m as associated with p[3]. Here I, has "beaten" M, and

I cannot do better than tie I

remaining five observations.

1’ no matter what the outcomes of the

We now point out an important property shared by PSS’ Pb and P*
(along with many other competing procedures). This property is summarized
in Theorem 3.1, below. In the theorem it is assumed that if two or more
populations have a common p-value equal to p[k]. then these tied popula-
tions are tagged in such a way that their ordering is unique, i.e., one is

associated with p[k], a second with p[k_]], etc.
Theorem 3.1: P{CS|(RSS,TSS)} z P{CSI(R*,S*,T*) uniformly in (p],pz,...,pk).

This fundamental result was first proved (in more generality and under very
reasonable assumptions) in Kulkarni [1981], and reported in Bechhofer and
Kulkarni [1982a]. More recently Jennison [1983] proved a much more

general result.

Note: We have already pointed out in Remark 3.1 that P{CSI(RSS,TSS)} =
P{csl(Rc,sc,T )} uniformly in (PysPpsecesP) )
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In order to have a rational basis for making distinctions between
these procedures, and in particular for deciding which one is "best" in
some reasonable sense, it is necessary to study other important performance
characteristics of the procedures. Two such performance characteristics
are E{N(i)} (Y < i < k) and. E{N}; here N(i) denotes the total number
of observations taken from the population associated with p[i] (" <1 <k)
and N = [:zl N(i) denotes the total number of observations taken from all
k populations, when a procedure terminates sampling. In Section 4 we cite
several optimality properties of P*, stated in terms of E{N(i)}
(1 <1 <k) and E{N}. In Section 5 we give some typical results of

studies made of the performance of E{N}.

4, Optimality properties of P*

The theorems cited below concerning the optimality of P* are proved
in their present generality (along with others) in Kulkarni and Jennison
[1983], and are reported on in Bechhofer and Frisardi [1983]. Earlier, more
restricted versions were proved by Kulkarni [1981]. Further optimality
results are contained in Jennison and Kulkarni [1984].

In this section, R refers (as before) to an arbitrary sampling rule
which takes no more than n observations from any one of the k > 2 popu-
lations, and which is used in conjunction with the stopping rule s* and
the terminal decision rule T* of (3.6) and (3.7), respectively. For

k =2 let R* denote the conjugate sampling rule in which Ny m=Z and

,m
respectively. We

Zi m of (3.6) are replaced by Zi and Ny m-2i

now state several theorems concerning the optimality of R* and R*,
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Theorem 4.1: For k = 2, a necessary and sufficient condition that

P* = (R*,S*,T*) minimize E{N'(p],pz)} among all procedures (R,S*,T*)
is p]+p2.g 1. For k = 2, a necessary and sufficient condition that
P* = (R*,S*,T*) minimize E{N'(p],pz)} among all procedures (R,S*,T*)
Is py+p, & T

Theorem 4.2: For k = 2, a necessary and sufficient condition that
P* = (R*,S*,T*) minmize E{N(])l(p],pz)} among all procedures
(R,S*,T*) is

S 10 Bl b ) Ul

P2y 2 ; (-1

Theorem 4.3: For k > 3, a sufficient condition that P* = (R*,S*,T*)

minimi ze E{N'(p],pz,...,pk)} among all procedures (R,S*,T*) is

k
k-1) > 1. 4,2
p[]]+i)=:2 p[‘i]/( ) > (4.2)

Theorem 4.4: For k > 3, a sufficient condition that P* = (R*,S* T*)

. s

minimize 7, E{N(i)l(p].pz,...,pk)} for all s (1 <s < k) among all
procedures (R,S*,T*) is pU]+p[2]3 1.

Remark 4.1: It can be shown from (4.1) that P* minimizes E{N“)I(p],pz)}

among all procedures (R,S*,T*) over approximately 81.55 percent of the

(p] ,pz)-paraneter space.
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Remark 4.2: In the context of clinical trials it is desirable to minimize
the expected number of observations taken from the inferior populations,
f.e., those with small p-values. Hence, the felevance of Theorems 4,2
and 4.4, '

The foregoing theorems summarize some of the most 1mportént optimality
properties of P*, and show why, in particul&r, it is superior to PSS
and PC‘ Not only is P* superior to PSS and PC but also any procedure

which uses R in conjunction with S* s superior to a corresponding

procedure which uses the same R in conjunction with SC.

Remark 4.3: The following additional properties of P* have been shown to
hold:
a) n <N<kn-1 for all (p],pz,...,pk)
b) P{N = "|(p1'92""'pk)} »1 for pry» 1,
P{N = kn-l'(p],pz,...,pk)} > 1 for Prky * 0.
As a consequence of a) we have

c) n < E{N} <kn-1 for all (p],pz,...,pk)

1, E{N} , kn-1
d) — <=2« for all sPnseses . The ratio E{N}/kn
can be thought of as a measure of relative efficiency, small

values of the ratio favoring P*.

5. Performance of P*

Extensive studies of the behavior of P* have been carried out in
order to obtain numerical assessments of its performance--in particular to
study the distribution of N(i)’ and E{N(i)} (1 <1 <k), thedistri-

bution of N, and E{N}, as well as the achieved P{CS}. Bechhofer and

’
4
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Kulkarni [1982b] provides many tables of these quantities for k =2 and 3
with selected n and (p[]].p[zl,...,p[k]); all of the results given in
the tables are exact, having been calculated using recursion formulae.
Bechhofer and Frisardi [1983] provides a large number of analogous tables
containing very precise estimates of such quantities (and others) for

k = 3, 4 and 5 with selected n and (p[]],p[z],...,p[k]); these were
obtained using Monte Carlo (MC) simulation since the cost of calculating
exact results would have been prohibitive,

Three typical tables taken from the aforementioned articles are
reproduced here. Table 5.1 shows for k = 3, n =7 how the distribution of
N(i) (v <1 < 3) and hence E{N(i)} (¥ <i <3) and E{N} change as the
differences between the p[i] (1 €1 < 3) become larger; in each case the
Py (1 <1 < 3) are equally-spaced around Pr2y = 0.6, the spacing increas-
ing from 0.1 to 0.4. We note the dramatic decrease in E{N(])} and E{N(z)},
and also the large decrease in. E{N} as the spacing increases. The E{N(i)}
(1 <1 <3) values of 3.47, 4.28 and 5.46 for the p-vector (0.5,0.6,0.7),
and the values 0.62, 1.22 and 6.58 for the p-vector (0.2,0.6,1.0) are to be
compared with the n = 7 observations per population required by the
corresponding single-stage procedure; the corresponding E{N} values of 13.21
and 8.42 are to be compared with kn = 21 for the single-stage procedure.

As a consequence of Theorem 4.3 we note that P* is optimal for both of the
p-vectors in Table 5.1 since pt]] + (p[2]+p[3])/2 21

Table 5.2 shows for k =5, n =50, how E{N(i)} (hW<ig 5?
decreases as p[S] of the p-vector (p[]],p[zl,p[3],p[4],p[5]) increases
(p[5] = 0.45(0.10)0.95) while the differences Pri1PLi-1] (2 <i <5)

42



TABLE 5. 1Y/

Exact distribution of N(i)’ and E{N(i)} (i =1,2,3) and E{N} for P*

when k =3, n=7 and (p[l]’p[Z]’p[BJ) = (0.5,0.6,0.7) and (0.2,0.6,1.0)

p[] ]=0.5, p[2]=0.6’ p[33=0.7 p[-l ]=0.2’ D[2]=0.6, p[3]=].0
a
0 0.054 0.045 0.018 0.505 0.500 0.014
1 0.180 0.123 0.054 0.396 0.200 0.000
2 0.173 0.123 0.064 0.079 0.120 . 0.000
3 0.149 0.117 0.070 0.016 0.072 0.000
4 0.118 0.103 0.07M 0.003 0.043 0.000
5 0.087 0.085 0.066 0.001 0.026 0.000
6 0.081 0.109 0.146 0.000 0.016 0.324
7 0.158 0.294 0.512 - 0.000 0.023 0.662
E{ N(] )} 3'47 --- - - 0062 - - - - oo
E{ N(z)} .- 4.28 hndadind - 1022 kg
BNy | -~ —- 5.46 —-- - 6.58
E{N) (3.47 + 4.28 + 5.46) = 13.2] (0.62 + 1.22 + 6.58) = 8.42

l/Abstracted from Table 4.13 of Bechhofer and Kulkarni [1982b].

Note: The corresponding single-stage procedure (which guarantees exactly the
'same probability of a correct selection as P*) requires seven observations
from each of the three populations.
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TABLE 5.2/

)
Monte Carlo estimates of E{N(i)} (1 <1<5) for P*

when k = 5, n = 50 for selected (p[l]’p[Z]""’p[S])

Monte Carlo estimate of

(p[lltp[zlgoo-'p[sl)
BN [ BNy} | ElNgg)} | BNy} | ElNGs))

(0.05,0.15,0.25,0,35,0.45) 28.56 31.94 35.99 41.96 49.13

(0.15,0.25,0.35,0.45,0.55) 25.74 29.33 34.03 39.96 49,10

(0.25,0.35,0.45,0.55,0.65) 22.33 25.90 30.61 37.57 48.86

(0.35,0.45,0.55,0.65,0.75) 18.99 22.16 27.02 34.91 48.79

(0.45,0.55,0.65,0.75,0.85) 13.26 15.86 20.40 29.50 48.75

(0.55,0.65,0.75,0.85,0,95) 5.28 6.55 9.39 17.17 48.99

1/ Taken from Table I1 of Bechhofer and Frisardi [1983] with results for
E{N(g)} added.

Note: The corresponding single-stage procedure (which guarantees exactly the
same probability of a correct selection as P*) requires fifty observations
from each of the five populations.
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TABLE 5.3%/

Monte Carlo estimates of E{N} for P* when k = 5,

n=10, 30 and 50 for selected (p[1]’p[23""’p[5])

Monte Carlo estimate of E{N}
(Pr13PL2]2 -+ +PL5])

kn = 50 kn = 150 kn = 250
(0.05,0.15,0.25,0.35,0.45) 34,48 110.28 187.55
(0.15,0.25,0.35,0.45,0.55) 31.54 104.81 178.16
(0.25,0.35,0.45,0.55,0.65) 29.57 98.54 165.27
(0.35,0.45,0.55,0.65,0.75) 26.15 89.75 151.87
(0.45,0.55,0.65,0.75,0.85) 22.09 75.04 127.76
(0.55,0.65,0.75,0.85,0.95) 17.46 54,40 87.38

Y/ This 1s Table VI of Bechhofer and Frisardi [1983].

Note: The corresponding single-stage procedures (which guarantees
exactly the same probability of a correct selection as P*) require
exactly n observations from each population.
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remain equal to 0.1. While P* 1s only known to be optimal here for Hpe
p-vectors with Prsy = 0.85 and 0.95 we see that the E{N(i)} (1<1<4)
decrease dramatically for increasing p[5], always being substantially less
than the n = 50 required from each population by the single-stage procedure
which guarantees the same P{CS}.

Finélly, Table 5.3 shows for k=5 and n = 10,30,50 and the same
p-vectors as used in Table 5.2, how E{N} decreases as Prs] increases;
see Remark 4.3 for an explanation of this phenomenon. Here the E{N}-
values in any column are to be compared with the kn-value required by
the singlesstage procedure which guarantees the same P{CS}; thus,
for example, each entry in the third column is to be compared to
kn = 250,

We see from Tables 5.1 and 5.2 that P* tends to sample far less
frequently on the average from'the inferior populations than it does from
the superior populations; this is highly desirable in clinical trials.

Table 5.3 shows that E{N]} decreases as the Pri] (1 <1 < 5) increase;
this is highly desirable in vendor selection where most of the p[i]

(1 <1 <5) tend to be large. The results cited in these tables are
typical of those given in the tables of Bechhofer-Kulkarni [1982b] and
Bechhofer-Frisardi [1983].

Remark 5.1: General methods for estimating and bounding E{N(i)} (V<1 <k)
and E{N} for P* are given in Jennison [1984]; these improve on earlier

results given in Bechhofer and Kulkarni [1982b].
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6. Concluding remarks

We have demonstrated conclusively that P* has highly desirable
performance characteristics. Very substantial savings in E{N} can be
realized if P* 1s used in place of the Sobel-Huyett single-stage
procedure with both achieving the same P{CS}; these savings increase as
the pi-values (1 <i < k) increase. In addition P* samples from the
inferior populations far less than from the superior ones thus making it
particularly attractive for clinical trials. Finally, we note that from a
practical point of view, P* is very easy to carry out, and no special

tables are needed for its implementation.
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. Abstract

The bounds of Boyd (1959) and Soms (1980a, 1980b) for the tail areas
of the normal and t-distributions are used to obtain a new method of
evaluating the tail areas. The absolute and relative errors and numerical

examples are given.
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1. The Method

We begin by introducing notation and stating the main results of Boyd

(1959) and Soms (1980a, 1980b). Boyd (1959) showed that if
1

o(x) = (2n) Zexp(-x%/2),- Flx) = 1 a(t)at
and Ry = F(x)/¢(x), x >0, -then

POxvpgn) < Ry < plxy vy )
-1
where plx,y) = (v + 11/L0C + (imy + N2 4 ), v = 2/(5-2),
Yoin =" - 1, and the bounds are the best possible in the class
{p(x,y),y > = 1}. This is also discussed in Johnson and Kotz (1970, Ch. 33).
Soms (1980a, 1980b) extended the above results and showed that if for arbitrary

real k > 0 and x > 0,

£,(t) = c (14t27k)(k¥1)/2 o TUk#1)/2)
‘ O kK r(ks2)(nk) 172

Fi(x) = 1-F (x) = /] £ (t)dt,

R(x) = F (/[0 F (0]

. . a0l 2 . k
for k > 2, y . =4c/(1-4c)) and y , = ————7 -1, and for
-2(k+2)ck
k<2, v, i @aNd Y., are interchanged,
and
plx,y) = ——12

(x2+4ci(]+,¥)2)1/2*‘yx ' 50



then

PO,y i) < R (X) < plxoy, ) s
or equivalently,

2
) < F(x) < (=) f (0pxoy ) s

2
(14) £ (x)p(x,Y, nax

min

and the bounds again are best in the same sense as for the normal.

It was also fhown there that if k = 2, Ypax = Ymin = Y2 and Rk(x) = p(x,yz).
The numerical properties of these bounds are discussed in the above

references. The important fact to be noted here is that the bounds control

both absolute and relative error. Using the bounds as a starting point

we now develop a simple method of evaluating normal and t-tail areas that

controls both absolute and relative error, as opposed to the usual methods,

which generally only control absolute error.

We consider estimates of the tail area of the form

(a+bx
c+dx

Jox) + (1 - 2200y Ye(x) (1.1)

Yp(x,y Tdx ax

min

for the tail area of the normal and

(%) b (%, v 1) () + (1 = 22y p0x,y )£, () (1.2)

for the tail area of the t. We want the estimates to lie between the upper
and lower bounds for the tail area and be strictly decreasing functions

of x and therefore impose the added restrictions that

bc > ad

51



and

Since f(0) = %, we may, without loss of generality, assume that ¢ = 1 and

so our weight functions f are of the type

f(x) = 35X, (1.3)

where 0 <a <1, d>0, bc>ad, and g-ill. We then seek that
particular choice of f which minimizes the absolute error. A direct computer

search led to

for the normal and

fF(x) = — (1.5)

by .70 +1.82/k - .2/k% (1.6)

for the t, where, as noted before, k is the degrees of freedom. (1.6)

was obtained by finding the optimal constants for k = 25, 10, 5, 3, 1.5, 1, .5
and fitting a regression line to them. However, in the interests of simplicity,

for k < 2, we did not interchange Ymin and Yra and so (1.5) and (1.6) are

X

understood to apply for all k with vy

min and Ymax defined as for k > 2,

Numerical evidence indicates that, at least for k = 1, the above optimal
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estimate is still a decreasing function of x.

The maximum absolute and relative errors of the optimal estimates are
remarkably constant over the range 1 < k <~ and hence we only give the
normal figures. For (1.4), the maximum absolute error is .66x10'4 and the

maximum relative error is .97x10'3.

We emphasize once more, that, unlike
the usual methods, which generally control only absolute error, the above
controls both absolute and relative error and hence can be used to calculate
ordinary and Bonferroni descriptive levels and ordinary and Bonferroni
percentiles.

As a check, we calculated the standard textbook table of the normal,
given, e.g., in Brown and Hollander (1977) and found at most a difference
of 1 in the fourth decimal place. We also compared the small normal percentiles
given in Abramowitz and Stegun (1965, p. 977) to the ones obtained from (1.4)
and after rounding both to three decimal p1acés found that there was at most
a difference of 1 in the third decimal place. Similar results apply to the
t.

2. Concluding Remarks

We have given a method of calculating normal and t-tail areas which controls
both absolute and relative errors. The listings of the short FORTRAN programs
are available on request from the author. Preliminary results indicate that
it is possible to improve on the accuracy of the approximations here described

at a modest increase in complexity and these results will be reported shortly.
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THE DESIGN OF A QUANTAL RESPONSE EXPERIMENT:
AN EMPIRICAL APPROACH

Refik Soyer

1. INTRODUCTION

The U.S. Army Kinetic Energy Penetrator problem has been de-
scribed by Mazzuchi and Singpurwalla (1982), henceforth MS. Their
objective was to estimate the relationship between the striking velocity
(the stimulus) and the probability of penetration of a projectile. This
is a quantal response experiment in which the goal is to estimate the
probability of response for a given stimulus.

The strategy used to test the effectiveness of the penetrator is
to fix an angle of fire and then to fire the penetrator at different
striking velocities. After each firing, the outcome, success or failure,
is recorded.

The equipment used in testing is expensive, and thus testing is
kept to a minimum. Typically, an experimenter is allowed a fixed number
of tests. That is, a fixed number of copies of the penetrator can be
tested at different striking velocities. Therefore, designing the ex-

periment in an optimal way is an important issue. In a quantal response
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problem, the investigator is also interested in estimating the striking
vélocity (stimulus), say Va , at which the probability of penetration
(response) is a . Thus, the experiment should be designed in a way
that will provide the investigator wigh a "good" estimate of the Va ,
for a specified amount of testing.

In this report, we attempt to present an approach that may be
helpful in designing an experiment which addresses the objectives men-
tioned above. Due to the nature of the penetrator problem, interest
generally centers around V.05 and V.95 ,» stimuli at which the prob-
abilities of response are 0.05 and 0.95 , respectively. In our anal-

ysis, we will focus attention on the former.

2. AN OUTLINE OF THE APPROACH

Suppose that the experimenter is allowed to test k copies of
the penetrator at k distinct levels of the stimuli. Our goal is to
select the k distinct levels of stimulus in a way that will provide
us a "'good" estimate of V.05 .

To estimate V'05 , we first estimate the response curve based
on the k distinct firings. The approach discussed in MS is adcpted.

Let V1 < V2 < ooe L Vk be k distinct levels of the stimulus.
Since our aim is to select these k distinct levels in an "optimal"
way, different designs have to be considered in the analysis. Because
actual testing under the various designs is not practically feasible,

our analysis is based on a simulation.
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2,1 Simulation of the Responses

The outcome of a test at V., 1is described by a binary variable

i

=1 1if the target is defeated and X, = 0

Xi , 1=1,2,...,k , where X i

i

otherwise. To simulate the outcome X, of a test at stimulus Vi , we

i

assume that we know the 'true" probability of response at Vi
i=1,2,...,k .

Let V, < v, <...< V, be the selected levels of stimulus for
the experiment; then (Vl, V2, ceey Vk) is the selected desigﬁ. Let
R(v) be the '"true" response curve; the response curves considered here
are cumulative distribution functions. Thus, the true probability of
response Py at stimulus Vi is R(Vi) . Next we generate a random

variable, U from a uniform distribution over (0,1) and set X, =1

i°? i
if Ui < P > and Xi =0 ({if Ui > Py Thus the outcome for a given
design is a k-dimensional vector of 0's and 1's.

Once § = (Xl, Xz, AN Xk) is obtained, the probabilities of

response, pi's » 1 =1,...,k , can be estimated using the approach

discussed in MS.

2.2 Estimation of V.05

To estimate the probability of response, Py » for each V

i ’
i=1,2,...,k , we assign a Dirichlet as a prior distribution for the

successive differences Pys Py7Pys cees PPy and the modal value of
the joint posterior distribution is a Bayes point estimate of
(pl,...,pk) . The computation of the modal value of the joint posterior
distribution necessitates the use of an optimization algorithm; this is

described by Mazzuchi and Soyer (1982).
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The specification of the prior parameters of the Dirichlet
distribution is also discussed in MS.

Once estimates of the pi's are obtained, an estimate of V.05
can be obtained by constructing an estimated response curve. The esti-
mated response curve is a plot of the levels of stimulus Vi , versus
the Si's , the estimated probabilities of response, i =1,2,...,k .
Once such a plot is obtained, the interpolation procedure described in

MS is used to estimate V 05 °

Specifically, for the estimation of V , we first see if there

.05

is an observed stimulus, V, , for which 61 = 0.05 . If so, then vy

is the estimate of V 05 ° If not, the pair of observational stimuli,

say V, and V for which ﬁi < 0.05 < ﬁi+1 , are determined.

i+1 °
Since the response curve is increasing, the straight line segment

joining the points O, ﬁl, ceey 61, ﬁi+1’ ceey ﬁk’ 1, will be an in-
creasing function of i . We can find the value of the stimulus, say
\7.05 » V; <V o5 <V, » for which $ = 0.05 (as indicated in Figure 1),

2.3 Comparison of Designs

The goal of our analysis is to select a design, (Vl""’vk) ,

05 °
In order to determine an optimal choice of the k distinct

which will provide a '"good" estimate of V

levels of stimulus, we consider different designs, and first obtain an
estimate of V 05 for each design. Let (VJ, ooy Vi) denote design

j ; the superscript j indicates a particular design. Once a j 1is

chosen, we obtain *; = (Xl, e X

using the approach discussed in
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Figure 1. Interpolation procedure.

Section 2.2. Then via the estimated response curve, we obtain an esti

mate of V 05 > Say ijS . Since the "true'" response curve is assumed

3

05 can be compared with the true value of

to be known, the estimate Vi

V.os -

If the above procedure is repeated for a different design, a
different response curve is estimated. The various estimated response
curves provide us with different estimates of V 05 ° and we need to

determine which of the designs gives us estimates which are closest to

3

Note that, since the outcome X° = (xi, ooy Xi) for design j

3

-~

Vos -

is obtained by simulation, different replications of can be ob-

tained by using different seeds in the simulation.
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.Let N be the number of replications which are analyzed for de-

3

-

sign j . For each replication of , a different response curve is
estimated and therefore a different estimate of V 05 * S&Y 6j05(2) ,
is obtained. Since we know the true value of V 05 ? the mean squared

error (MSE) for design j is computed as

2

N A
Msed = § @ (w0 -V o5) -

gLy t0s

The MSE for each design can be obtained and a comparison of the
MSE's provides us with a criterion for selecting a good design. The
design with the minimum MSE is a good design for a known response curve,
say Ri(v) . It is possible that a design which is good for Ri(v) may
not be good for Rk(v) , 1 # k . This possibility has also been consid-

ered in our analysis.

3. SUMMARY

The approach we presented in Section 2 is applied to some simu-
lated data in the next section.

Three different '"true'" response curves are selected. These
curves are chosen in such a way that they will provide us with different
values of V.05 .

The first response curve is specified via a Weibull distribution

function,

v, 2
Rl(vi) =1 - exp)- 100 , where V'05 =22 .

The second is via a lognormal distribution function,
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log v, - 4.50

= € =
Rz(vi) ¢[ 0.33 ] , Wwhere V.05 52

and ¢ denotes the standard normal distribution function.

The third response curve considered is also a lognormal distribu-

tion function, which gives V = 10 ; that is,

05

log v, - 3.3
e 1i
Ry(vy) °[ 0.6 J

Five different designs are selected and analyzed.

Design 1 -- the k observations are distributed evenly over the
entire interval of the range of testing, say I .

Design 2 -~ all the k observations are concentrated on the
left-hand half of I .

Design 3 —- all the k observations are concentrated in the

center of I .

Design 4 all the k observations are concentrated on the

right-hand half of I .

Design 5 the k observations are sequentially obtained in

three different phases.

The value of k is (arbitrarily) chosen as 12, and due to the
j

-

expense of simulation, ten different replications of are considered.
The MSE's for each design based on the ten replications are com-
puted, on the basis of which it is felt that Design 3 is a suitable de-

sign for the estimation of V 05 °
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4. APPLICATION TO SOME SIMULATED DATA

The three "true'" response curves discussed in Section 3 are
analyzed separately in this section. These response curves are illus-
trated in Figures 2, 3, and 4. A replication, simulated from each of
these response curves, is presented in the Appendix for illustration.

We assume that the probébility of a response at a striking veloc-
ity of 300 is almost 1. Thus we make an arbitrary choice for our best
prior guess of p; » say p* , by letting pi = 1 - exp[-0.0307 Vi] .
The prior parameters are chosen as described in MS. In our analysis the
smoothing parameter is chosen as B = 10 .

The five different designs presented in Section 3 will be used in
the analysis. In the first four designs, the penetrator is tested in a
single phase. In Design 1, the 12 obseryations are taken equally spaced
over the entire range of testing, (0,300). In Design 2 all 12 observa-
tions are taken equally spaced on the left-hand half of the interval
(0,150). In Designs 3 and 4 the 12 observations are taken equally
spaced in the center, and on the right-hand half of the interval,
respectively.

The sequential design, Design 5, consists of three phases. In
the first phase, six observations are taken equally spaced over the
entire range of testing. Ten different replications of the outcome
vector, X , are examined and the experimenter tries to identify two
regions: one region where the outcome is zero and another where the
outcome is one most of the time. Once these two regions are aetermined,

the experimenter has knowledge about the region where the response is
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most likely to change. 1In phase 1 of the experiment a new response
curve is also estimated, and this curve provides the prior values of
pi's for the second phase. In the second phase, three observations are
taken, equally spaced over the region where the response is most likely
to change, as is indicated by phase 1 and a new resﬁonse curve estimated
based on these observations and the prior (the posterior from phase 1).
In the final phase of the experiment, the remaining three observations
are taken on the left-hand end of our best guess based on phase 2 and a
new response curve is estimated using these observations and the prior
(the posterior from phase 2). The estimate of V.05 is obtained by
using this updated response curve.

The outcomes of the five different designs are presented in the

Appendix, Tables A.1 - A.3.
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4.1 Analysis for the Weibull Response Curve

The first response curve that is considered is a Weibull distribﬁ-
tion function for which V'05 = 22 . The outcome vector, Kj for
j=1,...,4 , is simulated using this response curve. Ten replications
of the outcome vector are obtained for each design. One of these repli-
cations is presented in Table A.l1l of the Appendix. The procedure that
was discussed in Section 2.2 is adopted and the estimates of V.05 are
obtained. The "true" response curve and the estimated response curve
are plotted in Figures 5, 6, 7, and 8 for one replication, and presented

in Table A.1l. The estimates of V 05 are obtained from these figures.

For Design 1, the estimate of V 05 is obtained as 6105 = 4 from the
estimated response curve in Figure 5. Similarly, the estimates of V 05
for Designs 2, 3, and 4 are obtained as 6205 =4 , 6305 = 10 , and

A

V'05 =16 .

For the sequential design, the response curve that is estimated
in the first phase is presented in Figure 9 for the replication presented
in Table A.l1. The response curves estimated in phases 2 and 3 are
plotted in Figures 10 and 11, respectively. The estimate of V.

obtained from Figure 11 as 6505 =8 .

05 is

Once the 6305(2) values are obtained for % =1,...,10 for

Design J , MSEj can be computed as:
10

j_1 o3 2
MSE® = 35 zzl' Vg5 () = 22 .

MSEj's for the Weibull response curve are presented in Table 1.
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Table 1. MSE's for the
Weibull Response Curve

Design MSE
1 360.1
2 320.2
3 126.2.
4 36.0

5 (sequential) 196.8

The minimum MSE is obtained when Design 4 is selected; that is,
when all k observations are concentrated in the right-hand half of the
interval of the range of testing. The second lowest MSE is obtained
when all k observations are concentrated in the center of the interval

of the range of testing.

4.2 Analysis for the Lognormal Response Curve I

The second response curve is a lognormal distribution function
where V‘05 = 52 , Again ten outcome vectors, §?'s , are simulated for
each design. The response curves are constructed and Vj's are ob-
tained. The estimated response curves can be observed from Figures 12,

13, 14, and 15 for Designs 1, 2, 3, and 4, respectively, for a single

replication. The estimates of V 05 are 6105 =4 , 9205 =5,
6305 =11 , and 6405 = 18 from the corresponding figures.

For the sequential design, Design 5, the response curves esti-

mated in phases 1, 2, and 3 are plotted in Figures 16, 17, and 18, re-
5

spectively. The estimate of V 05 is obtained as V

74

05 = 9 from Figure 18.
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